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Abstract

This paper investigates how multiuser dimensions can tffdg be exploited for target degrees of freedom
(DoF) in interfering broadcast channels (IBC) consistirfg fo-transmitters and their user groups. First, each
transmitter is assumed to have a single antenna and sermgausser in its user group where each user has receive
antennas less thali. In this case, & -transmitter single-input multiple-output (SIMO) interénce channel (IC)
is constituted after user selection. Without help of mgkiudiversity, K — 1 interfering signals cannot be perfectly
removed at each user since the number of receive antennamieisthan or equal to the number of interferers.
Only with proper user selection, non-zero DoF per trangmiis achievable as the number of users increases.
Through geometric interpretation of interfering chanpels show that the multiuser dimensions have to be used
first for reducing the DoF loss caused by the interfering aliggnand then have to be used for increasing the DoF
gain from its own signal. The sufficient number of users far target DoF is derived. We also discuss how the

optimal strategy of exploiting multiuser diversity can lmmlized by practical user selection schemes. Finally, the
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single transmit antenna case is extended to the multipletimultiple-output (MIMO) IBC where each transmitter

with multiple antennas serves multiple users.
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I. INTRODUCTION

Interference is a major performance-limiting factor in raodwireless communication systems. Many
interference mitigation strategies have been proposechpoave network spectral efficiency. By allowing
partial or full cooperation among interfering base stationterference can effectively be managed and
spectral efficiency can be improved. Joint beamforming [id aetwork MIMO (or multicell processing)
[2] among base stations have been shown to be effectivdendece mitigation techniques. However, if
cooperation among transmitters is not allowed, orthogomdtiple access has been a traditional solution
to interference. In d(-user single-input single-output (SISO) interferencencie (IC), for example, each
user can achievé/K degrees of freedom (DoF) by time division multiple access.

In recent years, interference alignment (IA) techniqueshaceived much attention![3]+[6]. The basic
concept of IA is to align the interfering signals in a smalinéinsional subspace. Infg-user SISO IC,

K /2 DoF have been shown to be achievable using IA [3]. Althouglptévides a substantial asymptotic

capacity gain in interference channels, there are manyipaachallenges for implementation. IA requires

global channel state information at the transmitter (CSANd imperfect channel knowledge severely
degrades the gain of IA. In some channel configurations, sygrghould be extended in the time/frequency
domain to align interfering signals. The high computatloc@mplexity is also considered as a major

challenge. To ameliorate these difficulties, many IA aldornis have been proposed such as iterative IA
[5] and a subspace IA [6].

For interference suppression, multiuser diversity cao bésexploited by opportunistic user selection for
minimizing interference. The interference reduction byltmaer diversity can be enjoyed without heavy
burden on global channel knowledge because user selectiganeral requires only a small amount of
feedbackl[7]-[14]. In this context, opportunistic intedace alignment (OlA) has been recently proposed
in [9] and has attracted much attention. In a 3-transmittex 2/ MIMO interfering broadcast channel
(IBC), the authors of [11] proved that)M (wherea € [0, 1]) DoF per transmitter is achievable when the
number of users scales &V, In [12] and [13], aK-transmitterl x 3 SIMO IBC and aK-transmitter
1 x (K — 1) SIMO IBC have been studied, respectively. For SIMO inténfgmultiple access channel
(IMAC) constituted by K -cell uplink channels withV/ transmit antennas and single antenna users, the

authors of [14] showed thak M/ DoF are achievable when the number of users scale®as) . In



these schemes, user dimensions are used to align the imgréggnals; each transmitter opportunistically
selects a user whose interfering signals are most alignexh@utine users associated with the transmitter.
Contrary to the conventional opportunistic user selectemhniques!|7],[8],[[15]+-[18], the OIA scheme
exploits the multiuser dimensions for interference alignm

In this paper, we investigate the optimal role of multiuseedsity for the target DoF in the IBC with
K-transmitters and generalize the results/of [12] [13]. frar A -transmitter SIMO IBC, each transmitter
selects and serves a single user in its user group consitingusers. Once aftek -transmitters select
their serving users, &-user IC is constructed. Each user Mgsantennas less than or equal to the number
of interferers, i.e.N, < K — 1. Thus, without help of multiuser diversity, interferendeeach user cannot
be perfectly removed so that the achievable rate of eaclsrtrigier goes to zero as signal-to-noise ratio
(SNR) increases. Consequently, the achievable DoF pesrittier becomes zero. However, non-zero DoF
per transmitter is achievable by exploiting multiuser dity as the number of users increases.

Since opportunistic user selection can focus on either resihg the desired signal or decreasing
interference, non-zero DoF can be obtained by properlymihg the desired signal strength and reducing
interference via user selection. That is, the non-zero Daemprises a DoF gain termy, > 0 from the
desired signal and a DoF loss terfn > 0 caused by interference such that— d, = d, and the target
DoF d can be obtained by a proper combinationipfandd,. However, many questions remain unsolved,
what is the feasible and optimal combination(df, d-) for the target Dok (= d; — d») and what is the
sufficient number of users for the target DoF achieving stjatWe answer these fundamental questions
and analytically investigate how the multiuser dimensioas be optimally exploited for the target DoF
in the IBC. Specifically, from geometric interpretation oterfering channels, we define an interference
alignment measure that indicates how well interferenceadgare aligned at each user.

