arXiv:0712.3501v2 [cs.IT] 24 Jun 2009

The Impact of Hard-Decision Detection on the
Energy Efficiency of Phase and Frequency
Modulation

Mustafa Cenk Gursoy

Abstract— The central design challenge in next generation vanishing duty cycle when the receiver employs threshold
wireless systems is to have these systems operate at higljetection. Indeed, Turin [2] proved that any orthogonét
bandwidths and provide high data rates while being cognizah 5y modulation scheme with envelope detection at the receiv

of the energy consumption levels especially in mobile apiations. . . . .
Since communicating at very high data rates prohibits obtaiing achieves the normalized bit energy-et.59 dB in the AWGN

high bit resolutions from the analog-to-digital (A/D) converters, channel asM — oo. It is further shown in [3] and [4]
analysis of the energy efficiency under the assumption of that M-ary orthogonal frequency-shift keying (FSK) achieves

hard-decision detection is called for to accurately predit the this minimum bit energy asymptotically @& — oo also in
performance levels. In this paper, transmission over the aditive ncoherent fading channels where neither the receiver nor

white Gaussian noise (AWGN) channel, and coherent and . . - .
noncoherent fading channels is considered, and the impact the transmitter knows the fading coefficients. These studie

of hard-decision detection on the energy efficiency of phase demonstrate the asymptotical high energy efficiency of or-
and frequency modulations is investigated. Energy efficiery is thogonal signaling even when the receiver performs hard-

analyzed by studying the capacity of these modulation schees decision detection. As also well-known by now in the digital
and the energy required to send one bit of information reliably communications literature [23], these results are shown by

in the low signal-to-noise ratio GNR) regime. The capacity . . .
of hard-decision-detected phase and frequency modulatienis proving that the error probabilities of orthogonal signgli

characterized at low SNR levels through closed-form expressions €an be_ mad(_a arbitrarily smaI_I asl — oo as _|07_19 as the
for the first and second derivatives of the capacity at zero normalized bit energy (or equivalent§nRr per bit) is greater

SNR. Subsequently, bit energy requirements in the IowNR than —1.59 dB. As indicated by the unbounded growth of
regime are identified. The increases in the bit energy incured M, the minimum bit energy is in general achieved at infinite

by hard-decision detection and channel fading are quantifig. . - . .
Moreover, practical design guidelines for the selection othe Pandwidth or equivalently as the spectral efficiency (rate i

constellation size are drawn from the analysis of the specal Dbits per second divided by bandwidth in Hertz) goes to zero.
efficiency—bit energy tradeoff. Indeed for average power limited channels, the bit energy

required for reliable communication decreases monotdipica
with increasing bandwidth [6], [8]. This is the fundamental
bandwidth-power tradeoff. Recently, Verdl [8] has ofteee
more subtle analysis of the tradeoff of bit energy versus-spe
tral efficiency. In this work, the wideband slope, which ig th
[. INTRODUCTION slope of the spectral efficiency curve at zero spectral efficy,

Energy efficiency is of paramount importance in mankas emerged as a new analysis tool to measure energy and
communication systems and particularly in mobile wireledg@ndwidth efficiency in the low-power regime. It is shownttha
systems due to the scarcity of energy resources. Eneifjjhe receiver has perfect knowledge of the fading coeffitse
efficiency can be measured by the energy required to sefi¢pternary phase-shift keying (QPSK) is an optimally effici
one information bit reliably. It is well-known that for Gasian modulation scheme achieving both the minimum bit energy
channels subject to average power constraints, the minim@mn—1.59 dB and the optimal wideband slope in the |@nR
received bit energy normalized by the noise spectral levi&gime. This indicates that besides orthogonal signaphgse
is % = —1.59 dB regardless of the availability of modulation is also well-suited for energy efficient opeoati
channél"side information (CSI) at the receiver (see e.g., [tfowever, it should be noted that asymptotic efficiency of
— [5], and [8]). Golay [1] showed that this minimum bitQPSK holds under the assumption that the receiver performs
energy can be achieved in the additive white Gaussian nofét detection. Verdl [8] has also provided expressions fo

(AWGN) channel by pulse position modulation (PPM) witthe minimum bit energy and wideband slope of the quantized
QPSK. We note that phase modulation is a widely used
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studies include [4], [9], and [11]-[14]. frequenciesM, and the duty cycle of OOK. We prove
As discussed above, high energy efficiency requires opera- a sufficient condition on how fast the duty cycle has

tion in the wideband regime in which the spectral efficieacie to vanish with decreasingNR in order to approach the

are low. This is is achieved by either decreasing the data fundamental bit energy limit of-1.59dB.

rates or increasing the bandwidth. If the system has largeThe organization of the rest of the paper is as follows.

bandwidth, then the data rates are high. For instance, if tiie Section[1), we describe the channel model. The energy

total signal power isP = 1 mW and the bandwidth is efficiency of phase modulation is investigated in Secfidh II

B = 1 GHz, then the capacity of the AWGN channel is\/-ary OOFSK modulation and its special cak&-ary FSK

C = Bloggcgl + %2{ ~ 27.9 Ghits/d. If the bandwidth is modulation are considered in Sectionl IV. Secfidn V includes

increased td3 = 10 GHz, the capacity becomes 245.7 Ghits/iur conclusions.

