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Abstract—A Physical layer Network Coding (PNC) scheme is
proposed for the K -user wireless Multiple Access Relay Channel
(MARC), in which K source nodes transmit their messages to
the destination node D with the help of a relay node R. The
proposed PNC scheme involves two transmission phases: (i) Phase
1 during which the source nodes transmit, the relay node and
the destination node receive and (ii) Phase 2 during which the
source nodes and the relay node transmit, and the destination
node receives. At the end of Phase 1, the relay node decodes
the messages of the source nodes and during Phase 2 transmits a
many-to-one function of the decoded messages. Wireless networks
in which the relay node decodes, suffer from loss of diversity
order if the decoder at the destination is not chosen properly.
A novel decoder is proposed for the PNC scheme, which offers
the maximum possible diversity order of 2, for a proper choice
of certain parameters and the network coding map. Specifically,
the network coding map used at the relay is chosen to be a K-
dimensional Latin Hypercube, in order to ensure the maximum
diversity order of 2. Also, it is shown that the proposed decoder
can be implemented by a fast decoding algorithm. Simulation
results presented for the 3-user and 4-user MARC show that the
proposed scheme offers a large gain over the existing scheme for
the K-user MARC.

I. BACKGROUND AND PRELIMINARIES

We consider the K-user Multiple Access Relay Channel
(MARC) shown in Fig. [I} Source nodes 51, Ss,... , Sk want
to transmit messages to the destination node D with the help
of the relay node R. All the nodes are assumed to have half-
duplex constraint, i.e., the nodes cannot transmit and receive
simultaneously in the same frequency band. In a K-user
MARC, the maximum diversity order obtainable is two, since
in addition to the presence of direct links, communication
paths exist from the source nodes to the destination node D
through the relay node R.

A. Background

In a fading scenario, Multiple Input Multiple Output
(MIMO) antenna systems provide gain in terms of spatial
diversity. However, in many practical scenarios, it is difficult
to place multiple collocated antennas in a single terminal. An
attractive alternative to obtain diversity gain without using
multiple antennas, is the utilization of intermediate relay
nodes which aid the transmission from the source nodes to
the destination nodes. In order to exploit the presence of
intermediate relay nodes to obtain diversity gain, the source
nodes need to convey their messages to the relay nodes. Due
to the superposition nature of the wireless channel, if the
source nodes transmit simultaneously in the same frequency
band, interference occurs at the relay nodes. A loss of spectral

efficiency results, if the source nodes transmit in orthogonal
time/frequency slots. A solution to this problem is the use of
physical layer network coding, first introduced in [1f], in which
the nodes are allowed to transmit simultaneously. Physical
layer Network Coding (PNC) has been shown to outperform
traditional schemes which involve orthogonal transmissions
[1]- [5]. So far, most of the works on PNC have mainly
focussed only on the two-way relay channel. In our recent
work [|6], we proposed a scheme based on PNC for the two
user MARC. In this paper, we present the generalization of
the scheme proposed in [|6] for the K-user MARC.

For the MARC, a Complex Field Network Coding (CFNC)
scheme was proposed in [7]. The CFNC scheme, like the PNC
scheme, avoids the loss of spectral efficiency, by making the
source nodes transmit simultaneously. But the major difference
between the CFNC scheme and the proposed PNC scheme is
that during the relaying phase, the CFNC scheme uses a signal
set of size M ¥ at R, whereas the proposed PNC scheme uses
a signal set of size M, where M is the size of the signal set
used at the source nodes.

As noted in [7], if the relay node transmits a many-to-
one function of the estimates of the messages transmitted by
the source nodes and minimum squared Euclidean distance
decoder is employed at D, a loss of diversity order results. This
problem of loss of diversity order due to error propagation,
is encountered in many other wireless scenarios as well and
various solutions have been proposed to avoid this problem.
Cyclic Redundancy Check bits are used so that the nodes
forward only those packets which are decoded correctly [J8].
Some works assume the knowledge of all the instantaneous
fade coefficients or error probabilities associated with the
intermediate nodes at the destination node, with the decoder
at the destination using this knowledge to ensure full diversity
[9], [10]. The CFNC scheme proposed in [7], uses a scaling
factor at the relay node which depends on the instantaneous
fade coefficients associated with the links from the source
nodes to the relay node, with the scaling factor indicated to the
destination using pilot symbols. The proposed scheme does not
suffer from the disadvantages of any of the above methods, yet
ensures the maximum possible diversity order. This is achieved
by means of an efficient choice of the transmission scheme and
the use of a novel decoder at the destination D.

For the proposed PNC scheme, making the source nodes
also transmit during the relaying phase, combined with a novel
decoder ensures the maximum possible diversity order of two.
Furthermore, if certain parameters are chosen properly, the



proposed decoder for the PNC scheme can be implemented
with a decoding complexity order same as that of the CFNC
scheme proposed in [7].

For the two-way relay channel, the network coding maps
used at the relay node need to form a mathematical structure
called Latin Squares, for ensuring unique decodability at the
end nodes [11]. The structural properties of Latin Squares
have been used to obtain the network coding maps in a
two-way relay channel [11]- [[13]]. Interestingly, choosing the
network coding map used at R to be a K-dimensional Latin
Hypercube, which is the generalization of the Latin Square to
K dimensions, helps towards achieving the maximum diversity
order of two for the K-user MARC.
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Fig. 1: The two user Multiple Access Relay Channel

The main advantages of the proposed scheme over the
CFNC scheme proposed in [7]] are summarized below:

e In the CFNC scheme, R transmits a complex linear
combination of the estimate of the messages transmitted
by the source node and the signal set used at R during
the relaying phase has M points, where M is the size
of the signal set used at the source nodes. The minimum
distance of the signal set used during the relaying phase
vanishes as K increases. In contrast, since the proposed
PNC scheme uses a many-to-one map, the signal set
used during the relaying phase has only M points. The
minimum distance of the signal set used at R is more
than that of the CFNC scheme and it remains the same
irrespective of the number of source nodes K. Hence the
proposed scheme performs better than the CFNC scheme.
Simulation results presented for the 3-user and 4-user
MARC confirm that the proposed PNC scheme provides
a large gain over the CFNC scheme.

o In the CFNC scheme, R uses a scaling factor which is a
function of the instantaneous fade coefficients associated
with the links from the source nodes to the relay node,
which needs to be indicated to D using pilot symbols.
Since the proposed PNC scheme does not involve any
such scaling factor, there is no need of such pilot symbols.