Using the interference alignment measure, we first consltef - transmitters SIMO IBC and show
that the DoF gain ternd; can be achieved if the number of users scales in terms ofnitpewer P

“=Y and the DoF loss term can be reduceddtoif the number of users scales &§ o

asN « ef
pU-d)(K=N:) From these results, we find the optimal strategy of expigitinultiuser diversity for the
target DoFd in terms of the required number of users; the optimal targ#t Bchieving strategiggl;, d3)

are(1,1—d) and(d, 0) for the target Dokl € [0, 1] andd (> 1), respectively. We also investigate how the



optimal target DoF achieving strategy;, d;) can be realized by practical user selection schemes. Then,
we extend our results to th&-transmitter MIMO IBC where each transmitter ha's multiple antennas
and serves multiple users withi, receive antenna each. Our generalized key findings are stipathas
follows:

« For the target Dokl € [0, V], (d7, d3) = (N, N;—d) is the optimal target DoF achieving strategy that
minimizes the required number of users. That is, the mudtidémensions should be exploited to make
the DoF lossV, — d. The sufficient number of users for this strategy scalesNke: P(@/Ne)(KNe=Nr)

« For the target DoKl (> N;), (d},d5) = (d,0) is the optimal target DoF achieving strategy which
minimizes the required number of users. That is, the mudtigBmensions should be exploited to
make the DoF loss term zero as well as to make the DoF gaindeilthe sufficient number of users
for this strategy scales lik&/ oc e ™" pENi=Nr)

The rest of this paper is organized as follows. In SectiorwH, describe the system model. In Section
lll, a geometric interpretation of interfering channelgpi®svided, and the interference alignment measure
is defined. Section IV derives the optimal strategies of @dhg the target DoF in terms of the required
number of users. In Section V, we show how various practisar selection schemes exploit multiuser
diversity for the target DoF and discuss their optimalityatthieve the target DoF. The system model is
extended for the MIMO IBC in Section VI. Numerical result® ahown in Section VII, and we conclude
our paper in Section VIII.
— Notations

Throughout the paper, we use boldface to denote vectors atdces. The notationdf, A;(A),
and V;(A) denote the conjugate transpose, ilfe largest eigenvalue, and the eigenvector of mafix
corresponding to théh largest eigenvalue. For convenience, the smallest eadyem the largest eigenvalue,
and the eigenvectors corresponding eigenvectoraA @fre denoted ad i, (A), Amax(A), Viin(A), and
Vimax(A), respectively. Alsol,, C", and C™*™ indicate then x n identity matrix, then-dimensional

complex space, and the set.af x n complex matrices, respectively.



[I. PROBLEM FORMULATION
A. System Model

Our system model is depicted in Fig. 1. The system corresptmdhe interfering broadcast channel
(IBC) of which capacity is unknown. There afé transmitters with/V, transmit antennas each, and each
transmitter has its own user group consisting\ofusers with/V,. antennas each. First, each transmitter is
assumed to have a single antenna, Mg.= 1, and serves a single user selected in its user group so that
K-transmitter SIMO IC is opportunistically constituted.elsystem model with multiple transmit antennas
(i.e., N; > 1) becomes statistically identical with the single transamtenna model if each transmitter
uses a random precoding vector. In Secfioh VI, we extend yates1 model to thé{-transmitter MIMO
IBC where each transmitter with multiple antennas serveshltiple users through orthonormal random
beams.

In this paper, we focus on the cases that the number of reesitennas is smaller than the number
of transmitters, i.e.V, < K. Otherwise (i.e., ifN, > K), each user can suppress all interfering signals
through zero-forcing like schemes so that DoF one is tfivigbaranteed at each transmitter. We also
assume that collaboration or information sharing amongtriduesmitters is not allowed. Since the user
selection at each transmitter is independent of the otlasinitters’, we only consider the achievable
rate of the first transmitter without loss of generality. 8ltihat the average achievable rate per transmitter
will be same if the configurations of the transmitters areniabal.

At the first transmitter, the received signal at thth user denoted by,, € CV*! is given by

K

Yn = hn,lxl + Z hn,kxk’ + Zn,
k=2

whereh,,; € C**! is the vector channel from theth transmitter to theith user whose elements are
independent and identically distributed (i.i.d.) ciraljasymmetric complex Gaussian random variables
with zero means and unit variance. Alsg, € C'*! is the transmitted signal using random Gaussian
codebook from théth transmitter such tha|x,|*> = P, whereP is the power budget at each transmitter.
Also, z, € CN<1 is a circularly symmetric complex Gaussian noise with zemamand an identity
covariance matrix, i.e.z, ~ CN(0,Iy.). Assuming perfect channel estimation at each receiver, the

channel state informatiofh,, ; } X, is available at theith user.



The received signal is postprocessed at each user usiniplauéiceive antennas. Let, € CV~*! be the
postprocessing vector of theh user such thatv,||* = 1. Then, the received signal after postprocessing

becomes

K
Viyn = Vibars+ ) vib ey + vz, (1)
k=2

To aid user selection at the transmitter, each user feedsaaiar value back to the transmitter. Various
user selection criteria and corresponding feedback irdtion will be discussed in the following sections.
Since no information is shared among the transmitters, é@ctsmitter independently selects a single
user based on the collected information.

Let n* be the index of the selected user at the first transmittem,Tie average achievable rate of the

first transmitter is given by

Plv . h,.|?
RE2Elog, | 1+ |VI’{‘ jrl . (2)
1 + PZk:Q |Vn*hn*,k 2
We decompos& into two termsR+ and’ R~ such thatR = R*™ — R, which are given, respectively, by
K
R*+ = Elog, <1+PZ|vIL*hm7k|2>7 (3)
k=1
K
R~ = Elog, <1+PZ|vjﬁhn*7k|2> . (4)
k=2

Then, the achievable DoF of the first transmitter becomes

+ R-
lim = lim — lim .
P—oo logy P P—oclogy P P—oolog, P

(5)

We call lim 2 and lim X asDoF gain termand DoF loss term respectively.
P—oo logy P P—>0010g2 P

B. Problem Description

The achievable rate of each transmitter depends on the nuphlisers because multiuser dimensions
are exploited for a rate increase. When there are fixed numbessers, the achievable rate of each
transmitter will be saturated in the high SNR region due terfierences because the number of receive
antennas at each user is smaller than the number of totaintittars. Consequently, the first transmitter
cannot obtain any DoF, i.e.,

R
i = 0.
i e p =0 ©)

Fixed N




In this case, both the DoF gain term and the DoF loss term bea, i.e.,

Rt R~
lim ——, lim —— | = (1,1). 7
(Pljl;lo 10g2P7 PLH;lo 10g2P> ( ! ) ( )

Fixed N Fixed N

On the other hand, when the transmit power is fixed, the aahlewate of the selected user can increase

to infinity as the number of users increases, i.e.,

lim R = oc. (8)
Fied P

Then, how much DoF can be achieved when both the number of aser the transmit power increase?