Similarly, high rates are also achieved in fading channels

when the available bandwidth is large. For instance, inentrr Il. CHANNEL MODEL

practical applications, wideband CDMA and ultrawideband we consider the following channel model

systems offer high data rate services by using large baridsvid

[27]. Additionally, operating at high bandwidths and prtivig ry = hise, +np k=1,2,3... (1)

high data rates while conserving the energy in mobile applicyhere 1, is the discrete inputs,, is the transmitted signal

tions are the key features of next generation wireless Syste nen the input isc;, andry, is the received signal during

which have the goal of offering mobile multimedia access. Fghg the th symbol durationhy is the channel gainky is a

instance, one of the features of fourth generation (AGR8ySt fixed constant in unfaded AWGN channels, while in flat fading

will be the ability to support multimedia services at lowehannelsp,, denotes the fading coefficier{n, } is a sequence
transmission cost [27, Chap. 23, available online]. On the ¢ jndependent and identically distributed (i.i.d.) zenean

hand, at these very high transmission rates, obtainingbigh jrcyjarly symmetric Gaussian random vectors with coveréa
resolutions from A/D converters may either be not possible g,atrix E{nn'} = N,I whereI denotes the identity matrix.

prohibitively expensive. Therefore, in such cases, théoper e assume that the system has an average energy constraint
mance of soft detection will be a loose upper bound on thg B{llss, |2} <& Vk
. < .

actual system performance, and analysis under the assumpti p¢ the transmitter, ifAM-ary PSK modulation is employed
of hard-decision detection will provide more faithful résu ¢4, transmission, the discrete inputy, takes values from
Moreover, even if the data rates are not high, hard-decisi D ... M}. If 24 = m, then the transmitted signal in the
detection of the received signals might be preferred whem symbol duration is

reduction in the computational burden is required [23].I5ac .

requirement, for instance, may be enforced in sensor n&svor Sg), = 8m = VEeln (2
that consist of low-cost, low-power, small-sized sensaleso
[15]. Therefore, it is timely and practically relevant tagdy

where 6, = 21 for ;u = 1,...,M, is one of the

the energy efficiency of phase and frequency modulations% phases available in the constellation. In the case of PSK

the wideband regime when the receiver performs hard-chcis{nOdmatlon’ sinces;;, is a one-dimensional c_omplex p0|_nt,
detection. we opted to not use the boldface representation. Accorglingl

The contributions of this paper are the following: th? outputr;, and Fhe n@sezk are one complex-dlmensmr!all
1) We obtain closed-f . for the first npomts. The receiver is assumed to perform hard-decision
) We Od egn N ot.se i ortm express;lciﬂs t?r dc? rst-a (ﬁjetection. Therefore, each received signals mapped to one
Zeizont q sg\((a ves "flt ?erSNE.tO c darl t ecg\;n- of the points in the constellation sgt/Ee/27(m=1/M 1y —
etecte ~ capacity for arbitrary modutation size ,..., M} before going through the decoder. We assume that
2) We find the bit energy required at zero spectral efﬂmenwax

d wideband sl hen PSK | loved at th imum likelihood decision rule is used at the detector.
and wideband siope when +- IS employed at the,, [21], we have introduced the on-off frequency-shift key-
transmitter. The analysis is initially performed for non-

. .. Ing (OOFSK) modulation by overlaying frequency-shift kayi
coherent fading channels, and subsequently speciali K “off keving (OOK). In\/-arv OOFSK modulati
to the AWGN and coherent fading channels. We guanti ) on on-offkeying ( ) ary mogdulation,

the i in the bit . s due o h e transmitter either sends no signal with probability» or
€ Increase In the bit energy requirements due 10 halg, s one ofis orthogonal FSK signals each with probability
decision detection and channel fading.

3) We study the energy efficiency of hard-decision-detects M. Hence € (0,1] can be seen as the duty cycle of the

. . . nsmission. In this case, the discrete input takes vdtoes
on-off frequency-shift keying (OOFSK) modulation, €10,1,2,..., M}.If 2, = 0, then there is no transmission

which is a general orthogonal signaling scheme thg d the geometric representation of the transmitted signal

combines orthogonal FSK and on-off keying (OOK}heM—compIex dimensional vectey = (0,0, ...,0). On the

and introduces peakedness in both time and frequen&her hand, ifz, = m # 0, an FSK signal is sent and the
We show that the bit energy requirements grow Withméleometric r,epreksentation ié given by

bound with decreasingnR if the peakedness in both
time and frequency is limited. We identify the impact s;, = sm = (Sm.1,Sm.2;-- -5 Sm,m) m=1,2,..., M, (3)
upon the energy efficiency of the number of orthogonal .

P 9y 4 g where s, = \/E/vel? ands,,; = 0 for i # m. The

1We have assumed thafy = 4 x 1021 W/Hz [24]. phasesf,, can be arbitrary. Note that id/-ary OOFSK



modulation, we havé// + 1 possible input signals including signal is v/£e/27(=1/M Under the decision rule[](5), the
the no signal transmission. Therefore, no signal transamss decision region fory = [ is the two-dimensional region
being a part of the modulation also conveys a message to . (21— 3)r (20 — )r

the receiver. While FSK signals have eneffyy, the average D, = {7’ = |r|e?? : —r <0< T} (6)
energy of OOFSK modulation &. Hence, the peak-to-average

power ratio of signaling is/v. In the OOFSK transmission for I = 1,2,..., M. With hard-decision detection at the
and reception model, the received signaland noisen;, are receiver, the resulting channel is a symmetric, discretemm
also M-dimensional. It is assumed that the receiver perfornesyless channel with input € {1,..., M} and outputy €
energy detection on the received vectqr. Finally, note {1,...,M}. The transition probabilities are given by

that OOFSK is a general orthogonal signaling format and o o

specializes to regular orthogonal FSKzif= 1, and to OOK Piom = Ply = llz =m) (7)

it M =1 andy £ 1. :P(M§9<W|x:m) ®)

We remark that in both PSK and OOFSK cases, the channel, M
after hard-decision detection, can be regarded as a discret Gl
channel with finitely many inputs and outputs. Henceforth, T Ji_ay. fo15,, (0lsm) db 9)
capacity and achievable rate expressions throughout ther pa M
will be obtained considering these discrete channels. wherefys, (0]s.) is the conditional probability density func-
tion of the phase of the received signal given that the input
1. ENERGY EEFICIENCY OF PHASE MODULATION is x = m, and hence the transmitted signalsig. It is well-

known that the capacity of this symmetric channel is acldeve

by equiprobable inputs and the resulting capacity expoassi
In this section, we study the performance of phase modgs) i1

lated signals when they are hard-decision detected. Walipit

A. Noncoherent Rician Fading Channels

consider transmission of PSK signals over noncoherenaRici CMnc(SNR) = log M — H(ylz = 1) (10)
channels in which neither receiver nor transmitter knoves th M
fading coefficients. Results for this channel are subsetyuen =log M + ZPl,l log P11 (11)
specialized to obtain the performance results of PSK in un- =1

faded AWGN channels and coherent fading channels. Henggere sNr = NLO H(-) is the entropy function, and; ; =

we first assume that the fading coefficients.}, whose p(y — |2 = 1). In order to evaluate the capacity of general

realizations are unknown at the transmitter and receiver dy/-ary PSK transmission with a hard-decision detector, the
to the noncoherence assumption, are i.i.d. proper complensition probabilities