Notations: Throughout, vectors are denoted by bold lower case
letters and matrices are denoted by bold capital letters. The
set of complex numbers is denoted by C. CN(0,02) denotes
a circularly symmetric complex Gaussian random variable
with mean zero and variance o2 and A(0,02) denotes a

VELTR : F——hrp YD,

real Gaussian random variable with mean zero and variance
o?. For a matrix A, AT and A* denotes its transpose and
conjugate transpose respectively. For a complex number z,
x* denotes its conjugate and |x| denotes its absolute value.
For a vector v, ||v| denotes its Euclidean norm. The total
transmission energy at a node is assumed to be equal to E
and all the additive noises are assumed to have a variance
equal to 1. By SNR, we denote the transmission energy F.
For a signal set S, AS denotes the difference signal set of
S, AS = {z — 2'|x,2’ € S}. The all zero matrix of size
nxn is denoted by Oy,. The natural logarithm of z is denoted
by log(z). E(X) denotes the expectation of X. @[.] denotes
the complementary CDF of the standard Gaussian random
variable.

B. Signal Model

Throughout, a quasi-static fading scenario is assumed with
the channel state information available only at the receivers.
The source nodes want to transmit a binary vector of length A
to the destination node. At each one of the source nodes, the
binary vector is mapped onto a point from a M = 2 point
signal set denoted by S. Let 41 : F3 — S denote the mapping
from bits to complex symbols used at the source nodes.

The proposed PNC scheme involves two transmission
phases: Phase 1 during which the source nodes simultaneously
transmit and, R and D receive, followed by the Phase 2 during
which the source nodes and R transmit to D.

Phase 1: Let x; = pu(s;) € S,i € {1,2... K}, s, € F)
denote the complex symbol the source node S; wants to
convey to D. During Phase 1, the source node .S; transmits a
scaled version of x;. The received signal at R and D during
Phase 1 are respectively given by,

K
YR = Z hs,rvV Esa;x; + zr and
i=1

K
Yp, = Z hSz‘D\/Eaixi + +2zpy, (1
=1

where a; € C,i € {1,2..., K} are constants and the additive
noises zp and zp, are assumed to be CN(0,1). All the fade
coefficients are Rayleigh distributed, with the fade coefficient
associated with the S;-R link hg,r ~ CN(0,0% p), and
the fade coefficient associated with the S;-D link 'hsi D~
CN(0,0% p).

Based on the received complex number ygr, the relay
node computes the Maximum Likelihood (ML) estimate of

(z1,72,... ,7x) denoted by (27,28, ... 28) ie,
K
(&7, &%,... ,ix) = arg min . |nyZ hs,rV'Esa;x}).

(2] ,2h,... ,@ )ES P}

Phase 2: During Phase 2, the source node S; trans-
mits a scaled version of x; and R transmits zp =
f@f 2B .0 2R), where f : S — S is a many-to-one
function. The received signal at D during Phase 2 is given by,



K
YD, = > _ hs, 0V Esbiwi + hrpV/Estr + 2D, 2
=1
where b; € C are constants and the additive noise zp, is
assumed to be CA/(0, 1). The fade coefficient associated with
the R-D link hpp is assumed to be CN(0,0% ).

For the transmission energy at the source nodes to be equal
to F, the constants a; and b; are chosen such that |a;|? +
b =1,Vie {1,2...  K}.

From (T)) and (), the received complex numbers at D during
the two phases can be written in vector form as,

aj1xy blxl
a2T2 baxo
[yp, ¥p,] = VE:[hs;p hsyp...hsyp hrp]
| —— . .
yD h akTk brkTk
TR
—’_J
C(21,09, - TR TR)
+ [2p;  zD,] - 3)
D

The matrix C(z1,22,...,2k,2r) in @) is referred

to as the codeword matrix. The restriction of
C(z1,22,... ,2x,xr) to the first K rows, denoted by
Cy(x1,22,... ,xk) is referred to as the restricted codeword
T
: s _ |a1x1 a2 AKTK
matrix, 1.e., Cr(x1,$27 . ,xK) = \bizy  bows bR TR

The difference between any two restricted codeword matrices
is referred as the restricted codeword difference matrix, i.e.,

the restricted codeword difference matrices are of the form

_ |a1Azr axAzo ag Axg
Cr(Azy, Aza, ... ATk) = 1y Ap boAzs b Az g

where Az, € AS,Vi € {1,2,... ,K}.
From @]) the vector yp can also be written as,

)

K
YD = Z VEsz;hWi + /EscghWg + zp,
im1

where Wj is a (K + 1) x 2 matrix whose i" row is given by
[a; b;] and all other entries are zeros. For the (K +1) x 2 matrix
W, the (K + 1)™ row is given by [0 1] and all other entries
are zeros. The matrices Wi, i € {1,2... ,K} and Wg are
referred to as the weight matrices.

The contributions and organization of the paper are as
follows: A novel decoder for the proposed PNC scheme is
presented in Section II A. In Section II B, it is shown that
the decoder presented in Section II A achieves the maximum
diversity order of two if the following two conditions are
satisfied: (i) the map f used at the relay node forms a K-
dimensional Latin Hypercube and (ii) the constants a; and
bi,i € {1,2..., K} are such that every 2 X 2 square submatrix
of the restricted codeword difference matrices have rank two
when Ax; takes non-zero values. In Section III, the condition
under which the proposed decoder admits fast decoding is
obtained. It is shown that when at least one of the weight
matrices W; is Hurwitz-Radon orthogonal with Wg, the
proposed decoder admits fast decoding, with the decoding
complexity order same as that of the CFNC scheme proposed

in [7]. Simulation results which show that the proposed

PNC scheme provides large gain over the CFNC scheme are

presented in Section IV.

II. A NOVEL DECODER FOR THE PROPOSED PNC SCHEME
AND ITS DIVERSITY ANALYSIS

In the following subsection, a novel decoder for the pro-
posed PNC scheme is presented.

A. A Novel Decoder for the Proposed PNC Scheme

When D uses the minimum squared Euclidean distance
decoder given by,

min

(iD 2D
LT (z1.29,...,2 )€

K
SK {‘yDl - Z hs;,pV Esa; z;|?
i=1

~D
:IK) = arg

K
+lypy = Y hs;pVEsbi v — hrpVEsf(z1, 72, . .. JJK)|2} )

=1
a loss of diversity order results, since this decoder does not
consider the possibility of decoding errors at the relay node.
Alternatively, we propose a novel decoder given by,

D D D .

27,25 ,...,8% ) =arg min mq (z1,22,... ,2K),

(1 2 K) (117g127-<»7IK)€SK{ 1 (w1, 2 K)
log(SNR)+m2 (11’1‘27"' 733K)}7 (4)

where the metrics m; and mgo are given in (3) and (6)
respectively, at the top of the next page.

The idea behind the choice of this decoder is as fol-
lows: The optimal ML decoding metric at D is equal to
mq(z1,22,... ,2x), when the relay transmits the correct
network-coded symbol. The relay transmits a wrong network-
coded symbol, independent of (z1,x2,...,zk), if the joint
ML estimate at the relay (2%,2%,... #%) is such that
rr = f@F 28 . 2R) # f(x1,22,... ,2K). Under this
condition, the optimal ML decision metric at D is given
by ma(x1,x9,... ,TK). At high SNR, the relay transmits a
wrong network-coded symbol with a probability which is pro-
portional to . Hence, to the metric ma (21,2, ... ,Tk),
we add a correction factor of log(SNR) and the minimum of
my(z1,22,... ,2x) and log(SNR) +ma(x1,x2,... ,Tfk) is
taken to be the decoding metric at D.

