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Precise Interference Analysis of OFDMA
Time-Asynchronous Wireless Ad-hoc Networks
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Abstract—This paper presents a unified mathematical perfor-
mance analysis of the physical layer in orthogonal frequency
division multiple access (OFDMA) wireless ad hoc networks,
where several independent transmitter-receiver pairs share a
common wideband channel in a local area environment. Mul-
tiuser interference (MUI) occurs when the signals from different
users arrive at a given receiver with arbitrary timing misalign-
ments, leading to the destruction of the orthogonality between
subcarriers. Precise interference analysis in white Gaussian noise
and Rayleigh multipath fading is developed in a partially loaded
OFDMA network. New exact expressions of symbol and bit error
rates are given in the case of interleaved subcarrier assignment
schemes. On the other hand, tight upper bounds and accurate
improved Gaussian approximations are developed for arbitrary
subcarrier assignment schemes. Furthermore, expressions of
the cutoff rates are derived and employed to estimate the
spectral efficiency in bits/sec./Hz. These are used to quantify
the improvement in the spectral efficiency that can be achieved
by a common MUI mitigating technique based on the extension
of guard intervals and dynamic positioning of FFT windows.

Index Terms—Ad-hoc networks, multiaccess communication,
orthogonal frequency-division multiplexing (OFDM).

I. INTRODUCTION

RTHOGONAL Frequency Division Multiple Access
O(OFDMA) is a promising wireless access technique
[1]-[3] which has recently been employed in several new
networking technologies such as WiMAX [4] and DVB-RCT
[5].

In OFDMA, the total system bandwidth is partitioned
into a set of orthogonal subcarriers which are assigned to
multiple users for simultaneous transmissions. OFDMA is
sensitive and vulnerable to timing errors which destroy the
orthogonality and result in multiuser interference (MUI). To
maintain orthogonality among sub-carriers, the signals from
all active users must arrive at the receiver synchronously.
Several multiuser synchronization techniques have been pro-
posed in cellular-based OFDMA networks which guarantee
that all OFDM signals arriving to the base station are perfectly
aligned. However, most of these techniques are based on
closed-loop time correction techniques [6] which require the
receiver to estimate all arrival times.

On the other hand, each node in the OFDMA ad hoc
network can communicate directly with other nodes without
a central base station. Therefore, it will be expensive to
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implement these multiuser synchronization techniques at every
receiver of the OFDMA ad hoc network. One particular
method for combating the MUI caused by the loss of orthog-
onality, which suits the ad hoc OFDMA networks, is based on
the extension of the cyclic prefix (CP) lengths beyond what is
required to control the inter-symbol interference (ISI) caused
by the multipath fading [6]. Although CPs of adequate lengths
have the desired effect of rendering asynchronous signals to
appear orthogonal at the receiver, and thus alleviate the resul-
tant MUI, increasing the length of the guard-interval, however,
has its own cost as it will reduce the net transmission rate in
the system. It is therefore of both theoretical and practical
interests to obtain a better knowledge on the effectiveness of
the time-guard intervals in combatting MUI in OFDMA ad hoc
networks. Motivated by this problem, the aim of this paper is
to develop accurate mathematical analysis of the MUI at the
physical layer (PHY) of OFDMA ad hoc networks, which
takes into account accurately the effects of the propagation
delays and the spatial distribution of users.

Recent performance analysis of ad hoc OFDMA has fo-
cused on the media access control (MAC) and the upper
layers ignoring the MUI that may occur at the PHY layer due
to timing misalignments (e.g. [7]-[10]). On the other hand,
performance analysis of single user OFDM in the presence of
timing and synchronization errors has received considerable
research efforts, and several accurate mathematical methods
have been developed for bit and symbol error rate analysis
in different channel models (e.g., [11]-[13]). Unfortunately,
interference modelling in multiuser OFDM involves a larger
number of random variables, and therefore the extension of
these methods to the analysis of ad hoc OFDMA is not
straightforward.

Relevant research on interference analysis of asynchronous
OFDMA include [14]-[19], which have developed accurate
interference models for centralized OFDMA networks (where
all users communicate with a common base station). The
effects of both timing and frequency errors are considered in
[14], [15], [19], whereas [16] and [18] focus only on the timing
errors. As far as the error rate evaluation is concerned, [14] is
based on a brute averaging technique which requires large
computational efforts, whereas [15], [17], [18] have opted
for Monte-carlo simulation methods. On the other hand, [16]
and [19] are limited to the analysis of the average signal to
interference-plus-noise ratio (SINR).

In this paper, we develop a new precise interference analysis
of OFDMA with arbitrary subcarrier assignment schemes in
multipath Rayleigh fading of arbitrary power-delay profiles.
This leads to new precise expressions for error and cutoff rates
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with interleaved subcarrier assignment schemes. Moreover,
new accurate bounds and approximations are developed for
systems with arbitrary subcarrier assignment schemes. These
results can be used to assess the impact of time-misalignments
on the spectral efficiency of OFDMA ad hoc network, and to
quantify the potential improvement achievable by the imple-
mentation of extended CPs and dynamic positioning of the
FFT windows.