Obviously, non-zero DoF can be obtained by exploiting nugkr dimensions, and the achievable DoF

: . R
g L g ©)
will depend on the increasing speeds &fand P. In this case, Dokl (> 0) at the first transmitter

comprises the DoF gain terfy (> 0) and the DoF loss termd, (> 0) such thatd; — d, = d, i.e.,

(dy,dy) & < lim (10)

n _
P—o0 log, P’ Ill—rgo log, P) '
We call (di,d;) as atarget DoF achieving strategif d = d; — d» for the target DoRd. Since each
strategy requires different user scaling, we need to findofitenal DoF achieving strategy that exploits
multiuser diversity most efficiently, i.e., which requird®e minimum user scaling. For tharget DoF
per transmitter/ (> 0), we find the optimal target DoF achieving strategy, d;5) satisfyingd; — d; = d
and derive the required user scaling. Note that the defmiibDoF in this paper is extended from the
conventional definition of DoF in order to properly capturaltiuser diversity gain in terms of achievable
rate. Achievable DoF defined ifi](9) depends on increasingdspef N and P; and can have non-zero

values even larger than one if the number of users propedesavith the transmit power.

C. DoF Achieving Strategies and Reduced Set of CandidatdabddOptimal Strategy

From the definitions of the rate gain term and the rate losa tgven in [3) and[(4), respectively, the

strategies which achieve the target Défare given by
{(dl,dg) | dl—dgzd, d1 ng, d1 20, dQZO} (11)

The following lemma shows that we do not need to considerfahe candidate strategies in {11) but

take into account only a subset 6f[(11) to find the optimaldai@oF achieving strategy.



Lemma 1. For any non-negative target DoF, the optimal DoF achievitigtegy is in the set
{(di,ds) | di € [1,00), do € [0,1], dy —dy = d}. (12)
Proof: At each channel realization, the achievable DoF has the fdrm
log, (1+X +Y) —log, (1+Y), (13)
2andY £ PN vl hye

where X £ |vfl*hn*,1 2 are its own signal power and the interfering signal

power at the selected user, respectively. Since the fundfi) is an increasing function of and a
decreasing function of", for an increase of(13), the multiuser dimension should $eduor increasing
X, for decreasing’, or mixture of them. This fact results ia_(12). [ |
Lemma 1 provides a basic guideline of using the multiuseredision; multiuser diversity should not
be used for either decreasing DoF gain term or increasing IDs$-term. Since the optimal target DoF
achieving strategy is obtained in the reduced set of catelistaategies, we consider the DoF gain term
larger than one and DoF loss term smaller than one,d;es [1,00) andd, € [0, 1], in the latter parts

of this paper.

[Il. INTERFERENCEALIGNMENT MEASURE
A. Where does the DoF Loss Come from?

In our system model, each user suffers fréfm- 1 interfering channels which is larger than or equal
to the number of receive antennas, i.&.,— 1 > N,. Since the interfering channels are isotropic and
independent of each other, they spsndimensional space. Thus, the whole signal space at the/eece
is corrupted by interfering signals, and hence the DoF less tbecomes one if no effort is made to
align interfering signals. On the other hand, the DoF loss lma reduced by aligning interfering signals
in smaller dimensional subspace. For example, if the ieterd signals are perfectly aligned (v, — 1)-
dimensional subspace, they can be nullified by postpravgss that we can make the DoF loss zero.

The transmitter can exploit the multiuser dimensions tgrainterfering signals by simply selecting
a user whose interfering channels are most aligned. Thut, eser needs to measure how much the
interfering channels are aligned {&V, — 1)-dimensional subspace at the receiver. We call this measure

as theinterference alignment measura this section, we geometrically interpret the interigrichannels



and define the interference alignment measure at each useinnierference alignment measure will be

used for computing the reducible DoF loss via multiuser il in Section V.

B. Preliminaries
Let Sy be the surface of théV,.-dimensional unit hypersphere centered at the origin, i.e.
Sp = {x € C"| ||x||* = 1}.

For an arbitrary unit vectoe € C* and an arbitrary non-negative real numbegt )\ < 1, we can divide

So into two parts,S;(c, A) and Sz(c, \), given by

Si(e, ) £ {x e CV| [c'x]> >\, [x|* =1}

Sa(c,\) = {X e CcNr

lefx[* <A, lx|* =1}, (14)

Whenx, ¢ € R3, two partsS;(c, \) and Sy(c, \) are represented in Figl 2. Let(S;(c, \)) be the surface
area ofS;(c, \) for : = 0,1, 2. The surface area of aN,-dimensional complex unit hypersphere is given
by A(Sp) = 27 /(N, — 1)!, and it was shown thal [19]

Ao = T

which is invariant withc. Therefore, we obtain

27 (1 — (1= X))

A(Sa(e, N) = i

from the relationshipA(Sy) = A (Si(c, \))+ A (Sa2(c, ). From this fact, we obtain the following lemma.

Lemma 2. Letg,, ..., g, be independent and isotropic unit vectorsGA~. For an arbitrary unit vector

c € CN and X € [0, 1], the probability thatS,(c, \) contains{g,...,g,} becomes
Pri{gi,...,8n} C Salc,N)] = (1 — (1= N)""H)", (15)

which is invariant withc.

Proof: From the ratio ofA(S2(c, \)) and A(.S,), we obtain

A(Sa(c, M)

Pr[gl c SQ(C, )\)] = A(SO)

=1—(1-X""1 Vi (16)
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Sinceg,,...,g,, are independent of each other, it is satisfied that
Pr[{gl, RN gm} - SQ(C, )\)] = Pr[g1 € SQ(C, )\)]m,

which is given in [(I5). [

C. Interference Alignment Measure at Each User

In this subsection, we define the interference alignmensonesat each user. The DoF loss is determined
by how much the interfering channels are closely alignedih — 1)-dimensional subspace. Only if
interfering channels are perfectly aligned(iN, — 1)-dimensional subspace, we can have zero DoF loss.
The interference alignment measure is used for computiagdthF loss at each user. Lgt, ..., gx 1
be the K — 1 (> N,) normalized interfering channels at a user ang;,...,gx_1) be the interference
alignment measure among them.

