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Compute-and-Forward Network Coding Design

over Multi-Source Multi-Relay Channels

Lili Wei and WenChen

Abstract

Network coding is a new and promising paradigm for modern communication networks by allowing intermediate
nodes to mix messages received from multiple sources. Compute-and-forward strategy is one category of network
coding in which a relay will decode and forward a linear combination of source messages according to the observed
channel coefficients, based on the algebraic structure of lattice codes. The destination will recover all transmitted
messages if enough linear equations are received. In this work, we design in a system level, the compute-and-forward
network coding coefficients by Fincke-Pohst based candidate set searching algorithm and network coding system
matrix constructing algorithm, such that by those proposed algorithms, the transmission rate of the multi-source

multi-relay system is maximized. Numerical results demonstrate the effectiveness of our proposed algorithms.

Index Terms

Compute-and-forward, network coding, linear network coding, lattice codes, cooperative, relay channel.

I. INTRODUCTION

Since the pioneering research work of Ahlswede et al. in 2000 [[1], network coding (NC) has rapidly emerged
as a major research area in electrical engineering and computer science. NC is a generalized routing approach that
breaks the traditional assumption of simply forwarding data, and allows intermediate nodes to send out functions
of their received packets, by which the multicast capacity can be achieved. Subsequent works of [2]-[4] made the
important observation that, for multicasting, intermediate nodes can simply send out a linear combination of their
received packets. Linear network coding with random coefficients is considered in [S]]. Physical layer network coding
is presented in [[6]. Complex field network coding is proposed in [7]]. Several other network coding realizations in

wireless networks are discussed in [[8]-[12].
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There is also a large body of works on lattice codes [13]-[14] and their applications in communications. For
many AWGN networks of interest, lattice codes with linear structure can approach the performance of standard
random coding arguments. It has been shown that nested lattice codes (combined with lattice decoding) can achieve
the capacity of the point-to-point AWGN channel [[15]-[16]. Also, another appealing aspect of linear lattice codes
lies in their lower decoding complexity by a class of efficient decoders [17]-[20]. In the two-way relay networks, a
nested lattice based strategy has been developed that the achievable rate is near the optimal upper bound [21]-[23].

Recently, a new strategy of compute-and-forward (CPF) [24]-[25]], beneficial from both network coding and lattice
codes, attracts great attention. The main idea is that a relay will decode a linear function of transmitted messages
according to the observed channel coefficients rather than ignoring the interference as noise. Upon utilizing the
algebraic structure of lattice codes, i.e. the integer combination of lattice codewords is still a codeword as well,
the intermediate relay node decodes and forwards an integer combination of original messages. With enough linear
independent equations, the destination can recover the original messages respectively. Subsequent works for design
and analysis of the CPF strategy have been given in [26]-[29]. The idea of MIMO compute-and-forward is presented
in [30].

Those previous works in CPF only consider the integer network coding coefficients optimization of each relay
locally/separately. However, for a multi-source multi-relay system with L sources, the previous separate optimiza-
tions cannot guarantee the network coding system matrix, which is constructed by all the integer network coding
coefficient vectors, is of rank L such that the destination can decode all messages. In this work, the compute-and-
forward network coding strategy is considered in a system level. First, by our proposed Fincke-Pohst [[17] based
candidate set searching algorithm, instead of one optimal network coding coefficient vector, for each relay we will
provide a network coding vector candidate set with corresponding computation rate in descending order. Then, by
our proposed network coding system matrix constructing algorithm, we will try to choose network coding vectors
from those candidate sets to construct network coding system matrix with rank L, while in the meantime the
transmission rate of the multi-source multi-relay system is maximized. The underlying codes are based on lattice
codes whose algebraic structure ensures that integer combinations of messages can be decoded reliably.

The notations used in this work are as follows. {-}? denotes the transpose operation, | -| represents the cardinality
of a set, Z" denotes the n dimensional integer ring, R™ denotes the n dimensional real field, IF, denotes a finite
field of size p. I,, denotes the identity matrix of size n x n, and O denotes the vectors with all zeros elements.
Assume that the log operation is with respect to base 2. We use boldface lowercase letters to denote column vectors

and boldface uppercase letters to denote matrices.