The CFNC scheme proposed in [7] uses the minimum
squared Euclidean distance decoder, which has a decoding
complexity of O(M*). Since the decoder given in (@) involves
minimization over K +1 variables x1, x2, ... xx and xR, it ap-
pears as though the decoding complexity order is O(MX+1).
In Section III, it is shown that by properly choosing the
constants a;’s and b;’s, the decoding complexity order can be
reduced to O(M*) which is the same as that of the CFNC
scheme.

B. Diversity Analysis of the Proposed Decoder

The following theorem gives a sufficient condition under
which the decoder given in @) offers maximum diversity order
two.

Theorem 1: For the proposed PNC scheme, the decoder
given in @) offers maximum diversity order two if the fol-
lowing two conditions are satisfied:

1) The map f satisfies the condition,



K 2 K 2

mi (21,32, ,8x) = |yp; — D hs;pVBsai x| + |ypy, — > hs;pVEsbi i — hrpVEf(1,22,. .. ,ax)| , ®)
i=1 i=1
K 2 K 2

ma (z1,22,... ,TK) = YD, 7ZhSiD\/Esai x; min YDo *ZhsiDvEsbi z; —hrpVEsTR . (6)
i—1 zp#f(z1,22,... o), T RES i=1
K 2 K 2

mg (21,32, ,8x) = |yp; — D _ hs;pVEsa; x| + miens{ Yoy — O hs;pVEsb; i — hrpVEszr } : ©)
i=1 TR i=1

S TK)

’
s Li—15 Ty Tit1y .-

flx1,22,.. ., Ti1, %, Tig1,. .-

# f(@1,@a,...

for x; # «, forall i € {1,2,... ,K}.

2) All 2 x 2 submatrices of the restricted codeword differ-
ence matrices C,(Ax1, Axs, ... , Axk) have rank two,
VAzy, Azo, ..., Azxk # 0.

It is easy to verify that a map f satisfying condition 1)
above forms a Latin Hypercube of order M and dimension
K.

Definition 1: [14] A Latin Hypercube of order M and
dimension K is an array of dimension K, with the indices
for the K dimensions as well as the entries filled in the
array taking values from the symbol set {0,1... ,M — 1}.
Every symbol occurs exactly once along each one of the K
dimensions.

The i dimension of the Latin Hypercube represents the
transmission x; of the source node S,;. For simplicity, the
points of the M point signal set S are indexed by integers
from 0 to M — 1. The entries filled in the Latin Hypercube
represent the transmission of the relay node.

)]

W=D
S| W B = —
el E=I R Y
DI —| O W W

W =

Fig. 2: An example of Latin Square of order 4

A Latin Hypercube of dimension 2 is a Latin Square. Fig.
[2 shows an example of a Latin Square of order 4. It can be
seen from Fig. 2] that no two entries repeat in a row as well
as a column.

T3=0 =1 T3 =2 73=3

Fig. 3: An example of Latin Cube of order 4

A Latin Hypercube of dimension 3 is a Latin Cube. The
three dimensions of a Latin Cube are referred to as rows,
columns and pages. Fig. [3] shows an example of a Latin Cube
of order 4. It can be verified from Fig. [3| that in each one of the
four pages, no two entries repeat in a row as well as a column.

Similarly, for a fixed value of row index and a fixed value of
column index, the entries in the four pages are distinct.

- z3=1 23 =2 z3=23
01 23 3123 0123 0123
5103012 o] 1]2]3 1l2]3]0 2[3fo1
Ialslo]1 3lof1]2 ol1]2]3 1]2]3]o
z=0 2011913 21301 31012 0l1l2]3
3fo[1]2]3 112]3]0 21301 3lo0f1]2
ol 172370 2[ 3o 1 3012 o] 1]2]3
]:4:110123 1230 20301 3lo]1]2
213/0(11]2 0123 11230 203101
32301 3012 0] 1]2]3 121370
ol2[3To]1 3012 o] 1]2]3 1[2]3]0
11]2]3]0 203 o1 3012 ol1]2]3
=29 9l12]3 1]2]3]0 AEIRE 3lo1]2
33012 o] 123 1230 203701
olof1]27]3 1 3[o] [2]3]o]1 3[of1]2
1{3]o1]2 olt]2]3] [1]2]3]0 2]3]0]1
Ta=3 993701 sloft]2] [of1]2]3 1]2]3]0
31230 203701 3] 0(1]2 o] 1]2]3

Fig. 4: An example of Latin Hypercube of dimension 4 and
order 4

Fig. [] shows a Latin Hypercube of dimension 4 and order
4. In Fig. [] with a 4 x 4 square for the which the indices
of the third and fourth dimensions are fixed, no two entries
repeat in a row as well as a column. Also, when the first
three dimensions are fixed, no two entries repeat when the
fourth dimension is varied. Similarly, fixing the first, second
and fourth dimensions, the four entries obtained when the third
dimension is varied are distinct.

For the 3-user MARC, the following example gives a choice
of a;’s and b;’s for which Condition 2) given in Theorem 1 is
satisfied.

Example 1: For the 3-user MARC, choosing a; = 1

)

bl = 07'0’2 = %7 b2 : %7 a3z = % and b3 = 7%7
the restricted codeword dlfgrence matrices are of the form
Ty
Cr(Axy, Axg, Axg) = %Al‘z %Aﬂh . It can be ver-

%AJEg -1 A$3

V2
ified that when Az, Azs and Axg taﬁg non-zero values, the
rank of every 2 x 2 square submatrix of C,(Az1, Axs, Axs)
is two and hence condition 2) given in Theorem 1 is satisfied.



Example 2: For the 4-user MARC, choosing a1 =1, b; =

O,agzﬁ,b2:ﬂ7a5:\/§7b3: ﬁ,a4:%and
by = % the restricted codeword difference matrices are of the
Al’l 0
1 1
7A1'2 7Ax2
form Cr(Axl, ACCQ, Allfg, Al‘4) = EA —\/iA It
\/,5 x3 V2 x3
%A[L‘4 %szl

can be verified that when Az, Azo, Azs and Az, take non-
zero values, the rank of every 2 x 2 square submatrix of
C,(Axy, Azo, Axs, Axy) is two and hence condition 2) given
in Theorem 1 is satisfied.

In general, for the K-user MARC, there are many possible
ways of choosing a;’s and b;’s so that condition 2) given
in Theorem 1 is satisfied. Choosing K unit-norm vectors
[a; b;],i € {1,2,...,K}, from C? such that [a; b;] #
cla; b;],c € C, for all ¢ # j ensures that condition 2) given in
Theorem 1 is satisfied. One particular choice of a;’s and b;’s
which satisfies the above condition for the K-user MARC is
given in the next example.