This paper is organized as follows. In Section II, we
describe the model of the OFDMA under consideration. In
Section III, we present accurate interference analysis, and
derive closed-form expressions for the distribution of the SINR
for interleaved and block subcarrier assignments. These are
used to obtain new expressions for the bit and symbol error
probabilities in Section IV, and cutoff rates in Section VI. In
Section V, we study the impact of FFT window positions on
the overall efficiency of OFDMA. Numerical examples are
given in Section VII, and Section VIII concludes the paper.

II. THE MODEL

Let K + 1 transmitter-receiver pairs share a common wide-
band channel using OFDMA, where each user is assigned one
or several subcarriers, and the subcarrier frequencies from
all users form a set of IV orthogonal carriers. The lowpass
equivalent of the signal transmitted by the kth user takes the
form

0o N+Ng—1

s =AY Y B pt—1T,—i(T+T,) ()
1=0
where A is the amplitude, 7" is the (useful) OFDM symbol
time, and T}, is the CP time interval (T'+ T is the total OFDM
block time). T = N is the sampling period, and N, = = is
the number of CP samples, p (t) is the transmitter pulse and

B,[:}l, 1=0,1,...., N+ Ny — 1 is the IFFT block transmit-
ted during the ith symboling interval, where

,* sz

neAg

i=—00

21rnl

1=0,1,..,N+N,—1 (2)

and bz]n are the complex modulated symbols. In this paper,
we assume a square M-QAM modulation with Gray coding,

where Re {b;{n and Im {bzn

over the set < +£1,+3,...,+ <\/M — 1)

bilities. Here, M = 22,2% 26 28 ... is the constellation size.

In (2), Ay is the set of subcarriers allocated to user k,
where UszoAk ={0,1,2,...,N =1}, and A, N A; =0
for kK # j. As far as how the subcarriers are assigned to
different users, two subcarrier assignment schemes are mostly
referred in the literature, namely; a) interleaved subcarrier
assignment schemes, where subcarriers of each user are spread
over all frequency band, and b) block (or subband) subcarrier
assignment schemes, where each user is assigned a continuous
block of subcarriers.

In order to simplify the mathematical analysis, let the
reference receiver be at the centre of a circular service area of
radius D, and let the desired transmitter be located at distance
dp from the reference receiver, whereas all other transmitters
are uniformly distributed over the circular service area.

} are selected independently

with equal proba-

We assume a multipath Rayleigh fading channel, where the
impulse response of the channel between the kth transmitter
and the reference receiver can be represented as follows

c—1
_ d
hy (t) = dk A2 E gk,cé (t - Fk — &k — Tk,c) 3)

c=0
where C' is the total number of multipaths, 3 is the pathloss
exponent and dj, is the distance between the kth transmitter
and the reference receiver. v is the speed of light, 7,0 <
T < oo Thk,C—1 < Tmax, and Tyay 1s the maximum delay
spread of the multipath channel. g .,k = 0,1,...,K,c =
0,1,..,C — 1, are independent and identically distributed
circular symmetric complex Gaussian RVs of zero mean and

variances 7. = E [| 9k, c|2} Vk. Without any loss of generality,

we normalize the power such that Z 0 Yo = 1.

In 3), ex, k=0,1,..., K model the time synchronization
errors between the different transmitters. In order to simplify
the presentation and focus on the impact of the maximum
propagation delays and the random users’ locations on the
overall spectral efficiency, we assume in this paper that e, = 0
Vk. (That is all transmitters are assumed perfectly synchro-
nized.) The present analysis can be extended straightforwardly
to include the effect of nonzero ¢y,.

The signal at the receiver is given by the superposition of
signals from all active users, and can be represented as shown
in (4), where w (t) is the (filtered) additive complex white
Gaussian noise (AWGN) with a variance 22, and p’ () is
the combined impulse response of the transmitter and receiver
filters. We assume, for the sake of simplicity, that p’ (t) = 1
when ¢ € (0,T5) and p’ (t) = 0 otherwise.

In (4), oy, takes values in {0, 1} and represents the status of
the kth user (inactive/active), k = 1,2, ..., K. We assume that
a1, e, . .., ax are mutually independent, and Pr{«y = 1} =
q, and Pr{ay, =0} =1 —q Vk.