II. MULTI-SOURCE MULTI-RELAY CHANNEL
A. System Model

We consider the multi-source multi-relay (MSMR) system model as shown in Fig. 1, where L sources &1, So,
-+, 8§, are communicating to one destination D through L relays Rq, Ro, - -+, Rp. Each node is equipped with

a single antenna and works in half-duplex mode. There are no direct links from sources to the destination.
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Fig. 1. System model of a MSMR network

The information transmission, which we call one transmission realization, is performed in two phases. The first
phase is for the transmissions from all sources Si, So, - - -, S, to the relays Rq, Ro, - - -, Rp. Each relay will receive
signals from all sources due to the wireless medium. In the second phase, assume each relay has a point-to-point
AWGN channel or orthogonal access to the destination, for example, in different time slots as shown in Fig. 2.
Every relay will obtain a linear combination of original messages and forward towards the destination by orthogonal
channels. With enough linear combinations, the destination is able to recover the desired original messages from

all sources.

L+l time slots

L sources S1,S2,...SL| relay Rl transmits to relay RL transmits to
transmit to L relays the destination ot the destination
15t Phase 2nd Phase

Fig. 2. Time division allocation for one transmission realization

Without loss of generality, in one transmission realization, each source has a length-k message vector that is

drawn independently and uniformly over a prime size finite field,
WZEFI;, l:1727"'7L7 (D

where IF), denotes the finite field with a set of p elements. Each source is equipped with an encoder ¥; : ]F’; — R"
that maps the length-k message w; into a length-n real valued lattice codeword x; = W;(w;). The lattice codeword
x; must satisfy the power constraint, %||xl||2 < PforP>0and!=1,2,---, L. The message rate, defined as the
length of the message measured in bits normalized by the number of channel uses R = %1og p [24], is the same
for all sources.

After mapping its message w; € ]F’; into a lattice codeword x; € R"”, the source S; will send the codeword x;

across the channel. Due to the broadcast nature of wireless medium, the m-th relay will observe a noisy combination
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of the transmitted signals at the end of the first phase,

L
ymzzhmlxl+zmu m:1727"'7L7 (2)
=1

where h,,,; € R denotes real valued fading channel coefficient from &; to relay R,,, generated i.i.d. according to a

normal distribution N'(0,1); z,, € R™ denotes additive Gaussian noise vector, z,, ~ N (0,I,). Let
b = (A, hnr]” 3)

denote the vector of channel coefficients from all sources to the m-th relay. We assume this channel state information

h,, is available at relay m.

B. Compute-and-Forward Scheme

In a recent work, Nazer and Gastpar propose the compute-and-forward approach [24] which exploits the property
that any integer combination of lattice points is again a lattice point. After receiving the noisy vector y,, of

@), the m-th relay will first select a scalar 3, € R and an integer network coding coefficient vector a,, =

[@m1s@ma, -+ amp]t € ZF, then attempt to decode the lattice point Zlel amiX; from
L
ﬂmym = Z ﬂmhmlxl + ﬂmzm (4)
=1
L L
= Z AmiX; + Z (Bmhml - aml) X+ ﬁmzm . (5)

=1 =1

Effective Noise
Note that we do not need to conduct joint maximum likelihood (ML) decoding to get (X1,Xa, - - ,%z,) for network
coding. Instead we decode Zlel amiX; as one regular codeword due to the lattice algebraic structure. In other
words, the network coded codeword is still in the same field as original source codeword.

In the finite field, it is equivalent that each relay is desired to reliably recover a linear combination of the messages,

L L
Uy = @lewl = Zamlwl mod D, (6)
=1 =1

where €5 denotes summation over the finite field, ¢y, is a coefficient taking values in F, and gy = am; mod p.

Each relay is equipped with a decoder, II,,, : R" — IE";, that maps the observed channel output y,, € R" to an
estimate Q,, = IL,,(ym) € IE"; of the message combination u,,. The diagram of compute-and-forward scheme is
given in Fig. 3.

We are interested in the rate of Zle amiX; as a whole and will capture the performance of the computation
scheme by what we refer to as the computation rate, namely, the number of bits of the linear function successfully
recovered per channel use. The work of [24] shows that a relay can often recover an equation of messages at a
higher rate than any individual message (or subset of message). The rate is highest when the equation coefficients

closely approximate the effective channel coefficients. The formal statements are given in the following theorems
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Fig. 3. Compute-and-Forward Diagram

[24)-[26]. Let log™ (2) £ max(log(z), 0).