Example 3: Consider the set of vectors over C? given by
V = {[cos(8)e’®

For the K-user MARC, choosing [a; b1] = [0 0] and
[a; b;],i € {2,3,...,K}, to be any K — 1 distinct vectors
from the set V' ensures that condition 2) given in Theorem 1
is satisfied.

III. A FAST DECODING ALGORITHM FOR THE PROPOSED
DECODER

In this section, it is shown that if the constants a;’s and
b;’s are chosen properly, the decoder given in (@) can be
implemented using an efficient algorithm with a complexity
order O(M*). Note that for the CFNC scheme proposed in
[7], the decoding complexity order at D is O(M*).

Before the algorithm is presented, some notations are in-
troduced. The points in the signal set S are denoted by
Si, 1 S ) S M.

From @]), the vector y;'S can be written as,

T
T
T__|aihs;p a2hs,D axhsygD 0 E T
= Zp.
y [blhle bahs, D brhsyp hrp|| s +2p
TK
Heq o
——

X

The matrix Heq can be decomposed using QR decomposition
as Heq = QR, where Q is a 2 x 2 unitary matrix and R =
[R1 Rs] is a 2 x (K + 1) matrix, with R; being upper-
triangular of size 2 x 2 and Ry being a 2 x (K — 1) matrix.
Let 7;; denote the (4, j)'" entry of R.

sin(6)], [— sin(8) cos(8)e %] : 0 < 8 < g —r<¢<x}

T
Define yp = QTy{E = [4p, p,]T. Also, let
K
o1(z1,22,. .. ,2K) = |Jp; — ZT’UL‘,\/ B,
¢2(21,@2,... ,TK) = |Jpy — ngzfﬂz
— rorgny fler, 22, .. ex)VES?,
¢3(z2,... ,TK,TR) = |IDy — Z roiwi/Es — ro(k+1)TRV E A

The following proposition gives a sufficient condition under
which Algorithm 1 below implements the decoder given in

@).

Algorithm 1 Decoding Algorithm used at D
1: for io = 1 to M do

2 for i3 = 1to M do
3 .
4
5: .
6: for ix = 1to M do
7: T2 <—S7;2
8: T3 < Sig
9:
10:
11: .
12: TK 4 Sig
13: Find 2] = argmlilieﬂs{%(whﬂlzx-n ,TK) + ¢2(x1, 22, ... ,TK)}
14: Find 22 = arg m‘izrzs{qﬁ(zl,:rz, oo, xr)}
£
15: Find 2r = arg min {¢3(z2,... ,2Kx,TR)}
zR€S
16: if ¢1(2],22,...,2x) + ¢2(],%2,...xx) < log(SNR)
+¢1(23, 22, ... , oK)+ d3(z2,... ,TK,ER)

then
17: m(z2,...,TK) = ¢>1(50 (T2, TK)+02(8], T2, ., TK)
18: il(Iz,.‘. ,IK)féL’l
19: else
20: m(za, ... ,ox) = ¢1(23, i)t és(ze, ... ,TK,ER)
21: + log(SNR)
22: f1($2,... ,IK):"%%
23: end if
24: end for
25: .
26:
27: .
28: end for
29: end for
30: Find (22,... ,2K) = arg min m(zz2,...TK)

(xg,... ,x)eSK—1

31: (&7, 85, #R) = (@1(&2, ... ,8K), 82, ... ,3K)

Proposition 1: Algorithm lﬂ implements the decoder in
@), if the constants a;’s and b;’s are such that the weight
matrices W1 and Wg are Hurwitz-Radon (H-R) orthogonal,
ie., Wle* + WRW1* = OK+1.

Proof: The decoding metric of the decoder given in (@)
can be written as,

min {mi (z1,22,... ,2K),log (SNR) + m2 (z1,x2,... ,ZK)}
(1,02, o

= min {m1 (z1,22,... ,2K),

(e1,20,.. a5
log (SNR) + my (z1,22,... ,zK),log (SNR) + m2 (z1,22,... ,ZK)}.
= min {m1 (z1,22,... ,0K), ©

(11,12,,.,.zK

log (SNR) + ms (1,22, ... ,TK)}-

A algorithm exactly similar to Algorithm 1 can be used with the roles of
S1 and S; interchanged, if W; and W are H-R orthogonal.



where the metric mg(z1,z2,...,2k) is given in (7), at the
top of the previous to the previous page. We have,

i) = min{lyp" — HeqxV/Es[*}
TR
= min {||¥p — Rxv/E|*}.
TRr€ES

Since R is upper triangular, 727 = 0. Also, the entry
ri(x+1) = 0, since W and Wg are H-R orthogonal (follows
from Theorem 2, [15]]). Hence, from (10}, it follows that,

Zrllxl V |2

m3(331,$27 s

(10)

mg(xl,xg,... , L |Z,ID1

+ 1’I11n {'yDz ZT%JJZ — T2(K+1) TrV E ‘ } (11

Hence,

min ms(xy,x2,... ,Tx) = min T1,%2,...,T

ses 3( 1,42y ) K) I1€S¢1( 1,42, ) K)

+ min ¢3(z2,..., 2K, TR).
TRES
From @]) the decoding metric can be written as,
min min T1,%2,...,T
(z2,...,xx)ESK T {E ES{(bl( b2 ’ K)
+¢2 (.1317.'1327.-. 733K)} 3

min xX1,29,... ,T
l‘lés(bl( 1y 42, 5 K)

+ mi€%¢3(m2a"' 7$K,$R)+10g(SNR)}
TR

|
In Algorithm 1, inside the K —1 nested for loops, the values
of x2,x3... ,xk are fixed and the operations in lines 13, 14
and 15 involve a complexity order O(M). The operations from
line 16 to line 23 involve constant complexity, independent of
M. Hence the complexity order for executing the nested for
loops from line 1 to line 29 is O(M*). The operation in line
30 involves a complexity order O(M*~1). Hence the overall
complexity order of Algorithm 1 is O(MX), which is the
same as that of the CFNC scheme proposed in [7].
Example 4: Continuing with Example 1, for the 3-user

MARC, when a; = 1, by = 0, ay = %, by = %
and ag = %, and by = —%, the weight matrices are
ven b _ [t 0 o o o &% o0 0"
given by, Wi = {0 0 0 0} » W2 = {0 o 0} :

oo L o T
_ V2 _10 0 0 0
ngo 0 _¢1§ 0 and Wg = [0 0 0 1 . It can
be verified that the matrices W7 and Wy are H-R orthogonal,

e, WiWR" + WRW;* = Oy4. Hence, for this case,
Algorithm 1 can be used to implement the decoder given
in @).

