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Abstract

The transmission capacity of an ad-hoc network is the maximum density of active transmitters per
unit area, given an outage constraint at each receiver for a fixed rate of transmission. Most prior work
on finding the transmission capacity of ad-hoc networks has focused only on one-way communication
where a source communicates with a destination and no data is sent from the destination to the source. In
practice, however, two-way or bidirectional data transmission is required to support control functions like
packet acknowledgements and channel feedback. This paper extends the concept of transmission capacity
to two-way wireless ad-hoc networks by incorporating the concept of a two-way outage with different
rate requirements in both directions. Tight upper and lower bounds on the two-way transmission capacity
are derived for frequency division duplexing. The derived bounds are used to derive the optimal solution
for bidirectional bandwidth allocation that maximizes the two-way transmission capacity, which is shown

to perform better than allocating bandwidth proportional to the desired rate in both directions. Using
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the proposed two-way transmission capacity framework, a lower bound on the two-way transmission
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capacity with transmit beamforming using limited feedback is derived as a function of bandwidth, and

bits allocated for feedback.

I. INTRODUCTION

The transmission capacity of an ad-hoc wireless network is the maximum allowable spatial
density of transmitting nodes, satisfying a per transmitter receiver rate, and outage probability
constraint [[1]-[4]. Essentially, the transmission capacity characterizes the maximum number of
transmissions per unit area that can be simultaneously supported in an ad-hoc network under a
quality of service constraint. The transmission capacity framework allows the application of the
rich tool set of stochastic geometry to derive closed-form bounds for the interference distribution
in a spatial network when the locations of nodes form a Poisson point process (PPP) [5].

In prior work, the transmission capacity has been used successfully to characterize the effect
of various physical and medium access (MAC) layer techniques on the ad-hoc network capacity,
such as successive interference cancelation [6]], multiple antennas [7[]-[10]], and guard-zone based
scheduling [11]. Most of the prior work on finding the transmission capacity has been limited
to one-way communication (no data communication from the destination to the source), and
precludes the possibility of two-way communication. In two-way (bidirectional) communication
the destination also has data to send to its source, e.g. channel state feedback [12], packet
acknowledgement [[13]], or route initiation and update requests [14]].

In this paper we define the two-way transmission capacity, and derive tight upper and lower
bounds on it when the transmitter location are distributed as a Poisson point process (PPP)
distributed. The bounds are used to characterize the dependence of the two-way transmission
capacity on the key system parameters, e.g. bandwidth allocation in two directions given a data
rate requirement. We consider an ad-hoc network with two-way communication, where each
source destination pair has data to exchange in both directions. We consider a general system

where the data requirement in both directions can be different, and a frequency division duplex



(FDD) communication model, where two separate frequency carriers are used for two directions,
thereby forming a full-duplex link.

In a two-way communication model, where the transmitter locations are modeled as a PPP, the
interference received in both directions is correlated, and hence the joint success probability in
two directions is not equal to the product of the success probabilities in each direction. Therefore
finding the exact expression for the joint success probability is complicated. To obtain meaningful
insights on the two-way transmission capacity, we derive tight upper and lower bounds on the
two-way transmission capacity with FDD, assuming that the channel coefficients on separate
frequencies are independent and all the channel coefficients are Rayleigh distributed. The upper
and lower bound only differ by a constant, i.e. the bounds have identical dependence on the
parameters of interest (rate requirements, and bandwidths allocated in each direction). Thus, the
derived bounds establish the two-way transmission capacity up to a constant.

The results of this paper in part have been presented in [15], [[16]]. The differences between
[15]], [16] and the present paper are as follows. For simplification of analysis, [15] assumed
that the interference received in both directions is independent. The independence assumption
was removed in [16], and upper and lower bounds on the two-way transmission capacity that
derived which were shown to be tight. Compared to [[16], the present paper extends the two-
way transmission capacity framework to quantify the loss in transmission capacity with practical
limited feedback [17] in comparison to genie-aided feedback (channel coefficients are known
exactly, and without any cost at the transmitter), when the transmitter is equipped with multiple
antenna and uses beamforming to transmit its signal to the receiver. In addition to this, the present
paper offers more clarity of exposition, complete proof of Theorem 2, and added simulation
results for more insights into the effects of two-way communication.

