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Abstract—In this paper, we deal with the performance of non-
orthogonal Amplify-and-Forward protocols over block-fading
channels (BFNAF), where the source retransmits the same data
during cooperation in order to increase spatial diversity. Despite
the additional diversity degree that is offered by the channel,
channel inversion amplification schemes are not always able
to increase the diversity gain of the system due to the high
correlation that can result in the two simultaneous transmissions.
It is proven that this diversity loss is related to a poor source-
relay link that via the relay amplification process affects the third
available diversity branch corresponding to the second source
transmission. In order to resolve this problem, we integrate
a fixed gain amplification factor in the BFNAF scheme which
efficiently uses the additional diversity degree of the channel
and recovers the diversity loss associated with channel inversion
schemes. This new BFNAF scheme offers spatial diversity benefits
with high reliability and is an appropriate solution for Amplify-
and-Forward scenarios in which the source-relay link is not
stronger than the relay-destination link. The diversity analysis
is based on some well-defined capacity bounds which follow the
diversity order of the true capacity and enable theoretical deriva-
tions. The enhancements of the proposed schemes are verified
through both theoretical results and computer simulations.

Index Terms—Cooperative networks, relay channel, block
fading, Amplify-and-Forward, spatial diversity.

I. INTRODUCTION

COOPERATION between nodes appears as one of the
most interesting paradigms for the deployment of future

wireless systems. It enables single-antenna users to “enjoy”
space diversity benefits by sharing their physical resources
through a virtual transmit and/or receive antenna array. Since
the work of Sendonaris et al. [1], [2] introduced the notion
of cooperative diversity, a number of relaying protocols have
been proposed in the literature [3]-[11]. These schemes can be
grouped into three basic classes: Decode-and-Forward (DF),
Amplify-and-Forward (AF) and Compress-and-Forward (CF).
In DF schemes, the relay decodes the received source message,
re-encodes it, and forwards the resulting signal to the destina-
tion. In AF schemes, the relay simply scales and retransmits
the analog signal waveform received from the source. In
contrast, for CF schemes the relay does not decode the source
message, nor does it simply amplify the received signal, but
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it performs something in between these two extremes; it
compresses (source coding) the received signal and it then
transmits. In practical ad hoc wireless networks, terminals
may not able to decode the signal from a certain user, as the
codebook is seldom available and the decoding (or the source
coding for CF) complexity is unacceptable in most cases. AF
transmission requires a lower implementation complexity at
the relay node and is the relaying technique considered for
this study.

One of the first AF protocols proposed was the Orthogonal
Amplify-and-Forward (OAF) proposed by Laneman et al.
[3], where AF cooperation is performed in two dedicated
orthogonal channels to obey the half-duplex constraint. In
order to recover the bandwidth loss that results from the
transmission orthogonality, in [6]-[9] the authors proposed the
Non-Orthogonal Amplify-and-Forward (NAF) protocol which
allows the source to be active during the relay transmission.
The NAF scheme uses the available system degrees of freedom
more efficiently and offers higher data rate transmissions in
comparison to the OAF case. However, its implementation
may require the use of complex distributed space time-codes
(DSTC) [10] and therefore the complexity appears to be a
bottleneck for practical systems. On the other hand, in [11]
the authors proposed a modification of the NAF scheme which
is appropriate for channels with a coherence time that is equal
to the time slot duration. In that protocol, called Block-Fading
NAF (BFNAF), the source transmits the same codeword
during the cooperative slot in order to efficiently use the
additional diversity degree of the system. However, although
the proposed BFNAF scheme has a simple implementation
and outperforms the NAF scheme at low spectral efficiencies,
results in [11] have shown that BFNAF does not provide an
additional diversity gain.

This paper offers an extension of the work reported in [11].
It focuses on the diversity behavior of the BFNAF scheme
and studies the diversity trends which have been observed in
[11]. Based on some well-defined bounds which follow the
same diversity order with the BFNAF protocol, we prove that
a BFNAF protocol with a channel inversion (CI) amplification
factor does not always provide an additional diversity gain due
to the high correlation that exists in the simultaneous transmis-
sions. More specifically, we demonstrate that the diversity loss
that is observed in a BFNAF CI scheme is related to a poor
source-relay link that via the amplification process degrades
the third diversity branch of the second source transmission.
In order to overcome this limitation, a BFNAF scheme which
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Fig. 1. The system model for the NAF and the BFNAF protocols; 𝑆: source,
𝐷: destination, 𝑅: relay, 𝑓 : amplification process.

is based on a constant amplification factor is integrated. The
integration of a fixed-gain relay [12]-[14] in the BFNAF
protocol, recovers the previously observed loss of diversity
gain and efficiently uses all the available diversity degrees
of the system. The theoretical analysis of this new protocol
is supported by capacity bounds which simplify the diversity
analysis. The BFNAF protocol with fixed gain outperforms
conventional NAF for the low spectral efficiency regime, uses
more efficiently the additional diversity degree of the block-
fading channel and enjoys a lower complexity at the relay
(independent of channel estimation) and at the destination
(only a Maximum Ratio Combiner (MRC) is required).

The paper is organized as follows. Section II introduces
the system model and presents the BFNAF protocol. Section
III deals with the impact of the amplification factor on the
diversity order of the BFNAF scheme. Numerical results are
shown and discussed in Section IV, followed by concluding
remarks in Section V.

