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Towards Understanding the Fundamentals of
Mobility in Cellular Networks

Xinggin Lin, Radha Krishna Ganti, Philip J. Fleming and deffG. Andrews

Abstract—Despite the central role of mobility in wireless sojourn time, it may be preferable from a system-level view
networks, analytical study on its impact on network performance  to temporarily tolerate a suboptimal BS association versus
is notoriously difficult. This paper aims to address this gapby — jnitiating a handover into and out of this cell. This concept
proposing a random waypoint (RWP) mobility model defined . ted in 4G standard ith a threshold rile 131 but it
on the entire plane and applying it to analyze two key cellula !S su_ppor edin standaras W', a ihreshold ru e. [3], buti
network parameters: handover rate and sojourn time. We first IS fair to say that the theory behind such tradeoffs is not wel
analyze the stochastic properties of the proposed model and developed. Though handover rate is inversely proportitmal
compare it to two other models: the classical RWP mobility mael expected sojourn time, their distributions can be signifiga

and a synthetic truncated Levy walk model which is construced different, which motivates us to study them separately ia th
from real mobility trajectories. The comparison shows that ’

the proposed RWP mobility model is more appropriate for paper. .
the mobility simulation in emerging cellular networks, which To explore the role of mobility in cellular networks, par-
have ever-smaller cells. Then we apply the proposed model ticularly handover rate and sojourn time, mobility modglin
to cellular networks under both deterministic (hexagonal)and s obviously a necessary first step. In this paper, we focus
random (Poisson) base station (BS) models. We present anty 5, RyP mobility model originally proposed iAl[4] due to its
expressions for both handover rate and sojourn time, which ave . licity | deli t patt f bil d
the expected property that the handover rate is proportiond S|mp_|C|y N mo elpg movemen pg ern-slo mobiie nodes.
to the square root of BS density. Compared to an actual BS IN this model, mobile users move in a finite domadn At
distribution, we find that the Poisson-Voronoi model is abotias each turning point, each user selects the destination point
accurate in terms of mobility evaluation as hexagonal model (referred to as waypoint) uniformly distributed il and
though being more pessimistic in that it predicts a higher .hooses the velocity from a uniform distribution. Then tseru
handover rate and lower sojourn time. . . .
moves along the line (whose length is called transition tleng
connecting its current waypoint to the newly selected waytpo
. INTRODUCTION at the chosen velocity. This process repeats at each waypoin

The support of mobility is a fundamental aspect of wireleddPtionally, the user can have a random pause time at each
networks [1], [2]. Mobility management is taking on newvaypoint before moving to the next waypoint. In this claabic

importance and complexity in emerging cellular network&wp mobility model, the stationary spatial node distribnti
which have ever-smaller and more irregular cells. tends to concentrate near the center of the finite domain and

thus may be inconvenient if users locate more or less unlform
in the network|[5]. Another inconvenience is that the trtosi
lengths in the classical RWP mobility model are of the same
As far as cellular networks are concerned, typical questiosrder as the size of the domai, which seems to deviate
of interest include how mobility affects handover rate ansignificantly from those observed in human walk’s [6].
sojourn time. Handover rate is defined as the expected numbeTo solve the inconveniences mentioned above, we propose
of handovers per unit time. It is directly related to the retv a RWP mobility model defined on the entire plane. In this
signaling overhead. Clearly, the handover rate is low fayda model, at each waypoint the mobile node chooses 1) a random
cells and/or low mobility, but smaller cells are necessary Hirection uniformly distributed off), 27}, 2) a transition length
increase the capacity of cellular networks through in@dasfrom some distribution, and 3) a velocity from some distribu
spectral and spatial reuse. Thus, analytic results on handation. Then the node moves to the next waypoint (determined by
rate will be useful for network dimensioning, and in ordeghoice 1 and 2) at the chosen velocity. As in the classical RWP
to understand tradeoffs between optimum cell associatiom@bility model, the node can have a random pause time at
and the undesired overhead in session setup and tear dowagh waypoint. Note that human movement has very complex
Sojourn time is defined as the time that a mobile residesmporal and spatial correlations and its nature has nat bee
in a typical cell. It represents the time that a BS woul€llly understood [[7], [[8]. It is fair to say that none of the
provide service to the mobile user. In the case of a sheskisting mobility models are fully realistic. The motivari of
T . _ this work is not to solve this open problem. Instead, we aim
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A. Background and Proposed Approach
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After presenting the proposed mobility model, we analyzzs done in[[19]. Nevertheless, trace-based mobility models
its associated stochastic properties and compare it to tiaer o are more realistic and scenario-dependent, which is drteia
models: the classical RWP mobility model and a synthetmerform reliable performance evaluation of mobile netvgork
truncated Levy walk model [6] which is constructed from reallence, both random and trace-based synthetic models are
mobility trajectories. The comparison shows that the psgplo important for the study of mobile networks. In particulahen
model is more appropriate for the mobility simulation irevaluating a specific protocol in mobile networks, researgh
emerging cellular networks. Then the proposed RWP mobilitan utilize random synthetic models for example the progose
model is applied to cellular networks whose BSs are modelB®IVP model to quickly get informative results. Meanwhile,
in two conceptually opposite ways. The first is the tradigilon researchers can build specific scenario-dependent tiaszdb
hexagonal grid, which represents an extreme in terms midel by collecting traces if possible. Then based on the
regularity and uniformity of coverage, and is completelgonstructed trace-based model researchers can furtHfermer
deterministic. The second is to model the BS locations asore extensive and reliable evaluation of the protocol heyo
drawn from a Poisson point process (PPP), which creates ajsst using random synthetic models.
of BSs with completely independent locations [9].][10]. &nd
the PPP BS model, the cellular network can be viewed as_ a
Poisson-Voronoi tessellation if the mobile users are assum™ Related work
to connect to the nearest BSs. As one would expect, mosiThe proposed RWP model is based on the one originally
actual deployments of cellular networks lie between theggoposed in[[4]. Due to its simplicity in modeling movement
two models, both qualitatively — i.e. they are neither petife patterns of mobile nodes, the classical RWP mobility model
regular nor perfectly random — and quantitatively, i.e.$ildR  has been extensively studied in literaturk [B]I [25+-{2ZH)ese
statistics and other statistical measures are boundeddsg thstudies analyzed the various stochastic mobility pararsete
two approache$[11]. Thus, both models are of interest and imeluding transition length, transition time, directiowitch
apply the proposed RWP mobility model to cellular networksate, and spatial node distribution. When it comes to applyi
under both models. Analytic expressions for handover natie athe mobility model to hexagonal cellular networks, simiolas
sojourn time are obtained under both models, some of whiahe often required to study the impact of mobility since the
are quite simple and lead to intuitive interpretations. analysis is hard to proceed [2]][3]. Nonetheless, the &ffet