Demodulation for a given user is accomplished by first
acquiring time and frequency synchronization for that user,
sampling at T intervals, and then apply the samples into the
N-point FFT demodulator. Without any loss of generality, let
us consider user O as the reference user and let the time instant
dTO be precisely known at the reference receiver. Then the
output samples during the Oth time interval ((i—o, (ﬁ)—o + T + Tg)
are shown in (5), where x; 1. is the sample taken from
the cth path of the k signal at sampling instance t. wy,
t=0,1,...,N + Ny — 1, are samples from the AWGN with
variance ]:)f—

The OFDMA demodulator discards the CP samples and
performs an N-point FFT on the remaining sequence
{rNg,rNgH, ...,TN+NQ_1} . The FFT output at subcarrier m
(assuming subcarrier m € Ag) is shown in (6), where the last
step is proven in Appendix A. On the other hand, the first
term is a standard result for OFDM systems with sufficient
CP, e.g. [2, Ch. 2]. Here, Go,,m = 200—01 9o, le*j%mc/N is
the frecjlvuency -domain channel gain at subcarrier m, W,,
\/_ STt No Tl e=32mtm/N s the AWGN in the mth Sub-
carrier, whlch is still a zero-mean complex Gaussian RV

represent the two consecutive

. . N o
with variance T {bk,n,bkm}
symbols from subcarrier n which occupy the time interval



136

oo N+Ng—1

AZd /2 angkc >y B o (1= 1T~ i (T +Ty) — % 7o) + w(t)

1=—00

c—1 K ¢
re = AdaB/Q Z 90,cXt,0,c + A Z akd/:ﬁ/Q

c=0 k=1
N+N,—1
1 —jomtm/N
T = T E rie mtm/
t=N,
c-1

k=1 c=0

k=1 c=0

0,

ymod (T+Ty) g
oo -{ wl )
JN

Nsin(%p) €

(do,% 4T 4T,
shown in (7).
Equation (6) describes accurately the FFT output when
all signals are perfectly synchronized in frequency. The first
term represents the contribution of the desired signal, whereas
the second term represents the MUI arising from the time
misalignments of all multipath components. It is worth men-
tioning that if the receiver was not perfectly synchronized
with the desired transmitter, then additional multiple access

interference (MAI) component would also appear in (6), e.g.,

), and the function G (p,y) is defined as

[19].

It is worth noticing that the term
(b = bf,) G (m—n,%5% 4 m ) in (6),  which
represents the MUI contribution of the cth path of
subcarrier n, vanishes whenever -either b,;n = b;:n
or (%= 47 )mod(T+T,) < T, That is, the

orthogonality between subcarriers m and n (when allocated
to different users) is maintained whenever b, =~ = bﬁn
regardless of the level of the time offset between them. On
the other hand, when b, =+ b+7n, then the orthogonality
is preserved only if the time offset falls within the CP
time-interval.

The decision variables (assuming perfect channel state esti-

mation) are given by Re } vYm € Ayp.
As far as the statistics of the decision varlables 637—’"m is
concerned, notice from (6) that since W,, and g .Vk,c are
independent complex Gaussian RVs, then G?’" becomes a
“conditionally” complex Gaussian RV. The conditional vari-
ance is shown in (8).

It is worth mentioning that in arriving at this conclusion
(that the decision variables are conditionally Gaussian), we

_Nm

and Im {

Ady B/QGOm Om+AZOékd o ngc
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> GreXtke +wr, t=0,1,..N + N, —1 5)
c=0
N+Ny—1
T D Xewee PN G LW,
t=N,
{ D (Vo = bia) G (1 = m, 2 +Tk,c)} + W
neAg
(6)
0 <ymod(T+T,) <T,
(7

. Ty <ymod(T+Ty) <T+T,.

have not introduced any kind of the commonly used approxi-
mations (e.g. standard or improved Gaussian approximations,
which are used in interference analysis of wireless commu-
nication systems). Hence, the known standard closed-form
expressions of the bit or symbol error rates in AWGN channels
can be used to obtain exact closed-form expressions for the
“conditional probability of errors” which depend solely on the
SINR, with the value of SINR shown in (9), where p; = %’“
and A = % is the maximum propagation delay. On the other
hand, B, = D A?T) is the (peak) received symbol energy
when the useful transmitter is located at the boundary of the
service area (i.e. when dy = D).

Note that SINR in (9) is a mixture of a ratio of RVs. This
is in contrast to the classical interference analysis which is
based on the standard Gaussian approximation (SGA), where
the accumulated mutliple-access interference is approximated
by a pure Gaussian noise having a deterministic variance, and
therefore the denominator of the SINR is not a RV.

The evaluation of average bit or symbol error rates re-
duces therefore into the computation of averages of the form
E [erfc\/SINR] . Towards this end, we derive in the next
section expressions for the probability distribution function
of SINR.