Consider the following optimization problem:

minimize  A(Ss(c, \)) (17)

c,A

subjectto  Sy(c,\) D {g1, ..., 8x-1},

lel*=1, Xe€][0,1].
From the definition ofSy(c, \) given in [14), this problem is equivalent to

minimize )\ (18)
subjectto  |cfgi> <A for 1<k<K -1,

||C||2 =1, A€ [07 1]7

which can be solved by linear programmingl[21],/[22]. [Let, \*) be the solution of the above problem.
Then, Sy(c*, \*) has the smallest surface area amongSalk, \) containingg;, ..., gx 1.

Using c*, we can divide anV,-dimensional space into two subspaces which are the onergiional
subspace spanned ly and the(NV, — 1)-dimensional complementary subspace denoted/bif there
existsc* such thatc* L {gi,...,gx_1}, it is satisfied that spdg;,...,gx_1) C U and Sy(c*,0) D
{g1,-..,8x-1}, and hence\* becomes zero. In this case, we can say that the interferiagnels are

perfectly aligned in N, — 1)-dimensional subspace {&"". Note thatS,(c*, 0) is an (X, — 1)-dimensional
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subspace orthogonal tg, and S, (c*, 1) is the V,.-dimensional complex hyperspher®,. When\* is the
smaller, the vectors are the more aligned in the — 1)-dimensional subspacé#. Thus, we will use\*
as aninterference alignment measute quantify how much the interfering channels are closeignad

in an (N, — 1)-dimensional subspace, i.e.,
= mi fo |2
981, gx-1) = min | max |elgy (19)

=\ (A eo,1]). (20)

In other words, we use the mini-max distance of the intanteghannels from afN, — 1)-dimensional

subspace. In Fig.]13, the interference alignment measuresd@negtrically represented. The more the

interfering channels are aligned, the smaller the interfee alignment measure becomes.
Since the interference alignment measure is obtained fl@moptimization problem (18), the exact
distribution is difficult to find. Instead, we obtain the lowmound for the cumulative distribution function

(CDF) of the interference alignment measure in the follgM@mma.

Lemma 3. WhenK > N,, the probability that the interference alignment measufg;,...,gx_1) IS

smaller than\ € [0, 1] is lower bounded on

Priq(g,. ., gx 1) <A > (1— (1= )V H (21)
Proof: We consider two events:
(E1): q(g1,...,8x-1) <A
(E2): Sy(e,\) D {g1,...,8k-1},
where ¢ is the N,-dimensional unit vector such that L {gi,...,gn,_1}. By the definition of the

interference alignment measure given(inl (1®)]) is true wheneve(E2) is true, equivalentlyPr [(E1)] >

Pr[(E2)]. The probability of(E2) is obtained by

Pr[(E2)] = Pr[Sy(c, A\) D {g1,...,8x 1}]
@ py [Sa(€,A) D{gn,, -, 8Kk_1}]

I S DY s B (22)
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where the equalitya) is from the definition ofc such thatc L {g,...,gn.—1}. Also, the equality(b)
holds from Lemmal2 and from the fact thats independent ofgy,,...,gx_1}. Thus, we obtain

K—N,

Pr[(EL)] > (1— (1 - 3™ (23)

D. Achievable Value of the Interference Alignment MeasiaeUser Selection

The remaining question is how much we can reduce the in@réer alignment measure via user
selection. In the first user group, theéh user hask — 1 interfering channelsh,,,,..., h, x. The

interference alignment measure at thté user can be written by

q (h”727 ceey hn,K); (24)

whereﬁnvk is the normalized interfering channel, i.é.,,,k = h, ;/||h,k|/. Thus, the achievable smallest

interference alignment measure via user selection is giyen

min q(hns, ). (25)

Obviously, the smallest interference alignment measutkdecrease as the number of users increases.

In the following lemma, we find the relationship betweenl (26 the number of total users (i.&V).

Lemma 4. When there areV users, the expectation of the smallest interference aleggrirmeasure is

upper bounded on

E [min q(hn,g,...,fln,K)] < N7 (26)

Proof: The complementary CDF of (25) is bounded on

Pr [mninq(flng, .. .,flmK) > )\} = Pr [q (fln’g, el fan) > )\ for all n]

= ﬁpf [q<fln72,...,l~1n’K) > )\]
n=1

— (1 o [q(hn,Zv < hk) < )‘])N

(1 NNy, 27)
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where\ € [0, 1], and the inequalitya) holds from Lemmal3. Using this bound, we obtdin] (26) as

1
E [mgn q(fln,Q,...,fln,K)] _ /0 Pr [mgnq(flng,...,hnx) > )\} A

< /1 [1— (1= (1= AN HE-N] Vg
(a)

1
<[ n-a-a- e
0
(b) 1 1
- K—NT5<K—NT’N+1)
(14 5t ) TV + 1)
P(N+1+ )

(i) N~ KJNT ,

(©

where the inequalitya) is due to(1 — \)M~! < (1 - \) for 0 < X\ < 1, and the equalityb) holds from

the representation of beta function [24, p.324]

! 1
/ P N1 — 29" de = =B <Z—),T) )
0 q q

The equality(c) comes from the definition of the beta functigtip,q) = T'(p)I'(¢)/T'(p + ¢) and the
property of the Gamma functiohi(p + 1) = pI'(p). In the right-hand-side of the equality), it holds

['(1+ 1) < 1 becausd) < I'(x) < 1 for 1 < x < 2. Also, it is satisfied that

K—N,
T(N +1 (©) s
(V+1) < <N+1+ )
D(N+1+ 1) K—N,
< N 7w,

where (¢) is from the Gautschi’s inequality [25] given by

['(z+s) _1
—= < 1) for x>0, 0<s<1
with z = N + =15~ ands = 1 — =5 Thus, the inequalityd) holds. u