In some aspects the proposed RWP mobility model is sinthe classical RWP mobility model to cellular networks have
lar to the random direction (RD) mobility model. Though thdeen briefly analyzed iri_[26] and a more detailed study can
classical RD mobility model does not have a non-homogendag found in [28]. However, as remarked above, the classical
spatial distribution as in the classical RWP mobility mgdeRWP model may not be convenient in some cases. In contrast,
its transition lengths are still of the same order as the sine analyze and obtain insight about the impact of mobility
of the simulation area, which seems to deviate significantiynder a hexagonal model through applying the relativelgrcle
from those in human walk$ [12]. This inconvenience may k#haracterization of the proposed RWP model, [as [28] did
solved by a modified RD mobility model T3], in which thethrough applying the classical RWP model.
transition length distribution is co-determined by theowoitly The application of the proposed RWP mobility model to
distribution and moving time distribution. This may congalie cellular networks modeled as Poisson-Voronoi tesseliaté
the theoretical analysis in this paper. This motivates us guires stochastic geometric tools, which are becomingeamsr
propose a mobility model with transition length distrilmuti ingly sophisticated and popular [29]-[32]. As far as mabili
directly specified. Besides, transition length data seantset is concerned)[33] proposed a framework to study the impact
more readily available than moving time data in many reaf mobility in cellular networks modeled as Poisson-Vorono
data sets [6],[I8]. Thus, it might be easier to use the praphogessellation. In particular, the authors proposed a Poifire
RWP mobility model when fitting the mobility model to realprocess to model the road system, along which the mobile
mobility trajectories. users move. Thus, the mobility pattern(ini[33] is of largelesca

Before ending this subsection, it is worth mentioningvhile the RWP mobility model in this paper is of small scale.
the many trace-based mobility models[14]=2{24]. One maiBur study can be viewed as complementary to [33]. For exam-
drawback of trace-based mobility models is that, due to tipde, our result indicates that if cells decrease in size shah
differences in the trace acquiring methods, sizes of trattee BS density per unit area is increased by 4 times, then the
data, and data filtration techniques, mobility model buiit ohandover rate would be doubled. Note that recent work showed
one trace data set may not be applicable to other netwdhat the PPP model for BSs was about as accurate in terms of
scenarios. Moreover, trace-based mobility models arenoft8INR distribution as the hexagonal grid for a represergativ
not mathematically tractable (at least very complicatpd®; urban cellular network [11]. Interestingly, we find thatsthi
venting researchers from analytically studying the penfance observation is also true for mobility evaluation, thougle th
of various protocols and/or getting quick informative désin  Poisson-Voronoi model yields slightly higher handovererat
mobile networks. In contrast, random synthetic modelduihc and lower sojourn time and thus is a bit more pessimistic than
ing random walk, the classical and the proposed RWP, Gaud® hexagonal model (which is correspondingly optimistic)
Markov, etc., are generic and more mathematically traetabl We briefly summarize the contributions of this work: 1) We
In addition, some aspects of some random synthetic modpt®pose a tractable RWP mobility model which overcomes
(including the proposed RWP model) can be fitted using trace®me inconveniences of the classical RWP mobility model and



is more appropriate for mobility study in cellular networks A=0.1 A=0.01
5 15

2) We obtain analytical results for handover rate and sojour
time in cellular networks. Though a specific transition lgng 4 10
distribution is assumed, the analysis in this paper is quite ,
general and can be extended to any other transition length 5
distribution which has finite mean. 3) We connect the mapilit
results for the two conceptually opposite models of ceflula 1 °
networks: hexagonal and Poisson-Voronoi tessellation. o 5
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Il. PROPOSEDRWP MOBILITY MODEL ON INFINITE A =0.001 A =0.0001
PLANES 50 0
We describe the proposed RWP mobility model in this 40 %0
section. As in the description of the classical RWP model g -100
(see, e.g., [[5]), the movement trace of a node can be20 -150
formally described by an infinite sequence of quadruples: 200
{(Xn-1,Xn, Vi, Sn) }nen , Wwheren denotes the:-th move- 10 : -250
ment period. During the-th movement periodX ,,_; denotes -300
20 40 60 -200 -150 -100 -50 0

the starting waypoint,X,, denotes the target waypoint,,

denotes the velocity, ansl, denotes the pause time at the wayrig. 1. Sample traces of the proposed RWP mobility modele. tfamsition
point X,,. Given the current waypoink,,_;, the next way- lengths are statistically shorter with larger mobility aeter A, and vice
point X ,, is chosen such that the included angle between tH&s%

vector X ,, — X ,,_; and the abscissa is uniformly distributed

on [0, 2] ar_ld the transition lengtti,, =| X,} — X | i‘?’ direction switch rate, and the spatial node distributioe.tén
a nonnegative random variable. The selection of waypo&tSjerform simulation to compare the proposed RWP mobility
independent and identical for each movement period. model to the classical RWP mobility model and a synthetic

Though there is a degree of freedom in modeling th&,, walk model proposed iri [6], which is constructed from
random transition lengths, we focus on a particular chaice j mobility trajectories.

this paper. Specifically, the transition lengths,, Lo, ...} are
chosen to be independent and identically distributedd(j.i. -
with cumulative distribution function (cdf) A. Transition length
9 We definetransition length as the Euclidean distance be-
P(L <1) =1 - exp(=Arl®),1 = 0, (1) tween two successive waypoints. In the proposed model, the

i.e., the transition lengths are Rayleigh distributed.oditles transition lengths can be described by a stochastic process
V,, are i.i.d. with distributionPy (-). Pause timesS,, are also {Ln}nen WhereL,, are i.i.d. Rayleigh distributed with
i.i.d. with distributionPs (-). This selection bears an interesting 1
interpretation: Given the waypoid ,,_1, a homogeneous PPP E[L] = EWoN 2
®(n) with intensity \ is independently generated and then the - S )
nearest point ind(n) is selected as the next waypoint, i'e_[\lote that .the transition lengths are not i.i.d. in the cleasi
X, = argmingeq ) || € — X 1 | - RWP mobility quel. Inde_ed, a node currently located near .th