Theorem 2.1: For real-valued AWGN networks with channel coefficient vector h,, € RY and desired network

coding coefficient vector a,, € Z", the following computation rate is achievable

1, P
tam) = s 3108 (G —aa ) @

Theorem 2.2: The computation rate given in Theorem [2.1] is uniquely maximized by choosing 3,, to be the

MMSE coefficient

Ph'la
= _m " __ 8
BumsE e (®)
which results in a computation rate of
1 P(hTa,,)? \
R (am) = = log* N L S i LA . 9
(@) = g 108" (Jlan = e ©
Theorem 2.3: For a given channel coefficient vector h,,, = [An1, bz, -+, hmr]t € RY, %0 (ay,) is maximized
by choosing the integer network coding coefficient vector a,, € Z as
. T
a, = a. Gnpan), 10
e amegll'{lalm#()( " ) ( )
where
A P
G,=1-———7"7FH,, 11
R TWE .

and H,, = [Hfjm)], HZ(Jm) = hpmihimg, 1 <4,5 < L.

C. Problem Statement

Theorems Z.112.3] only give the optimal network coding integer coefficient vector a,, and achievable computation
rate %Z,, for each relay locally/separately and do not take consideration of the overall system constraints. For the

multi-source multi-relay system, at the destination, enough linear combinations of the original messages need to
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be collected. Let aj, ag, - - -, ar, be the integer network coding coefficients vector for each relay, then the network

coding system matrix A at the destination can be denoted as
T
A:[a17a27"' 7aL] . (12)

Hence, the destination can solve for the original packets if the network coding system matrix A has full rank L,
i.e. |A| # 0. In which case, as the same rate of source-relay channels in phase I is available for relay-destination

channels in phase II, the transmission rate at the destination is dominated/bottlenecked by
%D :min{@l,%2,~-~ ,%L}. (13)

We can easily understand that after calculating the integer network coding coefficient vector a,, for each relay
by theorems to maximize its own computation rate, the network coding system matrix A constructed by
those integer vectors may not have full rank L, in which case the destination cannot decode the original messages
by those linear equations. In other words, we cannot fix the optimal integer network coding vector a,, for each
relay separately, since it cannot guarantee that the system constraint of full rank A.

Therefore, we need to optimize the integer network coding vectors for L relays in a overall system level. Instead of
distributed calculations, to construct the full rank network coding system matrix that maximize the overall message

rate at destination, A will be designed according to the following criteria

A = arg max Z%p
|A[#£0
= arg max (min{%, %o, - , %L,
¢ max (min{ )
-1
1 P(hla,,)?
= arg ma min “log™ ( ||lan||]? = ——miml .
o (2 (O
(14)
In other words, we need to find the integer network coding vectors aj, ag, - - -, ar, under the system level constraint
of full rank A, to maximize the computation rate of each relay %1, %>, - - -, %1, jointly, such that the minimum
value of #1, %>, ---, X1, is maximized.

Equivalently, the optimum network coding system matrix A should be

A =arg \gl\i;élo mex al G,,a, (15)

where G,, is defined in (L1).

III. PROPOSED STRATEGY

In this work, to approach the overall system optimization of (I4)-(I3), we propose the following novel strategy
which includes two steps. In the first step, for relay m, instead of finding one optimal network coding coefficient

vector a,, to maximize its own computation rate, we are trying to find a candidate set

OTmas = {a(D) a® ... a(Tmas)}, (16)
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with |Qﬁmam| = Taz- The network coding coefficient vectors with the top 7,4, maximum computation rates for
relay m are within the candidate set QZma=. Note that T}, is a parameter to control the candidate set length for
each relay and currently set by experience/simulation. We will propose an algorithm based on Fincke-Pohst Method

[L7] to find the network coding coefficient vector candidate set for each relay.

After we get all the candidate vector sets QlT"“”, QQT"“”, e Qg’"‘”, in the second step, we will try to pick
up a; € QlT"m, as € QQT"“”, ---,ap € Qz’"‘”, to construct the full rank network coding coefficient matrix
A =[aj,ag, -, aL]T, while in the meantime, the minimum value of corresponding %1 (a;), %2(az), - -+, Zr(ar)

1S maximized.

A. Searching Candidate Set QZ{"“ for Each Relay

For relay m, we are trying to find the candidate set QTrar = {a(t) a'?, ...  all™)} with Qe | = T)0,
such that the network coding coefficient vectors with the top 7,4, maximum computation rate for relay m are
within. According to Theorem 23] it is equivalent to find the set Qﬁmaz with T, vectors, such that those vectors
give the bottom 77,4, minimum aﬁGmam values, where G,,, is defined in (L1).

The searching of candidate set €2,%* with fixed length 7}, can be decomposed into following steps.