III. SINR STATISTICS

In this section we derive exact expressions for the cumu-
lative distribution function (CDF) of SINR, Pr (ZSINR <z).
Notice at first that the numerator of (9), |Go,,|", is an ex-
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=1l-e

ponentially distributed RV having a unit average!. Therefore,
since the denominator of SINR is non-negative, we obtain (10)

when we condition on the set of RVs {ak, Pks b;n, b;nd, n}

Let the value of W, (z) be shown in (11), where the
expectation is taken over the RVs {ak, Pks b,;n, b',;nVn, k:} .
Then, we have for the CDF

ol

Pr(SINR < 2) = 1 — W,, (2) e “Fo/%. (12)

Now, since the RVs {pg, ax, k =1,2,..., K} are mutually
independent, (11) reduces into the product shown in (13),
where the value of My, (z, pi) is shown in (14).

In arriving at (13), we have used the assumptions that o, are
Bernoulli RVs with Pr{ay = 1} = ¢, and that the K interfer-
ing transmitters are independent and uniformly distributed in
a circle of radius D around the reference receiver. (Note that
when a point is uniformly distributed in a circle of unit radius
then Pr (p < ) "7952, 2 < 1. Therefore, the pdf of py is
for (x) =22 when <1, and f,, () =0 when = > 1.)

The computations of My, (2, p;) in the case of arbitrary
subcarrier assignment schemes may involve averaging over a

large set of discrete RVs b, b, n€E .Ak} , which could

be very cumbersome when |Ax| >> 1. However, exact simple
expressions can be derived in the special case of interleaved
subcarrier assignment schemes, as can be seen in the next
subsection. On the other hand, in order to facilitate the
computation of My, (z, pi) in the case of block-subcarrier as-
signment schemes, we present accurate approximations which
are based on the conditional Gaussian approximations, and
tight lower bounds which are based on the Jensen’s inequality.

A. Exact Expressions of My, (z,pr) in case of Interleaved
Subcarrier Assignments

For the sake of performance analysis, we assume here that
all subcarriers in the vicinity of subcarrier m are allocated
to different distinct users. This implies that at most one
subcarrier from each set .4; may interfere with subcarrier

Tt can be seen that because of the assumption of independent paths and the
normalization of the power delay profile, then Go ,, becomes a zero-mean
complex Gaussian variable with unit variance.

ZnEAk (

—B
K c—-1
_Z<Zk:1(%) Qg ZC:O Ye

_ 2
bk’nsz,r,n)g(n*m,(%*PO)A+Tk,c) +#ONO

Zn,eAk (bk,n_bk,n,)g(n_mv(Pk —po)A+Tr )

°o
+m> (10)

m. Let the index of this subcarrier be denoted by aj. Then
(14) reduces into a simpler expression shown in (15), which
involves averages with respect to two symbols only. Let

-~
Q(z)=E {e Z|(b’€=ak bk’ak)‘ ] , where the average is taken
over the information symbols b,;ak and b;ak. Then (15) can
be expressed as shown in (16).

In the case of square M-QAM with Gray coding,
Reb;  and Imb;n are selected independently over the set

{il, +3, ..., £ (\/M - 1)} , and it can be verified that

Pr {Re {b;n — bzn} = 2@}

= Pr {Im {b;n — bZ‘n} = 2@}
AR =0 (VA1)
0, otherwise.
Therefore

Q(z)=E [e—Z\(b;n—b?,n)q
) [e—Z(Re{sz,n—b?,n})T E [e—z(lm{b;n—b?,n}ﬂ

2

VM-1 ,
= |V o N VA —den 17)
pn=1

B. Conditional Gaussian Approximation

Exact evaluation of M, (z,pr) in the case of block-
subcarrier assignment schemes involves a large number of
discrete RVs { ke bzn,‘v’n € Ak‘} for which exact averaging
would require a large number of operations particularly in
the case of high order modulations. In order to reduce the
computational complexity required to compute (14) in the case
of block-subcarrier assignment schemes, we propose a new
improved Gaussian approximation method. Let

e =y D (bin = bin) G (n=m, (o = po) At mice)

neAyg
(18)
Now, when p; is given, then ;. becomes a sum
of “independent” RVs. However, the set of C RVs
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{Uke,c=0,1,...C — 1} are not mutually independent (even
when pj is given). Therefore, we approximate the set of
RVs {Uk¢,c=0,1,...C —1} by joint complex Gaussian
RVs (conditioned on py) having zero means and (conditional)
correlations given by

E [0k, :lpx]
=3(M—1) 37 > G(n—m,(pr—po) A+ 7k;)

neAy
xG* (n—m,(pr — po) A+ ki), 4,j=0,1,...,L—1

19)

where we have used the fact that for a Gray coded
2 2
square MQAM, E{’(b;n—b;n) ] = 2F Ub;n ] —
2, — _
1E [Re?y, | = 421,

That is, the exponent of (14) is approximated by a sum of
L Gaussian quadratic forms. Now, using known results for
the moment generating functions of the complex Gaussian
quadratic forms (e.g. [21]), we arrive at the following closed-
form approximate expression for (14)

Pr\ P —~c-1 2
./\/lk (Z,pk) = |:6_Z(P0) Zc:[) |19k,c\ |Pk:|

~ L 20)

B
IC+Z(Z_§) Ay

where I is the C' x C identity matrix, and Ay is the
correlation matrix (conditioned on pj) of the jointly complex
Gaussian vector {950,V 1,...,0kc—1} with elements de-
fined in (19).