Under the proposed model, different mobility patterns caprder of Fhe finite domain tends to have a longer trans!upn
be captured by choosing differeats. Larger \ statistically |€ngth while a node located around the center of the finite
implies that the transition length are shorter. This further domain statistically has a shorter transition length fer tlext
implies that the movement direction switch rates are high&ovement period. As a result, it is difficult to obtain the
These mobility parameters may be appropriate for mobiRsobability distribution for each randpm tranS|t|_o_n Iel_mgt
users walking and shopping in a city, for example. In comtras Nevertheless, the random waypoin®, are i.i.d. in the
smaller )\ statistically implies that the transition lengtiisare classical RWP mobility model, which is obvious since they
longer and the corresponding movement direction switobsra@'® Sélected uniformly from a finite domain and indepengentl
are lower. These mobility parameters may be appropriate € movement periods. This property forms the basis for the
driving users, particularly those on the highways. Thigitite  @nalysis of the classical RWP mobility model (see, eld., [5]
result can also be observed in Fig. 1, which shawsample [25])_._ In contrast, the waypoints in our proposed model are
traces of the proposed RWP model. not i.i.d. but form a Markov process.

Ill. STOCHASTIC PROPERTIES OF THPROPOSEDRWP B. Transition time

MOBILITY MODEL We definetransition time as the time a node spends during
In this section, we first study the various stochastic propghe movement between two successive waypoints. We denote
ties of the proposed RWP mobility model. Stochastic profpy 7, the transition time for the movement periad Then
erties of interests include transition length, transitttme, 7 = L/V where we omit the period indexsinceT,, are i.i.d..



DenoteV € R as the range of the random velocity. Given by

any velocity distributionPy (), the probability distribution of (d— s)2
T is given as follows. P(D<d)= / / exp (—)\771)2 e > dPy (v) dPs(s),
Proposition 1. The cdf of the random transition tirfieis given sV (9)
by

whereS € R denotes the range of the random pause time.

Pr<t)=1- / exp(—Amv’t?) dPy(v),t > 0. (3)  We omit the proof of Prof]2 for brevity. Given the distri-
v butions of velocity and transition time, i.e?,(v) and Pg(s),

_ _ ) __the distribution of direction switch rat® can be found by
The proof of Prop[]l is omitted for brevity. As a spemﬂcpropm_

application of Prop[]1, the following corollary gives cldse
form expressions for transition times under two types of

velocity distributions.

Corollary 1. 1) If V = v wherev is a positive constant, theD' Spatial node distribution

pdf of transition timel” is In this subsection, we study tispatial node distribution. To
Fr(t) = 27T/\V2te—,\7r,jztzvt > 0. (4) this end, Iet)_(o and Xl. be two succg_ssive Waypointg. Given
X, we are interested in the probability that the moving node
2) If V is uniformly distributed 0fvmin, vmax|, the pdf of resides in some measurable seduring the movement from

transition timel’ is X to X;. We first derive the spatial node distribution given
9(Vmin) — 9(Vmax) in the following theorem with the assumption that the mobile
fT(t): ,tZO, (5) i
(Vmax — Umin )t node does not have pause time.

N 1 ) Theorem 1.Assume that5,, = 0,Vn, and thatX, is at the
whereg(r) = ze + m@(v 2mAtx) is non- origin. Then the spatial node distribution betwe¥y and X ,

increasing, an@(z) — 12 / % du. is characterized by the pdfr, 0) given by
V&l Jg

Next, we derive the mean transition time. Instead of apply- flr,0) = va exp(—Amr?). (10)
ing the cdf of 7', we notice that o
E[T] = E[é] = E[L]E[%] Proof: See AppendiXA. ]
1 1 1 The physical interpretation of (r,6) is as follows. Let
= E[L]/ o dPv(v) = m/ o dPv(v). (8)  dA(r,0) be a small area around the point6) given in polar
v i _ v coordinate. Then the probabilit?(dA(r, )) that the moving
From [8), we can easily obtain that, if = v, node resides in some measurable.deduring the movement
1 from X to X; is approximately given by
20V P(dA(r,0)) ~ f(r,0) - [dA(r,0)], (11)

and, if V' is uniformly distributed onvmin, Vmax|,
y "min, Vimes] where|dA(r, 0)| denotes the area of the sétl(r, 0). Also, as

E[T] = N Vmax — I Vmin . g) noted in the proof in AppendixJAf(r,#) can be regarded as
2V A (Vmax — Vmin) the ratio of the expected proportion of transition time ie th
From [g), it is clear thatv,,;, > 0 is required to ensure finite setdA(r, 6) to [dA(r, 0)].
expected transition time. Now let us consider the case where the mobile node has

random pause tim§, characterized by the probability measure
Ps (). In this case, the spatial node distribution is given in the
C. Direction switch rate following theorem.

In this subsection, we study thiérection switch rate, which  Theorem 2.Assume thafX, is at the origin. Then the spatial
is the inverse of the time between two direction changes apgde distribution betweeX , and X, is characterized by the
thus characterizes the frequency of direction change andp'@ff(r,e)
also a mobility parameter of interest [5]. To this end, wet firs
introduce theperiod time, the time a node spends between two 7(;. ) = . Q exp(—=Amr?) + (1 — p) - Aexp(—Arr?),
successive waypoints. In particular, period tiffigis the sum mr (12)
of the pause time and the transition time, i, =17 + S,
where S denotes the random pause time. Then the directior’;1 B E[T)]
switch rate denoted byD is defined to be the inverse of VNerep = E[T] + EI[S]
the period time:D = 1/T,, whose probability distribution tion time fromX, to X .

is described in the following proposition. Proof: Note that the pause timg is independent of both
Proposition 2. The cdf of the direction switch ratb is given X andV. Besides, the non-static probabilityis the expected

is the expected proportion of transi-



proportion of the time that the nodds moving, i.e., a=0.1

o Ymitm E[T] if P P
=1 m= = . 13 /T
P S (tm + 5m)  E[T] + E[S] (13) R
- ,’ L4
The pdf f(r, ) is the weighted superposition of two indepen- é 081 =t
. ro
dent components as [27]: 04 ,'I Classical Rwp 11
Fr0)=p- f(r.0)+ (1—p)- fx,(r,6),  (14) 2 7 7 bromaead e |
where f(r,0) is the spatial node distribution without pause % 500 N 1000 1500
time and is given in Theorefd 1 , antk, (r,6) denotes the Transition length (m)
spatial distribution of the waypoinX'; and is given in Lemma a=1
[@. Pluggingf(r,6) andfx, (r, #) into (14), the expressioh (1L2) L pamimimimr= == '
follows. [ | o8l #
) L 06 1','
E. Model comparison 5 |
0.4 . ]
In this section, we perform simulations to study the dif- 3 — E'ass'c""l'kRWP
feren_ce between the proppsed RWP mobility model and the  °2F - _Pfgg(;':d RWP
classical one. For validation, we also compare them to a 0 s o 00