(1) Enumerate all vectors t € Z% (t # 0) in §,,,, such that t7G,,t < C for a given positive constant C, i.e.,
Qn={t: "Gt <C, t#£0,teZ"}. (17)

(2) Adjust the constant C to guarantee that [Q,,| > Thnaz-
(3) Sort all the vectors tq, to, - -, tio,,| in €2, in descending order corresponding to the computation rate value
P, in @), such that
Bm(t1) = B (t2) = - = Bm(t)0,,))- (18)

(4) Pick the first T,,,,, vectors of €2, to form the set Q%’WI.

The procedure of enumerating all vectors t € Z* (t # 0) in §,,, such that t” G,,t < C for a given positive
constant C is based on the Fincke-Pohst Method and derived as follows.

We operate Cholesky’s factorization of matrix G,,,, G,, = UT'U, where U is an upper triangular matrix. Denote

|| - ||F for the Frobenius norm. Let u;;, 4,5 = 1,2,---, L, be the entries of the upper triangular matrix U and
t = [t1,t9, - ,tL]T. Then, the searching vector t that makes tTG,,t < C can be expressed as
2
L L
tTGmt = HU tH%?:Z Uiit; + Z Uijt;
i=1 j=i+1
2
L L
= Zgii ti + Z 9ijtj
i=1 j=it1

L L S L 2
= Zgn t; + Z gijtj +ng‘ t; + Z Gijt;
i=k j=it1 i=1 j=it+1

c (19)

IN
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where g;; = uZ and g;; = w;j/ui; fori = 1,2,---, L, j =i+ 1,---, L. Obviously the second term of (I9) is

non-negative, hence, to satisfy (19), it is equivalent to consider for every k= L, L —1,--- 1,
2
L L
g [ti+ > giti| <C. (20)
i=k j=i+1
Then, we can start work backwards to find the bounds for vector entries ¢y,,t;_1,--- ,t1 one by one.

We begin to evaluate the last element ¢, of the searching vector t. Referring to (20) and let k = L, we have
gLt < C. (1)

Set A, =0, Cp = C, and we will get
LBy <t; <UBy, (22)

UBL—PIQ—ALJ,LBL—{—H&—AL—‘, (23)
gLL gLL

where [x] is the smallest integer no less than = and |z ] is the greatest integer no bigger than x.

with

Next, we evaluate the element #7,_1 of the searching vector t. Referring to (20) and let k = L — 1, we have
grrts + gr—1,0-1 (tr—1+ gL—l,LfL)2 <C, (24)
which leads to
[C - grt? [C — grpt?
’V _ L gr—1,LtL w <tp-1 < { 2 9Lty gr—1,LtL J .
9gL—1,L—1 9gL—1,L—1
(25)
If we denote Ay =gr—1,0tr, Cp—1 =C — gLLtQL, the bounds for sy, can be expressed as
LBy 1 <tr1 <UBr_, (26)

where

Cr— Cp_
UBp_1 = { L A“J LB, = {,/AA“]m)
9grL—1,L—1 grL—1,L—1

We can see that given radius V/C' and matrix U, the bounds for ¢;,_; only depends on the previous evaluated ¢r,,

and not correlated with t;,_o,t;_3, -+, 7.
In a similar fashion, we can proceed for ¢;_o evaluation, and so on.

To evaluate the element t; of the searching vector t, referring to (20) we will have
2

L L
g [ti+ D guti | <C, (28)
i=k J=itl

which leads to

L C’_ZL (s ZL ot ? _ZL t-
Ger imkr1 9ii \Li T 2 =11 9igly j=k+1 Ikit;

2
1 L L L
<t < { \/M (C = ik Gid (ti +2 i gijtj) ) =D imki1 kit J .
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If we denote

L
A = Z Gkjtj

J=k+1
2
L L
Co = C= Y giltit D giti| (29)
i=k+1 j=it1
the bounds for sy, can be expressed as
LBy <ty < UBg, (30)
where
C C
UB;C:P/—’“—A;CJ,LB;C:{—1/—’“—&@-‘. 31
Jkk Jkk
Note that for given radius V/C and matrix U, the bounds for ¢; only depends on the previous evaluated tg1, tgt2, - ,tL.