Gaussian random v2ariables2 with me&Rh,} = d # 0 and 21— 1ym

variance E{|h;, — d|*} = ~%. We further assume that the B T

channel stg[istics, alln};j hendeand~?2, are known both at the Pa=Ply=llz=1)= @i=3)r Jorsi(0ls1)d0 - (12)
transmitter and receiver. Note thét# 0 is required because "
phase cannot be used to transmit information in a noncoher
Rayleigh fading channel wheré= 0.

In the noncoherent Rician channel model, the conditional
probability density function (pdf) of the channel outputei irl.01s (7], Ols1) = (2[s1)2 + No)
th;E input is a conditionally complex Gaussian pdf and is give (13)
b

%plould be computed. Starting froral (4) and noting that the
conditional joint magnitude and phase distribution is giby

7| _Ir2+1d% 15112 =2rl|d][s; | cos 0
e 725112+ No

where, without loss of generality, we have assumed d¢hat

fre (rlsm) = 1 6_%. @ |d|, we can easily find that fat € [0, 27), f9‘51(9|sl)2is given
Pl A (2 5 2 + No) by (I2) on the next page whef@(z) = [° \/% e /2 dt is

Recall that{s,, = v/Ee/*} are the PSK signals and hencdhe Gaussiar@-functiorﬁ. Since fy, is rather complicated,
sm| = V& for all m = 1,...,M. Due to this constant closed-form capacity expressions in terms(afunctions are

magnitude property, it can be easily shown that the maximuff@ilable only for the special cases bf = 2 and 4:
likelihood detector selects;, as the transmitted signaflif 2|d|2SNR
C2.ne(SNR) =log2 — h (Q ( 7>> , and (15)

Re(rsy) > Re(rsy) Vi#k (5) ~v2SNR+ 1
wheres; is the complex conjugate @f,, and R¢) denotes the Cine(SNR) = 205 e (N) (16)
operation that selects the real part. We denote the sigriéat 2
output of the detector by and assume thate {1,...,M}. whereh(z) = —zlogz — (1 — x)log(l — x) is the binary

Note thaty = [ for I = 1,..., M means that the detected

4Throughout the papetpg is used to denote the logarithm to the base
2Since the channel is memoryless, we henceforth, withostdbgenerality, i.e., the natural logarithm. Additionally, the subscript” in Cn ne Signifies

drop the time index in the equations for the sake of simplification. the noncoherent channel.
3The decision rule is obtained when we assume, without logepérality, 5See also [9] and references therein for a similar formulahef phase
thatd = |d|. probability density function derived for the AWGN channel.
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5 (0 =— ¢ +?SNRu1 - fe +*SNR+1 1— 2—— —  cos?6 14
Tois, (Bls1) =5 - + m(2sNR+ 1) 7€ @ gl o a4

entropy function. For the other cases, the channel capeaity SC'\EE}\‘;%Q whereC(sSNR) is the channel capacity in nats/symbol.

only be found through numerical integration and computatioThe maximum achievable spectral efficiency in bits/s/Hz is

On the other hand, the behavior of the capacity in the lowjiven by C Eb = C(sNR)log, e bits/s/Hz if we, without
SNR regime can be accurately predicted through the secongss of generallty, assume that one symbol occupies & 1s
order Taylor series expansion of the capdtity 1Hz time-frequency slot. Two important notions regarding t

. . SNR2 spectral-efficiency/bit-energy tradeoff in the low powegime

OtMine(SNR) = Cng,ne(0)SNR+ Carine(0) —— +0(SNR’)  are the bit-energy required at zero spectral efficiency and

wideband slope, given by
* 2
_log2 onds, = 2CO)F° (21)

=0 C(0) —C(0)
respectively. The wideband slop&,, provides the slope
of the spectral eff|C|ency curvé(Eb/NO) at zero spectral

where Cyr...(0) and Cps,..(0) denote the first and sec-
ond derivatives, respectively, of the channel capacity (in Ey
nats/symbol) with respect tenR at SNR = 0. In the following Ny
result, we provide closed-form expressions for these denv
tives. Note that the wideband regime in whiskR per unit

bandwidth is small can equivalently be regarded as the low:

)

SNR regime. eff|C|ency [8]. Therefore and Sy constitute a linear
Theorem 1: The first and second derivatives©f; .. (SNR) approximation of the spectracl efficiency curve in the IsMR
in nats per symbol aNR = 0 are given by regime, i.e.,
2|a? M =9 (Eb) So Ey Ey
) _ = cl=2)=—__ | = +e (22
0] { M4—‘d|2 sin® §7 M >3 . and No 101ogy2 \ No|y4p N C=0,dB 22
2.2
S (L 1) - M =2 (17) where 2| = 10log;y %t ande = o (f,—z - &‘
oy (0) = o0 ) M =3 and characterlze the spectral-efficiency/bit- energyetm%at
e = (L -1)[a" - 4“1” M=4 low spectral efficiencies. Hence, these quantities enable u
W(M)|d* — \dl2 7’ Ar2 gin2 T M>5 to analyze the energy efficiency and investigate the interac

tions between spectral and energy efficiencies in thedaw-

respectively, where regime. Depending only o6'(0) and C/(0), the bit energy at

M2

5 2T 9 L4 T zero spectral efficiency and wideband slope achievedby
V(M) = 1672 (2 — m)sin® al (M? — 4m)sin M ary PSK signals can be readily obtained by using the formulas
o in (IT7). Note that in the noncoherent Rician fading channel,
— 2M sin® M sin H) (18) the received bit energy is
Proof: See AppendicA. . Ep e (|d* +~*)SNRlog 2
The derivative expressions ifi{17) are in closed-form and No Catne(SNR) :

can be computed easily. Therefore, the Ismr approximation
of the capacity of}/-ary PSK can be readily obtained from  corgjlary 2: The received bit energy at zero spectral effi-