synthetic truncated Levy walk modél [6], which is constaatt Transition length (m)
from real mobility trajectories. Thus, we indirectly compa a=19
the two RWP mobility models to real human walks. In

the truncated Levy walk model, transition lengths have an ! .'-

inverse power-law distributionP,(l) ~ 7,0 < o < 2. 08h

The pause times also have an inverse power-law distribution w o}

Ps(s) ~ 5,0 < B < 2. S .| |
We simulate the movement of a mobile node under the i Classical RwP

three mobility models, respectively. The simulation area i 02 o ;f;’g;’gg‘RWP

1000%x 1000 gricﬂ Since the main assumption in the proposed 0

0 500 1000 1500

model is the Rayleigh distributed transition lengths, wstfir Transition length (m)

compare the statistics of transition lengths under theethre
mobility models. The results are shown in FIg. 2, whergg. 2. simulated statistics of transition lengths:= 1 and 8 = 1.
A is chosen such that the proposed RWP mobility model
has the same mean transition length as that of Levy walk
model. As shown in Fid.]2, transition lengths of the cladsicdirection switch rate of the proposed RWP mobility model are
RWP mobility model are statistically much larger than thosgimost indistinguishable from those of the Levy walk model.
of Levy walk model. In contrast, transition lengths of the The above comparison shows that the proposed RWP model
proposed RWP mobility model match those of Levy walks more flexible for mobility simulation in future cellular
model better, especially in the low transition length regim networks which have ever-smaller cells than the classi¢éPR
However, the proposed RWP mobility model lacks the heawyodel. In particular, some aspects of the proposed RWP model
tail characteristic of the Levy walk model. This mismatch igan be directly or indirectly fitted using traces, while the
the high transition length regime gradually diminishescas classical RWP model is fixed. Nevertheless, the comparison
increases. does not imply that the statistical difference between the
We next compare the statistics of direction switch rate undgroposed RWP and Levy walk model are non-significant.
the 3 mobility models. The results are shown in Eig. 3, wherealso, we do not claim that the proposed RWP model can
is chosen such that the proposed RWP mobility model has ffafly represent human walks. Also, human walks are not Levy
same mean transition length as that of Levy walk model. Thgalks even though the Levy walk model is constructed from
pause time distribution used in the 2 RWP mobility models areal mobility trajectories. Indeed, human walks have caxpl
the same power-law distribution as that used for pause timgmporal and spatial correlations and its nature has not yet
distribution in the Levy walk model. As expected, the cleabki peen fully understood_[7]. It is fair to say that none of the
RWP mobility model has much lower direction switch rate iRxisting mobility models can fully represent human walks.
all the 3 subplots than the Levy walk model. In contrast, the Note that though many real mobility trajectories show that
difference in direction switch rate between the proposed®RWransition lengths of human walks seem to have an inverse
mobility model and Levy walk model is moderate when power-law distribution, we do not choose it to model the
is large. Wheng is small, e.g.,8 = 0.1, the statistics of the transition lengths in our proposed RWP mobility model. The
1 . _ _ reason is that the mean transition length under inverse powe
Note that, though the proposed RWP mobility model is definedthe

entire plane for analytical tractability, in a simulationeohas to deal with the law distribution is infinite. This will cause Qnalytlcal pﬁems, .
boundary issue. Here we use reflection method. e.g., the expected number of handovers in a movement period
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Definition 1. The handover rate is defined as the expected num-
ber E[N] of handovers during one movement period divided
by the expected period time. Mathematically, handover isate
given byH = E[N]/E[T,].

Note that E[T,,] = E[T] + E[S] where E[T] has been
given in Prop[dl andZ[S] can be determined from the pause
time distribution. However, exact computation &f by (I3)
is tedious. Thus, we propose the following approximation
formula

2n+1)R

s 2 p(
E[Nlapp= Y _n / / fx, (r,0)rdrdd,  (16)
n—1 0 (2n—1)R

where R = /C/m with C being the hexagonal cell size. In
other words, we approximate tleth neighbouring layer by a
ring with inner radiug2n — 1) R and outer radiu$2n + 1) R.
This approximation captures the essencé of (15) and allews u
to derive closed form results ofi[N] and the corresponding
lower and upper bounds.

Proposition 3.Let d be the side length of the hexagonal
cell and )\ the mobility parameter. The approximation of the
expected number of handovers during one movement period is
given by

E[N]app= i exp <—¥(2n 4 1)2/\d2> 7 a7

n=0

and is bounded a8 [N %,, < E[N]app < E[N]},, where

E[N)k, 2 \/mﬁc} <\/3\/§/\d2>, (18)

E[NZ,2 /mﬁ (1 —Q (\/3\/§/\d2>) . 9)

Moreover, the differencé Napd Ad*) between the upper bound

becomes infinite. Nevertheless, the analysis in this pager and lower bound is a strictly increasing function Af?
be readily extended to any other transition length distidou and is within the rang€0,1). In particular,/\Ngpd A\d?) —

which has finite mean.

IV. APPLICATIONS TOHEXAGONAL MODELED CELLULAR

NETWORKS

In this and the next section, we study the impact
mobility on important cellular network parameters, paracly

L < Happ < HZ,

0 asAd? — oo, andANapgAd?) — 1 asid® — 0.

Proof: See AppendiXB. [ |
Using Prop.[B, the approximate handover rate can be

computed asHgzpp = ﬁm - E[Nlapp and is bounded as

L _ 1 L U _
app = < Happ Where Hyp, = 5777 - B[N app Happ =
L ] E[N]5,» As the size of the cells in cellular networks

handover rate and sojourn time, using the proposed R\_/ﬁé%omes smaller, higher handover rates are expected.sn thi
mobility model. We focus on hexagonal cellular networks ifegard, it is interesting to examine the asymptotic prapeft

this section.

A. Handover Rate

handover rate as in Corollaky 2.

Corollary 2. Assume that any of the following asymptotic
conditions holds: 1§ — 0 with fixed \; 2) A\ — 0 with fixedd;

We assume the typical mobile user is located at the origiB) \d> — 0. Then the asymptotic approximate handover rate is
Then the expected number of handovers during one movemgiven by

period can be computed as

E[N] = Zn/c P(dA(r,0)),

1 T 1
Hao™~ Frm T BIST\ 6vBN 24 (20)

Though derivation by[(15) is not tractable, teeact han-

where P(dA(r, 0)) is the probability distribution of the way- dover rate in hexagonal model can be obtained using a
point density fx, (r,6) given in Lemmall and”, denotes generalized solution of Buffon’s needle [34] as in the fafiog

the area covered by the-th layer neighbouring cells. Now Proposition.

we formally define the handover rate.