It is to be emphasized at this point that the proposed
Gaussian approximation is distinctive from the classical Gaus-
sian approximation methods which are commonly used in

ZneAk (bk,n_bk,n)g(n_m’(pk_pU)AJ"Tk,c)

ﬁE {e”(%(%ﬁ)‘ﬁzfﬂl %

1
{1 — q+q/ M (z,x) 2xdm]
0

} (1D

Dnea, (blz,n_b;r,n)g(n_mx(/)k_PO)A+Tk,c)

)

13)

Snea, (0rn b1, )G(n—m,(pr—po) At7i,c) 2 pk] a4
(o~ 0y )| 19Can = (1 —p0) At 7, )2

= Ok ' |pk (15)

(16)

interference analysis in wireless systems?.

C. A Lower Bound on My, (z, pi)

A lower bound on My, (z, pi) , which is valid for arbitrary
subcarrier assignment schemes, is readily obtained by noticing
that the function exp (—zx) is convex Vz, 2 > 0, and therefore
Jensen’s inequality can be invoked to show the result in (21).

Upper bounds on the exact bit and symbol error probabil-
ities are then obtained when (21) is used in (13) instead of
(14).

IV. AVERAGE ERROR RATE ANALYSIS

With the distribution of SINR on hand, it is straightforward
to derive exact expressions for average error rates. Though
the probability density function of SINR is readily obtained
by taking the derivative of (12), however, it is possible to
compute the desired averages directly in terms of the CDF.
For instance, by using the rules of the integration by parts, the
average of an arbitrary function g (SINR) can be computed as
follows

E[g (SINR)] = ¢ (0) + /OOO g (2)Pr(SINR > z)dz  (22)

where ¢’ (z) is the first derivative of g (2).
1) Average SER: The conditional SER of square Gray-
coded MQAM is [23, eq. (10.32)]

ps (SINR) =1 — (1 - (1 — ﬁ) erfC\/M)2.

Therefore, the average SERZis obtained from (22) and (23)
to yield (24), where Ej, = E igg;}) is the “average” signal-
to-noise ratio per bit (SNR).

(23)

’In classical Gaussian approximation methods, the (non-Gaussian) decision
variable (e.g., 7y in (6)) is approximated by a single Gaussian RV. This is
in order employ the readily known expressions of error rates in AWGN,
and therefore simplify the evaluation of average error rates, which otherwise
become non-trivial.
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M (z,p6) = E efz<f’_g) 20 ve| Sneay (P n =0 )G (rmrms (o1 —po) At i) 2|P’j
- e—z(z_ﬁ)*ﬁ S R “ZneAk ke kn)g(n m,(pr—po) A+Tk ) }
o BV 1 (5) 7 S5 e S, B[ b [ ]10(=m (o po) Atri )2
—2gM=1) ()77 SO e S, 191=m, (o= po) At o) 21
oo 1 — ( — L) eI‘fC\/E 2(M—1) N
M—1 1 \/M —z( 1+ o =0
p, = Mt —2(1‘TM)/0 NG (BB () 24

2) Average BER: General expressions for bit error proba-
bilities of generalized square M-QAM are given in [22], which
can be written in the following form

VM -2
Py (SINR) = > aperfe ((2u+1)VSINR)  (25)
n=0

where a, are some constants that depend on the constel-
lation size M. For instance ao % in case of QPSK,
a, € {8 5 _1} = 0,1,2, in case of 16-QAM, whereas
a, € {24,24, 541,0 51 ,24} w = 0,1,...6, in case of
64-QAM. Therefore

2(M 1)

Eh/NO 3(2u+1)2%logy, M
E a,e 2 MYy @ +1 dz.
pn=0

(26)

In summary, (24) and (26) are, respectively, the new closed
form expressions for the symbol and bit error rates of MQAM-
OFDMA. Their accuracy depend on which expression for
M. (2, pr) is used. Exact bit/symbol error rates are obtained
when (16) is used, whereas approximations or upper bounds
are obtained when (20) or (21) are used instead.

V. THE IMPACT OF DYNAMIC FFT WINDOW POSITIONING

So far, we have been confined to the special case of static
FFT windows, where all FFT windows are positioned specif-
ically at (T, T, + T'). This is a quite common assumption in
the literature of OFDM where the CPs are used primarily to
provide multipath immunity. Although, this will also alleviate
some of the MUI caused by late arriving subcarriers, it will
not provide immunity against the early arriving subcarriers,
and the performance of OFDMA deteriorates substantially
even when the CP length exceeds the maximum misalignment
time (as will be seen in next section). Therefore, in order to
completely alleviate the MUI, it is necessary to adequately
adjust the position of the FFT window within the OFDMA
symbol so that all OFDMA signals appear orthogonal at the
receiver, Fig. 1. Notice that, by extending the CP length, the
samples required for performing the FFT at the receiver can
be taken anywhere over the OFDMA symbol time-interval
(but not earlier than 7,,,x, the maximum delay spread of the
multipath channel).