Using the derived bounds on the two-way transmission capacity, we find the optimal bandwidth
allocation in two directions that maximizes the transmission capacity. The optimal bandwidth

allocation problem is shown to be a convex program in a single variable which can be solved



easily by finding the value where the function derivative is zero. Using the optimal bandwidth
allocation solution, we show that an intuitive strategy that allocates the bandwidth in proportion
to the desired rate in each direction is optimal only for symmetric traffic (same rate requirement
in both directions) and performs poorly for asymmetric traffic in comparison to the optimal
strategy. Examples of asymmetric traffic are channel feedback, and ack/nack messages, where
there is huge disparity between the data rates required in two directions.

There is extensive related work on resource allocation in wireless ad hoc networks, but almost
all of it focused on one-way communication. For instance, prior work studied the spectrum
sharing between two one-way spatial networks in [18], between a spatial network and a cellular
uplink network in [[19]], and one-way spatial networks where the total bandwidth is optimally split
into sub-bands to maximize the transmission capacity [20]. Our bandwidth allocation, however,
studies the bandwidth sharing between two directions within a single two-way spatial network.

As an application of the proposed two-way transmission capacity framework, we evaluate
the performance degradation with practical limited channel feedback in comparison to genie
aided channel feedback, when the transmitter has multiple antennas and uses beamforming for
transmitting its signal to the receiver. We account for both the bandwidth used, and the bits
required for feedback, to derive a lower bound on the two-way transmission capacity with
transmit beamforming using limited feedback. We show that with practical limited channel
feedback, the two-way transmission capacity is substantially reduction compared to the genie-
aided case. The severe degradation results because with increasing the number of feedback bits,
the transmission capacity increases sub-linearly due to improvement in signal strength, however,
decreases exponentially because of the stringent requirement of feedback bits to be correctly
decoded.

Notation: The expectation of function f(x) with respect to = is denoted by E(f(z)). A
circularly symmetric complex Gaussian random variable x with zero mean and variance o>

is denoted as x ~ CN(0, 0?). Let S; be a set and S, be a subset of S;. Then S,\S; denotes the



set of elements of S; that do not belong to S;. The integral fooo r*~le~®dz is denoted by I'(x).

We use the symbol := to define a variable.

II. SYSTEM MODEL

Consider an ad-hoc network with two sets of nodes 7 := {T'z,,, n € N}, and R = {Rz,, n €
N}, where Tz, and Rz, want to exchange data between each other for each n. We assume
that each 7T'z,, and Rx, have a single antenna. We consider a slotted Aloha random access
protocol, where at any given time, the pair (7'x,, Rz,) transmits data to each other with an
access probability P, for each n, independently of all other nodes. We assume that the distance
between each Tz, and Rz, is d. Let the location of Tz, be T,, and Rz, be R,. The set
& = {T,} is modeled as a homogenous PPP on a two-dimensional plane with intensity A,
similar to [1]], [2], [9]. Since R,, is at a fixed distance d in a random direction from the 7T,,,
the set ®r := {R,} is also a homogenous PPP on a two-dimensional plane with intensity
Ao, because of the random translation invariance property of PPP [21]. Because of the assumed
Aloha random access protocol, at any given time, the active transmitter receiver location processes
¢4, .= {T,|Tx, is active}, and ®% := {R,|Rx, is active} are homogenous PPPs on a two-
dimensional plane with intensity A = P,\q. We consider a frequency division duplex system,
where the total available bandwidth is F}.,, out of which Frg is dedicated for Tz, — Rx,
communication to support a rate demand Brp bits for all n, and the rest Fry := Fiotqr — Frr
for the Rz,, — T'z,, communication to support a rate demand of Bry bits for all n.