Proposition 4.Let d be the side length of the hexagonal



cell and )\ the mobility parameter. The expected number of  °

. R Simulation (d =5
handover€[N] during one movement period is given by ok o s!ﬂﬁliilﬁﬂ Ed = 1)0)
\/_ ¥ - Simulation (d = 20)
43 E|V Exact Analysis (d = 5)
E[N]=E[T]- 3—% (21) 7 Exact Analysis (d = 10)
™ " Exact Analysis (d = 20)
The handover ratll = E[N]/E[T,] is then given by & of - — Approximate Analysis (d = 5)
é . Approximate Analysis (d = 10)
E[T] 4\/5 E[V] 22 SEENY NG — — — Approximate Analysis (d = 20)
H = . . T N\
B+ ES] 3r d @2 3
E
Proof: See Appendix L. [ ] =

We remark that the insights obtained by either approximate
or exact approach are the same. Let us consider the simplifiec
RWP mobility model where the mobile nodes do not have =
pause time and constant velocity, i.¥.,= v, the asymptotic o ‘ ‘ ] ‘ ‘ ‘ ‘ ] j

. . s 2 3 4 5 6 7 8 9 10
handover rate in Corollafyl 2 can be further simplified as Mobility Parameter (A)
Happ ~ T 57 (23) Fig. 4. Handover in hexagonal model by analysis and sinaratiith velocity
6v/3d v =1 and no pause time.
and the exact handover raté is given by
4v/3 v as
_ 1 (24)

T 3 d AN U2 VB2
which is consistent with the one given in [35]. Note that theST = E[T] - T(/ / f(z,y)dydz
hexagonal cell sizesy; is given by 3v/3d%/2 in hexagonal 0 0

d p—+3z+V3d
tiling. So (23) can be written aflapy ~ /. Similarly, +/ / ! F(a,y)dydz), (26)
. » . d/2Jo
the exact method yield& = %\/ @\/ﬁ Both results imply

that handover rate is inversely proportional to the squavehere f(z,y) = exp(—Ar(z? +3?))/\/x? +y2. However,
root of cell sizesy. In other words, if we deploy more no closed form result is available fof_(26), though it can
small cells and increase the BS density say by 4 times e evaluated using numerical methods. We provide explicit
current cellular network, we would expect the handover rafermulas for the lower and upper bounds bfl(26) in Pidp. 5,
to be roughly increased by 2 times. Interestingly, the nitybil whose proof is omitted for brevity.

parameter\ does not play a role, while the velocity and theeroposition 5. The sojourn timeSy can be bounded & <

cell size affect the handover rate in a trade-off manner.#ig g, < SU where

compares the number of handovers obtained by simulation to

i 3
the counterparts evaluated by analytic formtlﬂ_j] (17) &ng (21 SE 2 E[T]- (1-2Q( /—m\d)), 27)
respectively. It is shown that the exact analytic resulselp 2
matches the simulation while the approximation approach SY 2 E[T]- (1 -2Q(V2rAd)). (28)

tends to underestimate the real number of handovers.

Assuming thatE[T] is finitd, Sr tends to0 since both
the lower boundS% and upper bound¥ tend to0 asd — 0.
This is an intuitive result. So cellular networks with snzglls
Sojourn time is defined as the expected duration that tiged to be equipped with fast algorithms. Otherwise, other
mobile node stays within a particular serving cell. For litggy handover strategies may be needed if the sojourn time in a
we only consider the simplified RWP mobility model wher&ell is shorter than the time needed to complete the handover
the mobile nodes do not have pause time and constant velod#@cedure. The analysis of the impact of mobility parameter
i.e., V = v. Then sojourn time in any cell with coverage area is more involved. To obtain insight, consider the constant

B. Sojourn Time

C can be computed as velocity case which yields the following result.
Proposition 6. Assume thal/ = v. Then as\ — 0, sojourn
St = E[T]- /C P(dA(r,0)), (25)  time Sy ~ ad/v, wherea € (¥2,1) is a constant.

whereP(dA(r,9)) is the probability distribution of the spatial Proof: See AppendikD. n

node densityf(r, §) given in Theorerfill. For brevity, we only From Prop[B, we observe the interesting fact that sojourn

focus on the sojourn time in the cell where the connection figne converges taxd/v as th_e mobility paramgte)& goes -
initiated during one movement period in the sequel. 0 zero. Then what matters is the velocity: Sojourn time is

Assymlng the mOb'Ie_ n.Ode 1S CQ'locat_Ed with its Currently 2This is true for both the case with constant velocity and theecwith
associated BS at the origin, the sojourn time can be computedormly distributed velocity ovmin, Umax], as shown in Sectiof 18.



inversely proportional to the velocity. Also, we can ex|grés If we assume no pause time and constant velogjtyd in

asSr ~ 3%% -\/sm where recall that is the hexagonal Prop.[T can be simplified as
cell size. This shows that sojourn time is proportional te th 4
square root of cell size, which is contrary to the asymptotic H = }V\/ﬁ’ (31)
result for handover rate. which is consistent with the one given i [37]. In Poisson-
Voronoi tessellation with the nuclei being homogeneous PPP
V. APPLICATIONS TOPOISSON-VORONOI MODELED ® of intensity ., the expected value of the size of a typical
CELLULAR NETWORKS Voronoi cell is given bysp = E[|C,(®)|2] = 1/u [29], where