II. SYSTEM MODEL

Consider a three node cooperative structure consisting of
one source 𝑆, one relay 𝑅 and one destination 𝐷. All nodes
are half duplex and thus they cannot transmit and receive
simultaneously. The physical links between terminals are
subject to block-fading, modeled as zero-mean, independent,
circularly-symmetric complex Gaussian random variables with
a variance 𝜎2. Consequently, a quasi-static channel which
remains constant during the transmission of one data slot but
changes independently from one slot to another, is assumed.
This system assumption, which corresponds to a coherence
time smaller than the frame interval, characterizes some ad-
hoc applications with mobility and is popular in the literature.
For the NAF-based protocols, this assumption offers an ad-
ditional diversity degree which will be efficiently used in our
proposed protocols. Furthermore, additive noise is represented
as a zero-mean mutually independent, circularly-symmetric,
complex Gaussian random sequence with unit variance. A
cooperation frame is composed of 2 slots and 𝑥𝑖 denotes the
transmitted source message for the 𝑖-th slot (𝑖 = 1, 2). Without

loss of generality we focus on two sequential time slots which
correspond to a basic cooperative frame. The system model
can be described as

𝑦
(1)
𝐷 =

√
𝑃𝑓

(1)
𝑆,𝐷𝑥1 + 𝑛

(1)
𝑆,𝐷,

𝑦
(1)
𝑅 =

√
𝑃𝑓

(1)
𝑆,𝑅𝑥1 + 𝑛

(1)
𝑆,𝑅,

𝑦
(2)
𝐷 =

√
𝑃𝑓

(2)
𝑆,𝐷𝑥2 +

√
𝑃𝐴𝑓

(2)
𝑅,𝐷𝑦

(1)
𝑅 + 𝑛

(2)
𝑆,𝐷, (1)

where 𝑦(𝑡)𝐷 , 𝑦
(𝑡)
𝑅 denote the received symbols at the destination

and the relay, respectively, for the 𝑡-th slot (𝑡 = 1, 2), 𝐴
denotes the amplification factor (its mathematical definition
is given in Section III-A), 𝑓 (𝑡)

𝑘,𝑙 is the channel coefficient

for the physical link 𝑘 → 𝑙 at the 𝑡-th slot, 𝑛(𝑡)
𝑘,𝑙 is the

corresponding noise term and 𝑃 is the transmitted power for
each node. Although our study focuses on a symmetric-link
configuration (all the links have the same average signal-
to-noise ratio (SNR)), the proposed techniques can also be
applied for the more general non-symmetric case. It is worth
noting that the adopted symmetric configuration does not limit
the main conclusions of this work and points out all the key
issues related to the diversity order of the BFNAF protocol
(it is an indicative scenario where the BFNAF CI yields a
diversity loss).

The system can be represented by an equivalent channel
matrix. Therefore,

[
𝑦
(1)
𝐷

𝑦
(2)
𝐷

]
=

⎡
⎢⎣

√
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𝑅,𝐷
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√
𝑃𝑓
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∣∣∣2

⎤
⎥⎦[ 𝑥1

𝑥2

]
+Z

⇒ Y = HX+ Z, (2)

where X is the codeword vector; H ∈ ℂ2×2 is the equivalent
channel matrix; Z ∼ 𝐶𝑁(0, I) is the AWGN at the destina-
tion, where I denotes the identity matrix. We note that the

scaling factor

√
1 + 𝑃𝐴2

∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2 is used at the destination

in order to normalize the noise power during the second
transmission to 1.

A. Non-orthogonal Amplify-and-Forward (NAF)

In contrast to the OAF protocol where the source does not
transmit during the cooperative slot, the NAF protocol allows
the source to be active during all the frame. In this protocol [7],
the codewords ([𝑥1 𝑥2]) span two consecutive slot-intervals.
In the first phase of the protocol, the source broadcasts the
first subcodeword 𝑥1 and in the second phase, it proceeds
with the transmission of the second subcodeword 𝑥2 (with
𝑥2 ∕= 𝑥1) while the relay retransmits a noisy version of the
first subcodeword. In order to decode the transmitted codeword
(message), the destination uses the received signals from both
phases of the NAF protocol. In this case the corresponding
capacity can be written by using the equivalent channel model
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in Eq. (2). Therefore, we have
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1
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]
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Fig. 1(a) schematically presents the principles of the NAF
protocol. We note that in this work, the NAF scheme is used
as a reference protocol and its capacity behavior is based on
numerical results.

B. Block Fading NAF (BFNAF)

The BFNAF scheme is similar to the conventional NAF
protocol except that the source retransmits the same packet
during the cooperative slot. The principal motivation behind
this protocol is the additional diversity branch (link 𝑆 → 𝐷 of
the 2nd slot), which is offered by the considered block-fading
channel model. More specifically, the physical link between
the source and the destination changes during the cooperative
slot (𝑓 (1)

𝑆,𝐷 ∕= 𝑓
(2)
𝑆,𝐷) due to the slot-based block-fading nature of

the channel. The source retransmission of the same data via
another independent channel increases the receiver diversity
and therefore can reduce the error probability. As was shown
in [11], this new NAF behavior is interesting for low data
rates where the diversity gain is more important than the
multiplexing-gain. Using the previous formulation of the con-
ventional NAF scheme, the BFNAF protocol is characterized
by the property 𝑥2 = 𝑥1. Fig. 1(b) schematically presents the
principles of the BFNAF protocol. The behavior of the BFNAF
protocol during the cooperative slot can be represented by
an equivalent one-dimensional channel which is the algebraic
sum of the two individual channels (𝑆 → 𝐷, 𝑅 → 𝐷). In this
case, the corresponding capacity can be written as
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where the binary variable 𝜁 ∈ {0, 1} is used to aid the clarity
of the presentation, ℜ{𝑋} denotes the real part of 𝑋 ∈ ℂ