IV. SIMULATION RESULTS

Simulation results presented in this section compare the
performance of the proposed PNC scheme with the CFNC
scheme proposed in [7]], for the 3-user and 4-user MARC. In

the simulation results presented for 3-user MARC, the values
of the constants a;’s and b;’s are chosen to be the ones in
Example 1 with 4-PSK signal set is used at the nodes and the
Latin Cube given in Fig. [3|is used as the network coding map
at the relay node. For the 4-user MARC, the values of the
constants a;’s and b;’s are chosen to be the ones in Example
2 with 4-PSK signal set is used at the nodes and the Latin
Hypercube of dimension 4 given in Fig. [4] is used as the
network coding map at the relay node.

For the 3-user MARC, for the case when the variances of
all the fading links are 0 dB, the SNR Vs. Symbol Error
Probability (SEP) plots are shown in Fig. [5] It can be seen
from Fig. [5] that the PNC scheme performs better than the
CFNC scheme and offers a large gain of 8 dB, when the SEP is
10~*. Fig. |§] shows a similar plot for the case when 0§ , = 10
dB and 0% , = 0% = 0 dB, where i € {1,2,3}. It can be
seen from Fig. E] that for this case, the PNC scheme offers a
gain of nearly 6 dB, when the SEP is 10~*. Fig. [7] shows the
plots for the case when the R-D link is stronger than all other
links, i.e, 0% p = 0%,p = 0pp = 0dB,i € {1,2,3} and
0% = 10 dB. For this case, the PNC scheme offers a large
gain of about 12 dB, when the SEP is 10~%. Also, it can be
verified from the plots that the proposed decoder for the PNC
scheme offers the maximum possible diversity order of two.

Fig. [8 Fig. 0] and Fig. [I0] show similar plots for the 4-user
MARC with 4-PSK signal set. When the variances of all the
fading links are 0 dB, from Fig. [§] it can be seen that the
proposed PNC scheme offers a gain of 13 dB, when the SEP
is 10~*. For the case when O'%Z_R = 10,4 € {1,2,3}, and all
other variances are 0 dB, from Fig. E] it can be seen that the
PNC scheme offers a gain of nearly 7.5 dB, when the SEP is
10~—%. For the case when the link from R to D is stronger the
other links by 10 dB, it can be seen from Fig.[10| that the PNC
scheme offers an advantage of 17 dB over the CFNC scheme.

-+CFNC
~-PNC

10+ E

SEP

107 E

| | | | | | |
5 10 15 20 25 30 35 40
SNRindB

Fig. 5: SNR vs SEP plots for 4-PSK signal set for 0% p =
0%,p = orp = 0 dB for the 3-user MARC with 4-PSK signal
set.
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SNRindB
Fig. 6: SNR vs SEP plots for 02,z = 10 dB, 03,p = ogp =
o%p = 0 dB for the 3-user MARC with 4-PSK signal set.
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Fig. 7: SNR vs SEP plots for 4-PSK signal set for o3,z =
0%,p =0dB, o%p = 10 dB for the 3-user MARC with 4-PSK

signal set.
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Fig. 8: SNR vs SEP plots for 4-PSK signal set for 0% p =
0%,p = orp = 0 dB for the 4-user MARC with 4-PSK signal
set

SEP

| | | | | | | I
10 15 20 25 30 35 40 45
SNRin dB

Fig. 9: SNR vs SEP plots for 4-PSK signal set for 02,z = 10
dB, 0%,p = 0hp = ohp = 0 dB for the 4-user MARC with
4-PSK signal set.
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Fig. 10: SNR vs SEP plots for 4-PSK signal set for o3,z =
0%,p =0dB, o%p = 10 dB for the 4-user MARC with 4-PSK

signal set

V. DISCUSSION

A physical layer network coding scheme was proposed
for the K-user Multiple Access Relay Channel. For the
proposed scheme, a novel decoder was presented and it
was shown that the decoder offers the maximum possible
diversity order of two if the network coding map used at
the relay forms a K-dimensional Latin Hypercube and every
2 x 2 submatrix of a restricted codeword difference matrix
Ci(Azxy,xa,... ,Axg), Azx; £0,Vi € {1,2,... K}, has a
rank two. Also, it was shown that the proposed decoder can
be implemented using a fast decoding algorithm, if a weight
matrix W; is Hurwitz-Radon orthogonal with Wg, for some
i € {1,2...,K}. The problem of finding the constants a;’s
and b;’s which minimize the error probability in addition to
ensuring maximum diversity order remains open. Extension
of the proposed scheme for the case when there are multiple



relay nodes is a possible direction for future work.
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APPENDIX - PROOF OF THEOREM 1

Let H denote a particular realization of the fade coeffi-
cients. Throughout the proof, the subscript H in a probability
expression indicates conditioning on the fade coefficients. For
simplicity of notation, it is assumed that the variances of all
the fading coefficients are one, but the result holds for other
values as well.

Let E denote an error event that the transmitted message
K-tuple (z1,22,... ,xk) is wrongly decoded at D.

The probability of FE conditioned on H given
in (12), can be upper bounded as in (I3) (eqns.

(12) and (13) are shown at the next page).
Py {f@E 28 .0 2R) = f(x1,72,... ,2K) .and
Py {f@E a8, .0 2R) £ f(x1,70,... ,2K)} respectively

denote the probabilities that R transmits the correct and wrong
network coded symbol during Phase 2, for a given H. Also,

the probability Py {(37,2%,... ,2R) # (z1,72,... ,TK)
|fx1,502,...,x§) f(a:l,wz,...,a:x)} and the
probability Py {(27,27,... ,3R) # (z1,72,... ,TK)
‘fxl,xz,...,iﬁ);éf(ml,xz,...,m;()} in @)
respectively denote the probabilities of E given that

R transmitted the correct and wrong network coded
symbol for a given H. Py{E} can be upper bounded
(14), Py {f(a:l,xg”,... xKR)—mR}
denotes the probability that the network coded symbol
transmitted by R is x5 # f(x1,22,...,2x) and the
probability Py {(@P,28,... 28) # (x1,22,... ,2K)
| f(@8, 28, #%) =2y} is the probability of E given
that R transmits z/,, for a given H. Taking expectation of the
terms in (T4) w.r.t H, we get (19).

The rest of the proof of Theorem 1 is presented in two parts
as Lemma 1 and Lemma 2. In Lemma 1, it is shown that the

as in where

probability P{(&P,20,... 2R) # (z1,22,... ,2K)
| f@f,2F, ... 2R) = f (21, 22,... ,2K)} has a
diversity order two. Lemma 2 shows that the
probability P{(&0,20,28) # (x1,22,... ,7K)
| faf el . a:R) = xR} has a diversity order one.
Since P {f (@ el 0 2l = x’R} has a diversity order

one, Lemma 1 and Lemma 2 together imply that P {E} has
a diversity order two.

Lemma 1: When the two  conditions in  the
statement of  Therorem 1 are satisfied, the
probability P{(@&P,28,...2R) # (v1,22,... ,7K)
| f@f 28 2R) = f (z1, 29, .. ,IK)} has a diversity
order two.