IV. OPTIMAL EXPLOITATION OF MULTIUSER DIVERSITY FOR THETARGET DOF

In this section, we derive the optimal strategies of expigitmultiuser diversity for the target DoF
d. We first decompose the target DadFHnto the DoF gain termi; and the DoF loss term, such that

d = dy — dy, and find the required user scalings fr and d,, respectively. Then, the optimal target
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DoF achieving strategy is derived by determining the optiotambination(d;, d5) which requires the

minimum user scaling for the target Dok

A. Required User Scaling to Reduce the DoF Loss Term

In this subsection, we find the required user scaling to redibe DoF loss. Via user selection, the rate

loss term given in[(4) can be minimized by

K
min log, (1 + PZ ‘Vilhn7k|2>] : (28)

k=2

E

This value is upper bounded on

K K
E an‘lln log, (1 + PZ |Vilhn7k|2>] @ Ejnj i lzn‘lln log, (1 + PZ ||hnk||2|vilf1nk|2>]
o k=2 o k=2
® K .
< Ej |min By logy ( 14 P byl *[v)ihy, i
_TL,Vn 2
© Koo
< E; |min log, (1 + N, P Z |lehn7k|2>]
_TL,Vn 2
(d) r - ~
< Eg [min log, (1 + N, P(K — 1)g(hps, . .., hn,K))]

(2 log, (1 + N, P(K — 1)E; [mnlﬂ q(hy,z, ..., fan)D

(f 1
< log, (1 + N,P(K — 1)N K*NR) , (29)

~

where the equalitya) is obtained by decomposing the channel vector into diraciod magnitude
independent of each other such that, = ||h,, |/ h, . The inequality(b) holds because the minimum of
the average is larger than the average of the minimum. Theuaiity (¢) is from the Jensen’s inequality

andE|h, ;|| = N,. Also, the inequality(d) holds from the fact that

K ~
min [Z Ivih, ,|*
Vn

< min {(K —1) max |[vih,|?

2<k<K
k=2
= (K — 1)Cl(f1n,2, . ~>fln,K)a (30)
whereq(h,,, ..., h, k) is the interference alignment measure at the usgiven in [I9). The inequality

(e) is from the Jensen’s inequality, and the inequalify holds from Lemmal4. We obtain the following

theorem.
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Theorem 1. We can obtain the DoF loss terdy < [0, 1] when the number of users in each group scales

as
N oc pU=®)E=Nr),
Proof: To obtain the DoF loss ternd,, it is enough to make (29) satisfying
log, (1 + N,P(K — 1)N‘*K—1NR)
Am log, P = 2 (31)
which is achieved ifN oc P(1—d2)(K=Nr), |

A tighter upper bound of the rate loss term than| (29) couldtekiut the derived upper bound in [29)
enables us to compare the increasing speeds of the tranemdr @and the required number of users,
which is the crucial factor of DoF calculation. The scaliagvlof the required number of users obtained
from (29), which is derived in Theorep 1, is enough to find thé&mal target DoF achieving strategy as

shown in Sectiof TV-C.

B. Required User Scaling to Increase the DoF Gain Term

We also find the required user scaling to increase the DoF tgan. From the definition of the rate

gain term given in[(3), the maximum rate gain term obtainedibgr selection is

K
max log, (1 +P Z |V1Lhn7k|2>] . (32)

k=1

E

This value is lower bounded on

K
max log, <1 + PZ |Vlhn7k|2>

k=1

E

>F [maxlogz (1 + P|Vlhn,1|2)}

= E |maxlog, (1+ Plhy]?)] (33)

and upper bounded on

K
max log, (1 + PZ |Vlhn,k‘2>

k=1

E <E

K
max log, (1 + PZ ||hnkH2>]

k=1

<E [mgx log, (1 + PK max th,k||2ﬂ . (34)
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Since all||h,, ||* are i.i.d.x*(2N,) random variables, for sufficiently larg®, the bounds[{33) and {B4)

acts like [23]

E [maxlog2 (1+ P||hn71||2)] ~ log,(1 4+ Plog N)

E {m%x log, (1+ PKth,kHZ)} ~ log,(1 + PK log(KN)).

Thus, when bothV and P are large enough|_(82) act likeg, (P log N), i.e,

K
max log, (1 + PZ |V2hn,k\2>

k=1

lim E ~ log,(Plog N). (35)

N—o0

Therefore, we establish the following theorem.

Theorem 2. The DoF gain termi; € [1, o) is achievable when the number of users in each group scales

as
N 6P(d1*1)
Proof: We use [(3b). By setting
. logy(PlogN)
L R (36)
we obtain the required user scaling for the DoF gain teingiven by N oc e ™", n

C. Target DoF Achieving Strategy

In Theorem L and Theorem 2, we found the required user sesafimgthe DoF loss ternd, and the
DoF gain termd;, respectively. In this subsection, we find the optimal tafgeF achieving strategy

which requires the minimum user scaling. We start with tHewang theorem.

Theorem 3. For the target DoF up to one, the whole multiuser dimensidmal be devoted to minimizing
the DoF loss caused by interfering signals. The optimal Dahieving strategy for the target DoF

d € 10,1] is (dy,d3) = (1,1 — d), and the corresponding sufficient user scaling is
N oc PUK=N), (37)

Proof: In Theorem L, we have shown that the target DbE [0, 1] is achievable by reducing the

DoF loss term with the user scalin§ oc P¥X~"+) On the other hand, this user scaling cannot increase
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the DoF gain term. Substitutiny oc P“%X-r) into (35) the DoF gain terml; becomes

. log, (Plog(Pd(K_NT)))
lim
P—oo log, P

—1. (38)

which is the same as when there is a fixed number of users asilagbin (7). That is, any other
combinations(d;, ds) = (1 + A, 1 — d + A) which achieve the target Do# requires larger user scaling
than N oc PUK=N) whereA > 0 sinced, > 1. Therefore, the optimal target DoF achieving strategy is
given by (d*,d3) = (1,1 — d), and the sufficient user scaling ¥ oc P4K=Nr), |

Now, we derive the target DoF achieving strategy when thgetdDoFd is greater than one. To find the
optimal DoF achieving strategy, we firstly find the sufficieiser scaling for an arbitrary strate¢y;, d-)
achieving DoRd (= d; — d» > 1). Then, we show that the optimal target DoF achieving styafegthe
target DoFd (> 1) is (d}, d5) = (d,0).