! T T T,-T,
— PN
[]
W0 1 l L P
] ] 0 ’
0 ] [ .
o FFT Winoow ¢ FFT WiNDOW
'} '] '} 'y
ol ] 4 il L il
0 (] [ .
M M M M
w0 ] : i [ : |
. ' ] ’
0 ] ] ’
0 ] ' '
. ] v *
0| : : : ;
. ' . .
(a) T,=T, () T,<T,

Fig. 1. Impact of FFT window positioning.

It can be seen that when A < 1 and the CP duration is
extended beyond the maximum propagation delay, 7, > A +
Tmax, then the MUI can be completely alleviated by allowing
each receiver to dynamically position its own FFT window at
Ty = (1 - PO) A+ Tmax-

It is worth mentioning that extending the duration of the
FFT window beyond what is required to alleviate the inter-
symbol interference is a known simple technique for mitigat-
ing the MUI resulting from timing misalignments in uplink
OFDMA [6]. On the other hand, the concept of dynamically
positioning the FFT window has been used in single frequency
networks [20].

The analysis presented in the previous sections can be ex-
tended straightforwardly to include OFDMA having arbitrary
FFT window positions. Let the FFT window be taken over the
time interval (T, T + 1), where Tmax < T\ < Ty, Fig. 1.
Then, it can be seen that the CDF of SINR is still given by (12)
(together with (13) and (14)) but with Gy (p,y), in (7), being
replaced with the general expression shown in (27), which
depends on the FFT window position 7, where N, 7:;—1“
(which is assumed integer). ’

VI. THE SPECTRAL EFFICIENCY

Though CPs have a positive effect on counteracting the MUI
due to time-misalignments, extending their length beyond
the maximum delay spread of the channel might lead to a
substantial decrease in the spectral efficiency. Therefore, it is
of both theoretical and practical interests to give insight into
the penalty of the time-misalignments and the effectiveness of
the CPs on the overall spectral efficiency of the OFDMA ad
hoc network. In this regard, cutoff rates are commonly used to
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0,

gO (p7y>Tw) =

Ts

Nsin(%p) €

measure the spectral efficiency of different digital modulation
schemes in terms of information bits/symbol/Hz.

The cutoff rate Ry of a coded modulation system is
a measure of the number of information bits that can be
transmitted per symbol time with arbitrarily small probability
of error when a finite complexity coding scheme is used.
Under the usual assumption of ideal symbol interleaving and
uniform input distribution, the cutoff rate in the Gaussian
additive channel is [23, pp. 773] Ro = —log, (ﬁ) , where
D =E|[D (SINR)], and

VM—-1+vVM-1
D (SINR) = \/_ Z Z e~ [ =bu| (28)
which we can rewrite as
2
D (SINR) = —+2 Z VA K-k (29)

Assuming that the receiver treats the MUI as the AWGN,
the cutoff rate is obtained by calculating the average of (29)
with respect to SINR. It can be shown by using (12) that

00 vVM—1 ,
D — 1 1 M—p —p’z
D=1 4/0 L +2 §1 NATETIY
=

M— 2(M—1)
~ Z MZ%_HG_IEZ e Eb/NomW() .
p=1
(30)

VII.

In this section, we present some numerical and simulation
results. For the sake of numerical examples, we consider a
50% loaded system with ¢ = 0.5 in a multipath Rayleigh
fading channel with exponential power-delay profile, where
Yo = y0e /% ¢ =1,2,...,C — 1, and C = 10. The =
ﬁTmax Vk, where the maximum delay spread is set at
Tmax = 10, and the path-loss exponent 5 = 4. The total
number of subcarriers is fixed at N = 1024, and the number
of subcarriers in a block in the case of block-subcarrier
assignment scheme is 10.

Firstly, the accuracy of the new exact and approximate
expressions of BER is investigated in Figs. 2 and 3 for
interleaved and blocked subcarrier assignment schemes, re-
spectively. Here the average BER of QPSK is plotted against
the normalized range of the useful signal py, when T, =
Ty = 2Tmax, and for three different values of the normal-
ized maximum propagation delay A € {0.01,01,1}. Both
theoretical and simulation results are displayed in Figs. 2

NUMERICAL EXAMPLES

ymod (T+T
. V gs g)Jwa
sin| m+———x—"—7p
j,kl(\‘ymod(Ti»Tg)J_'_Nw_l)

0 <ymod (T +T,) <T,

27
, Ty <ymod(T+Ty) <Ty,+T

Tw+T <ymod(T+T,) <Ty+T.