. .. SNR? ciency and wideband slope achieved bf+ary PSK signaling
CMne(SNR) & Cpsne(0)SNR+ OMync(O)—2 - in the noncoherent Rician fading channel are given by
The following corollary provides the asymptotic behavisr a £ ,,. 5 (1 + %) log 2 M=2
M — oo. In this asymptotic regime, the transmitted signal iS ™| _ | i E (14 %)log2 M >3
the continuous phase which can take any valug-in, = M
Corollary 1: In the limit asM — oo, the first and second and
derivatives of the capacity at zeBnRr converge to 3 M =2
9 T—1+3% -
L _ 7ld| 0 M=3
A}l_r)ﬂoo Cyne(0) = 1 and (19) Some = 6 M—1
) (12 — 87+ 8)|d*  |d|*y?n ' *T’l
Jim  Carnc(0) = ) e SN P
00 — sin? = -
In the low-power regime, the tradeoff between bit energy WM)“ <M M (23)

and spectral efficiency is a key measure of performance [8]. .
The normalized energy per bit can be obtained fr%w = respectively, wherei(M) is given in [I8), andK = \;1_2 is

the Rician factor.
6t can be easily seen from the smoothness and boundednq@e ofin ) ) . ) )
(@3 thatChs,n(SNR) is continuous and differentiable in SNR. As it will be evident in numerical results, generally the



minimum distance, which is proportional ¢ 17 in M-PSK
constellation. Hence, when we increake from 4 to 8, M?

is the dominant term and we note significant gains.Msis
further increasedin? 47 acts more strongly to offset the gains
from M? and we see diminishing returns. For instance, there
is little to be gained by increasing the constellation sizren
than 32 as 32-PSK achieves a minimum bit energy.dg2

dB and the minimum bit energy &8¢ — oo is 2.468 dB. We

find that the wideband slopes of hard-decision detected PSK
with A/ = 8,10,16,32, and 1024 are 0.571, 0.584, 0.599, 0.607,
and 0.609, respectively. The similarity of the widebandbslo
values is also apparent in the figure. Note that the wideband
slope of 3-PSK, as predicted, is 0.

For comparison, the spectral efficiency of soft-detected
QPSK is also provided in Fig. 1. It has been shown in [13]
that under the peak constraift;|> < &, the bit energy
required at zero spectral efficiency and wideband slopeén th

Fig. 1. Spectral efficienc (£ /No) vs. bit energyE; /Ny for hard-decision noncoherent Rician fading channel with Rician fackorare
detectedM -ary PSK with M = 2, 3,4, 8, 10, 16, 32,1024 and soft-detected E, _ 1 _ 2K? ;

QPSK in the noncoherent Rician fading channel with RiciactdaK = No|c_q (1 + K) log2 and 5o = (14K)? reSPeCtlvely'_It_
@ -1 is aféo proven that soft-detected QPSK is optimally efficien
Y

achieving these values. Note that whe€n= 1, the bit energy
at zero spectral efficiency is 1.418 dB which is also observed
in Fig.[d. Note that even a& — oo, hard-decision detection

% is the minimum bit energy required for reliablepresents a loss of 2.468 - 1.418 = 1.05 dB in the minimum

transmiission wher/ # 3. On the other hand, the minimumPit €nergy.

bit energy is achieved at a nonzero spectral efficiency when

M = 3. Note that this behavior is not exhibited when 3B. AWGN Channels

PSK signals are soft-detected [9]. Hence, this result istijg ~ Note that the noncoherent Rician fading channel, in which

linked to correct-detection and error probabilities whigk in - we haveE{h;} = d andE{|hi—d|?} = 72, specializes to the

general functions of the distances in the signal consiefiat AWGN channel if we assume? = 0. With this assumption,

Note further that at sufficiently loveNRrs, 3-PSK performs the fading coefficients become deterministic, ilg,,= d, and

worse than 2-PSK (i.e., BPSK), indicating that the decreatgiee channel model is now, = ds,, + nx where the channel

in the signal distance fror2v/€ in 2-PSK tov/3€ in 3-PSK  gain isd. Note also that when we have = 0, (@) becomes

has a more dominating effect in the |a®R regime than the the conditional density function of the output given thelnhp

increase in the constellation si2é from 2 to 3. in the AWGN channel. Moreover, the maximum likelihood
Figure[d plots the spectral efficiency curves as a function décision rule and decision regions for the AWGN channel are

the bit energy for hard-decision detected PSK with differethe same as ii{5) andl(6), respectively. Assuming furthesr th

constellation sizes in the noncoherent Rician fading cehnnl = 1 leads to the standard unfaded Gaussian channel with

with Rician factorK = 1. As observed in this figure, theunit channel gain, i.e., the input-output relation becomes-

information-theoretic analysis conducted in this papewjates s, + n,. Based on the above observations, we immediately

several practical design guidelines. We note that althoufave the following Corollary.

hard-decision detected 2-PSK and 4-PSK achieve the samé&orollary 3: For the AWGN channel with channel gain

minimum bit energy of 3.38 dB at zero spectral efficiency, the first and second derivatives of the PSK capacity at

4-PSK is more efficient at low but nonzero spectral efficienc§NR = 0 are given by the expressions [n{17) if we {€t= 0.

0.25

QPSK, soft
0.21-

0.15[

Spectral Efficiency (bits/s/Hz)

0.05

15 2 25 3 3
E /N, (dB)

. . . . _ . ; _ |d|>SNRIog 2
values due to its wideband slope being twice that of 2-PSKurthermore, the bit energy%’czo = TCuBNR |y’ and

In the range of spectral efficiency values considered in th&qepand slope expressions are obtained if we/fet= 0 and
figure, 3-PSK performs worse than both 2-PSK and 4-PSKaencek — oo in the formulas in[(ZB).