Lemma 5. For the target DoFd (> 1), the sufficient user scaling for an arbitrary strategy,, d»)

achieving DoFd (= d; — d,) is given by
N o P17 pli=da)(K=Nr), (39)
whered; > 1 and d, € [0, 1].

Proof: As a target DoF achieving scheme, we consider a two-stagesesection scheme; the first
stage is to increase the DoF gain term, and the second stagedscrease the DoF loss term. The
considered two stage user selection strategy is illustrateig.[4. We randomly divide totaN users
into N, subgroups havingv; users each such thaf; N, = N. Then, the user selection in each stage is
performed as follows.

« Stage 1: In each subgroup, a single user having the largashehgain is selected amonig users.

As a result, we haveV, selected users after Stage 1.

« Stage 2: Among théV, users, the transmitter selects a single user to minimizétfe loss term.

In Stage 1, the DoF gain terdh is obtained at each selected user when
Ny oc P (40)
as stated in Theorefd 2. In Stage 2, we can make the DoF lossitewhen

Ny oc pUmd2) (=N (41)
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as shown in Theoref 1. Thus, the target DOF> 1) with the strategy(d;, d») such thatd = d; — d,
can be obtained by the user scalifgN,, which is given in[(3D). [ |
From Lemmdb, we obtain the optimal DoF achieving strategyttfe target Dokl (> 1) in following

theorem.

Theorem 4. The optimal target DoF achieving strategy fée [1, co) is to increase the DoF gain term to
d and to perfectly eliminate the DoF loss, i.&d}, d5) = (d,0). Consequently, the sufficient user scaling

for target DoFd (> 1) becomes
N o P p=No). (42)

Proof: The proof is similar to that of Theorefd 3. From Lemfla 5, we chtaio the target DoF
d (> 1) by the strategy(d, 0) with the sufficient user scaling given ih_(42). However, thisling cannot
increase the DoF gain term larger thdreven when the user scaling is only used to increase the DoF

gain term. Substituting (42) intg (B5), we still have

oty (e )
lim

P—00 log, P

—d. (43)

This implicates that the user scaling given [nl(42) is sudfitifor the strategyd,0) but not enough
for other strategiesd + A, 1) as well as(d + A, A) which requires the higher user scaling than that
of (d + A, 1), whereA € (0, 1]. Therefore, the optimal strategy for the target D@K> 1) becomes
(ds,d5) = (d,0). m

In Fig.[, the optimal DoF achieving strate@¥t, d3) is plotted according to the target DaR= d; —ds).

V. PRACTICAL USER SELECTION SCHEMES

In this section, we discuss how the optimal target DoF adhigstrategy can be realized by practical
user selection schemes. The practical schemes considerddsi section require no cooperation and
no information exchange among the transmitters. For malcticenarios, we assume that each user has
knowledge of channel state information (CSI) of the direlsarmnel and the covariance matrix of the
received signal without explicit knowledge of CSI of theedriering channels. That is, theth user

knows CSI of its own desired channk),; and the covariance matrix of the received sighat,y/] =
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In, + PZle hn,khf%k. From these values, the usereasily obtains the interference covariance matrix

denoted byR,, £ P Y, , h,;h! , such as
R, =E[y,y!] — Ph,h}  —Iy,. (44)

Therefore, the achievable rate at the first transmitterrgine(@) can be rewritten by

PIvi .2 >

R2Elog, [ 1+
52 < v Iy, + R ) Ve

To increaseR, various user selection schemes can be considered, butcws ém several popular tech-

niques in the following subsections — to maximize the pastpssed SNRi.e., P|v;'z*hn*71|2), to minimize

P‘Vl*hn*,1|2 )
V:[L* (INT +R, * )vn*

the postprocessed INRe., VL*Rme), and to maximize the postprocessed SI@I%.,

A. The Maximum Postprocessed SNR User Selection (MAX-SNR)

In the MAX-SNR user selection scheme, each user maximizegpdistprocessed SNR, and the trans-
mitter selects the user having the maximum postprocess&l SNnsequently, the postprocessed SNR at

the selected user becomes

max {max P|V2hn71\2] @ max P|/h, |?, (45)

where the equalitya) holds when the:th user adopts the postprocessing veetgr= h,, ; /| h,1||. Thus,

the selected user denoted hy becomes

S|

n. = argmax P||hn,1||2, (46)

and the desired channel gain at each u§y, (|| for the usem) should be informed to the transmitter.
Using the MAX-SNR scheme, the transmitter can only increthge DoF gain term while the DoF

loss term remains one. Although the MAX-SNR scheme can aehiee target DoRi by the strategy

(dq,dy) = (1+4d, 1), it is not optimal target DoF achieving strategy. The reegiuser scaling for the

target DoFd (> 0) by the MAX-SNR scheme becomes

(1+d)
N x ef

)

as shown in Theoreml 2. This user scaling is of course higrer {B7) for the target Dol € (0, 1]

and [42) for the target DoH (> 1) since the MAX-SNR does not realize the optimal target achgev
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strategy. In other words, one can easily find that

Plim [eP(Hd)/Pd(K_NT)] = 00 for d e (0,1],

—00

Plim [eP(Hd)/(ep(dfl)P(K_NT))] =o0 for d>1.
—00

B. The Minimum Postprocessed INR User Selection (MIN-INR)

In the MIN-INR user selection scheme, each user minimizegptstprocessed INR, and the transmitter
selects the user having the minimum postprocessed INR., Theipostprocessed INR at the selected user

becomes

2 min A (R)] (47)

min [min VILRNVH}

n Vi

where the equalitya) is obtained by the postprocessing vector of title user

V" = Viin (Ran) - (48)

n

The required feedback information from théh user isA,.i, (R,,), and index of the selected user denoted

by n* becomes

inr

ny = argmin [Ayi, (Ry,)]. (49)