and ℱ ≜ ℜ
{
𝑓
(2)
𝑅,𝐷𝑓

(1)
𝑆,𝑅𝑓

(2)∗
𝑆,𝐷

}
=
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∣∣∣ ∣∣∣𝑓 (2)
𝑆,𝐷

∣∣∣. In the
following analysis the variable 𝜁 is equal to 1 by default except
if defined otherwise. Based on Eq. (4a) we can obtain the
equality which is given in Eq. (4b) when the condition ℱ
holds. This capacity expression (Eq. (4b)) can be achieved by
using a co-phase alignment between the three links involved
(𝑆 → 𝐷, 𝑆 → 𝑅, 𝑅 → 𝐷) [16], [17] and defines the
BFNAF protocol of interest. It is worth noting that in this
work, we assume a perfect phase synchronization between the
two simultaneous transmissions of the cooperative phase [18],
which requires the relay to know perfectly the phase shift
between the 𝑆 → 𝐷 and 𝑆 → 𝑅 → 𝐷 links. However, a
preliminary discussion about the effects of phase ambiguities
on the BFNAF performance is presented at the end of this
Section.

In order to simplify the analysis of the BFNAF protocol, a
useful lower bound is defined as1

𝐶BFNAF ≥ 1

2
log2

⎛
⎜⎝1 + 𝜁𝑃

∣∣∣𝑓 (1)
𝑆,𝐷

∣∣∣2 + 𝑃 2𝐴2
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𝑅,𝐷

∣∣∣2 ∣∣∣𝑓 (1)
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𝑅,𝐷

∣∣∣2

+
𝑃
∣∣∣𝑓 (2)
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1 + 𝑃𝐴2

∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2
⎞
⎟⎠ . (5)

The above bound includes all the diversity degrees of the
protocol (the suppressed term is a correlation of the two
diversity branches of the second transmission) and can be used
in order to study the diversity behavior of the BFNAF scheme.

1) Phase alignment and complexity issues: The BFNAF
protocol requires that simultaneous transmissions phase align
so that the signals constructively combine at the destination.
This process is called distributed beamforming and emulates
a virtual antenna array by transmitting a common message
signal towards the direction of the destination [19], [20]. The

1Based on the identity (𝛼 + 𝛽)2 ≥ 𝛼2 + 𝛽2 for 𝛼, 𝛽 ≥ 0 and hence
𝑋 + (𝛼 + 𝛽)2 ≥ 𝑋 + 𝛼2 + 𝛽2; we note that all the terms in Eq. (4b) are
positive.
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implementation of distributed beamforming techniques has
been widely studied in the literature. In general there are
two basic approaches to phase synchronization categorized
by the interaction between the sources and the destination.
These techniques are (1) closed-loop phase synchronization,
where the destination transmits digital feedback to the sources
to enable phase alignment and (2) open-loop phase synchro-
nization, where rather than providing feedback, the destination
simply transmits an unmodulated sinusoidal beacon and a local
interaction between the sources minimizes the interaction with
the destination. An overview of different techniques for both
categories as well as their related complexity can be found
in [19]. However, here, we note the low-complexity technique
proposed in [19], [20], where an iterative phase alignment
procedure is performed using only a 1-bit feedback transmitted
by the destination.

In the case of an imperfect phase alignment at the relay
node, a phase offset is introduced in the BFNAF capacity
expression. If the parameter 𝜃 ∈ [−𝜋 𝜋] models the phase
ambiguity from the relay co-phasing process, the BFNAF
expression given in Eq. (4b) is modified as

𝐶BFNAF =
1

2
log2

(
1 + 𝜁𝑃

∣∣∣𝑓 (1)
𝑆,𝐷
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∣∣∣2 ∣∣∣𝑓 (1)
𝑆,𝑅

∣∣∣2
1 + 𝑃𝐴2
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𝑅,𝐷

∣∣∣2

+
𝑃
∣∣∣𝑓 (2)

𝑆,𝐷

∣∣∣2
1 + 𝑃𝐴2
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2𝑃

√
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𝑆,𝐷

∣∣∣
1 + 𝑃𝐴2
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𝑅,𝐷

∣∣∣2 ℜ{ exp(𝑗𝜃)}
︸ ︷︷ ︸

≜Ω

)
.

(6)

The above expression shows that the phase error modifies
the last term (Ω) in the expression for the capacity of BFNAF
and could affect the diversity behavior for both CA and CI
schemes (i.e. when Ω << 0). However, for scenarios where
the phase error is limited to 𝜃 ∈ [−𝜋/2 𝜋/2] (we note that
practical systems ensure a small or a moderate phase error),
we ensure that Ω ≥ 0 and therefore a phase error has no
significant effect on the diversity order of the BFNAF CA and
BFNAF CI schemes. A further analysis of the phase ambiguity
as well as the implementation of the co-phasing process is
beyond the scope of this paper and could be considered for
future work. However, numerical results in Section IV validate
the above intuition and reveal the importance of the phase
alignment process.

III. AMPLIFICATION FACTOR AND DIVERSITY ANALYSIS

In this Section, we deal with the effect of the amplifi-
cation factor on the diversity gain of the BFNAF protocol.
We prove that an instantaneous channel-based amplification
process limits the performance of the BFNAF scheme and
results in a diversity loss. A constant amplification factor
seems to overcome this diversity degradation and efficiently
uses the available diversity branches. The diversity analysis
is based on the behavior of the outage probabilities and the
investigation of some well-defined capacity bounds.