Proof:

Recall that the decoder used at D given in (@) in Section II
A, involves computation of the metrics m; and mo defined
in (3) and (6). Under the condition that R transmitted the
correct network coding symbol, a decoding error occurs at

D only when my(z1,22,...,2x) > ma(z),zh,...,2%)
or mi(x1,%2,...,Tx) > log(SNR) + ma(z], x5, ... ,2%)
for some (x},z2,...,2%) # (x1,%2,...,2K). Hence,
the  probability P {(27,2%,...,4R) # (#1,22,... ,2K)
| f(@1,25, ... ,@%) = f (z1,22,... ,ox)} can be upper

bounded as in (I6), which can be upper bounded using the
union bound as in (eqns. (T6) and are given at the
next page).

The probability P {m1(x1,x2,... ,2x) > mi(z], 75, ... ,T%)
| F(2T, 25, ... ,2%) = f (z1,22,... ,2x)} is equal to the Pair-
wise Error Probability (PEP) of a space time coded 3 x 1
collocated MISO system, with the codeword difference

matrices of the space time code used at the transmitter

being of the form [Zﬁii Z;ﬁij ‘;Eﬁ;lf A(;Rr,
where Az, = i € {1,2,...,K and
Azg = f(z1,22,...,2x) — f(z},25,...,2%). When

# 0, for at least two values of i € {1,2,... ,K},
these codeword difference matrices are of rank 2,
other wise condition 1) given in the statement of



R .R
PP A

Pu{E} = Pu {038, ... ,aR) # (1,22, ... ,ax) | f(@

R
y3g) = f(z1,22,. ..

JER) = f(x1, 22, . .. ,IK)}

cox) } Pu { G af

+ P (@085, 3R) # (@ren, . sak) | £@F 85, 80 # f (@ en, . ok) ) P {fGT R, 8R) # f (@1,92, . 2x) |
(12)
< Pu {@038, . 8R) # (w2, o) | F@TL RS8R = f (@w2, ok )
+PH{(if)7i§),-~-7f5K)?5(1?1712,---, ) | f( 1751727~-~1i§)7£f(1119327-»-VTK)}PH{f(ii%yii‘gw”1§3§)7$f(111ﬂ727-»-7m1()}
13)
SPH{(i?,%D,---7f£)¢(x1712,»-»,1fk)|f(f?7i§7---,iﬁ):f(111I2,-~-7IK)}
+ Z PH{(i?nga"'vig) (5171’12; ,IK)|f(ji?vj§ iﬁ)zwﬁ?}PH{f@f;ig,,iﬁ):wlg}
~R - R ~Ry_ ./
r@fel . aly=aly,
2y A f (21,02, T )
(14)
P(E} < P{@7, 27, ... \4R) # (@1, 22, sox) | F@T 85 o 30) = f (@1,22,0 0 2x)
+ > P{(a?f’,i:QD,...,ig)#(wl,xz,.‘.7acK)}f(i:?,a??,...,:ig):a:;?‘}P{f(i?,ig,“.,:EK)—a:R} (15)
@Rl ally=aly,

alp A f (21,20, T R)

~R ~R

P{(if’,if,... JER) # (21,22, ... ek) | F@ET 25, ... E0) = f (21,22, ... 7ZK)}
=P{{mi(z1,22,... ,2K) > mai(a}, @y, ... ,35), (@], 25, ... ,a%) # (z1,22,... ,2K)}
U{mi(er, @2, .. 2K) > log(SNR) + ma(a), @, ... al), (25,35, ) # (21,22, o)} | f@T 5, 2R) = f (21,22, o) }
(16)
< Z P{ml(acl,xQ,...,acK)>m1(.t’1,3:'2,...,JCK)|f(ac?,ac§,§:§)—f(x1,x2,...,acK)}
(zh 2l al)esK
(=] 2h,... 2 )#(z1,22,. . T )
+ Z P{ml(xl,xz,...,acK)>10g(SNR)+m2($/1,x’2,...,acK)}fxl,xz,...,if}):f(a:l,zg,“.,ch)}. 17
(a:'l,m/z.m/K)ESK
(] ,@h,... 2 )# (w1, 29, )

Theorem 1) will be violated. When Az; #* 0 and
Az; = 0,Vi # j,4,7 € {1,2,...,K}, the codeword
difference matrices are full rank, otherwise condition 2)
in the statement of Theorem 1 will be violated. Since

the codeword difference matrices are full rank, the
probability P{mi(z1,z2,... ,xx) > mi(zh, 25, ... ,Tk)
| f@&F, 28, ... ,2%) = f(z1,22,... ,ax)} has a diversity
order two [16].

Let my be a metric as defined in (ﬂ;g[),
given in the next page. The probability
P{mi(z1,x2,... , oK) > ma(z), 25, ... ,2%) +log(SNR)
| f@f,&5,... ,#%) = f(v1,22,... ,ox)} can be written in

terms of the metrics m; and my as in (I9), which can be

upper bounded as in 20) (eqns. (I9) — (22) are given in the
next page).

Let Azg = f(x1,29,... ,0x) — &R, Az; = x; — x;. The
probability Py {mi(z1,z2,... ,2x) > ma(zh,z5,... ,2%,TR)
| F@&F, 258, ... ,2%) = f(z1,22,... ,ox)} can be written in
terms of the additive noise zp, and zp,, as given in 2I).

Let 1 = Zfil hS,;DaiVEsAxia XTo = (Zszl(h&Dbl —+
hrpAzg)VEs. Also, let zp = [zp, zp,] and x =

[£1  22])T. Then (@I) can be simplified as in @2,

where w = \/ﬂ%e{z]’gﬁ}7 is distributed according to

N(0,1). In terms of the @ function, the probability
—log(SNR) _ JIE . .

Py {wgiﬁnxu \/ﬁ} in 22) can be written as

Q [% + %} Note that ||x|| depends on the fade

coefficients. To complete the proof, it suffices to show that

log(SNR) | || ; ;
E (Q [W + WD has a diversity order two.

The vector x can be written as,

x=+/Fs[hs,p hs,p ... hsphrD]
h
T
alAazl GQA.”L'Q CLKAQTK 0
blAJ?l bgAJ?Q bKAQL‘K A.TR
AX

Since AXAX™ is Hermitian, it is unitarily diagonalizable,
ie, AXAX* = UXU*, where U is unitary and ¥ is a
diagonal matrix. Since AX has a maximum rank two, the
number of non-zero diagonal entries of 3 has to be less than
or equal to two. Let A and A5 denote the two diagonal entries
of ¥ which are possibly non-zero, with \; > \o. We have
|%||* = SNR hUSU*h*. Let h = hU = [hy hy h3]. The
vector h has the same distribution as that of h, since U is
unitary.

