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Abstract—In this paper, we show that for STC (Space-Time
Coded) Hybrid-ARQ (Automatic Repeat reQuest) schemes with
(re)transmission power control over independent Rayleigh block
fading channels, the problem of optimizing energy efficiency
with a PER (Packet Error Rate) constraint can be solved as a
geometric programming problem. The optimum transmit power
increases super-linearly with each requested retransmission and
the fraction of the average power optimally allocated to each
ARQ round only depends on the incremental diversity gain. The
energy savings increases with a decrease in the PER targets and
decreases with an increase in the diversity gain.

Index Terms—Energy limited networks, geometric program-
ming, hybrid ARQ, space-time codes.

I. INTRODUCTION

OR energy limited data networks, e.g., sensor networks,

one of the goals is to deliver as much information as
possible with a limited energy supply and a maximum delay
constraint. For data transmissions with loose delay constraints,
the ARQ (Automatic Repeat reQuest) scheme is often used in
addition to an FEC (Forward Error Correction) scheme, which
is known as Hybrid—ARQ, to provide adaptive data rates, and
hence improve the energy efficiency. In the following, we refer
to the uncoded information message as a “source packet" and
the successive transmissions of the coded blocks of the same
source packet as “ARQ rounds".

The traditional Hybrid—-ARQ scheme is a constant power
transmission scheme. A few power adaptation schemes have
been proposed to increase the throughput [1], reduce energy
consumption [2], or provide extra diversity gain [3] by making
the transmit power of the [-th ARQ round a function of [.
In [3], for long-term static MIMO (Multiple Input Multiple
Output) channels, i.e., the channel coefficients remain constant
during all ARQ rounds and change to new independent values
with each new source packet, an asymptotically optimal power
control algorithm is proposed that yields very significant
diversity advantage. However, for short-term static channels,
where the channel coefficients remain constant during each
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ARQ round and change independently for the next ARQ
round, no optimal power adaptation scheme is proposed.

Different from previous works, we propose a power adap-
tation algorithm where the power level at each ARQ round
is optimized for the short-term static channel variation based
on the long term channel statistics. Our goal is to choose
the transmit power for the [-th ARQ round to minimize the
average energy consumption under a PER (Packet Error Rate)
constraint with the maximal number of ARQ rounds to be
fixed to L over an L-block Rayleigh fading STC (Space-Time
Coded) channel. We show that our problem can be formulated
and solved as a GP (Geometric Programming) problem and a
closed-form solution can be obtained. We also show that the
optimized transmit power increases in a super-linear manner
each time a retransmission is requested and the fraction of
the average energy optimally allocated to the [-th ARQ round
only depends on the incremental diversity gain.

This paper is organized as follows: In Section II, we
provide the channel model and some preliminaries used in this
work. In Section III, we show how the optimization problem
can be formulated and solved as a GP problem. In Section
IV, simulation validations for the optimal power allocation
strategy are presented and we summarize our work in Section
V.

II. CHANNEL MODEL AND THE PRELIMINARIES

A. Channel Model for Hybrid—-ARQ

There are several variations of the Hybrid—ARQ schemes,
i.e., type I [4], type II with IR (Incremental Redundancy) [5]
and Chase combining [6]. In this paper, an error-free and zero-
delay ARQ feedback channel is assumed for all ARQ schemes.
If a decoding error occurs, a one-bit retransmission request
(NACK) is sent back to the transmitter.

We consider a frequency flat fading channel with no CSI
(channel state information) at the transmitter and perfect CSI
at the receiver. For a STC channel with M7 transmit antennas
and Mp receive antennas, the channel state matrix H; €
CMrxMr [ =1, ... [ remains constant during the I-th ARQ
round and changes independently for different ARQ rounds.
Each ARQ round takes 7' channel uses. Define x;, € CM7,
yit € CMe and w;, e CMr | = 1,--- Lt =1,---,T
as the transmitted signal, received signal, and corresponding
channel noise vector, respectively. The channel noise is as-
sumed to be temporally and spatially white with i.i.d. complex
Gaussian entries ~ CN(0, Np). Let E; be the transmit power
per channel use, which remains constant for the [-th ARQ
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round, and the energy consumption for the [-th ARQ round is
E;T. The channel model is defined as

| E}
= —Hx;;,+w 5
Yit My X1t Lt

which corresponds to a short term static channel in [3]. It is
also referred to as the L-block fading Hybrid-ARQ model in
this paper.

A power allocation scheme for an L-block fading Hybrid-
ARQ is defined as

ey

E= (El,EQ"' ’EL) = (pu17pu2>"' >PUL) = pu,

where p = ||E|| and u = e and ||-]| represents the norm of
the vector.