A. Amplification factor

The amplification process is the basic operation which is
performed at the relay node. It corresponds to a simple mul-
tiplication of the received signal with an amplification factor
and a retransmission of the resulting signal to the destination.
As this operation is performed in the analogue domain, noise
mitigation or other advanced signal processing techniques
cannot be applied. In this work, we deal with two different
categories of amplification factor; channel inversion (CI) [21]
and constant amplification (CA) [12]. The CI consists of an
inversion of the channel at the relay and requires the estimation
of the instantaneous 𝑆 → 𝑅 channel. The choice of this gain
ensures a constant transmitted power at the relay and therefore
the magnitude of the amplification factor decreases with the
instantaneous strength of the source-relay channel. However,
the CI factor requires a continuous estimate of the channel
fading amplitude of the 𝑆 → 𝑅 link at the relay node which
is a critical issue if such channel estimation is not available or
if simply the complexity of the relay needs to be kept low [14].
On the other hand, a CA factor does not require an estimate
of the instantaneous fading and multiplies the received signal
with a fixed gain regardless of the fading amplitude of the
𝑆 → 𝑅 link. In this work, we adopt a CA factor which is
based on the average SNR of the source-relay link. It is worth
noting that in practical systems the average channels (which
depend on the path loss and shadowing) remain constant for a
long period of time and therefore the estimation of the average
𝑆 → 𝑅 link at the relay node is performed in a sporadic
manner by keeping the corresponding complexity low. The
considered AF factors can be written as

𝐴 =

⎧⎨
⎩

√
1

𝑃
∣∣∣𝑓(1)

𝑆,𝑅

∣∣∣2+1
Channel Inversion (CI)√

1
𝑃𝜎2+1 Constant Amplification (CA)

(7)
The amplification factor has a significant impact on the

diversity gain of the NAF protocols for the block-fading
channel under consideration. Although a CI factor results in
a higher SNR and thus a better performance than the CA
factor in a conventional OAF environment [12], for the NAF
case the behavior of the system needs further investigation.
More specifically, in the NAF case, the AF relaying process
amplifies the received noise at the relay and degrades the sec-
ond source transmission which is performed simultaneously
with the relaying link. As the second source transmission
is not performed in an orthogonal dedicated channel, the
amplified noise that results from the AF relaying transmission
impacts on the third diversity degree of the system. From
a mathematical standpoint, this degradation results in the
division of the SNR of the source signal with a noise-related
normalization factor in the equivalent channel model and can
be observed in equations (3) and (4b) for the NAF and BFNAF
protocols, respectively (please also see [8, Eq. (3)]). In order
to analyze the impact of amplification factor on the NAF
protocols, we study the outage probability performance for
both techniques. We note that the outage probability dominates
the overall error probability of the system at high SNRs and
its scaling relation with the SNR determines the diversity gain
of the system [22], [23].
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B. Diversity order for BFNAF with CI

By using the capacity expression which is given in Eq. (5),
the capacity of the BFNAF protocol with a CI amplification
factor is approximated as

𝐶BFNAF ≈ 1

2
log2

⎛
⎜⎝1 + 𝑃

∣∣∣𝑓 (1)
𝑆,𝐷

∣∣∣2 + 𝑃
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 ∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2∣∣∣𝑓 (1)
𝑆,𝑅

∣∣∣2 + ∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2

+
𝑃
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 ∣∣∣𝑓 (2)
𝑆,𝐷

∣∣∣2∣∣∣𝑓 (1)
𝑆,𝑅

∣∣∣2 + ∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2
⎞
⎟⎠ (for high SNRs)

=
1

2
log2

(
1 + 𝑃𝜇+ 𝑃

𝛼𝛽

𝛼+ 𝛽
+

𝑃𝛼𝛾

𝛼+ 𝛽

)
≈ 1

2
log2

(
1 + 𝑃𝜇+ 𝑃 min[𝛼, 𝛽] +

𝑃𝛼𝛾

𝛼+ 𝛽

)
(8)

(where
𝛼𝛽

𝛼+ 𝛽
≈ min[𝛼, 𝛽])

≈
{

1
2 log2

(
1 + 𝑃𝜇+ 𝑃𝛼

[
1 + 𝛾

𝛽

])
if 𝛼 < 𝛽

1
2 log2

(
1 + 𝑃𝜇+ 𝑃𝛽 + 𝑃𝛾

)
if 𝛽 < 𝛼

(9)

where 𝜇 ≜
∣∣∣𝑓 (1)

𝑆,𝐷

∣∣∣2, 𝛼 ≜
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2, 𝛽 ≜
∣∣∣𝑓 (2)

𝑅,𝐷

∣∣∣2, 𝛾 ≜
∣∣∣𝑓 (2)

𝑆,𝐷

∣∣∣2,
𝛼 + 𝛽 ≈ max[𝛼, 𝛽] and the approximation given in Eq. (8)
is tight at high SNRs and was adopted previously in [24]. In
order to analyze the diversity gain of the system, we focus
on the outage probability of the above expression for a high
SNR regime. More specifically, the outage probability of the
BFNAF protocol with a CI amplification factor is given as

ℙ

{
𝐶BFNAF ≤ 𝑅0

}
≈ ℙ{𝛼 < 𝛽}︸ ︷︷ ︸

≜𝜋0

ℙ

{
𝜇+ 𝛼

[
1 +

𝛾

𝛽

]
≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

2

+ ℙ{𝛽 < 𝛼}︸ ︷︷ ︸
≜1−𝜋0

ℙ

{
𝜇+ 𝛽 + 𝛾 ≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

3

(10)