In a time slot when the pair (T'xog, Rxg) is active, the received signal at receiver Rz is

Yo =/ Pod ™ *hozy + Z VP hopty + 20, ey

T,€®2\{To}

and the received signal at receiver T’z is

wo =/ Pod=*" gyup + Z vV Ptd}_{z/zg()nun + v, )

Rn€®4,\{Ro}



where P; is the transmit power, hy is the channel between Tz, and Rz(, and and g, is the
channel from Rxo and Tz, hg, and go, is the channel between Tz, and Rx,, and Rz, and
Txy, respectively, dr, and dg, are the distances between Tz, and Rxy, and Rz, and Tz,
respectively, a > 2 is the path loss exponent, x,,u, € CN(0,1) are signals transmitted from
Tz, and Rz, respectively, and 2y, vy is the additive white Gaussian noise. The ad-hoc network
is assumed to be interference limited [1], thus we drop the noise contribution from the received
signal. We assume that hg, g, hon, and go, are independent and identically distributed with
CN(0,1) to model a Rayleigh fading channel.

With the received signal model and (2), the signal to interference ratio (SIR) for the
transmission from T'xy — Rxy and from Rxy — T'xq are

d7a|h0|2

d=*|go/?
_—p y SIRRT =
ZTneqﬂT\{TO} dTn |hOn|2

S]RTR = = — .
ZRneb“R\{Ro} d g |gon|?

Assuming interference as noise, the mutual information [22]] for the 7'zy to Rz, communica-
tion using bandwidth Frrg, and for the Rxq to T'xy communication using bandwidth Fj;. — Frrg

are
MITR = FTR log (]_ + SIRTR) bitS/SCC, MIRT = (FRT> IOg (]_ + SIRRT) bits/sec.

Recall that the rate requirement for the T'xy — Rx( transmission is Brg bits, and for the
Rxy — T'xg communication is By bits. Thus, to account for the two-way or bidirectional nature
of communication, we define the success probability (complement of the outage probability )

as the probability that communication in both directions is successful simultaneously, i.e.
Piyccess = P (MIrg > Brr, MIgr > Brr). (3)

Let A be maximum density of nodes per unit area that can support rate Brr from T'xqg — Rz,

and Bpry bits from Rxy — T'xy with success probability Ps,ccess = 1 — €, using bandwidth F} ;.



Definition 1: The two-way transmission capacity C, is defined as
> bits/sec/Hz/m”.

The problem to solve is to find the A and consequently C, for a given rate Brg, Bgrr, outage
probability € and bandwidth Fj,;; .

To compute the success probability we consider a typical transmitter receiver pair (7'xg, Rzg).
Using the stationarity of the homogenous PPP and Slivnyak’s Theorem [19] (Page 121), it follows
that the statistics of the signal received at the typical receiver are identical to that of any other
receiver. Hence the outage probability is invariant with the choice of the receiver. Slivnyak’s
Theorem also states that the locations of the interferers for the typical transmitter and receiver

Txg, Rxp), 1.e. P3\{1v} and ®L\{ Ry} are also homogenous PPPs, each with intensity A.
T R

III. COMPUTING THE TWO-WAY TRANSMISSION CAPACITY

In this section we derive an upper and lower bound on the two-way transmission capacity.
To derive a lower bound we use the Fortuin, Kastelyn, Ginibre (FKG) inequality [23]], while
for deriving an upper bound we make use of the Cauchy-Schwartz inequality. Before stating the
FKG inequality, we need the following definitions.

Definition 2: A random variable X defined on a probability space (€2, F,P) is called increas-
ing if X (w) < X(w') whenever w < «', for some partial ordering on w, w’ € Q. X is called
decreasing if —X is increasing.

Example 1: SIRrgr and SIRgr are decreasing random variables.

For the PPP under consideration, let w = (aq, as, ..., ) where for n € N,

1 if Tz, is active,
ay =

0 otherwise.

Then o' > w, if @/, > a,, V n, i.e. configuration w’ contains at least those interferers which

d_a|h0‘2

are present in configuration w. Recall our definition of SIRri = — 5
2t e\ (1o} drn lhonl

Clearly,



if there are more interferers present, SIRrp decreases, i.e. considering SIRrg as a random
variable STRrr(w) > SIRrr(w'), if w < w'. Thus STRyp is a decreasing random variable and
so is STRgr.

Definition 3: Let A be an event in F, and Z, be the indicator function of A. Then the event
A € F is called increasing if Zs(w) < Za(w'), whenever w < w'. The event A is called
decreasing if its complement A° is increasing.