10"
10”
22
8
S (1
10" —— — TImproved Gaussian
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Exact
10°
0.2 04 0.6 0.8
pO
Fig. 2. Theoretical and simulation results for the average BER of QPSK

against the range of the useful signal (po) in the case of interleaved-subcarrier
assignment scheme. Ty, = Ty = 0.2T, and A € {0.01,0.1,1}.

and 3. The theoretical results are evaluated by using (26),
but with three different expressions of My (z, pr) which
are given in (16), (20) and (21), for the exact, improved
Gaussian approximation, and the bound, respectively. The
exact theoretical results are shown in Fig. 2 for interleaved
subcarrier assignment scheme, which show excellent match to
the relevant simulation results. On the other hand, as far as
the accuracy of the proposed approximations and bounds is
concerned, one can see from Figs. 2 and 3, that the difference
between the approximate and exact (or simulation) results
is diminished even in the case of the interleaved subcarrier
assignments where |A;| = 1Vk. More interestingly, Figs 2
and 3 reveal that the proposed upper bound on BER is in fact
a tight upper bound, and therefore can be employed to provide
an efficient and accurate method for performance evaluation
of OFDMA with arbitrary subcarrier assignments.

In Fig. 4, we consider an OFDMA system without extended
CPs, and investigate the impact of the maximum propagation
delay on the cutoff rate. Here, we fix the CP time-interval at
Ty = Tmax, and plot the cutoff rate against the normalized
maximum propagation delay (A) for both interleaved and
block subcarrier assignment schemes, and for several mod-
ulation orders. We observe a dramatic loss in the cutoff rate
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Fig. 3. Theoretical and simulation results for the average BER of QPSK
against the range of the useful signal (po) in the case of block-subcarrier
assignment scheme. Ty, = Ty = 0.2T, and A € {0.01,0.1,1}.

—— Block
- Interleaved
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Fig. 4. The cutoff rate of BPSK, QPSK, 16QAM and 64QAM against the
normalized maximum propagation delay in the case of interleaved-subcarrier
assignment. pg = %, Ty = Tmax = 1'/10.

with increasing the maximum propagation delay, particularly
at higher levels of modulation. The reason why QPSK is
less sensitive to timing misalignhment than 64QAM can be
explained in view of (8) by observing that the MUI from
an arbitrary subcarrier n occurs only whenever b, =~ # b
regardless of the level of the time misalignment. Hence, MUI
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Fig. 5. The cutoff rate against the relative FFT window position, To, /Ty, in
case of 64QAM with interleaved subcarrier assignment scheme. Ty = 0.67,

A=T/2, and po € {3,5,3,1}.

may occur with probability Prqb,  #bf t = 9 ~ 1in

the case of 64QAM, whereas this probability drops to only
% in the case of QPSK. Fig. 4 also reveals that the block
subcarrier assignment scheme outperforms its counterpart.
This behavior can be explained in the view of the fact that no
MUI may occur from the subcarriers in Ay (a consequence
of the assumption that the reference receiver is perfectly syn-
chronized to the desired transmitter). That is, if the reference
subcarrier m is at the lower edge of the block in a block
subcarrier assignment scheme, then MUI might be generated
only from the lower subcarriers {...,m — 2, m — 1}, but not
from {m +1,m+2,...}. On the other hand, a subcarrier
m in the interleaved scheme is subjected to MUI from all
adjacent subcarriers {...,m —2,m—1,m+1,m+2,...}.
Fig. 5 demonstrates the benefits of dynamic FFT window
positioning on the performance of OFDMA. Here, the cutoff
rate of 64QAM with interleaved subcarrier assignment scheme
is plotted against the normalized FFT window position for
several values of pp € {1,1,2,1} in a network having a
maximum propagation delay of A = T'/2. The total length of
the CP is fixed at T, = 0.67". As expected, the cutoff rate is
maximized when the FFT window is positioned specifically
at Ty = (1 — po) A + Tmax. For instance, it can be verified
that the maximum cutoff rate at pg = % is achieved when
Ty = 0.583T, = 0.35T". We also observe from Fig. 5 that
the shape of the cutoff rates becomes flatter at lower values of
po. This implies that the performance of the OFDMA systems
becomes less sensitive to the optimum window position when
the distance between the reference receiver and the desired
transmitter becomes shorter. This is because the early arriving
interfering subcarriers are more harmful than the later arrivals.
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Fig. 6. The normalized cutoff rate m}’m of 64QAM against

the excess guard interval, in the case of interleaved subcarrier assignment.
po =2/3,and A € {0.2,0.5,0.7,1}.

That is, when the reference signal is located at the edge
po = 1, then all other transmitters are located in py, € (0,1),
which are stronger than the useful signal, and therefore will
bring on a significant amount of MUI. On the other hand,
when the desired user is located at py = %, then on the
average 12 of other transmitters will be located in pj, € (§,1)
which are weaker than the useful signal, and therefore produce
weaker MUL. This suggests that when the total guard-interval
T, is less than the maximum propagation delay, then the best
performance is obtained when each user allocates its own FFT
window at T, = max {Tmax, Tg — poA}.