≈

⎧⎨
⎩

ℙ

{
𝜇+ 𝛽 + 𝛾 ≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

3

if 𝜋0 = 0

𝜋0 ℙ

{
𝜇+ 𝛼

[
1 +

𝛾

𝛽

]
≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

2

if 𝜋0 ∕= 0

(11)

where Δ ≜ 22𝑅0 − 1 and 𝑅0 denotes the spectral efficiency.
From the above expression (Eq. (10)) we can see that the

outage of the BFNAF CI scheme can be approximated by
the sum of two outage probabilities with a weight factor that
depends on the quality of the two branches of the relaying link
(source-relay and relay-destination links). Although the second
term in Eq. (10) follows a diversity order equal to three (sum
of three independent exponential random variables), the first
term follows a diversity order equal to two as it corresponds
to a sum of two independent random variables (Appendix
A validates the diversity order of the first term). Therefore

the outage probability of the BFNAF CI scheme is a sum of
two terms with different diversity orders. The final diversity
order of the scheme depends on the weight factor 𝜋0 that
defines the relation between these two diversity components.
For scenarios that the condition 𝜋0 = 0 does not hold, the
worst term (the first term) in the above expression dominates
the error probability at high SNRs (𝑃 → ∞) [25] and
therefore the diversity order of the system becomes equal to
two, which corresponds to a diversity loss. For the considered
symmetric scenario, we have 𝜋0 = 1/2 and therefore the
diversity order of the BFNAF CI scheme is equal to two. This
main result shows that, despite the beneficial behavior of the
CI approach in the OAF environments, for the BFNAF case
a CI approach can result in a high correlation between the
two simultaneous diversity branches and therefore a diversity
loss. The additional diversity degree which is introduced by
the block-fading channel model is not used in an optimal way
for scenarios when the source-relay link is not much stronger
than the relay-destination link. This conclusion validates the
results which have been presented in [11] and requires the
investigation of more efficient techniques.

C. Diversity order for BFNAF with CA

Based on the previously proposed BFNAF bound in Eq. (5),
the capacity of the BFNAF scheme with a CA amplification
factor can be written as

𝐶BFNAF ≈ 1

2
log2

⎛
⎜⎝1 + 𝑃

∣∣∣𝑓 (1)
𝑆,𝐷

∣∣∣2 + 𝑃 2
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 ∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2
𝑃 + 𝑃

∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2

+
𝑃 2

∣∣∣𝑓 (2)
𝑆,𝐷

∣∣∣2
𝑃 + 𝑃

∣∣∣𝑓 (2)
𝑅,𝐷

∣∣∣2
⎞
⎟⎠

=
1

2
log2

(
1 + 𝑃𝜇+

𝑃𝛼𝛽

1 + 𝛽
+

𝑃𝛾

1 + 𝛽

)
(12)

≈

⎧⎨
⎩

1
2 log2

(
1 + 𝑃𝜇+ 𝑃 𝛼𝛽

1 + 𝛽︸ ︷︷ ︸
≈1

+ 𝑃𝛾

)
if 𝛽 ≤ 1

1
2 log2

(
1 + 𝑃𝜇+ 𝑃𝛼+ 𝑃 𝛾

𝛽

)
if 𝛽 > 1

(13)

where the proposed approximation (lower bound) assumes that
1 + 𝛽 ≈ max[1, 𝛽]. The above expression demonstrates that
the capacity of the BFNAF CA scheme is approximated by the
sum of three independent random variables for all the values of
𝛽 and thus a diversity gain equal to three is achieved. In order
to formulate this main observation, the outage probability of
the BFNAF CA protocol can be written as
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ℙ

{
𝐶𝐵𝐹𝑁𝐴𝐹 ≤ 𝑅0

}
≈ ℙ

{
𝜇+

𝛼𝛽

1 + 𝛽
+

𝛾

1 + 𝛽
≤ Δ

𝑃

}
≈ 𝜂0 ℙ

{
𝜇+

𝛼𝛽

1 + 𝛽
+ 𝛾 ≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

3

+ (1− 𝜂0)ℙ

{
𝜇+ 𝛼+

𝛾

𝛽
≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

3

(14)

→
(
Δ

𝑃

)3

, (15)

where 𝜂0 ≜ ℙ
{
𝛽 ≤ 1

}
(i.e. 𝜂0 = 1 − exp(−1) for

𝛽 ∼ 𝒞𝒩 (0, 1)). Eq. (14) shows that the outage probability
of the BFNAF CA corresponds to a (weighted) sum of two
outage probabilities with an associated diversity order equal
to three; the relation between the two components depends on
the parameter 𝜂0. In particular, the case 𝛽 ≤ 1 is characterized
by the sum of two independent exponential random variables
(𝜇 + 𝛾) with the term 𝑇 ≜ 𝛼𝛽

1+𝛽 , ([27] proves that the term
𝑇 corresponds to one diversity branch), and thus provides
three independent diversity branches. On the other hand, in
Appendix B we prove that the case 𝛽 > 1 also corresponds to
a sum of three independent diversity branches. As the BFNAF
CA is a sum of two full diversity components, it achieves a
diversity order equal to three. Therefore, a CA amplification
factor recovers the diversity loss of the CI case that is related
to the statistics of the source-relay link and seems to be the
appropriate choice for NAF-based protocols in block-fading
channels.