3-PSK achieves its minimum bit energy of 4.039 dB at 0.0101 pamark: We should note that the first derivative of the

bits/s/Hz. Opgration _beIow.this level of spectral eff!ciyenccapacity of PSK in the AWGN channel has previously been
should be avoided as it only increases the energy requu‘sme%iven in [7] through the bit energy expressions. In addition

We further observe that increasing the constellation se \io(qq; in [8] has provided the second derivative expreston
8 provides much improvement over 4-PSK. 8-PSK achievgsg, special case a¥/ = 4.

a minimum _b't energy °f2-6.92 dB. Note from [2B) that  Fig [3 plots the spectral efficiency curves as a function
e c_, 'S inversely proportional ta/?sin* - for M > 3. of the bit energy for hard-decision detectéé-ary PSK for
Here, we see two competing factors. Asincreases, the term various values of\f and soft-detected QPSK in the AWGN
M? increases and tends to decrease the bit energy requirenadi@nnel. Conclusions similar to those given for Fify. 1 also

while the termsin? 47 decreases due to a decrease in trapply for Fig.[2. The main difference between the figures is

5



Corollary 4: The first and second derivatives ©f,.(SNR)
in nats per symbol asNR = 0 are obtained by assuming in
(@7) +* = 0, replacingd by h, and taking the expectation of
the terms that involvé.. The resulting expressions are

. 2 E{|n|?} M =2
Chr,c(0 :{ [ ,
() A sin® ZE{|h]?} M >3

osl QPSK.soft

0.7

0.6

051

Spectral efficiency (bits/s/Hz)

and
£ (2 -1 B{n} M=2
0.3 . iz J\/[ -
Cue@) =0 4 1 )y puty M=4
DD E{|R) M2z5

0.1

(26)

respectively, where)(M) is given in [18).
Note that the first and second derivatives of the capacity
. . . .. at zerosNR are essentially equal to the scaled versions of
Fig. 2. Spectral efficiencf (E}/No) vs. bit energyEy, /Ny for hard-decision . . .
detectedM-ary PSK with M = 2, 3, 4,8, 10, 16, 32, 1024 and soft detected th0S€ obtained in the AWGN channel with= 1. The scale
QPSK in the AWGN channel. factors are E{|h|*} and E{|h|*} for the first and second
derivatives, respectively. In the coherent fading casecare

define the received bit energy %0— = % since

that substantially lower bit energies are needed in the AWGK{|2|*}SNR is the average received signal-to-noise ratio. It
channel. For instance, 2- and 4-PSK now achieve a minimdfamediately follows from Corollari/l4 thak} /No|c=o in the
bit energy of 0.369 dB while 8-PSK attains0.318 dB. As coherent fading channel is the same as that in the AWGN
M — oo, the minimum bit energy goes te0.542 dB. We channel. On the other hand, the wideband slope is scaled by
note that higher energy requirements in the noncohereiamic(Z{|2[*})?/E{|h|*}. Fig.[3 plots the spectral efficiency curves
channel is due to fading and not knowing the channel. ~ as a function of bit energy for hard-decision deteciedary
PSK and soft detected QPSK in the coherent Rayleigh fading
channel. Comparison of Fig] 2 and Fig. 3 reveals that the bit
C. Coherent Fading Channels energy levels required at zero spectral efficiency are idtee
same for both cases. However, the presence of fading induces

arénagghrir:gttga;éngeffr;ignilrs]é) thneaﬁﬂggezgefgflev{\;?;ss Erln erformance penalty by reducing the wideband slope with
u P y Xnow ver. factor of B{|h|2}2/E{|h|*} = 1/2. Therefore, at low but

that no such knowledge is available at the transmitter. The o . )
nonzero spectral efficiencies, the same bit energy as in the

only requwements on the fading Coefflqents are that the WGN channel can be achieved at the cost of reduced spectral
variations are ergodic and they have finite second moment

Hence, independence of the random variabjég} is no eﬁlmency.
longer imposed. Due to the presence of receiver channel side
information (CSI), maximum likelihood detection is the lech V. ENERGY EFFICIENCY OF ORTHOGONAL SIGNALING
nearest point detection. In this case, the average cagacity As discussed in Sectidh I, orthogonal signaling is optignall
M energy efficient in the infinite bandwidth regime even if the
Cr.c(SNR) = log M + Z En{P.anlogPin} (24) receiver performs hard-decision detection. For instaREx
=1 with vanishing duty cycle oM/-ary FSK asM — oo achieves
where the minimum bit energy of-1.59 dB. In this section, we
21— 1)m analyze the non-asymptotic energy efficiency of orthogonal
_ o T signaling. We consider on-off FSK (OOFSK) modulation
Pian=Ply=lz=1h)= [2#3)# Toisin(@ls1, 1) 0 35 hich FSK is combined with on-off keying (or equiva-
Y lently PPM) and peakedness is introduced in both time and
efrequency. The study of OOFSK modulation enables us to
provide a general unified analysis of orthogonal signaliag a

rep!aced "?y the random chanrjel gai, in the noncoherentn OOFSK can be reduced to OOK and FSK with the appropriate
Rician fading channel, we obtain the model for coherentfgdi . .. .o ¢ parameters

channels. Hence, similarly as in Sectibn IlI-B, results for
coherent channels can be obtained easily by specializoweth _
for the noncoherent Rician channel. Since we are interes#dd OOFSK Modulation

in the average capacity (P4), expressions will involve the 1) AWGN Channels: In this section, we consider the trans-
expected values of the random gain Hence, we have the missjon of OOFSK signals. We again assume that the received
following Corollary to Theorenl1. signal is hard-decision detected at the receiver. In [2@] an

‘ 0
159 Ey/N, (48)

and fy|s, »(0]s1, ) is given in [25) on the next page with th
definition SNR = £/Ny. Note that if we assume? = 0 and



1

h|2SNR :
Jolsn.n(Bls1, h) = o~ e InI*SNR 4 \/L cos ¢~ |M*SNRsin® 6 (1 — Q(v/2|h[2SNRcos? 9)) (25)
™ ™

derivative of the capacity of soft-detected OOFSK is zero at
SNR = 0. For the sake of completeness, we provide this result
below.