B. Average Power

In this paper, the average power is defined as the average
energy normalized by T'. Define the probability of the event
that a NACK is received at the [-th round as P, and let Py = 1
by definition. Let E[-] denote the expectation of a random
variable. Following [3], the average power per source packet

18 T L
ZEZ = ZEzPl—l,
=1 =1

where T is a random number of retransmissions for each
source packet.

E=E @)

C. Diversity Gain

The optimal diversity-multiplexing tradeoff for ARQ MIMO
channels has been proposed in [3]. In this paper, we use a
different approach to obtain the diversity gain. For an L-
block fading Hybrid—ARQ, we define the term incremental
diversity gain. For a given power allocation scheme E = pu,
the diversity gain at the /-th ARQ round is defined as

log P,(pu)
log p

where Pj(pu) is the accumulative PER after the I-th ARQ
round. The incremental diversity gain, which represents the
diversity gain corresponding to the [-th ARQ round, is defined
here as

3)

dl = — lim
pP—r00

log Pi(pu) — log P—1(pu)

Dl = dl —dg_l = — lim
log p

p—r00

)

where dy = 0 by definition.

D. Probability of Errors in Hybrid—ARQ

The average energy consumption is closely related to the
PER. For each ARQ round, the CSI is unknown to the sender,
and therefore, the results for the open-loop PER analysis can
be applied. We can derive the PER for both type I and type
II L-block fading Hybrid-ARQ model based on the analysis
for STC in [7].

Let & denote the event that a decoding error occurs at the [-
th ARQ round. We assume that the undetected decoding error
can be ignored. Given a sequence of channel state matrices
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Fig. 1. Error event decision regions.

H,,H,,--- ,Hj, the probability of sending a NACK at the
I-th ARQ round for [ =1,--- , L is given in equation (4).

H(pu|H1, Hg, L Hl) = P?"(gl ‘Hl)PT(€2|81, Hl, Hg) tee
PT((€1|51,527 R 75171, H17H2, ce Hl)
= P?"(gl, tee ,gl|H1,H2, . Hl)

“)

We use superscripts I and /I to denote the type I and the

type II Hybrid-ARQ respectively. For type 1 Hybrid—ARQ,

only the latest received packet is used for decoding. For Chase

combining and type II Hybrid—ARQ), the code blocks from the

ARQ round 1 through [ are all combined and decoded as one

codeword using a maximum likelihood (ML) decoder. The

Chase combining Hybrid—ARQ is considered a special case

of the type II Hybrid-ARQ and, therefore, is not discussed
separately.

Proposition 1: The error probability of an L-block fading
type II Hybrid—ARQ after the /-th ARQ round has the same
diversity order as the error probability of decoding a codeword
with [ fading blocks at the [-th ARQ round alone without
considering decoding errors at previous ARQ rounds, i.e.,

log Pr(&1,--+,&) lim log Pr(&) .

dy = — lim S )
p—>00 log p log p

Proof: For an L-block fading type II Hybrid—ARQ with
maximum likelihood (ML) decoding rule, the error probability
can be bounded as

p—00

2l1—71P7"(51|H1, Hz, ce Hl) S Pr(&, cee ,51‘H1,H2, cee Hl)
S PT(51|H1, Hz, s Hl).

(0)
The upper bound is obvious because the probability of the
joint event is equal to or less than the probability of an
individual event. The lower bound can be obtained based on
the properties of the Euclidean distance based ML decoding as
shown in Fig. 1, where x; = |x;|,a; = |s;|, i =1,---,l, and
x; is the received signal, s; is a super symbol composed of
all different symbols between two codewords, €2; is the error
decision region, and o; is the noise power at the i-th ARQ
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round. We have

P?“(gl,gQ‘Hl,Hg) = / p(:cl,xg)dxldxg

Q1NN
1
> 5/ p(21, x2)dx1drs @)
Q2
1 1
=3 | ply2)dyz = SPr(E|Hi, Hy),
Q2
with change of variables yo, = @ + é Equation (7) is

o [op
based on the property of multi-dimensional Gaussian distribu-

tion. With the same analysis, it follows that
Pr(&1,&,--+,&Hy, Ha, - Hy) :/ﬂ’ p(x)dx
k=12
1 1 ®)
Z F o p(x)dx = FPT((S”HL H2, e Hl)
1

Taking the expectation over all channel states for equation (6),
equation (5) then follows. [ |
Proposition 2:  The maximum diversity order of an L-
block fading Hybrid-ARQ channel is equal to M7 MgL and
the maximum incremental diversity is D1 = Do = --- =
Dy = MrMgp.
Proof: For the type 1 Hybrid ARQ, all error events &
are mutually independent, therefore, the PER at the [-th ARQ
round is

P/ (E) = E[P/(E[Hy, Hy, - - Hy)]

l l l
— [[EPrEmE) = [] Preo = ] PriE
k=1 k=1 k=1

where Pr(Fj) is the PER for the k-th ARQ round. By
applying [7, equation (13)], the asymptotic PER bound of the
type I Hybrid-ARQ after the [-th ARQ round is

Nmin —Mr
> |1~ :
ec€min Li=1

(10)
where e is the error sequence, &,,;, is the set of error se-
quences with minimum diversity, A; is the eigenvalues derived
from the STC channel matrix [7, equation (13)], and 7,5, is
the minimum diversity of a single block fading channel. With
optimum code design, maximum 7,,;, = M7 is achieved, and
Proposition 2 follows.