D. Relay saturation

An important issue of the process of CA amplification is
the problem of relay saturation [12]. More specifically, if the
first hop of the relaying link has a gain value much higher
than its average, the relay amplifier may go into saturation. In
this case, an appropriate CA amplification process switches
between the CA and CI factor in order to protect the system
from potential saturation effects. For the system model under
consideration, the switching criterion is the instantaneous nor-
malized SNR of the source-relay link. The CA amplification
factor which takes into account the saturation problem follows
the definition in Eq. (7) and is written as

𝐴sat =

⎧⎨
⎩

CI
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 > 𝜎2

CA
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 ≤ 𝜎2
(16)

The saturation case is a combination of two BFNAF pro-
tocols: (a) BFNAF CA which has been proven to use all
the diversity degrees of the channel efficiently, (b) BFNAF
CI with the constraint ∣𝑓𝑆,𝑅∣2 > 𝜎2. According to the
discussion in Section III.B, the diversity order of the BFNAF
CI scheme depends on the relation between two components
with a diversity order equal to two and three, respectively.
In Appendix C we demonstrate that, under the considered
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Fig. 2. The outage performance of the BFNAF protocol with CI and CA
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𝑆 = 𝑃𝑅.
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Fig. 3. The outage performance of the BFNAF protocol with CI and CA
amplification factor during the cooperative slot (2nd slot); 𝜁 = 0, 𝜎2 = 1,
𝑅0 = 4 BPCU, 𝑃 (2)

𝑆 = 𝑃𝑅.

constraint, the full diversity component dominates the diversity
order of a BFNAF CI. As the saturation case is a combination
of two protocols with full diversity, it offers a diversity equal
to three for all the cases.

IV. NUMERICAL RESULTS

In this Section, we report numerical results that quantify
the performance gains offered by the proposed schemes. The
simulation environment focuses on a symmetric configuration
with a unit variance (𝜎2 = 1) [15] and follows the assumptions
of Section III. The performance metric used is the outage
probability and the spectral efficiency is expressed in bits per
channel use (BPCU).

In order to focus on the simultaneous transmissions of
the BFNAF scheme, Figures 2 and 3 deal with the outage
probability for the cooperative slot (2nd slot only) and show
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the outage performance for both amplification factors for
𝑅0 = 2, 4 BPCU, respectively. The basic idea is to concentrate
on the terms which define the overall diversity gain of the
system (the first slot corresponds to the first diversity degree)
and this setting corresponds to 𝜁 = 0 in Eq. (4b). Clearly, a
CA amplification factor results in a better outage performance
than a CI amplification scheme. A BFNAF protocol with
a CI amplification factor yields a diversity gain equal to
1 in contrast to the CA case which provides a diversity
gain equal to 2. This basic observation is in line with the
diversity analysis presented above and proves that a CA
amplification factor efficiently uses all the diversity degrees
of the considered channel. Furthermore, in this figure we
plot the simplification steps (approximations) of the presented
analysis (equations (11), (14)). As can be seen the proposed
approximations follow the same diversity order as the BFNAF
scheme, i.e. (are efficient lower bounds), and therefore can be
used in order to study their diversity behavior.

Figures 4, 5 and 6 show the outage performance of the
complete NAF schemes (𝜁 = 1 in Eq. (4b)) with both
amplification factors for three indicative spectral efficiencies
equal to 𝑅0 = 1, 2, 4 BPCU, respectively. In order to have a
more reliable comparison a power allocation (PA) policy under
a two-slot power constraint is assumed. Therefore, according
to [11], an appropriate PA policy for a symmetric configuration
is given as 𝑃

(1)
𝑆 = 4/9𝑃 , 𝑃 (2)

𝑆 = 1/3𝑃 and 𝑃𝑅 = 2/9𝑃 ,
where 𝑃 is the total amount of power which is available for
the two slots. In [11] we have shown that this PA strategy
outperforms conventional symmetric PA and is optimal for
both the BFNAF and the NAF protocols in a symmetric
configuration (equivalent links). Furthermore, we note that the
PA has no impact on the diversity order of the system [7].
The first important observation is that the BFNAF protocol
outperforms the NAF scheme at low spectral efficiencies for
both amplification factors. In Fig. 4, a gain equal to 0.7 dB
exists for an outage probability equal to 10−5. This result is in
line with the analysis presented in [11] for a CI amplification
factor and generalizes this behavior for a CA amplification
scheme. However, for high spectral efficiencies the NAF pro-
tocol outperforms the BFNAF scheme and its gain increases
as the spectral efficiency increases. The interesting observation
here is the diversity order of the NAF-based protocols. As
can be seen, a CA amplification factor recovers the diversity
loss and offers a diversity gain equal to three for NAF and
BFNAF protocols. In all the figures the slope of the CA curves
show that a CA technique limits the correlation between the
two simultaneous transmissions and efficiently uses all the
available diversity degrees of the channel. It is worth noting
that in all figures, the NAF CA protocol provides a diversity
gain equal to three, an observation that is in contrast to
conventional NAF studies where the maximum diversity gain
is limited to two. However, we note that conventional studies
assume that the channel remains constant during cooperation
and therefore the available diversity branches are limited to
two [7], [8]. Here, we apply the NAF relaying strategy for
a conventional block-fading channel, (the source-destination
link changes during the second slot), and the illustrated outage
probability concerns the full codeword ([𝑥1 𝑥2]).

Fig. 7.(a) deals with the saturation effects on the diversity
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Fig. 5. Outage probability versus SNR for NAF and BFNAF with CI
and CA amplification factor (Eq. (4b)); 𝜁 = 1, 𝜎2 = 1, 𝑅0 = 2 BPCU,
𝑃

(1)
𝑆 , 𝑃

(2)
𝑆 , 𝑃𝑅 = {4/9, 1/3, 2/9}.

order of the CA amplification scheme for the cooperative slot
(𝜁 = 0 in Eq. (4b)). As can be seen, switching between the
CI and the CA factors has no impact on the diversity gain
of the CA scheme and thus the diversity order continues to
equal two. Close inspection of the curves for the BFNAF CA
and the saturation case (Fig. 7.(b)) shows that the saturation
results in a minimal performance degradation at low SNRs.
This behavior is in line with the results presented in [12, Sec.
V] and is based on the fact that the BFNAF CA scheme has
a larger amplification gain than the BFNAF CI scheme with∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 > 1 at the low SNR regime (BFNAF CA corresponds
to a higher average amplification gain than BFNAF CI with∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 > 1 at low SNRs based on Eq. (7)); however, this
gain becomes negligible as the SNR increases. In order to
support this observation and validate the related analysis, Fig.
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Fig. 7. Effect of relay saturation on the diversity order of the CA
amplification scheme during the cooperative slot (2nd slot); 𝜁 = 0, 𝜎2 = 1,
𝑅0 = 2 BPCU, 𝑃 (2)

𝑆 = 𝑃𝑅.