Example 2: The success event {SIR > [} is a decreasing event, since if w’ € {SIR > [}
and w' > w, then w € {SIR > [}.

Lemma 1: (FKG Inequality [23])
(a) If both X and Y are increasing or decreasing random variables with E{X?} < oo, and
E{Y?} < oo, then E{XY} > E{X}E{Y}.
(b) If both A, B € F are increasing or decreasing events then P(AB) > P(A)P(B).

Now we are ready to derive bounds on the two-way transmission capacity. From (3)), the

success probability is

Brp Bpr
Psuccess =P (SIRTR > 2Frr — 17 SIRRT > 2FrT — 1) .

. Jo I;TiR . Jo f;ﬂ R -« 2 -
Let 81 :=d*(2Frr — 1), By :=d* | 2Frr — 1|, Ipg := ETHG%\{TD} drolhon|?, and Igp =

ZRne%\{Ro} dz21gon|*. Then,
hol? 2
Poyccess = P <Q > 1, ﬂ > 62) :

Irg Irr
(@) E {efﬁllTRefﬁleT} 7

9

1 1
= [E — PR — ) 4)
] (1 + 51dTn> Rnqu[\mo} (1 + ﬁ2d3n>

Tne@7\{To}

—« 2 —a 2
E {6—51 (ZTnecpaT\{TO}dTHhOn\ )6—52 (ZRne@‘}%\{Ro} dpnlgon| )}

—
=
=

where (a) follows since P (|ho|?> > z) = P (|go|* > =) = e%, and hy and g are independent,
and (b) follows by taking the expectation with respect to hg,, and go,, and noting that hg,, and

gon, are independent and exponentially distributed.



The difficulty in evaluating the expectation with respect to {dr,} and {dg,} in the success
probability (4)) lies in the fact that dr,, and dg, are not independent. To visualize this, consider a
network where there are only two active pairs of nodes, (T'xy, Rxy), and (T'x1, Rx;) as depicted
in Figure (1| For the receiver Rz receiving over bandwidth Fp, the transmission from 7'z is
interference. As defined before, the distance between Rxg and T'x; be dr;. Thus, the interference
power at Rxq is d;|ho1|*. Similarly, for Tz, receiving over bandwidth Fgr, the transmission
from Rx, is interference. The distance between Rx; and Tz be dgr;. Thus, the interference
power at Rz is d 7’| go1 |2. For the case when d is very small d — 0, dg; ~ dr1, and thus distances
dgry and dp; are not independent. Moreover, explicitly computing the correlation between dr,
and dp, is also a hard problem. Thus, to get a meaningful insight into the two-way transmission
capacity we derive a lower and upper bound.

Lower Bound: Similar to Example HTneé%\{To} (ﬁ) and ] Rocd2\{Ro} (@)
are decreasing random variables, since each term in the product is less than 1, and with the
increasing the number of terms (number of interferers) in the product the total value of each
expression decreases. Thus, using Lemma (I} from

1 1
Psuccess Z E H (m) E H (m) ) (5)

Tne®3\{To} Rp,c®3\{Ro}

(1= () ) (A () @)
_ (o () @) (oo () @)

2 2
e—)\C1 B e—)\cl Bs*

=

Y

)

n(shood) o

where (c) follows from the probability generating functional of the Poisson point process [24,

2#2050(%)

Example 4.2], and ¢; = is a constant, where C'sc is co-secant.
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Upper Bound: Using the Cauchy-Schwartz inequality, from

1 2 1 2
! (1+51de;) =y 1 (1+ﬁzdRz) ’

S

IN

PSUCCGSS
The®$\{To} Ry €®9,\{Ro}

9 _eﬂ(f]R2 17(1+/31ﬁ)2dm)6<*A Je2 1*(%%)2 dz)] % :

r 2 _—2a+1 —a+1 2 _—2a+1 —a+1
—2mA( foo [ 2 2617 o) —2mA( foo (222 +26a7 dz
= e (1+812~%) e (1+B822<)

NI

)

2 2
« (%
e Aca Bf 6—)@252 7

67,\@ (/31% +/32%) ’ %

where (d) follows from the probability generating functional of the Poisson point process [24,

W2Csc(27")(a+2)