Theorem 2: The first derivative of the capacity at zesaR
achieved by soft-detected/-ary OOFSK signaling with a
fixed duty factorv € (0,1] over the AWGN channel is zero,
and hence the bit energy required at zero spectral efficiency
is infinite.

Proof: See [21].

Since hard-decision detection does not increase the a¢gpaci
we immediately have the following Corollary to Theoréin 2.

Corollary 5: The first derivative at zersnR of the achiev-
able rates of hard-decision-detectelary OOFSK transmis-

sion with a fixed duty factor € (0,1] over the AWGN

s a o5 0 . . channel is zero i.e.,/(0,v) = 0, and hence the bit energy
~159 E /N, (dB) . . . . e .

v required at zero spectral efficiency is infinite, i.e.,

051

QPSK,soft

o o
w >
T T

Spectral efficiency (bits/s/Hz)

o
N
T

0.1

Fig. 3. Spectral efficiencf(E}/No) vs. bit energyEy /Ny for hard-decision Ey _ log 2
detectedM-ary PSK withM = 2,3, 4,8, 10, 16, 32, 1024 and soft detected FO -7

= 0. (34)
QPSK in the coherent Rayleigh fading channel. i

=0 Im(0,v) .

On the other hand, we know from [1] and [8] that if the
duty cycler vanishes simultaneously witNRr, the minimum
bit energy of—1.59 dB can be achieved. The following result
[22], maximum a posteriori probability (MAP) detection eul identifies the rate at whiclv should decrease asnRr gets
for OOFSK modulation is identified and the error probability™aller- SNR
expressions are obtained. We initially consider the AWGN Theorem 3: Assume that = o los g for SNR < 1
channel as the results for this channel will immediatelylimp and for some: > 0. Then, we have
similar conclusions for fading channels. The optimal dibec I (SNR V)

rule in the AWGN channel is given by the following; for ll—% Slllilégo SNR =1 (35)
1 # 0 is detected if
and hence
[ril? > |r;]> Vj#i and |r*?>7 (27)
' . . SNRlog 2
@) , lim lim ——— =1log2=-1.59dB. (36)
where 7 = Tar— §21 ¢ = MOwem g <=0 SNR>0 T (SNR, v)
0 <1’ v Proof: Note that assNR — 0, v — 0 anda? = SNR —

a? = SNR Apove, r; is the i component of the received (1 + ) 108 5ir — oo. It can also be seen thgt— oo and
vector r. s is detected iflr;|2 < 7 Vi. Note that since T — oo as SNR diminishes. From[(28), we immediately note

so = (0,...,0), detection ofs, is essentially the detectiontn@tFo.0 — 1 andPo — 0fori=2,....M.In (29), all the
of no transmission. Note further that the detection rule #%/™S " the summation other than for= 0 vanishes because
(27) together with the rule fos, can be regarded as energyt — ©°- Therefore, in order fow, for i = 1,...,M to
detection. After detection, the channel can now be seen &Proach 1, we nee@:(v2a, v27) — 1. Also note that if
a discrete channel with/ + 1 inputs andM + 1 outputs. Q1(vV2a,v2r) — 1, then we can observe froni{30) and
From the error probability analysis in [20] and [22], we hav83D) thatFo; — 0 and P, — 0. Hence, eventually all
the expressions i (28) through{31) on the next page fGfoSSOVer error probabilities will vanish and correct déta
the transition probabilities in the AWGN channel. In thesBrobabilities will be 1.

expressions, (-, -) is the MarcumQ-function [16], andZ; ! In E%g]iozlt is shown that Qi(a,a() = 1 -

is the functional inverse of the zeroth order modified Bessef;—ge_ 2 0 < ¢ < 1. From this lower bound we
function of the first kind. The rates achieved by té¢- can immediately see thdimgngr.oQ1(V2a,v27) = 1 if
ary OOFSK modulation with duty cycle and equiprobable limgng 0 %z < 1. Note that bothe® and 7 grow without
FSK signals is given by[(33) on the next page.Mf-ary 15740
OOFSK signals have a symbol durationBf the bandwidth bound assNR — 0. Recall thatr :az[ 4o |
requirement s and the spectral efficiency is given bywe havelp(vda®r) = ¢{ = M-r)e Using the asymptotic

Ipy (SNR,v)
I J—

_ 1 T 1
T _ IM(?J\IIR,U) bits/s/Hz. form Iy(z) = Z=e"+ O (z37z) [26] for large z, we can

. Equivalently,

M 2
It is shown in [21] that in the AWGN channel, the firstasily show thatimgng o % = (#jf) <1Ve>0if
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1
Poo=(1—-e M and Po=—(1—-(1—-e M) fori=1,2,..., M, (28)

M
M-—1
1" M-—-1 —_n_n? 2
P = n; (n+)1 ( N >e T Q, < n—Ha,\/2(n+1)T> fori=1,2,..., M, (29)
Poy=(1—eT)M-1 (1 o (\/504, \/Z)) for1=1,2,..., M, (30)
P = U1 (1=Ppm—Pom) foralll=£0,m#0,andl #m (32)
In(SNRv) = H(y) — H(ylz) (32)

= — ((1 — V)Po,o + VPo,l) log ((1 — V)Po,o + Vpojl)

(M—1)

v v v M —1)v
-M ((1 —v)P1o+ Mpl’l + 7 Pl,z) log ((1 —v)Pio+ Mpl,l + %H,z)

+ (1 — V) (Po_’() 10g PO,O + MPl,O log P170) +v (P071 log P071 + P171 1OgP171 + (M - 1)P2_]1 1OgP271) . (33)

v o= (IJFE)S%. Therefore, ifv decays at this rate, thei.e., jMyc(Q,V) = Inne(0,0) = 0. Therefore, the bit en-
error probabiﬁ"ﬁlgs go to zero. It can then be shown th&9Y required at zero spectral efficiency is infinite in both
limsnr_0 %SN'\‘RM - #e Since results hold for any> 0, coherent and noncoherent fading channels, i%é_?‘z—o =
letting ¢ — 0 gives the desired result. O  Epne