Note that this scheme minimizes the rate loss term defined)in (

Using the MIN-INR scheme, the transmitter can decrease the IDss term while the DoF gain term
remains to be one. Therefore, the MIN-INR scheme realizesotitimal target DoF achieving strategy
(dy,dy) = (1,1 —d) for the target DoRdl € |0, 1]. The required number of users by the MIN-INR scheme

for the target DoRd € [0, 1] scales like
N oc PUE=N)

which is the required user scaling of the optimal target DoRieving strategy when the target DoF is

d € [0, 1] as shown in Theoremm 3.
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C. The Maximum Postprocessed SINR User Selection (MAX}SINR
The MAX-SINR user selection scheme is known to maximize tbleievable rate at the transmitter

although it requires additional complexity for postpraiag at the receivers. The achievable rate by the

MAX-SINR scheme denoted bR, becomes

P|vih, |?
R 2 E {max log, (1 + = [Vahn, | )} ) (50)
n.vn vi(In, + Ry)vy,

At each channel realization, the postprocessed SINR ateleeted user is given by

Plvih, |?
max [max - Vil } . (51)
n v v (In, +Ry)v,

To maximize the postprocessed SINR, tite user adopts the postprocessing vector given by

sinr __ (INr + Rn)_lhn,l
" Iy, + Ra)

which is identical with the MMSE-IRC in_[26]. The correspang postprocessed SINR at usebecomes

PhLvl(INT +R,)"'h,; [27], and hence the selected user at the transmitter detyted, is given by

ng, = argmax h! | (Iy, + R,) 'h,;. (52)

sinr
n

Lemma 6. To obtain the target Dok € [0, 1], the required user scaling of the MAX-SINR scheme is

exactly the same as that of the MIN-INR scheme.

Proof: From the fact that

7?’Inf < RSIHT S RJ’- R_

sinr inr?

(53)

we obtain

. Rinr . Rsinr . R:,_m . ngr (a) . Rinr
lim < lim < lim —™ — lim —— = lim ,
P—oology P~ P—oology, P~ P—oology, P P—oology, P P—oolog, P

(54)

+
where the equalitya) is becausehm IRS;"}') = 1 as shown in the proof of Theorelm 3. Therefore, the

7QSII"IT J—

required user scaling fohm | o' B =
2

is exactly the same as the required user scallngg IR'WP =d,
g2

equivalently, for hm E‘”’P =1-—d. [ |

Lemmal6 indicates that the MAX-SINR scheme realizes thenwgdtDoF achieving strategiyly, d5) =

(1,1 — d) for the target DoRd € [0, 1].
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Lemma 7. The MAX-SINR scheme realizes the DoF achieving stratépyl;) = (d,0) whenever the

target DoF d is greater than 1.

Proof: Since the MAX-SINR scheme is the optimal user selection mehet achieves Dok (> 1)

with the user scalingV « e”'“"" PE=N:) as stated in Theorel 4. From the definition[ofl (32), we obtain

.
RZ < (32), and hence we havhm RS'”;D < lim ldg)P. As shown in[(4B), the sufficient user scaling for

sinr ] 2o P—ooo

the MAX-SINR scheme to obtain the target DdFeannot increase the DoF gain term larger tiagven
if the whole user scaling is only devoted to increasing thé [@ain term. This implicates that when we
obtain the target Dol (> 1) by the MAX-SINR scheme with the user scalingoc e?“ " PE=N) | we

Ran _ ). Therefore, the MAX-SINR

obtain lim —sx = 0 and have the DoF gaith at most (i.e., hm 1 P

P—_soologe P

RE . R R
scheme can only havé lim 2”;3,};@ ﬁ) = (d,0) if gl_r)roloﬁ =d (>1). u

D. Two-stage User Selection Scheme

For the target Dokl (> 1), the two-stage user selection scheme described in the pfdogfmmalb
can be adopted. More specifically, the transmitter seléeusers by the MAX-SNR scheme in the first
stage. Then, in the second stage, the transmitter seledtgyle siser by the MIN-INR scheme or the
MAX-SINR scheme. As shown in the proof of Leminla 5, the twagstaser selection scheme can realize

the optimal target DoF achieving strategy for the target DoPB- 1).

VI. EXTENSION TO K-TRANSMITTER INTERFERING MIMO B ROADCAST CHANNELS

In this section, we extend our system to interfering MIMO B&3es. More specifically, each transmitter
with N, antennas sendd; independent streams ovéf, orthonormal random beams using equal power
allocation. Similar to the user selection procedurelin Edch transmitter broadcasté orthonormal
random beams, and each user feddsscalar values corresponding to all beams back to the tradiesmi
The feedback information corresponding to each stream asi@NR, INR, and SINR can be easily found
in a similar way to the SIMO case. A single user is selectedefxh beam, but the same user can be
selected for different beams. However, it rarely occurg thaltiple streams are transmitted for a single
user as the number of users increases. When multiple stragartsansmitted for a single user, the user

is assumed to decode each stream treating the other strasamerferences. We denote the orthonormal
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random beams by, . .., uy, which satisfies thafju, || = - - - = |Juy,||> = 1 andulu, = 0 for all i # ;.

We start from the following remark.

Remark 1. Let H € CNY~*" pe the channel matrix whose elements are i.i.d. Gaussiadamrvariables.
Then, for an arbitrary unitary matriytU € C¥*" (i.e., U'U = UU' = I,,), the distributions ofH and
HU are identical. Since theéV, columns ofH are independent and isotropic random vectorsdf¥', so

are the N, columns ofHU & CNrxNe,

Owing to Remark 1, thd{-transmitter MIMO interfering BC is statistically idenétwith the K N;-
transmitter SIMO interfering BC. LeH;,,, € C" <" be the channel matrix from theth transmitter to
the nth user in the first user group. Since the random beams sakiafyju, ..., uy, ] [u, ..., uy,] =
[uy,...,un][u, ..., uy]" = Iy, the usem in the first user group ha& N; independent and isotropic

channel vectors
Hk,nui c CNTXl ke [K] 1€ [Nt],

formed by the random beams and channel matrices from akrrdters.