Finally, we evaluate the element ¢; of the searching vector t. Referring to (20) and let k = 1, we will have

L L 2
S g (ti+ Y giti| <C. (32)
=1 j=i+1
which leads to
1 L L 2 L
{ %]7 <C -2l i (ti + i 91‘.7‘%) ) — 2 Guits w
1 L L 2 L
<t < { \/qT <C — > iia Yii (tq‘, +2 i gijtj> > =D =2 15t) J(33)
If we denote
L
A = Zgljtj,
j=2
2
L L
Cl = C — Z Gii ti + Z gijtj 5 (34)
i=2 j=it+1
the bounds for ¢; can be expressed as
LBy <t <UB;y, (35)
where
C C
UBlzb/—l—AlJ, LBlz{—M—l—Al] (36)
g11 g11
In practice, Cr, Cr—1, - -+, Cq can be updated recursively by the following equations
L
A = Z Gkjtj (37)
j=k4+1
2
L L
Ch = C—= > gi|tit > gijty
i=k+1 j=it1
= Ciry1— Gerrnrs (Dpp1 + ), (38)
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Matrix A

Fig. 4. Candidate sets and rate tables for all relays

fork=L—-1,L—2,---,1and AL =0, Cp =C.

The entries t1,,t7,_1,--- ,t1 are chosen as follows: for a chosen candidate of ¢;, satisfying the bounds (22)-23),
we can choose a candidate for ¢y, _; satisfying the bounds (26)-@27). If a candidate value for ¢;,_1 does not exist,
we go back to 22)-@23) and choose other candidate value ¢y,. Then search for ¢7,_; that meets the bounds 26)-(27)
for the given tr. If ¢;, and ¢;,_; are chosen as candidates, we follow the same procedure to choose ¢;,_o, and so
on. When a set of ¢5,tr_1,---,%¢; is chosen and satisfies all corresponding bounds requirements, one candidate
vector t = [t1,t2,+-- ,t1]T is obtained. We record all the candidate vectors satisfying their bounds requirements,
such that all vectors meet t7 G,,t < C will be in Q,,,.

Regarding the setting of positive constant C', we will set it based on the binary vector obtained by applying the

direct sign operator of the real minimum-eigenvalue eigenvector of G, denoted as tqyqns, such that
T
C= touant Gm tquant. 39)

By setting the searching sphere radius this way, it is big enough to have at least one searching vector tgyqn; falls
inside, while in the meantime small enough to have not too many searching vectors within.

Note that this searching procedure will return all candidates that satisfy t7 G,,t < C. There is at least one
candidate vector tg,qn¢ such that its entries satisfy all the bounds requirements. On the other hand, the maximum
likelihood (ML) exhaustive search among all t € Zr, with optimal result t,;;, that returns the minimum metric

tT G, t, or equivalently maximum the computation rate for one relay, will also fall inside the search bounds, since
t%/[LGthL < tguantGm tquant =C. (40)

Hence, we are guaranteed to include the local optimal network coding coefficient vector, which maximizes the
computation rate for one relay m, in QZmaz,
We summarize our proposed algorithm for the searching candidate set 2Zme= for relay m based on Fincke-Pohst

method as follows.
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Algorithm 1 FP Based Candidate Set Searching Algorithm

Input: Matrix G, Trnax = |QLmas|.
Output: The candidate vector set Q2mas and corresponding computation rate set I'Jmaz,
Step 1: Calculate the binary quantized vector obtained by applying the direct sign operator of the real minimum-

eigenvalue eigenvector of G, denoted as tguant, and set C' as
C = tguantGm tquant- (41)

Step 2: Operate Cholesky’s factorization of matrix G,,, G,, = UZU, where U is an upper triangular matrix. Let

U4, 1, j = 1,2,---, L denote the entries of matrix U. Set
Gii = U?i, 9ij = Uij/uiia
fori=1,2,---,L,j=i+1,--,L.
Step 3: Search set 2, = {t TGt <C, t#0, te ZL} according to the following Fincke-Pohst procedure.

(i) Start from Ay, =0, Cr, =C, k=L and Q,, = 0.
(ii) Set the upper bound U By, and the lower bound LBy, as follows

and t, = LBy — 1.
(iii) Set ty =ty + 1. For t,, < UBjy, go to (v); else go to (iv).
(iv) If k = L, terminate and output €2,,; else set £k = k£ + 1 and go to (iii).
(v) For k=1, go to (vi); else set k =k — 1, and
L
A = Z Grjtj,
j=k+1

2
Cr = Cit1— grt1.64+1 (Dig1 +thg1)”,

then go to (ii).
(vi) If t = O terminate, else we get a candidate vector t # O that satisfies all the bounds requirements and put it
inside Q,,, i.e. Q= {Q, t}. Go to (iii).
Step 4: If [Q,,| < Thnaw, set C' = 2C and repeat Step 3.
Step 5: Sort all the vectors t1, t2, -+, t|q,,| in {2, in descending order corresponding to the computation rate
value %, in (@), such that
R (t1) = B (b2) = -+ = Am(b)0,,))- (42)