We note that Zhengt al. have shown in [19] that the low ° -

1=0
. . : On the other hand, in noncoherent fading channelgl] if
SNR capacity of unknown Rayll?ghl fading channel can ble, then following the same steps as in the proof of Theorem

approached by on-off keying ifoglgog% < o® <logsgr- [, we can show that the minimum bit energy-ef.59 dB is
We see a similar behavior here when FSK signals are sechieved asNrR— 0 if v = ms%.
over the AWGN channel and energy detected. SNR
2) Fading Channels: In coherent fading channels where the _
receiver has perfect knowledge of the fading coefficierts, tB: FSK Modulation
transition probabilities are the same as thosé ih (28)-¢3t) Recall that if we setr = 1 in OOFSK modulation,
the only difference that we now have’ = %W? As a we recover the regular FSK modulation. Similarly, choosing
result, the achievable ratds,(SNR v, |h|?) are also depen- » = 1 in the decision rules and transition probabilities
dent on the fading coefficients and average achievable raleads to the corresponding expressions for FSK. For instanc
are obtained by finding the expected vallig .(SNR v) = whenv = 1, 7 = 0 in the decision rule[{27) of OOFSK
Ejp2{In(SNR v, [h]?)}. modulation. Therefores; is declared as the detected signal
In noncoherent Rician fading channels wifi{h} = d if the i"" component of the received vectorhas the largest
and E{|h — d|*} = ~?, the transition probabilities [20], [22] energy, i.e.|r;|* > |r;|* Vj # 4. This is the well-known
are given by [(37) througH (B9) on the next page. In thes@ncoherent detection of FSK signals. Furthermore, Theore

expressions, [2 and Corollaries]5 andl 6 are valid for all € (0,1] and
o { o) £€>1 hence forvr = 1 as well. Therefore, the same conclusions
0 &<l are automatically drawn for FSK modulation. Hence, althoug
where FSK is energy efficient asymptotically & — oo, operating
at very low sSNR levels with fixed M is extremely energy
B(z) = 6%10 (2 xa2|d|2> . and (40) inefficien'F as the bit_ energy requirement incre_ages Without
1+ a?+? bound with decreasingNR. As a result, the minimum bit
M(1—v) 02]a)2 energy is achieved at a nonzero spectral efficiency, theevalu
§= (14 a?~?%) eTe:?, (41) of which can be found through numerical analysis. We finally

note that when FSK modulation is considered, the achievable
rates are indeed the capacity of FSK modulation as it is well-

(133)_' ) ) known that hard-decision detection capacity is achievet wi
Since the presence of fading unknown at the transmitter d%‘?ﬁjiprobable signals.

not improve the performance, we readily conclude that the
bit energy requirements in fading channels still grow witho )
bound with vanishingsnRr C. Numerical Results
Corollary 6: The first derivatives at zereNR of the achiev-  In this section, we provide numerical results and initially
able rateslys,.(SNR v) and Iy ..(SNR v) are equal to zero, concentrate on FSK modulation due to its widespread and

The achievable rates]s ,.(SNR ), can be obtained from

8



1
Poo=(1—-e M and P= M(l —(1—e M) fori=1,2,..., M, (37)

re _ na2‘d‘2
P %1(_1)71 M —1\ e (eI 0 202|d|? 2(n(1+~2a2) + 1)1 for 1 £0
M n ) nl+42a?) + 17\ | (T +4202)(n(1 +120%) + 1) (1+72a2) ’

n=0
2a2|d|? 27
Py=0—-e M1 \/ 1/ fori=1,2,....M 38
0,1 ( € ) < Ql( 1+72a27 1+72a2 5 4y ) ) ( )

1
M-1

Pl,m =

(1=Ppm—Pom) foralll=£0,m#0,andl #m (39)

E,/N, (@B)

E,/N, (@B)

2 I I I I I 2 I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Spectral efficiency (bits/s/Hz) Spectral efficiency (bits/s/Hz)

Fig. 4. Bit energyE,/No vs. Spectral efficiencyC(E,/No) for energy- Fig. 5.  Bit energyE}/No vs. Spectral efficiencyC(Ey,/No) for energy-
detectedM -ary FSK in the AWGN channel. detectedM -ary FSK in the coherent Rician fading channel with Riciactda
K=1.

frequent use. Fid.14 plots the bit ener@}/No curves as a proof of (43) is omitted because Turin [2] has already shown
function of spectral efficiency fodl-ary FSK in the ANGN  that 1 59 dB is achieved if the signal duration increases as
channel for different values af/. In all cases, we observe,, 17, which in turn increases thenr logarithmically in M.

that the minimum bit energy is achieved at a nonzero spectra iguress andl6 plot the bit energy curves farary FSK
efficiency C*, and the bit energy requirements increase 10 ifransmission over coherent and noncoherent Rician fading
finity as spectral efficiency decreases to zero. Hence, BpBra channels. As predicted, the bit energy levels for all valoes
below C* should be avoided. Another observation is that ther increase without bound as the spectral efficiency decreases
minimum bit energy and the spectral efficiency value at whigly ;ero. Due to the presence of fading, the minimum bit