For the type II Hybrid-ARQ, based on Proposition 1,
to obtain the maximum diversity order and the incremental
diversity gain, we only need to consider the decoding error
corresponding to an [ block fading channel. To obtain the PER
with a power allocation scheme E = (pug, pug,- -, pur)
over an [ block fading channel, we consider an equivalent
transmission scheme, in which the transmit power is p for
each transmission while the fading gain is scaled by wj for
the k-th fading block. The asymptotic PER bound of the type
IT Hybrid-ARQ after the [-th ARQ round is [7, equation (13)]

> i)

e€€min Lk=1i=1
(11)

where 7, = Minye 22:1 N and 7 is the rank of the

l 1 Ek‘ _nnlin']\/[R
I
< — | —
e <114 )

RI®) < |

—Nmin MR
- 4N0:|
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transformed STC channel matrix defined in [7, equation (10)]
for the k-th transmission. The maximum diversity gain that
can be achieved is max{nmn} = LMz when n, = Mr.
Substituting 7, with M7 leads to Proposition 2. [ ]

We note that the maximum diversity gains for the type I
and the type II Hybrid-ARQ are same. The packet combining
does not increase the diversity order.

From equations (10) and (11), the unified approximation
of the PER for STC Hybrid—ARQ schemes with maximum
diversity order at high SNR (Signal-to-Noise Ratio) can be
written as

! o —Dy,
P(Ey, - E)= A — 12
l( 1, 5 l) l H ( N0> 5 ( )
k=1
where the bound for A; for the type I and the type II Hybrid-
ARQ can be obtained from equations (10) and (11). In the
remainder of this paper, we will use the above expression
for the transmission probability in deriving optimal power

allocation strategies for the Hybrid—ARQ system.

ITI. OPTIMAL POWER ALLOCATION

The optimal power allocation problem that minimizes the
average power under a PER constraint can be formulated as

L
i E = EP_1(Ey, -+, E_
EI,EH;}P,EL{ Z 1Pio1 (B, By 1)}

=1
subject to Pr(Ey, -+ ,Er) < PM™ E >0,1=1,---,L,
13)
where Py = 1 by definition.

The above optimization problem can be written as a GP
problem [8]-[10] in the standard primal form after applying
approximation (12).

min{ fo(z) =21 + Alxgfol + AgxgfolngQ 4+ ...

L—1
+ A 171, H I;Dl }
=1
L
subject to Aj, Hxl_Dl <PM™ 3 >0,1l=1,---,L,

i=1
(14)

where = (21 @9 -+ xp),2, = E;/Ny, Vl=1,--- ,L and
D; is the incremental diversity gain for the [-th ARQ round.
This is a GP with a zero degree of difficulty and thus has a
unique solution. Because of its special form, we can obtain
the closed-form solution by solving its dual program, which
is formulated as

o = FT (42" (42"

=1

L L+1

subjecttoZdl—l =0, § — Z 8;D;=0,1=1,---,L,
=1 j=l+1

(15)

where § = (1, ,0r41) is the design variable for the dual
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program, which can be solved from the linear constraints as

D H]L:zH(l + Dj)

5 = —1 , =1, .-, L—1,
Hj:1(1+Dj)_1
D
— L , (16)
Hj:1(1+Dj)_1
" 1
0L 41 =

HJL:1(1 +Dj) - 1.

From the primal dual relation, the primal program and its
optimal solution z* = (a7, x5, -+, x}) satisfy

L A o A 0L 11
fo@*)—v(é*)—ﬂ( 5) (Pmix> o an
l e

=1

where 6" = (67,05, - 07 41)-

Let u)(z) = Aj_11y Hé;ll x;Dj, then fo(z) = wi(z) +
ug(z) + -+ +ur(z), and 6; = w(z)/fo(x) is defined as
the proportion of the average energy consumption for the
I-th ARQ round relative to the total energy consumption.
According to the duality theory [8, Theorem 1 (iv)], we have

w(z*) =v(@*)6 = fo(z™)d), 1=1,2,---,L. (18)
And the optimal solution satisfies
xy = fo(z")dr,
. _ Aj—2Dy
AL D (14 Dy)

x

(Izk—l)(1+Dlil)7l = 27 e aL'

(19)
Note that the PER approximation does not hold for SNR < 1
and, therefore, the optimization scheme cannot be applied with
extremely low SNRs. Also note that the optimization scheme
does not change the diversity gain, because the incremental
diversity gain for each ARQ round is a constant. The the-
oretical bound for the A; is not tight enough to derive the
accurate value of the A;. Therefore, it is obtained from the
PER statistics of the channel measurement or simulations in
practice.