March 6, 2020 DRAFT



IEEE TRANSACTIONS 2012 12

Pick the first T;,,,, vectors of €2,,, to form the set Qﬁm‘w and construct the corresponding computation rate I‘ﬁm‘“
as

Qﬁmaz = {tltha' o atTmaz}v
{‘@m(tl)vﬁm(t&)v to )‘@m(tTmaI)}'

s (43)

B. Constructing Network Coding Matrix A

According to our proposed FP Based Candidate Set Q1ma= Searching Algorithm 1, for relay m, we get the

candidate set Qfgnw for integer network coding coefficient vector a,,. The set Qfgnw consists T},.. candidates

vectors QLmas — {a(l) (2), e ,agm”)}, in which agn), ag), cee agm”) have been sorted such that %m(aﬁ)) >
%m(ag,%)) > >%m(a "“”)). Denote Z) = %, (a (Z)) i=1,2,---,Tas- Then for each relay we can have

two length-T),,,, tables as shown in Fig. 4,

Table 1: Tmaz — {p(1) 2p2) ... gp(Tmas)}, (44)
Tuble 2: Qf{”” = {al), 5,?, <o a(lmee) ), (45)

The second table consists the sorted candidate vector set Q7ma=, while the first one consists the corresponding
computation rate set I‘Qm with elements %’7(,1) > %7(3) - > %’ ’"”)
After we get all the candidate vector sets Qrfm‘”, Qg’”‘”, cee Q:er” and computation rate sets Frf’””, F;Fm”,
s I‘:er‘”, we will try to pick up a; € Qrfm‘”, as € Qg’”‘”, ..., ag, € Q:er”, to construct the network coding
system matrix A = [aj,ag,---,ar]? with full rank, while at the same time, the minimum corresponding rate

%1 (ayr), #2(az), - -+, Zr(ay) is maximized.

Regarding this problem, first, we will sort the overall computation rate set for all relays {I‘lT"“” , I‘ZT"‘“, S Ffm“z}
in a descending order into {y1,72, ", YLxT,,.. }» Such that 4 > v > --- > vpxr,. ... Then, starting from the

largest possible achievable rate 74.c With index = L (the first L — 1 rates are obviously not achievable), we
will check one by one whether the rate 7,4, is achievable, which means we can find L vectors a; € Qrfm‘”,

Timas “such that the following two constraints are satisfied:

as € QQT"“”, e, arn € Q)
(i) The system network coding coefficient matrix A is of full rank;

(i) %1(a1), %2(az), -+, Zr(ar) all greater or equal tO Vingex-

If not, we move to the next largest possible achievable rate 7,41 and check in the same way, until the first

achievable rate is found.

When we are checking one possible achievable rate v;,4.x, Wwe will reduce/cut the network coding candidate set
QTmas into QU such that any a,, € Q% will satisfy that %Z,,(a,,) greater or equal to Yz In other words, the
sets of Q§ut, Q5Ut, ..., Q! are constructed such that the constraint (ii) will definitely be satisfied if a; € Q§*,
ap € Q5% - ap € QF“

Suppose Yingex = 92,(7? ) S I‘ﬁmaz, 1.€. Vindex 1S taken from Table 1 of relay m with table index n, then the network

coding vector aE? is taken from Table 2 with the same index n, i.e. agff) € Qe* is fixed for that relay and
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Fig. 5. Constructing network coding system matrix A

Qout = {agff )}. For other relays i # m, the candidate set will reduce/cut to length 7'¢“* such that %i(l), L@i@), e
%§T101Lt)

i all greater or equal to igex-

Denote Q5% = {al(-l), a§2), . ,al(-Tim)}. We can start to check the constraint (i) of the system network coding
matrix A constructed by any a; € Q" a; € Q§“, -+, ay, € Q' . If there exists one constructed A with full
rank, then this rate 7,4 iS achievable. The procedure is shown in Fig. 5.

We summarize this procedure to constructing the full rank network coding system matrix A with candidate sets

QlT"“”, QQT"“”, cee Qg’"“ and the corresponding computation rate sets I‘lT"““”, I‘QT’"‘“”, e I‘g’"“z as follows.

Algorithm 2

Network Coding System Matrix Constructing Algorithm

Input: Candidate vector sets QlT"“”, Q2T"“”, cee Qf"“”;
Computation rate sets I‘{m‘“, F;Fm”, e I‘:er‘“.
Output: The network coding system matrix A constructed from a; € Q{m‘“, as € QQT””‘“, ---,ar, € Q:LF”“” with

full rank that gives the maximum transmission rate Z}5*".