8 deals with the diversity order of a BFNAF CI scheme with

the constraint
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 > 1. The constraint compensates the
diversity loss of the standard BFNAF CI scheme and offers
a diversity gain equal to two (for the case that 𝜁 = 0 in
Eq. (4b)). As the saturation case is switching between two
protocols with full diversity gain (BFNAF CA and BFNAF

CI with
∣∣∣𝑓 (1)

𝑆,𝑅

∣∣∣2 > 1), it follows the same diversity order as
those protocols.

In Fig. 9 we present the effects of the phase ambiguity
on the outage performance of the BFNAF schemes during
the cooperative slot (corresponds to 𝜁 = 0 in Eq. (6)).
More specifically, we compare the outage performance of the
BFNAF CI, the BFNAF CA and the saturation case for some
indicative phase errors (𝜃 = 0∘, 60∘, 90∘, 120∘, 180∘). This
figure shows that an imperfect phase alignment at the relay
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Fig. 9. The impact of the phase offset on the BFNAF schemes; BFNAF CA,
BFNAF CI and saturation case (Eq. (4b)); 𝜁 = 0, 𝜎2 = 1, 𝑅0 = 2 BPCU,
𝜃 = 0∘, 60∘, 90∘, 120∘, 180∘ and no phase alignment (Eq. (4a)).

node significantly decreases the system performance and can
affect the diversity order of the system. In particular, as the
phase offset increases, the performance degradation becomes
stronger and the outage probability of the system increases.
Furthermore, for the scenarios where the phase offset is ∣𝜃∣ ≤
120∘, the diversity order of the system follows our conclusions
for perfect phase alignment and thus the diversity order seems
to be robust to small and moderate phase ambiguities. It is
worth noting that this main observation is in line with [28]
where the authors have shown that beamforming gain is robust
to phase errors and demonstrated the feasibility of distributed
beamforming algorithms. However, for the case that 𝜃 = 180∘

(which is a worst case and is used as a reference scenario),
the performance of the system significantly decreases and
becomes worse than BFNAF without the co-phasing process.
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V. CONCLUSION

In this paper, we have analyzed the diversity performance
of the BFNAF protocol in block-fading channels. Based on
the investigation of some-well defined capacity expressions, it
was proven that a channel inversion amplification process at
the relay node can degrade the diversity gain of the protocol
and result in a diversity loss. This degradation is related to
a poor source-relay link that via the amplification process
affects the second source diversity branch. In order to recover
this loss in performance, a BFNAF protocol which employs a
constant amplification factor at the relay was proposed. This
scheme protects the simultaneous diversity branches against
correlation and efficiently uses all the available diversity
degrees of the considered channel. In addition, the satura-
tion case, which consists of switching between a constant
amplification factor and a channel inversion according to the
quality of the source-relay link, was analyzed. The saturation
case achieves full diversity and motivates the investigation of
adaptive amplification schemes for the BFNAF transmission.
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APPENDIX A
THE DIVERSITY ORDER OF THE BFNAF CI WITH 𝛼 < 𝛽

In order to simplify the diversity analysis, we focus on the
diversity order of the simultaneous transmissions, which cor-
responds to 𝜁 = 0 in Eq. (4b), and a symmetric configuration
(without loss of generality).

Let 𝑌 ≜ 𝛼 + 𝛼𝛾
𝛼+𝛽 a random variable, where 𝛼, 𝛽, 𝛾

are independent and identically distributed (i.i.d.) exponential
random variables with a parameter equal to 𝜆 with 𝛼 < 𝛽
(the relay-destination link is much better than the source-
relay link). We note that 𝜆 denotes the rate parameter of
the exponential distribution and therefore its corresponding
mean value is equal to 𝜎2 = 1/𝜆 (the reciprocal of the rate
parameter). The cumulative distribution function (CDF) of the
random variable 𝑌 is given by

𝑃𝑌 (𝑦) = ℙ

{
𝛼+

𝛼𝛾

𝛼+ 𝛽
≤ 𝑦

}
= ℙ

{
𝛾 ≤ (𝑦 − 𝛼)(𝛼 + 𝛽)

𝛼

}
(with 𝛼 ≤ 𝑦)

=

∫ 𝑦

0

(∫ ∞

𝛼

𝑃𝑜

(
(𝑦 − 𝛼)(𝛼 + 𝛽)

𝛼

)
𝑝𝑜(𝛽)𝑑𝛽

)
𝑝𝑜(𝛼)𝑑𝛼

(with 𝛼 < 𝛽)

=
1

2
− 1

2
exp(−2𝜆𝑦)− 𝜆𝑦

1

2
exp(−2𝜆𝑦), (17)

where 𝑃𝑜(⋅), 𝑝𝑜(⋅) denote the CDF and the probability density
function (PDF), respectively, of the i.i.d. exponential random

variables. Therefore the outage probability of the considered
BFNAF CI case for high SNRs is

𝜌out = 𝑃𝑌

(
Δ

𝑃

)

=
1

2

⎡
⎢⎢⎢⎢⎣
(
1− exp

(
−2𝜆

Δ

𝑃

))
︸ ︷︷ ︸

≈ 2𝜆Δ
𝑃

−Δ

𝑃
𝜆 exp

(
−2𝜆

Δ

𝑃

)
⎤
⎥⎥⎥⎥⎦
(18)