the minimum is achieved decrease with increasiig For energies have increased with respect to those achievee in th
instance, when\/ = 2, the minimum bit energy is 7.821 dB owGN channel. For instance, whelW = 48. the minimum
and is achieved af* = 0.251 bits/s/Hz. If the value of\/ is it energies are now, /Ny, — 3.45 dB in the coherent
increased to 48, the minimum bit energy decreases to 2.63i¢jan fading channel andz,/Nop;, = 4.23 dB in the
dB and is now attained " = 0.074 bits/s/Hz. Another fact noncoherent Rician fading channel. We again observe that
is that asM increases, the minimum bit energy is achieved gte minimum bit energy decreases with increasivig Fig.
a highersnr value. Indeed, we can show that [ provides the minimum bit energy values as a functiod/bf
- Cr(SNR) ~ lm Cr((1+ €)log M) in_ the AW(_B[\I and noncoherent Rician fad_in_g channels with
o0 SNR sNRe(ygtesn g0, (L+€)log M different Rician factors. In all cases, the minimum bit gyer
(42) decrease§ with mcrea_swig’. However, Fig[T m@cgtes that
approaching-1.59 dB is very slow and demanding ii/. In
= lim lim P, = 1. thisfigure, we also note the energy penalty due to the presenc
0 14e€ Moo (43) of unknown fading. But, as the Rician factét increases,
the noncoherent Rician channel approaches to the AWGN
Hence, if SNR grows logarithmically with increasing/, the channel and so do the minimum bit energy requirements.
bit energy]’i—g = % approachesg2 = —1.59 dB. The Figures[8 and]9 plot the spectral efficiencies and average




is achieved
o
s
'S
=S
L

0 min
o K
N
N

L

E,/N, (@B)

Spectral Efficiency at which Eb/N

1 1 1 1 1 1 1 T
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 M

Spectral efficiency (bits/s/Hz)

Fig. 8. Spectral efficiency at whicky/No,,;,, is achieved vsM for M-
ary FSK in the AWGN channel and noncoherent Rician fadingiokis with
Rician factorsKk = 0,1, 4, 9, 16.

Fig. 6. Bit energyE,/No vs. Spectral efficiencyC(E,/No) for energy-
detectedM-ary FSK in the noncoherent Rician fading channel with Ricia
factorK = 1.

is achieved

EoNo min
SNR at which E, /N
b0 min

2 1 1 1 1 1 1 1 1 1
I I | | | L L L I 0 100 200 300 400 500 600 700 800 900 1000
100 200 300 400 500 600 700 800 900 1000 M

M

. o ) ) Fig. 9. SNR at whichEy /Ny ;. is achieved vsM for M-ary FSK in the
Fig. 7. Minimum bit energyE,/No,;, vs. M for M-ary FSK in the AWGN channel and noncoherent Rician fading channels wittiaRifactors
AWGN channel and noncoherent Rician fading channels witiaRifactors K =0, 1,4, 9, 16.

K=0,1,4,09,16.

) ) _ ) the minimum bit energy. Hence, increasing the signal peaked
received SNR values at whichE; /N, 1S achieved as a pess in the time domain improves the energy efficiency. In the
function of M. As we have also observed in Fig$. 4 and 6, WRn/GN channel, while regular 8-FSK (8-OOFSK with= 1)
see in Fig[B that the spectral efficiency at WhiE)/Noyin  has Ey/Nowin = 4.08 dB, 8-O0FSK withy = 0.01 has
is achieved decreases with increasihg From Fig.[8, we g, /7, .~ 9017 dB. However, this energy gain is obtained
further note that the required spectral efficiencies aretamd ¢ the cost of increased peak-to-average ratio. We alsaimate
hence the bandwidth requirements are higher in noncohergaknown fading again induces a energy penalty with respect t

fading channels. In Fid.]9, we observe that 8 levels at  hat achieved in the AWGN channel as observed by comparing
which Ej, /Noiy is achieved increases with increasihg As  Figs [T0 and 1.

predicted by[(4B)sNRincreases logarithmically with/ in the
AWGN channel. Similar rates of increase are also noted for
the noncoherent fading channel.

Figs.[10 and 11 plot the bit energies as a function of spectralln this paper, we have analyzed the impact of hard-decision
efficiency of 8-OOFSK with different duty cycle factors indetection on the energy efficiency of phase modulation and
the AWGN and noncoherent Rayleigh fading channels. Wiequency modulation together with on-off keying. We have
immediately observe that decreasing the duty cyclewers obtained closed-form expressions for the first and second

V. CONCLUSION
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cycle and increasing/. We have proved that if the duty cycle
decreases aﬁ)gs'\‘#, the minimum bit energy of-1.59 dB

can be approached.

APPENDIX
A. Proof of Theorem[1]

The main approach is to obtaifiy/,..(0) and Cisn.(0)
by first finding the derivatives of the transition probalm
{P1}. This can be accomplished by finding the first and
second derivatives offg|,, with respect tosNR However,

= 0.001 the presence oﬁ/rﬁ\‘;ﬁ;—i’l) in the second term of((14)

dfpls . .
e = oo. In order to circumvent this problem, we
0 ‘ ‘ ‘ dSNR |gNR=0

’ o 1 pectral effciency (ilsy) o3 °3  define the new variable = \/SNRand consider the conditional
density expression i (#14) on the next page. Now, the dérevat

i . complicates this approach because it leads to the restlt tha

Fig. 10.  Bit energy E,/No vs. Spectral efficiencyC(E,/No) for  expressions in[(45) and _(#6) on the next page evaluated at

8-O0FSK in the AWGN channel. The duty cycle values are =

10.8.0.5.0.3.0.1.0.01 and 0.001 a = 0 can easily be verified. Using the derivatives Bf;

and performing several algebraic operations, we arrivénéo t
following Taylor expansion ot/ ,..(a) ata = 0:

Crrne(a) = ¢1(M) a® + ¢po (M) a® + ¢p3(M) a* + o(a®) (47)

= ¢1(M)SNR+ ¢ho (M)SNR*/2 + p3(M)SNR + 0(SNR?)
(48)

where [48) follows due to the fact that= /SNR In the above
expansion,g, (M), ¢2(M), and ¢3(M) are given by [(49)-
(51) on the next page. We immediately conclude froml (48)
7 that C‘Mmc(o) = ¢1(M). Note that the expansion includes
the termsNr*/2 which implies thatC); .. (0) = oo for all

| M. However, it can be easily seen thai(M) = 0 for all
M # 3, and atM = 3, ¢2(3) = 0.1718|d|>. Therefore, while
C3.me(0) = 00, Carne(0) = 2¢3(M) for M # 3. Further
algebraic steps and simplification yie[d {17). O
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