In this subsection, we apply the proposed RWP mobilitgo(q)) is the typical cell andC,(®)|, denotes the area of
model to analyze handover rate and sojourn time in cellul P(q))' So if we assume no pause time and constant velocity

networks modeled by Poisson-Voronoi tessellatior [326].[3 v, H in Prop.[T can be simplified af = éI//\/g, which
We first give a brief description on Poisson-Voronoi tessellimplies that the handover rate is inverselflr proportionahi®
tion. Consider a locally finite set = {x;} of pointsz; € R?, square root of the cell size. This is consistent with the ltssu
referred to as nuclei. The Voronoi cél,, (¢) of pointz; with in the hexagonal model.
respect top is defined as Fig.[d illustrates that the analytical resuli{29) matches t
9 simulation result quite well. Also, we compare the handover
Col ) ={y Ry —aillo < lly—=; [2,¥25 €0} 0 o Poisson-\;j)ronoi model, exact andpapproximate han-
Let e, be the Dirac measure at i.e., forA € R?, ¢,(A) =1 dover rate of hexagonal model in Figl 6 as a function BS
if £ € A, and0 otherwise. Then the spatial point procesiitensity. They all indicate that handover rate grows lihea
¢ can be written asP = )", ¢, and the Poisson-Voronoi with the square root of the BS's intensityj:. We further eval-
tessellation is defined as follows |36]. uate the three types of analytic results on handover, itep.P
3, Prop.[# and]7 by simulating the proposed RWP mobility
model using the real-world data of macro-BS deployment in a
Us.c Ce, (®), is called Poisson-Voronoi tessellation. cellular network, provided by a major seryice provider. aibc. .
: ) . that we assume each BS serves the mobile users located within
In cellular networks modeled by a Poisson-Voronoi teSS§is \ioronoi cell. A handover occurs when the mobile crosses

lation, the BSs are the nuclei distributed according to SOMe, cell boundary. Thus, only the BS location data are releva

: 5 . . .
PP.P © in R BeS|d_es_, gach BS”Z_ serves mobile users in the simulation. There are 400 BSs which are distributed in
which are located within its Voronoi cell,, (®). The latter

elatively flat urban area. These 400 BSs roughly occ a
assumption is equivalent to the hypothesis of the nearest %5(5 i N Hgny "py

i trat In th | | thEER x 90 km area. We normalize the network size to bel1So
association strategy. In IN€ Sequel, we also assume N 400 in the Poisson-Voronoi model, while the side lendth

§> modeling the BS positions is homogeneous and its imensﬁ}'ﬁexagonal model is determined throWy3d2 /2 — 1/400.
is denoted by. The results are shown in Fi@] 7. It can be seen that the
Poisson-Voronoi model is about as accurate as the hexagonal

Definition 2. For a spatial Poisson point proceBs= 3. e,
onR?, the union of the associated Voronoi cells, N&P) =

A. Handover Rate model in predicting the number of handovers. Meanwhile,
Assume that the mobile node is located at the origin andl_%ke approximate analytic result underestimates the numiber
X and X ; be two successive waypoints. Conditioned on t andovers.

position of X; and a given realization of the Poisson-Voronoi

tessellation, the number of handovers equals the numberBfSojourn Time

intersections of the segmelX o, X ;] and the boundary of the

Poisson-Voronoi tessellation. Then we can obtain the arpec . . : . . . .
computing the sojourn time in Poisson-Voronoi tesselfatio

number of handovers by averaging over the spatial distabut modeled cellular networks. Indeed, assuming that the raobil

of X, and the distribution of Poisson-Voronoi tessellation. . - : . .
S S . ; user is located at the origin, the sojourn time in the cell
This is the main idea used in proving Prgp. 7.

- _ _ involves an additional source of randomness - the Poisson-
Proposition 7.Let . be the intensity of the homogeneouslx/oronoi tessellation. So even averaging over the spatideno
PPP distributed BSs andhe mobility parameter. The expectedjistribution sojourn time is still a random variable. In the

number of handover&[N| during one movement period issequel, we aim to characterize the probability distributis

Unlike the hexagonal model[ (R5) is not sufficient for

given by this sojourn time. To this end, we first introduce the concept
E[N] = 2 |u (29) of contact distribution. Consider a random closed3eind a
TV A convex compact test s@ containing the origiro. Then the
The handover ratel = E[N]/E|[T,] is then given by contact distribution is defined &s [29]
i 1 2 [ (30) Hg(r)=P(ZnrB#0lo¢ Z),r > 0. (32)
E[T]+E[S]7\ A In this paper, we are particularly interested in a speciakca

the linear contact distribution functioH;(r) with the test set
Proof: See AppendiXE. B 3 being a segment of unit length Since Poisson-Voronoi
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Fig. 5. Handover in Poisson-Voronoi model by analysis antbtion with  Fig. 7. Evaluation of handover by an actual macro-BS deptaymwith

velocity » = 1 and no pause time. The number of handovers is proportiong¢locity v = 1, no pause time and normalized BS's intensity= 400.
to the square root of the BS's intensify, and is inversely proportional to Poisson-Voronoi model is about as accurate in terms of hamdevaluation

mobility parameter\. as hexagonal model.

0.45

*  Poisson-Voronoi handover rate ; . "
5 Hexagonal exact handover rate equivalent to thafr! C C,(®)}. Now we are in a position to

Hexagonal approximate handover rate, characterize the sojourn timey.

Proposition 8.Let u be the intensity of the homogeneously
PPP distributed BSs andthe mobility parameter. The pdf of

(34)

Where E[T] is the expected transition timex =
% Q( D - E[T 1)) andh(r) is given by

B 3sm 2 asin B
S = / / sin* a-i-ﬁ)b o(8)

001 002 003 004 005 006 007 008 009 01 exp(_‘uVQ(r,0475))(1[3(10[71”Z()7 (35)
Intensity of Base Station (L)

@ sojourn timeS is given by

¢ 1 1 ( )1 t

- _ 202 = 2

: fiut) = g e (5@ G0 - )P ).
3

I

where Va(r,a, B) = wp?(ap(a) + ai(a)) + w(r? + p? —

Fig. 6.  Comparison of handover rate in Poisson-Voronoi rhoegact 2rpcosa)(ao(B) + a1 (B)) with p = Sigf;iﬁm,aow) =1-¢
and approximate handover rate in hexagonal model with iglac = 1, anda, (9) _ sze , andb, ([3) _ (m=pB)cos 5+s1n[5.

normalized BS'’s intensity, = 1, mobility parameterA\ = 1 and no pause s
time. They all imply that the handover rate grows linearlyhwj/z. Proof: By Theorenﬂ], we have
27 T \/X
L . ) ) ) ) Sr(r) = E[T]/ = exp(—Arz?)zdrdo
tessellation is isotropic, the orientation of this segmieaatnot o Jo Tz

important. For Poisson-Voronoi tessellation modeleduta = E[T]- (1 —2Q(V27Ar)).

network, the random closed sgt of interest is the union of . ]

all cell boundaries)y, c0Cs, (P), wheredC,, (9) denotes the Clearly, Fis,.(t) = 0 if ¢ <0, and Fs,.(t) = 1 if ¢ > E[T]. If
boundary of the celC,, (®). 0<t<E[T],