= i1s a constant, different from the constant ¢; of the lower

Example 4.2], and ¢, =
bound.
Theorem 1: The two-way transmission capacity is upper and lower bounded by
(1 —€)In(1 —€) Brg + Brr <0 < (1 —¢)In(l —€) Brg + Brr
e (51% + 52%> From — — Co (51% + 52%> Frotai

where ¢; and ¢, are constants, and ¢3/c; = § + +.

bits/sec/Hz/m?,

Proof: With P,,...ss = 1 — ¢, and using the definition of C. (]I[), the result follows from @ and
(7). |

Discussion: In this section we derived an upper and lower bound on the two-way transmission
capacity. The upper and lower bound only differ by a constant, and, most importantly, both have
identical dependence on the parameters of interest in the two-way communication, 5, and (5.
Thus, the derived bounds establish the two-way transmission capacity up to a constant. The
derived upper and lower bounds for the two-way transmission capacity are in a fairly simple
form and can be used to calculate the two-way transmission capacity for given rates Brgr, Bgr,
success probability €, Firr and Fj,y. Since the upper and lower bound are identical functions of

p1 and (5, an added advantage of our bounds on the two-way transmission capacity expression
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is that they can be used to find the optimal value of Frrp for given rates Brr, Brp, success
probability 1 = €, and Fj,y. The optimal bandwidth allocation that maximizes the two-way

transmission capacity is derived next in the Section

IV. TWO-WAY BANDWIDTH ALLOCATION

In Section we derived the two-way transmission capacity of ad-hoc networks within a
constant as a function of bandwidth allocated to the Txqg — Rxy and Rxzy — T'xy connections.
Since the total bandwidth F},; is finite, an important question to answer is: what is the optimal
bandwidth allocation between that maximizes the transmission capacity? For the special case
of equal rate requirement in both directions, i.e. Brg = Bpgr, equal bandwidth allocation is
optimal. For the non-symmetric case, however, the answer is not that obvious and is derived in
the following theorem.

Theorem 2: The optimum bidirectional bandwidth allocation that maximizes the transmission
capacity with two-way communication is F}, = z* and Fp, = Fpip where 2* is the unique
positive solution to the following equation:

1h(BTR)— 1h< Drr ):0 (8)
Brr T Brr Fiotal — T

where h(t) = t221(28 — 1)0=Y for 0 < t < Fiotar-

Proof: Neglecting the constant, the two-way transmission capacity is

BTR+BRT) ~(1—¢) —In(1 —¢) BTR+BRT)

2 2 (
Brr a BRrT o Ftotal
d? ((ZFTR — 1) + <2FRT — 1) )

To derive the optimal bandwidth partitioning, i.e. the optimal Frp that maximizes C, we need

L. Brr % BRrr %
to minimize 2Frr — 1] + (2Frr — 1 .

4 B
Let § := % Let f(z) := ( LR 1) + (2Fto£zT—z - 1) ) Thus, the problem we need to

solve is

min xT).
xe(antotal) f( )
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The first-order derivative of f(x) is %f(x) = dlog, 2 [—B;Rh (BTR) + 1 h( Brr )}

d z Bgrr Fiotal—

where h(t) := ¢22/(2f — 1)@= for t > 0. The second-order derivative of f(z) is Ly f(z) =

dz?

dlog, 2 [x—gh (Bzz) + i Ftomlz—x)Zh ( Fﬁf_f)]. Since h(t) is monotonically increasing in ¢ over

t > 0, then we have h(t) > h(0) = 0 for all £ > 0. Therefore, %f(w) > 0 for all z € (0, Fiotar)-

This means that f(z) is a convex function of z over (0, Fj) and its minimum corresponds to

x* that is the unique positive solution of the following equation % f(z) = 0, or equivalently,
1 BT 1 B T —

BTRh ( HJR) - BRTh (Ftotfl—fB) =0. u

Discussion: In Theorem [2| we derived the optimal bandwidth allocation for two-way com-

munication in ad-hoc networks that maximizes the transmission capacity. The result is derived
by showing that the optimization problem is convex in one variable, hence the optimal solution
corresponds to the value for which the function derivative is zero.