Step 1: Sort the overall computation rate set for all relays {I‘lT’"“z, I‘QT’"‘“”, e ,I‘f’"‘”} in a descending order into
{71,7%2, "y VL xTyas }» SUCh that v1 > 9 > -+ > yp . Initialize index = L.

Step 2: Check whether the rate of ;4. is achievable by the following procedure. Suppose Yingex = t%’,(ff ) € I‘ﬁm‘w.

Then, for relay i, the reduced candidate set Q% i =1,2,---, L will be constructed as follows.
(i) For relay m, set Qcut = {a{)}.

(ii) For relay i # m, compare the value of 7,4, and the sorted descending set F;TF"”‘” = {%i(l), %§2), e
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Tgut)
i
4 .

L@Z-(Tm‘”)}. Find all {L@i(l), %i@), R %i(Ticm)} greater or equal t0 Vigey. Set Q% = {agl), aEQ), . al

Step 3: Check every a; € Q§“, a; € Q5¥, ---, a;, € Q¢“!, until we find one network coding system matrix

A = [aj, a9, -+ ,ar]T has full rank, i.e. |A| # 0. If so, terminate and output the network coding system matrix
A and the maximum transmission rate Z5*" = Yiudex-
Step 4: If for any a; € Qf“t, as € Qg“t, ..., ay, € Q‘i“t, we cannot construct a full rank network coding system

matrix A, then set index = index + 1, go to Step 2.

One possible implementation of the whole system will let relays calculate the candidate sets and corresponding
computation rate sets, construct the optimal network coding system matrix A, then transmit the L x L integers matrix
A to the destination. Another possible implementation is to allow the destination work as processing center, that
does all calculations, including candidate sets, corresponding computation rate sets, and the optimal network coding
system matrix A construction. The destination will then feedback the optimal network coding vector a,, € Z% to
relay m for m = 1,2,---, L. After system initialization, these optimal network coding vectors can be used for the

system when the channels are stationary.

IV. EXPERIMENTAL STUDIES
A. A Transparent Realization

In this subsection, we will give a detailed experimental example to show our proposed algorithms in a transparent
way. For a three-source three-relay system with L = 3, we set the power constraints P = 10dB and T}, = 5.

The channel coefficient vector h,, for each relay is generated as
h; = [0.9730,0.4674,0.5103])%,

hy

[—1.7291,0.7166, —0.5856]”,

h; [—0.3912,1.4407, —0.8115].

After calculating G,,,, m = 1,2, 3 and running our proposed FP based candidate set searching algorithm for each
relay, we will get the network coding candidate vector sets QIT"“”, QQT"“”, Q3™ and corresponding computation

rate sets TTmes | [amas Tlmas a5 follows

1 21 1 1

Qfmes = L0110 1]/,
01 11 0
rTmes = [0.4846, 0.4620, 0.3408, 0.2918, 0.2231];

1 2 3 -1 -2
Qe = 10 -1 -1 1 1 |,
0O 1 1 0 0

rImes = [0.7087, 0.6785, 0.5572, 0.3625, 0.2694];
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Qrer = | -1 1 -2 -2 -3 |,
1 0 1 1 2
[2mes = [0.5987, 0.5935, 0.4384, 0.4165, 0.2902].

We can see that the computation rate set ['Zmaz 1 = 1,2, 3 has elements sorted in descending order where the first
element is the maximum computation rate for relay m. The n-th column in QZme= is a candidate network coding

vector aﬁ,? )

for relay m, while the corresponding computation rate is the n-th element in I'.ma=, Note that if we
optimize the network coding coefficients separately, which means each relay will use network coding vector that
maximizes its own computation rate, a,, is taken from the first column of Q%’WI, m = 1,2, 3 and the constructed

network coding system matrix

T
1 1 0
Alocal = 0 0 -1
0 0 1

is obviously not of full rank. In this case, the destination actually cannot decode all the messages efficiently.
Then we go forward to run our proposed network coding system matrix constructing algorithm. We sort the

computation rates for all relays in a descending order,

{0.7087,0.6785,0.5987, 0.5935, 0.5572, 0.4846, - - - }.
S~ N Y Y N

" Y2 Vs V4 ¥s Yo
and start to check the rate from the third maximum value, v3 = 0.5987, then 4 = 0.5935, then 5 = 0.5572, - - -,
to see whether it is achievable. If so, terminate and output; if not, move to the next rate.