With a slight abuse of notation, 16;(®) denote the Voronoi Fs,(t) = P(Sy < t) = P(E[T] - (1 — 2Q(\/ﬁr)) <)
cell containing the origin. We can further simplifyH;(r) as " - o

1 1 t
follows: —Plo<r< (D21 - > )
P(ZNrl=0) ( =rEvm R Em)
H(r)y=1—-———2=1-P(rl CC,(®)). (33) 1 t
[ Ploc2) _Hl(\/m & _W))>
The last equality follows because 1) the origins contained L_ Q0D (L(1-pt))
in the interior ofC,(®) almost surely and thuB(o € Z) =0 — /“m . hy(r)dr-.
where Z = Uy, c9C,, (®), and 2) the evenfZ N7l = 0} is —o0
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Fig. 8. Plot of pdf of sojourn time in Poisson-Voronoi modathwmobility  Fig. 9. Comparison of sojourn time in hexagonal tiling andgsBan-Voronoi

parameter\ = 0.01 and velocityr = 1. tessellation with velocity = 1. Hexagonal model yields larger sojourn time
than that of Poisson-Voronoi model. Besides, the upper awérl bounds for
hexagonal model are tight.

Taking the derivative with respect tofor both sides yields
(34). The closed form expression af(r) in (38) has been

given in [38]. This completes the proof. - Note that the proposed RWP mobility model represents the

Using the previous results for expected transition time, tti¢@l movement of mobile nodes in a simplified manner. Thus,
pdf of the sojourn time under different velocity distritnrs it does not capture some other mobility characteristicdsuc

can be derived from Proji] 8. Note that the distribution & temporal and spatial dependency of the mobility pattern.
the sojourn time is instrumental in studying the ping-ponl desirable to extend the current model further to incaafeor

behavior for mobility enhancement in cellular networks. [3f7'€S€ extra mobility characteristics while maintainingeain

Though a closed form expression is not available, the pdf @f9ree of tractability. It would be rather interesting (and

the sojourn time given in Propositi6h 8 only involves a deubChallenging) to characterize the intuitive tradeoff betwéehe
integral, which is tractable for efficient numerical evaion. COMPlexity and tractability of the mobility models. Beside

We plot the pdf of sojourn time in Fig 8 for illustration. Aslt _is also interesting to evaIu_ate the performance of theyman
expected, the smallex is, the more likely the mobile nOdeywreless protocols by applying the proposed tractable mode

stays longer within the cell. This is intuitive since a srarll I theory and/or simulation.
w1 implies larger cell sizes on average. As a result, it is less
likely that the mobile node would move out of the cell. ACKNOWLEDGMENT

We also compare the analytic result about sojourn time in _ _
the Poisson-Voronoi model to its deterministic countergar ~ The authors would like to thank the anonymous reviewers

the hexagonal model in Fig] 9. It is shown that the analytfer their valuable comments and suggestions, which helped
result in the Poisson-Voronoi model is more conservativé athe authors significantly improve the quality of the paper.
yields smaller mean sojourn times than its counterpart én th
hexagonal model. Besides, we can see that the upper and lower
bounds of the sojourn time in hexagonal model are pretty.tigh

A. Proof of Theorem[I

VI. CONCLUSIONS ANDFUTURE WORK We first derive the pdf of the random waypoiX,; =
In this paper, we study the critical mobility issue in cedlul (R, ©,) as follows:
networks. To this end, we first propose a tractable RWP

APPENDIX

PRy <r+Ar)—P(Ry1<r7)

mobility model defined on the entire plane. The various fx,(r,0) = li e G

properties of the mobility model are carefully studied and Ar=0 o I xdzd¢

simple analytical expressions are obtained. Then we atilis . exp(=Amr?) — exp(=An(r + Ar)?)
tractable mobility model to analyze the handover rate and so = Alﬂo o A

journ time in cellular networks. The analysis is carried fouit _27A(r + Ar) exp(=An(r + Ar)?)
cellular networks under both hexagonal and Poisson-Varono = Aligo Gy

models. We derive closed form expressions and/or bounds for = Aexp(—Nimr?).

the performance metrics in question. These analyticallteesu
are instrumental for mobility management in cellular neto This result is summarized in Lemrh 1 for ease of reference.
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Lemma 1.Given X, is at the origin, the pdf of the randomThen the lower bound\gﬁmmx is derived as follows.
waypointX, = (R1,0) is given by

Fx, (r,0) = exp(—Arr2). (36) E[Nlapp > /O exp <—T(2w + 1)2d2A> da
_ 0 2\ 2 L
We next derive the pdf of the spatial node distribution. The N \/6\/3,\d2Q <\/3\/§/\d > = ElN]app

main technique of the following proof is inspired by [26] U . . .
which is also adopted in [25]. Consider a small édtlocated The upper boundZ[V]ap, can be derived in a similar manner.

at (r,9). Let L, denote the vectoX;, — X, and|L,| = L,. For the remaining proof, denote = v/3y3\d>. Note that
Then the pdf of the spatial node distribution can be integare ¢ > 0. Then the differenced Napp = E[N]gp, — E[N]g,, can
as the ratio of the expected proportion of transition timénim be compactly written ag/% (1 — 2Q(t)) which we denote

setdA to the areddA|, i.e., by ¢(t). We claimg(t) is strictly decreasing wheh> 0. To
BIL,ndAlY]  EllL,ndA]| see this, defindi(t) = |/2texp(~4) +2Q(1) — 1 whose
f(r,6) = E[L,/V]|dA| - E[Ly]|dA] (37) derivative is_ “—\/_th exp(.—g)’-' which is s’FrictIy negative
where the second equality follows from the independence Whent > 0, implying A(t) is strictly decreasing when> 0.
V and the waypoints. Note that Meanwhile, h(0) = 0. So h(t) < 0 whent¢ > 0. Now it is
7 o clear that the derivative afit) given byg™")(¢) = ™M) i
E[|LindA] [~ fx,(z,0)zdzdd - Al ivative af(t) given byg'V(t) = |/ 5 =5~ i
|dA| B r-df - Al strictly negative whent > 0. Thus, g(t) is strictly decreasing
A\ rr?)zd whent > 0. Besides,
= AP L ), (@) :
r 27r . w1l . t
. lim 4/ ==(1—-2Q(t)) = limexp(——) =1,
where Al denotes the length of the small intersectionLif =0\ 21 =0 2

intersectsdA, and we apply Lemm@l 1 in the second equality im \/fl(l —2Q(t)) =0

in (38). The first equality in(38) can be explained througl. Fi t—oo \ 2 ¢ '