Using Theorem [2] if the traffic is symmetric, i.e., Brr = Bgrr, the optimal strategy is naturally
allocate equal bandwidths for two directions with Firg = Fj.4; /2. This result is intuitive since the
counterpart parameters in two directions are equal. For asymmetric traffic Byr # Bgrr, however,
allocating bandwidths proportional to the desired rate in each direction Fpp = % does
not satisfy (8). Thus the proportional bandwidth allocation policy is not optimal for asymmetric

traffic for maximizing the transmission capacity, and must be satisfied to find the optimal

policy.

V. EFFECT OF LIMITED FEEDBACK ON TwWO-WAY TRANSMISSION CAPACITY WITH

BEAMFORMING

In this section we consider an ad-hoc network where each transmitter 7'z,, is equipped
with N antennas while each receiver Rz, has a single antenna. All other system parameters
and assumptions remain the same as defined in Section With multiple transmit antennas,
and channel state information CSI at each transmitter, transmission rate can be increased by

transmitting the signal along the strongest eigenmode of the channel (called beamforming).
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Beamforming, however, requires that the transmitter know the channel coefficients, which in
general is a challenging problem. In a FDD system, the transmitter can learn the channel
coefficients, or equivalently the optimum beamformer, through the use of a finite rate feedback
channel from the receiver. Assuming a genie aided feedback (channel coefficients are exactly
known at the transmitter, and without accounting for the feedback bandwidth, and SIR required
for the feedback), [7]] derived the transmission capacity with beamforming, and showed that the
transmission capacity increases as [V  with increasing V. In reality, however, feedback requires
sufficient bandwidth, and the channel coefficients can be fed back only up to a certain precision.

Limited feedback techniques [25]] are commonly used in practical systems to exploit finite rate
feedback channels. With limited feedback, a beamforming codebook is assumed known to both
the receiver and the transmitter. The receiver computes the best beamforming vector from the
beamforming codebook and sends the index of this vector back to the transmitter. The larger the
codebook size, the better is the quality of feedback, and consequently better is the data rate from
the transmitter to the receiver with beamforming. With a codebook size of 25, each codeword
requires B bits of feedback. Thus, the use of a large codebook increases the required bandwidth
for the feedback channel, thereby restricting the bandwidth allocated for transmitter to receiver
communication. Thus, there is a three-fold tradeoff between the bandwidth allocated in forward
channel, the feedback channel, and the size of the codebook. In this section, we quantify this
tradeoff and evaluate its effect on the two-way transmission capacity.

The received signal at receiver Ry over bandwidth Frp is

o = VPd P hiboro+ Y V/Pdrt*hl b,

Tneq)\{TO}

where P, is the transmit power of each transmitter, b, are the beamformers used by 7'z,
hy € C¥*! is the channel between T'xzy and Rz, hg, € CV*! is the channel between Tz,
and Rxy, d, is the distance between 7'z, and Rxg, xo and x,, are the data symbols transmitted

from T'zy and T'x,, respectively. For simplicity we assume that each receiver computes the
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beamforming vectors b,, only depending on h,,, independent of the interferers’ channels.
The received signal at transmitter 7'z corresponding to the feedback by receiver Rx, over

bandwidth Frr is

W = \/Ftdfaﬂgouo + Z \/Ftd;zz/zgmum )

Toe®\{To}

where go € CN*! is the channel between Rz, and Tz, gy, € CV*! is the channel between
Rz, and T'x(, uy and u,, are the feedback signals transmitted by Rz, and Rz, respectively.

With genie-aided feedback, the optimal beamforming vector b,, is known to be b,, = h’. In
practice, however, only a finite number of bits are available for feedback, and hence b,, can be
modeled as b,, = h’ + e, where e is the additive error term which represents the uncertainty
due to limited feedback. The quantization error e degrades the signal power compared to genie
aided feedback. With B bits of feedback bits, the signal power [26] is [ho[* (1 ¢ ($)77)

(c3 < 1 is a constant), compared to |h,,|* for genie aided feedback (B = oo). Thus, the SIR for

Txg to Rxry communication with B bits of feedback is

a- by (1—cs (5)77)

SIRrg = — , (10)
ZTnerb\{To} dr, ’hgnbo 2
and the corresponding mutual information from 7'zy to Rz, using bandwidth Frp is
MITR = FTRIOg (1 —|—S]RTR) bits/sec.
Similarly, the SIR for the feedback link is SIRpr = d"lgo(1)I* and thus with

S rnea\{1y} Lrnl8on(1)[?’

bandwidth F'ry, the mutual information of the feedback link is
MIRT = (FRT> lOg (1 + S[RRT) .