Since the rank of AX is at least one, A\; > 0. We consider
the two cases where Ao > 0 and Ay = 0.
Case 1: )y >0

For this case, upper bounding @ [M

V2| x|l

[l

T

by



K 2 K 2
ma(z1,22,... 2K, TR) = [Up; — P hs;pVEsaizi| + |yp, — Y hs;pVEsbi 2; — hrpV/Eszr| +log(SNR). (18)
i=1 =1
P{mi(er, o2, ,wx) > ma(al, @, ... wl) +1og(SNR) | f31, 25, ... &%) = f (21,22, .. ,ax) }
_ . ’ ’ ’ ’ ~R R ~Ry
=P m1($17$2a~~7w1<)> min m4(m1’12:~~~smK7zR)|f(w1’1‘27~~:IK)*f(l'lst?wH’IK)
T’R;éf(r’]TéTK
19)
< > P{m1(117I27~'71K)>m4(w/17$/2;'~~7wl1<:$/ﬂ)|f(i?7£§:-~;wg):f(a:l;w% '~,$K)}<
ol A f (a2 el )
R 1T TR
(20)
Py {m1(w1,$27~-~ L Tx) > maay, Th, .2 aR) | FET Y, ER) = f(o1, @2, . 71K)}
K
= Pu {|2p, 1> + |2D,|* > 10g(SNR) + |2p, + D _ hs;pVEsaiAxi|”> + |zp, + ZhsiD\/EsbiAaci + hrpVEsAzg|®}. @
=1 =1
. X —log (SNR) —log (SNR) [|%]]
:PH{2R6{ZD 7}§77”XH =Ppqw< ———"— —F . (22)
[l [l V2 x|l V2

I12)12

4

, we have

[l

Q [%} , which is upper bounded by e~
log (SNR) [I=]

Q{ VIl V2

Taking expectation w.r.t || and |hs|, from (23), we get,

] < ¢~ (M SNR|h1 >+ SNR|h2|?) (23)

log(SNR) | |Ix|l 1
E (Q [ V2||x]| + ﬂ]) < (1+>\1$NR)(1+>\25NR) Hence
E (Q [% + %D has a diversity order two.
Case 2: Ay =0 i
For this case ||x|| = /A1 SN R|h1|. Hence,

o[estsm ]
V2 || V2
_ | 108 (SNE) AN SNR|h| o
V2V A SNR|h | NG

Let r = |hy|. Taking expectation w.r.t 7, from (24), we get,

log (SNR) ||X||D
£ (o[e2om 1l
( V2]x]| V2
:/ Q[ log (SNR) +V)qSNRr} ore="" g
r=0  LV2VA1SNRr V2
SR Q{ log (SN R) Wr}re,ﬁ "
r=0 V2V 1 SNRr V2
Iy
+/°° 2Q{ log (SNR) \/AlsNRr]Te_Tzdr
vy [ EGRD V2V A SNRr V2 '
I

In the rest of the proof, we show that the integrals I;

. log(SNR)
and I, have diversity order two. Note that V3 > SNEr +
7“‘1\%\”%, as a function of r, attains the minimum value
when r = lci\gl(gig? and the minimum value equals

/21og(SNR). Since, Q(x)

is a decreasing function of x, we

log(SN R) VA1 SNRr
have, Q[\f\/mr—i_ v } < Q[ 210g(SNR)}.

Hence, we have,

Tog(SN R)
N1SNR

_ 2
re” " dr

I < 2Q [v/2108(SNR)| /

-

can be approximated as 1 —

2 log(SNR) .
S SNR MSNE - Since

_ log(SNR)
N1SNR

A U

Since for small x, e~
x, at high SNR, we have I

x

1o (2log(SNR)>

lim RANRYCA; = 2, I; has a diversity order at
SNRooo  log(SNR) P00
least two.

Let ro = h)/\g;gi]]\\,]g). The integral I, can be upper

00 log(SNR M SNRr
bounded as, I, < [ Q L@% 4 YASD }rdr.
Let v = \}205% + YMSNEr - Aq g function of r, 7/
1 r

is monotonically increasing for » > rg. Also, for » > rqo, r
r’'+4/7'2—21og(SNR)
V2MSNR :

can be written in terms of r’ as, r =

— g1 I ;
We have, dr = dr JINSNE <1 + m) . Since

’ .
r < ﬁ, I, can be upper bounded in terms of ' as,
1

o0 / ! /
I < / QUM (4, " dr’
V2 log(sNR) MSNR 72 — 2log(SNR)
]. /00 ! ! /
= — Q(r)r'dr
MSNR v/21log(SNR) ( )
Iy
0o Q(T’)T’Q /
AlSNR 2log(SNR) /1'% — 2log( SNR

I22

2
2

Upper bounding Q(r') by e~z , I5; can be shown to be
upper bounded as ﬁ, which falls as SNR™2. Upper
2

bounding Q(r’') by e_%, and using the transformation ¢ =



"2 —21og(SNR), Iy, can be upper bounded as,

-2

I
2= SNR?/ \/\/t+2log SNR

2log(SNR) e 2
MSNRZ \f\/t+210g SNR
1 o t 2
< — 2dt+ ——— —dt
= )\15NR2/0 ¢ ratt )\15NR2/0 i
_ 2+42y2rmlog(SNR)
A1 SNR?
where the second inequality above follows from the facts
that ——L —— < L and —L < 1 for
\/t+21log(SNR) Vvt \/t+21log(SN R)

sufficiently large SNR The last equality follows from
the fact that foo =dt = +2U(1/2) = V2m, where

I'(z) is the 1ntegra1 I(z) = [ e 't*"'dt. Since,
—log <2+2mlog(SNR))

e~ 5

i A SNR? I di .
SNggoc los(SNR) = 2, Iy has a diversity
order 2. This completes the proof of Lemma 1. ]

Lemma 2: When the two  conditions in  the
statement of Theorem 1 are satisfied, the prob-
ability P{(@P,aP, ... 2R) # (x1,20,... ,2K) |
f(lea‘%gaaa‘%R):mlR}ale 7£ f(xlax%"',xK)v
has a diversity order one.

Proof: Let my4 denote the metric as defined in
(23), given at the top of the next page. Under the

condition that R transmitted the wrong network coded
symbol 7, a decoding error occurs at D only when

ma(z1,22,. .., Tk, 2R) > ma(xy,zl, ... 2%, %)
or my(z1,%2,...,TK,TR) > ma(zy, 2y, ..., 2%),
for some (zf,2f,...,2%) + (x1,22,... ,ZTK)
and 2’ # f 24, ... ,2%). Hence, the
probability P{(&P,2D,... ,20) # (v1,22,... ,2K)
| f(&f,2F,... &%) =2y} can be upper bounded as in

(eqns. - are shown at the top of the next page).
Using the union bound, from 26)), we get (27).

Since the matrix QT az AT, K AT 0 }T
b1A$1 bgAJig bKAJL‘K AZ‘R

has rank at least one for (x1,%9,...,%k) *
(«f,2f,...,2%), where Azxp = zh -
flf 24, ... a%), and Az; = x; — zf/, the probability
P{ma(x1,22,... x5, 2) > ma(zl,ah, ... 2%, o)
| f(@f,2F,... ,#%) =2} has a diversity order at least
one.