[10 as follows. The intersection ¢f, NdA|is Alif X, isin  The desired results follow by further observings a strictly
the shaded area arfidbtherwise. Noting that the probability Ofincreasing continuous function of2.

the event thafX ; is in the shaded areaf;OO fx,(z,0)xdzdo,

we have s
C. Proof of Proposition

E[|Ly NdA[] = AL- / fx,(z,0)zdxdd.  (39)  We use (generalized) argument for Buffon’s needle problem
. o ) ) in this proof. Consider the typical node located in ayaf
This and|dA| = r - df - Al give the desired equality. S0 sjze| 4] and cell boundarieB 4 of length|B,|. Then the prob-
N2 yg2 ability that this node crosses the small boundarywithin a
f(r0) = e;iiE/\[zr]) = \/Xexpﬂ(r A )a (40)  small time intervalt is Ap = ;- Ab-vAtE[|sin ©|], where
! © is uniformly distributed on[0,2x] (following from our
where we use the result tha@[L,] = 1/2v/X in the last mobility model) and thus?[|sin ©|] = 2. So the probability

s

equality. This completes the proof. that this node crosses, is p(A) = Ap - % - %% - VAL
Thus, conditioned on moving, the handover rate
B. Proof of Proposition 3 o . p(A) 2 i |Bal
From LemmdlL,fx, (r,0) = Aexp(—Anr?). We compute TS At 7 Al |Al
E[Napp as follows. 2 9d  4V/3v
oo o1 p(2n+1)R 77 9v3d2/2 3w d’
E[Nlapp= > n/ / Xexp(—Arr?)rdrdd W3 EV
n=1 0 JEnoLR CorrespondinglyE[N] = E[H*] - E[T]| = 3—% - E[T]
e T

=Y n(exp(—7m(2n —1)’R*X) — exp(—7(2n + 1)*R*))) B E[T] 4V3E[V]
nz::l ( andH = Er B[S 3r d

> exp(—m(2n +1)°R*N)
n=0

D. Proof of Proposition
Applying the general expression_{26) f6t- yields

4
St =— f(&ad, §d)-
vz
e 33 d/2 pV/3d/2 d p—V3x+V3d
E[Nlapp= ) exp <——2 (2n+1)2d2k>- / / dyd:c—i—/ / dyda,
0 0 d/2Jo

n=0

SubstitutingR = \/g = @ we obtain
m V2T
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constitute a tessellation @f, denoted by, (®). Now consider
[ the intersectiony, (z?|®) = F(x?|®) N L which can be
g either empty or a singleton. Clearlf;, ((?)|®) is the0-facet

AL of tessellationVy (®) if Fr(z(?|®) is nonempty. Now let
de dr of = {2 = {x1, 22} € &, : Fr(x®|®) # 0} which
%o parametrizes thé-facets ofV; (®). Then the intensity of the

0-facets ofV (@) is well defined as

L By zr@?]0) € B
/’LO |BL|1 )

where x{-} is indicator function taking value if the event
in its argument is true and otherwise,z (z(?|®) is the
centroid of theO-facets of V,(®), By, C L is any arbitrary
which equals Borel set andB;|; is the volume of3;, with respect toR.
Without loss of generality, assume th&i, is at the origin.
:3\/3 exp(—Ar (&5 d? +§§d2))i (41) Let L := L(Xo,X,) be the line containingX, and X1,
2 VE2+ &2 v and B;, the interval[ X, X1]. Then conditioned on the next

(43)

Fig. 10. A geometric illustration for the proof of Prdd. 1

where (&,,¢,) are a pair of constants in the regioh := WaypointX, = (r,¢), the expected number of handovers can
{(z,y) : = € [0,1],y € [0,% ] if z € [0,3)andy € be computed as
0,v3(1 — &) iflac € [3,1]}, and in the last equality we E[N|X, = (r,6)] = E] S iz € Br)]
use E[T] = - derived for constant velocity case in 2€Us cadCa. (B)NL
Section[TIl, and mean value theorem for integrals. Then, B Z {1 ( (2)|q)) 5,1 (44)
_ 3v/3__ 1 d = X1z € b
limy o ST \2; Jetar Next we give bounds on the x(®) cdL
constante := 33 —_L__. Using the bounds given in Prop. A
vea — i1 X0 - Xy = VP (45)
1—2Q( . d) where 9C5,(®) in @4) denotes the boundary of the cell
lim S& = lim Cz,(®). The equality in[(4K) follows by choosing the centroids
A—0 A=0 PIRVAN z1(z? as follows: for anyz(® € @}, choose the singleton
. /34 3 V3d F(x®?|®) N L as the centroidzz (z?|®) of the 0-facets
= lim TZGXP(_ZMZ A) = 5 (42) o Vi(®). The equality in [(4b) follows from[{43). The last

equality follows sinceul = 4,/p/m for Poisson-Voronoi
tessellation with intensity; [36]. Then handover rate can be
computed as follows:

Similarly, limy_,q S}’ = d/v. Since these bounds are strict
we conclude thatv € (‘/75, 1).

E. Proof of Proposition[7] H— E[N] - E[E[N|X, = (r,9)]]
. Iy . E[T] E[T)]

This proposition can be proved by following the proof of
Prop.[4. Nevertheless, we provide an alternative proof.here  — L/ / E[N|X1 = (r,0)]fx, (r,0)rdrdd
To this end, we first introduce some terminologies for ease EIT]
of exposition. Consider the set*) consisting of arbitrary 1 N2 )rdrdd
k distinct points in® on R2. Without loss of generality, W/ / (=AmrZ)rdr
we assumex®) = {:1:1,.. x}. Then if the intersection 1 40(3)
F(x®|®) = Nk Cp, (@) # 0, then F(z®|®) is called a = BT %2 \/: (46)
(3 — k)-facet. Now Iet<I>,C be the set of all configurations
xB~F) C ®. That is, the intersection of the Voronoi cells __L 2 (47)
associated with any configuratiaef>=*) ¢ @, is a k-facet. ET)mV A

For each configuratiom®=% = {z1,..,z3_,} € ®,, we where in [@6) we use Lemnid 1, and [n(47) we apply the
associate a point, -« (¢) called “centroid” such that for all result thatf; r*~* exp(—yar?) dr = Fﬁ(aa//ﬁﬂ) for o, 8,7 > 0.

y € R?, 2(x®% +y|® 4+ y) = y + z(z3~M|®). Note that Plugging E[T] yields the desired resuilts.
there are several degrees of freedom in choosing the cdstroi

We refer to [36] for more detalils.
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