A. Impact of the diversity gain

To simplify the notation, we assume equal incremental
diversity gains D; = D,l = 1,--- , L and either the number
of ARQ rounds L or D is large. For conventional Hybrid—
ARQ with equal power allocation for each ARQ round, i.e.,

r] = 22 = --- = x, = p and a target PER P, based on
equation (2) and (12), the average power Eé\;P ¢ is calculated
as

L
ENPO=p> Ay p PO, (20)
=1

1
~ DL .
5; ) , which comes from

the PER constraint Ay, HiL:I :z:fD < P, and Ay = 1 by
definition. We use superscript NPC' to represent no power
control case.
For the optimal power allocation scheme and a large D, we
can approximate the equation (16) as
D

*
6ZN

(1+ D)V’

where the transmit power p = (

1=1,2,--,L. 21)
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Fig. 2. PER for equal power allocation scheme and optimum power allocation
scheme for type I Hybrid ARQ.

With the equal power allocation scheme and a large D,

ONPC = A p7PUY =12, L.

(22)

For both optimal and equal power allocation schemes,
with larger incremental diversity gain, i.e., larger number of
transmitter and receiver antennas, more energy is allocated
to the first ARQ round, ie., 67 — 1 and V7Y — 1 as
D — oo. Hence the Hybrid-ARQ scheme converges to a single
transmission scheme with an increase of the diversity gain.
This fact suggests that from the energy saving point of view,
a single transmission scheme is good enough for a system with
large diversity gain. Compared with the J;, 5lN PC converges
faster as a function of D. Hence, as the incremental diversity
gain increases, the conventional Hybrid—ARQ scheme con-
verges faster to a single transmission scheme than the optimal
scheme in terms of the average energy consumption, and both
Hybrid—-ARQ schemes do not provide much energy savings
over single transmission schemes. Therefore, the performance
gain of an optimal power allocation scheme over an equal
power allocation scheme diminishes as incremental diversity
gain increases.

IV. APPLICATIONS

In the following, we apply the optimal power allocation
scheme in simulated Hybrid—ARQ systems. To illustrate the
performance gain against the no power control Hybrid-ARQ
systems, we apply the type I Hybrid-ARQ and Chase com-
bining Hybrid-ARQ over a 2x1 SIMO (Single Input Multiple
Output) Rayleigh block fading channel with an 8-states 4-PSK
STTC coding scheme defined in [11, Fig. 5]. The diversity and
coding gain parameters of the PER, i.e., 4;, D;,l = 1,2 are
obtained from the PER statistics based on simulations. We
obtain PER curves for 5 cases, where the power difference
between the two ARQ rounds is -6 dB, -3 dB, 0 dB, 3 dB
and 6 dB, and find the best fit for Ay, D1, Ay, Do. Next,
we calculate the value of z7,z5 of a set of PER targets
prax = {0.1,0.05,0.01,0.005,0.001,0.0005,0.0001}. For
each set of x], x5, we obtain the PER value by simulation
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Fig. 3. PER for equal power allocation scheme and optimum power allocation
scheme for Chase combining Hybrid ARQ.

to evaluate the power savings. The results are shown in
Figure 2 and 3. Note that, for extremely high PER like 0.5,
the optimization scheme is not applicable.

In Fig. 2 and Fig. 3, the results show that at a target PER
of 10, the optimal power allocation scheme can provide a
gain of up to 3 dB for the type I Hybrid-ARQ and 2.5 dB for
the Chase combining Hybrid-ARQ.

V. CONCLUSION

In this paper, we have provided a method to minimize the
average energy consumption for Hybrid—ARQ systems over an
L-block Rayleigh fading channel while maintaining a target
PER. The optimization problem was formulated and solved
as a geometric programming problem. The Lagrangian dual
formulation was used to derive closed-form expressions for the
optimal objective function and the optimal power allocation.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 12, DECEMBER 2009

Compared with a traditional Hybrid-ARQ scheme with
equal power allocation for all ARQ rounds, the optimal
scheme achieved significant power savings for channels with
low diversity gains. The simulation results showed, at a target
PER of 1074, a gain of up to 3 dB for type I Hybrid-ARQ
and 2.5 dB for Chase combining Hybrid-ARQ were achieved
over an STTC (Space-Time Trellis Code) coded SIMO channel
with a maximum of two (re)transmissions. The analytical
results showed that a larger gain was achieved for a lower PER
target, and the energy savings obtained from the optimization
scheme decreased with a higher incremental diversity gain.
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