Py {m4(x1, To, ..., T, TR) >mi(a], zf, ... 2%)

| f(&f,2%,... &%) =2/} can be written in terms of the

additive noise zp, and zp,, as given in (28).

Let 1 = Eszl hs,paiV/Esx;, x3 = (Zfil hs,pbiz; +
hRDAxR)\/E- Also, let zp = [ZD1 ZDQ} and x =
[z1 x2)T. Then (28) can be simplified as in (29), where
w = V2Re{z} i}, is distributed according to A(0,1).

Hence,
log (SNR) ||X||}
Ppow< =22~ =
H{ T V2l V2
L | [los(NR) )
= HlIxlI*<log(SNR)} B \@HX” _\/i
log (SNR) |||
+1{|x|2>10g(SNR)}Q|:_ a2 x +% (30)

Taking expectation with respect to the fade coefficients in

3oy, P {w < ls(SNR) %} can be upper bounded as,

V2]l
log (SNR) ||| 2
P{WSM\/?}SP{”X” §10g(SNR)}

+/ 0 { log (SN R) ||x|]
HellslossNR) L V2l V2
(3D
The vector x can be written as,
x=+\/Eglhs,p hs,p ... hsyphrp]
h
T
alel GQALL'Q aKAmK 0
blel bgAJ?Q bKAJJK A.Z‘R ’

AX

Since AXAX* is Hermitian, it is unitarily diagonalizable, i.e,
AXAX* = UXU*, where U is unitary and X is diagonal
with A; and A\, denoting the two possible non-zero diagonal
entries, where A\; > \q. Since the rank of AX is at least one,
A1 > 0. We have |x|| = SNR hUXU*h*. Let h=hU=

[hy hg hs). The vector h has the same distribution as that of
h, since U is unitary. Hence, we have,

7 = log(SNR
P{|lx|]* < log(SNR)} = P{Mhu? + dalfaf? < %}

— 5 log(SNR)
P{)\1|h1| < o
Since, |ﬁ1\2 is exponentially distributed,
P{IIxl* < log(SNR)} < (1 -~

log(SNR)
NISNR

log(SNR)
A1SNR )

At high SNR, 1 — e~ can be approximated as

k)/\gl(gigg)_ P{||x||2 < log(S’NR)} has a diversity order at
log(SN R)
least one si li _log< AL ) 1. Since Q(z) <
east one since _ lim = 1. Since
NR=oo  log(SNR) v

e~ 'z, the integral on the right hand side of can be upper
bounded as,

/ Q{ log(SNR)_FHX} dH
H:{|[x]2 >log(SN R)} V2| V2
(- 710*{(‘5va)+\\ H)
< / e dH.  (32)
H:{|[x]2>log(SNR)}

We consider the following two cases when A2 > 0 and Ay =
0.
Case 1: Ay >0



K 2
ma(T1,T2,... ,TK,TR) = |YD; — E hs;pV Esa; z;
i=1

+

K 2
Yoy — O hs;pVEsbizi — hapV/Eszr| +1og(SNR). (25)
i=1

~D D ~D ~R ~R
PG48, ... 4R) # (v, w2, wx) | FG@T AT

= Z P{{m4(x1,x2,...
(z'} x'h)es?
(m%,r%)#(zl,xz,.,. VTR

< X >
1" 1" 2 1
" /(/xA’mB)ES 1" IRE/‘/S’
(@ o)A (@1 wg, o) B RAS (@] @

~R ’
,8x) = JCR}

"

P {ma(z1,z2,...

3

+ 2
(1%,1%)652
(2'4,2)#(x1, 22, )

JTr,TR) > ma(zly, ah, 1), o # f(ah, 25)} U{ma(z1, 22, ...

’xK7$IR) > mda:%,:z:%,x%) ‘ f(@

P{m4(z1, 22, ...

"R .R
JTr,TR) > mi(zly,ah)} | f(21, 25, ...

R .R ARy 1
18, , %K) =g

LT, TR) > my(zy, ) |f(§:1,i’§,... ,ig):x/}%}. 27)

Py {log(SNR) + ma(z1,z2,. ..

~R R
L, T, xR) > my(zy, zh) } f@y, &y, ...

~R ’
JEBR) = mR}

K K
= Py {‘ ZD, ‘2 + |ZD2|2 + log(SNR) > |ZD1 + Zhsipv Esa;Ax; + |ZD2 + ZhsiD\/ Esb; Ax; + hRDA.’L‘R‘Q}. (28)

log (SN R)

lI=Il

- Py {ZRe {zD*i} <
[l

i=1

_HX“}:PH{UJSW

i=1
log (SNR) uxn}

kall] 29
72 (29)

For this case, from the integral in (32), we get,
log (SNR) ||l
N
/H:{nxn2>log<szvm} V2l V2

o > SNR(A Ry 12+ Ag ho|?
< / / 6log(SNR)e— A1l ‘li 2lhal®)
|h1|2=0 J |ha|2=0

7.2 T2 ~ ~
e*‘hl‘ e*|h2| d|h1|2 d|h2|2

3 SNR
(1 BLZE) (1 2250y,
which falls as SNR~! at high SNR.
Case 2: Ay =0
For this case,

log (SNR)  [|%]
Ié/ Q[+ F(H)dH
H:{[1%][* >log(SN R)} V2| V2
VALSNR|hy| — \/log(SNR)

V2
2y |e ™ dlhy|. (33)

<
> /ﬁ1|> /Tog(SNR)
VA1 SNR

X1 SNR

The above inequality follows from the fact that for |i~11| >
log(SNR) log(SNR -
Viog(SNR) _% <- l0g(SNR). Let r = |h].

. SNR ’
From (33), since Q(x) < e~ the integral I can be upper
bounded as,

L4 MSNR VA SNRIog(SNR)
- 4 "4+ X.SNR
k1 k2

I S/ Iog(SNR) ¢
/A ONR

| ——
0

_10g(SNR)  log(SNR)X\|SNR
1

e 16+ SNE g

k3
(34)

Let 79, k1, k2 and k3 be defined as shown in (34). From
(34), the upper bound on I can be written as,

I< @/ 2(r — /<:2)67k1(7'7k2)2d7“ + ko k3/ eikl(rib)?dr-
>70

-2 r>70

Since frzro e—kilr=k2)* g — \/gQ [(T‘o - k2)\/2k1} )
I< ﬁe—kl(ro—kz)z + ko ks le [(7“0 — k) /2/61} .
1 V k1

~ 2k
Since Q [(ro — k2)v/2k1] < 1, e F10=k2)" < 1 and ks
can be approximated as one at high SNR, substituting for
ro, k1, ko and ks, we get,

1 V7TAMSNRIog(SNR)

1< + .
— AMSNR
2(1+255) (44 M SNR) /1 + MSNE

Since the above upper bound on I falls as SN R~ at high
SNR, I has a diversity order at least 1. This completes the
proof of Lemma 2. [ ]
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