Similar to (3]), we define the success probability as the probability that communication in both

directions is successful simultaneously, i.e.

Psuccess = P(MITR > BTR; MIRT > B) .
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Consequently, with Py,...ss = (1 — €) the two-way transmission capacity is defined as
bits/sec/Hz/m?.

As stated before, in a two-way communication model, where the transmitter locations are
modeled as a PPP, the interference received in both directions is correlated. Therefore, computing
the success probability in closed form is a hard problem. To derive a meaningful insight into
the dependence of bandwidth allocation, and feedback bits on two-way transmission capacity,
we derive a lower bound on the success probability using the FKG inequality as follows.

Theorem 3: Accounting for feedback bandwidth, the two-way transmission capacity with
beamforming is lower bounded by

(1- G)EN% Brp
04[(51/7)é + (B )i} Fiotal

bits/sec/Hz/m?,

Proof:

Psuccess - P(M]TR > BTRa M]RT Z B) .

Similar to Example 3} the success events in two directions {M Iy > Brg}, and {MIrr > B},

respectively, are decreasing events. Thus, invoking Lemma [I]

Psuccess 2 P(M[TR > BTR) P(M[RT Z B) .
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By definition,
P(M[TR > BTR) = P<FTR log (1 + S[RTR) > BTR)7

= P(SIRTR>61),
o (G (1 (5)7)

= P > 51 )
ZTnecb\{TO} d*|hg, bo[?
(c) d—a|hT|2
> P 0 0 > B/
(ZTnecb\{To} d*|hg, bol|?

2

S 1-cd(Bi/y)eNT,
where (a) follows from the definition of j3;, (b) follows by substituting for SIRrr (10, (c)
follows by defining 7 := (1 —c3 (%)ﬁ>, and (d) follows from Theorem 3 [7].
Directly applying Theorem 3 [7]], P (MIrr > B) =1 —CA(Bg)%N%, where [3 = d“ (2%>
Thus, Pyyceess > 1 — AN [(61/7)% + (63)§]. Then,
L (- €)eNa  Brp
T alBuy/)e + ()] ot

bits/sec/Hz/m?.

|
Discussion: In this section we derived a lower bound on the two-way transmission capacity when
the transmitter uses beamforming with limited feedback, as a function of the bandwidth allocated
in two directions, and the number of feedback bits. Note that as B (the number of feedback
bits) increases, the two-way transmission capacity increases as B 7% due to the improvement
in signal strength, however, decreases as 9% because of the stringent requirement of SIR on
the feedback link to be more than 3. Our result quantifies the degradation due to practical
limited feedback in two-way transmission capacity with beamforming, compared to assuming a
genie aided feedback [7]. The feedback requirement not only decreases the available bandwidth
for transmitter to receiver communication, but also degrades the overall performance due to the

successful reception requirement of the feedback bits.
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Similar to Section for a fixed value of B and Brp, the optimal bandwidth allocation
Frr that maximizes the two-way transmission capacity upper bound can be computed using
Theorem [2] since here again the optimization problem is convex. For a fixed value of Fipp
and Brp, finding the optimal B is slightly complicated since the upper bound is not a convex
function of B, however, the problem is a single variable problem and can be solved easily by

using techniques like bisection.

VI. NUMERICAL RESULTS

In this section we present some numerical results on the two-way transmission capacity. We
adopt the simulation methodology for one-way networks presented in [27] and consider d = 5m,

and o = 4.