For example, when we are checking v4 = 0.5935 = 925”, which is taken from the second element of I‘3T"““”,
the reduced candidate sets Q7“*, Q5“¢, Q§** with all corresponding rates greater or equal to 4 = 0.5935 can be

constructed as

1 2 0
Qti‘ut — ®, qut — 0 —1 , Q:c))ut — 1
0 1 0

We can easily see that no full rank network coding system matrix A can be constructed with a; € Q‘f“t, as € Qg“t,
a3 € Q5. Hence the rate of 4 = 0.5935 is not achievable. We will move to 75 = 0.5572 and check in the same
way.

After running our proposed Network Coding System Matrix A Constructing Algorithm 2, the network coding

system matrix A = [aj, ag, ag]T is finally constructed as

T
1 2 0
Apmpoxed = 0 -1 1
0 1 0

and the maximum transmission rate %2}‘” = 0.4846.
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B. Simulation Results

We present numerical results to evaluate the performance of our proposed algorithms. First, we show that if
network coding integer coefficient vector is optimized separately/locally at each relay, the probability that the
network coding system matrix A is not of full rank, i.e. |[A| = 0, in which case the destination actually cannot
decode the original messages efficiently. With the average of 10000 randomly generated channel realizations, it can
be observed from Fig. 6 the severity of this issue. For example, when L = 3 and P = 1dB-8dB, the probability of
rank failure with local optimized network coding vectors is always beyond 0.4. This further assures the importance

and necessity of our proposed algorithms.

0.8

0.7

1 =4 g
= @ @

Probability of rank failure with local optimization

o
w

0.2

01 I I I I I
2 4 6 8 10 12 14

Power constraint P in dB

Fig. 6. Probability of rank failure with local optimization for L = 2,3,4

In Fig. 7, we compare the overall transmission rate Zp at destination, with the average of 10000 randomly
generated channel realizations, of several different strategies in multi-source multi-relay channels with L = 3 and
Tinaz = 9. (1) The “DF with interference as noise” is a strategy in which relay m is trying to decode one message
from source m and treat other messages as noise. In this special case, the system matrix A = I. (ii) The “CPF
NC with Round-H” is a strategy that each relay decodes a linear integer combination of transmitted messages, while
the network coding coefficients are set by a simplified method, i.e. rounding the channel coefficients directly to
the nearest integers. (iii) The “CPF NC with local optimization” is a strategy that each relay also decodes a linear
integer combination of transmitted messages, while the network coding coefficients are optimized locally/separately.
Due to the rank failure issue of network coding system matrix, in which case the destination cannot decode all
messages, the rate is decreased. Finally, (iv) the “CPF NC with proposed algorithms” is the strategy that each relay

decodes a linear integer combination of transmitted messages with our proposed FP based candidate set searching
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algorithm and network coding system matrix constructing algorithm.

0.8

—— DF with interference as noise

0.7+ —e— CPF NC with Round-H

—— CPF NC with local optimization
—&— CPF NC with proposed algorithmg

0.6

o
@

o
w

Average rate of different schemes
o
=

0.2

Power constraint P in dB

Fig. 7. Rate comparisons of different schemes for L = 3

As shown in Fig. 7, the performance differences are significant. “DF with interference as noise” gives very poor
result. Furthermore, increasing power constraint has not much effect on this strategy since as the power increases for
the interested message, the corresponding interference power is also raised. The “CPF NC with Round-H> strategy
works a little better since it somehow takes advantage of network coding to improve the rate, but the coefficients
are chosen in a simplified way and not optimal. The “CPF NC with proposed algorithms” strategy, in which case
the network coding coefficients are optimized systematically, performs superior to all other strategies and has about
3dB gain compared with the “CPF NC with local optimization”.

We repeat our experiment with multi-source multi-relay channels of L = 4 and present the average rate
comparisons of different schemes with respect to the power constraint. Similar results are shown as in Fig. 8. “CPF
NC with proposed algorithms” strategy still gives the best performance and further demonstrates the effectiveness

of our proposed algorithms.

V. CONCLUSION

In this work, we consider the problem of integer network coding coefficients design in a system level over a
compute-and-forward multi-source multi-relay system. Instead of optimizing network coding vector of each relay
separately, we propose the Fincke-Pohst based candidate set searching algorithm, to provide a network coding vector
candidate set for each relay with corresponding computation rate in descending order. Then, with our proposed
network coding system matrix constructing algorithm, we choose network coding vectors from candidate sets to

construct network coding system matrix with full rank, while in the meantime the transmission rate of the overall
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Fig. 8. Rate comparisons of different schemes for L = 4

system is maximized. Numerical results give the performance comparisons of our proposed compute-and-forward

network coding algorithms and other strategies.
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