In Figs. 6-8, we study the net effect of guard time intervals
on the overall spectral efficiency of OFDMA. Notice that,
though extending the CP length has the desired effect of
combating MUI, however, CPs contribute to the overheads that
reduce the net information transmission rates. In this paper we
propose to measure the overall spectral efficiency of OFDMA
systems in terms of the normalized cutoff rate ﬁ}?o.
In Figs. 6-8 we plot the spectral efficiency against the excess
length of the guard-interval T; — Tnax for several values of
maximum propagation delays.

Normalized cutoff rates of 64QAM is given in Fig. 6 for
both block and interleaved subcarrier assignment schemes. It
is observed that in this case, and for both interleaved and
block subcarrier assignment schemes, the optimum choice
of CP length equals 7, =~ A. Notice that the MUI is
alleviated completely when T; = Tmax + A. This implies
that at higher modulation levels, the penalty of lengthening
the guard-interval is compensated by the improvement in the
cutoff rates. Though both interleaved and block assignment
schemes have the same optimum performance, however, Fig. 6

1.8

The Spectral Efficiency

"o 0.2 0.4 0.6 0.8 1.0

Excess Guard Interval (T -t )
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Fig. 7. The normalized cutoff rate R against the excess guard

T
T"rTg*Tmax
interval for QPSK with interleaved subcarrier assignment. pg = 2/3, and
A € {0.2,0.5,0.7,1}.

reaffirms that the block schemes is less sensitive to the timing
misalignments.

The spectral efficiency of QPSK are given in Figs. 7-8
for both interleaved and block subcarrier assignment schemes,
respectively. We observe from Fig. 8 for the block subcarrier
schemes that excess guard-intervals are not required in the case
of low order modulations such as QPSK. This is in contrast
to the interleaved subcarrier schemes shown in Fig. 7, where
excess guard-intervals are required to maximize the spectral
efficiency. However, comparing Fig. 7 with Fig. 6 for 64QAM,
we see that the optimum lengths of the guard-intervals in
QPSK are shorter than the relevant lengths in 64QAM. For
instance when A = 1, then the optimum length is T, ~ 0.7
(instead of 1 in case of 64QAM).

Figs. 5-8 confirm that the spectral efficiency can be maxi-
mized by the adequate selection of the lengths of the guard-
intervals and dynamic positioning of the FFT windows. Fur-
thermore, the optimum guard-interval length depends on the
subcarrier assignment scheme, modulation order, the operating
SNR, and the maximum propagation delay.

VIII. SUMMARY AND CONCLUSIONS

We have presented a new precise theoretical performance
analysis of the PHY layer of OFDMA ad hoc networks in
the presence of MUI caused by time-misalignments, white
Gaussian noise, and multipath Rayleigh fading. New exact
expressions, and accurate approximations and bounds were de-
rived for symbol and bit error rates of MQAM-OFDMA with
arbitrary subcarrier assignment schemes. Cutoff rates were
found and used to quantify the effectiveness of a common MUI
mitigating technique, which is based on the extension of the
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Fig. 9. Asynchronous interference. Two consecutive OFDM blocks from

each path of signal k£ overlap with the reference OFDM block.

CP lengths beyond what is required to combat the multipath
fading. The numerical results have shown that the spectral
efficiency can be maximized by adequate guard-intervals and
dynamic positioning of the FFT windows. Furthermore, the
optimum length of the guard-interval depends on the subcarrier
assignment scheme, the modulation order, the operating SNR,
and the maximum propagation delay.

APPENDIX A

Note, from Fig. 9, that exactly two consecutive OFDM
blocks from each interfering signal can occupy the time inter-
d’“;do +Tk,c> mod(Ty+T)

Ts

val (L, 90 4 T4 T,). Let z = (

be the delay index. Then

B I:n’ t:O’l,...,
Xt,k,c = Bkn’ t=x,x+1,...

Therefore, the term in the brackets of the second line of (6)
becomes when x < N,

rz—1
N+ N, —

N+N,—1

—jortm 1
E Xtk TN = i
t=Ngy

N+N,—1

g B,jne
t=Ng,

R = 0.
3L
On the other hand, when x > N, we have the equation at

the top of the next page.

But the term ZN+N LT 2 0 Y # m. There-
fore, the last line reduces into

N+N,—1
1 Z j27_rt'".
VN Xt k,c€
t=N,
—1
1 3 2m(n—m)t
(1) L 5 e
' N
neAg t=Ng
b Sin(%("_m)(x_lvg))6]’—7(("1\77") (z+Ngfl).
kn — k n Nsin(ﬂ%(n—m))
neAyg

(32)
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