(with 1− exp(−𝑥) ≈ 𝑥 for small 𝑥)

≈ 𝜆Δ

2𝑃

⎡
⎢⎢⎢⎢⎣1 + 1− exp

(
−2𝜆

Δ

𝑃

)
︸ ︷︷ ︸

≈2𝜆Δ
𝑃

⎤
⎥⎥⎥⎥⎦

≈ 1

2

𝜆Δ

𝑃
+

(
𝜆Δ

𝑃

)2

, (19)

which yields a diversity order equal to

𝑑 = − lim
𝑃→∞

log 𝜌out

log𝑃
= 1. (20)

Therefore, the BFNAF CI with a strong relay-destination
link provides a diversity gain equal to 1 (for the considered
𝜁 = 0 case) that corresponds to the diversity loss.

APPENDIX B
THE DIVERSITY ORDER OF THE BFNAF CA WITH 𝛽 > 1

As in Appendix A, without loss of generality we focus on a
symmetric configuration with 𝜁 = 0. Let 𝛼, 𝛽, 𝛾 be three i.i.d.
exponential random variables with parameter 𝜆 and let the
constraint 𝛽 > 1. The CDF of the random variable 𝑌 ≜ 𝛼+ 𝛾

𝛽
is given as

𝐹𝑌 (𝑦) = ℙ

{
𝛼+

𝛾

𝛽
≤ 𝑦

}
= ℙ {𝛾 ≤ 𝑦𝛽 − 𝛼𝛽} (with 𝛼 ≤ 𝑦)

=

∫ 𝑦

0

(∫ ∞

1

𝑃𝑜

(
𝑦𝛽 − 𝛼𝛽

)
𝑝𝑜(𝛽)𝑑𝛽

)
𝑝𝑜(𝛼)𝑑𝛼 (with 𝛽 > 1)

=exp(−𝜆)[1−exp(−𝜆𝑦)]− exp(−𝜆− 𝜆𝑦) ln
(
1 + 𝑦

)
.

(21)

The outage probability of the BFNAF CA with 𝛽 > 1 is
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written as

𝜌𝑜𝑢𝑡 = 𝐹𝑌

(
Δ

𝑃

)
= exp(−𝜆)

[
1− exp

(
−𝜆Δ

𝑃

)]
− 𝜆 exp

(
−𝜆− 𝜆

Δ

𝑃

)
ln

(
1 +

Δ

𝑃

)
≈ 𝜆 exp(−𝜆)Δ

𝑃
+ 𝜆 exp

(
−𝜆− 𝜆

Δ

𝑃

)
Δ

𝑃

(where 1− exp(−𝑥) ≈ 𝑥, ln(1 + 𝑥) ≈ 𝑥 for small x)

≈ 𝜆 exp(−𝜆)Δ
𝑃

[
1− exp

(
−𝜆Δ

𝑃

)]

≈ 𝜆2 exp(−𝜆)
(
Δ

𝑃

)2

→
(
Δ

𝑃

)2

. (22)

Therefore the BFNAF CA scheme with 𝛽 > 1 achieves full
diversity.

APPENDIX C
THE DIVERSITY ORDER OF THE BFNAF CI WITH 𝛼 > 1

𝜆𝛼

We focus on the diversity order of the simultaneous trans-
missions, which corresponds to 𝜁 = 0 in Eq. (4b). Let 𝛼, 𝛽 two
exponential random variables with parameters 𝜆𝛼 and 𝜆𝛽 (we
use different rate parameters for generalization), respectively,
and let 𝛼 > 1/𝜆𝛼 where 𝜆𝛼 < 𝑃

Δ (for large 𝑃 ). In this case,
the outage probability of the BFNAF CI scheme is equal to

𝜌out = 𝜋0 ℙ

{
𝛼+

𝛼𝛾

𝛼+ 𝛽
≤ Δ

𝑃

}
︸ ︷︷ ︸

→0 (as 𝛼>Δ
𝑃 )

+(1− 𝜋0)ℙ

{
𝛽 + 𝛾 ≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

2

(23)

= (1− 𝜋0)ℙ

{
𝛽 + 𝛾 ≤ Δ

𝑃

}
︸ ︷︷ ︸

→(Δ
𝑃 )

2

→
(
Δ

𝑃

)2

, (24)

with

𝜋0 ≜ ℙ

{
1

𝜆𝛼
< 𝛼 < 𝛽

}

=

∫ ∞

1
𝜆𝛼

[
𝑃𝛼(𝛽)− 𝑃𝛼

(
1

𝜆𝛼

)]
𝑝𝛽(𝛽)𝑑𝛽

=
𝜆𝛼

𝜆𝛼 + 𝜆𝛽
exp

(
−1− 𝜆𝛽

𝜆𝛼

)
, (25)

where 𝑃𝛼(⋅) is the CDF of the exponential random variable 𝛼
and 𝑝𝛽(⋅) denotes the PDF of the exponential random variable
𝛽. The probability 𝜋0 corresponds to a strongly decreasing
function 𝑔(𝑦) ≜ exp(−1) exp(−𝑦)

1+𝑦 , where 𝑦 ≜ 𝜆𝛽/𝜆𝛼 and
gives 𝑔(1) ≈ 0.0677 → 0 for a symmetric scenario (i.e.
symmetric links). The above analysis shows that in contrast
to the conventional BFNAF CI case, where the the first term
in Eq. (23) dominates the error probability at high SNRs,

this term becomes zero in the saturation case. Therefore,
the diversity order of the BFNAF CI system depends on the
second term that provides full diversity.
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