A. General Two-way Communication

Tightness of the proposed bounds: In this experiment, we consider Brr = 1.028 kbits,
Brr = 0.03 kbits, Frg = 0.99 MHz, and Frt = Fiota — Frr = 0.01 MHz. Fig. 2] shows the
curves for the simulated result and the bounds derived in Theorem |1 on the two-way transmission
capacity as functions of the outage probability requirement. Moreover, note that the transmission
capacity decreases at very high outage probability (¢), since the transmission capacity expressions
are proportional to —(1—e¢)log(1—e¢). Intuitively, as the outage probability e approaches towards
1, a high density of links is allowed in a unit area, however, most of the links fail; therefore,
the amount of successfully received information actually decreases.

One-way versus two-way transmission capacity: Requiring that transmissions be successful
in both directions, the two-way transmission capacity is less than the one-way transmission
capacity. To quantify the loss we plot the two-way transmission capacity in comparison with the
one-way transmission capacity for the same total bandwidth Fi., and total data rates Biyia =

Brr+ Brr. In particular, for the results shown in Fig. (3] we set Brg = 1.024 kbits, Brr = 0.256
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kbits, Frrg = 0.8 MHz, and Fryr = 0.2 MHz. The simulation results show that at the outage
requirement of 10%, the two-way transmission capacity is half the one-way transmission capacity.

Effect of bandwidth allocation: To highlight the effect of bandwidth allocation on the two-
way transmission capacity we plot the transmission capacity as a function of Fry in Fig. H
assuming the total bandwidth is Fi, = 1 MHz. For the scenario of symmetric traffic, we set
the data requirements in two directions equal to 1 kbits, i.e., Brg = Brr = 1.024 kbits. In
this case, we notice that the proportional allocation method is optimal. For asymmetric traffic,
we consider Brg = 1.024 Mbits and Brr = 0.056 kbits. From Fig. [ note that the optimal

bandwidth allocation (Theorem [2)) provides a gain of 36% over the proportional allocation.

B. Feedback-Based Communication

To quantify the effect of feedback on the transmission capacity we compare the transmission
capacity of a feedback-based network with the corresponding one-way network with the genie-
aided beamforming [7] with N = 3 in Fig. [S| We use Brg = 1.024 kbits, Bry = 0.056 kbits,
feedback bits B = 2, Frg = 0.94 MHz, and Frt = Fiota — Frr = 0.06 MHz and assume
that the transmitters employ Grassmannian limited feedback beamforming for transmission [25]].
Moreover, of the Brr = 0.056 kbits (or 56 bits) in the reverse direction, B bits are used for
carrying the codeword index while the other bits are used for MAC header.

Tightness of the proposed lower bound: In this experiment, we set N = 3 antennas and
B = 2 bits. Fig. [f] presents the simulated results for a genie-aided beamforming network and
the limited-feedback beamforming network as well as the computed lower bound.

VII. CONCLUSIONS

In this paper we generalized the concept of transmission capacity to incorporate two-way
communication in wireless ad-hoc networks. The two-way transmission capacity is able to capture
the requirement of successful transmissions in both directions and the impact of duplexing

techniques. The two-way success requirement is shown to reduce the transmission capacity
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significantly compared to the corresponding one-way transmission capacity. This observation
raised the question of finding the network with the maximum two-way transmission capacity
among the two-way networks with the same total bandwidth given fixed desired rates in two
directions. We addressed the question by providing the optimal solution for bidirectional spectrum
allocation to maximize the two-way transmission capacity. The optimal solutions were determined
in terms of the path-loss exponent, desired rates, and total bandwidth available.

As an application of the two-way transmission capacity framework, we also quantified the
effect of practical limited channel feedback on the two-way transmission capacity with transmit
beamforming. We showed that accounting for the bandwidth required for feedback, and the
successful reception of the feedback bits, the transmission capacity is significantly reduced

compared to the genie aided feedback.
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Fig. 1. Schematic of two-way communication with two pairs of nodes.
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Fig. 2. Tightness of the proposed bounds on the transmission capacity of general two-way networks.
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Fig. 3.
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Fig. 4. Two-way transmission capacity as a function of bandwidth allocation. For symmetric traffic, the proportional allocation

method is optimal, while for asymmetric traffic the optimal allocation provides a large gain over the proportional allocation.
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Fig. 5. Comparison of the transmission capacity of a feedback-based network with that of the corresponding one-way network.
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Fig. 6. Tightness of the proposed lower bound on the transmission capacity of feedback-based networks.
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