If the nth user in the first group is served by thn random beam, the user has desired channel
H,,u; € CY*! and the(KN, — 1) interfering channels, which correspond (&; — 1) inter-stream
interfering channel§H,, 1u,},+; and (K — 1)V, inter-transmitter interfering channels

U {Hn,kuj}fﬁ-

JE[Nt]

Consequently, each random beam can be regarded as a sitegl@atransmitter with the transmit power

P/N,. This fact leads to the following theorems.

Theorem 5 (MIMO BC). In a MIMO BC where a transmitter witlV; antennas supportd; users among
N users withV,. (< N;) antennas each, the optimal DoF achieving strategy for thgetaDoFd (< [0, Ny])
is (N, N; — d) and requires the number of users to scaledsx P@/N)WNe=Ne) For the target DoF

d (> N;), the optimal DoF achieving strategy igl,0) and requires the number of users to scale as

N o P MY p(Ne=Ny),

Proof: The DoF gain termi; (> NV;) is obtained when each stream achieves DoF gain teyiv, (>

1). Thus, with the same procedure given in Section 1V-B, we casily show that the DoF gain term
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di(> N,) is obtained whenV « ¢”““/**™"_ On the other hand, the DoF loss tetin (< NN,) is obtained
when each stream achieves DoF loss term per strgdiv, (< 1). As stated earlier, usingy; orthonormal
random beams at the transmitter each of which independsuaflports a single user, the MIMO BC can
be translated into awv;-transmitter SIMO IC where each transmitter supports oné/afisers withV,
antennas. In this case, DoF loss tefgn(< N;), i.e., DoF lossiy/N; (< 1) per stream, is obtained when
N o PU=d2/No)(Ne=Nr) Therefore, we can conclude that the optimal DoF achieviragegyy for the target
DoF d (€ [0, N;]) is (V;, N; — d) and requires the number of users to scaléVas P(@/N)Ni=Nr) - Alsg,
for the target Dok (> N;), the optimal DoF achieving strategy (g,0) and requires the number of

users to scale a& oc e p(Ne=Ny) n

Theorem 6 (Interfering MIMO BC) Consider aK-transmitter interfering MIMO BC where théth
transmitter withNt("”) antennas supportstk) users amongV*) users withN}k)(< T2 Zsz1 Nt(k))
antennas each. At theh transmitter, the optimal DoF achieving strategy for theget DoFd (€ [0, Nt('“)])
is (V®, N® — d) and requires the number of users to scaleMsx P@N)T-NY) For the target
DoF d (> V), the optimal DoF achieving strategy beconi@s0) and requires the number of users to

k
scale asN® o P D pr-n).

Proof: The proof is similar to that of Theorel 5. Th¢h transmitter obtains DoF gain terdy (>
N®) when each stream obtains DoF gain tefpN\")(> 1), and the required user scaling is exactly

(k) _
eP“" 7V 0n the other hand, théth transmitter obtainsl, (< N*)) when the

given by N
DoF loss term per stream becomés/N" (< 1). Using N* orthonormal random beams at each
transmitter each of which independently supports a singge, the interfering MIMO BC can be translated
into an 7'(= Zle Nt('“))-transmitter SIMO IC where each transmitter supports alsinger among
N®) users withN*) antennas. Thus, theth transmitter obtains the DoF loss tekfn (< Nt(k)) when
N®)  pO-d2/N)T-NY)  Therefore, we can conclude that the optimal DoF achieviragegy of the
kth transmitter for the target Do& (€ [O,Nt(k)]) is (Nt(k),Nt(k) — d) and obtained when the number of

users scales a§® « P@NIT-NY) | Also, for the target Dokl (> N*), the optimal DoF achieving

(k) _
strategy is(d, 0) and requires the number of users to scaleVdg oc e " pr-Ni"), ]
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VII. NUMERICAL RESULTS

In this section, we first compare achievable rates of thetigecuser selection schemes for given
number of users. Then, we check if the target DoF can be aabliewith increasing number of users by
showing achievable rates per transmitter for the practisal selection schemes. We have also considered
two time division multiple access (TDMA) schemes. In thetfif©OMA scheme (TDMAL), a single
transmitter operates at each time so thak” DoF is achieved at each transmitter. In the second TDMA
scheme (TDMAZ2), onlyN, of K transmitters operate at each time so tNaf K’ DoF is achieved at each
transmitter.

Fig.[8 shows the achievable rates of each transmitter faowsmuser selection schemes in IBC when
there are 4 transmitters and each transmitter has 10 ustérshngée receive antennas each. It is confirmed
that the achievable rates are saturated in the high SNRrreajd the achievable DoF per transmitter
becomes zero for the fixed number of users.

Now, we show that the target DoF can be achievable if the numbesers properly scales. In Fig. 7,
the number of users scales Asx PX5-N) je. N « P for the target DoF one. Specifically, two user
scalingN = P and N = 0.5P are considered, and other configurations except the nunfbeseos are
the same as those in Fig. 6. Fig. 7 verifies that the MIN-INR tredMAX-SINR schemes achieve DoF
one per transmitter as predicted in Theofegm 3 and Lemma 6.

In Fig.[8, we consider two different user scaling= P> and N = P! from those in Fig[]7. According
to TheoreniB and Lemnia 6, the achievable DoF at each traesritteither the MAX-SINR scheme or
the MIN-INR scheme is! when the number of users scalesMsx P?. As predicted, Figl]8 shows that
the achieved DoF per transmitter is 0.5 and 1 wiér= P°® and N = P!, respectively, by either the

MIN-INR scheme or the MAX-SINR scheme.

VIII. CONCLUSIONS

We first studied the optimal way of exploiting multiuser dsigy in the K-transmitter SIMO IBC
where each transmitter with a single antenna selects a nsgetha number of transmitters is larger than
the number of receive antennas at each user. We proved thahuhiuser dimensions should be used

first for decreasing the DoF loss caused by interfering $sgrithe whole multiuser dimensions should
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be exploited to reduce the DoF loss termlte- d for the target DoRd € [0, IVy], while the multiuser

dimensions should be devoted to making the DoF loss zerolerdto increasing the DoF gain termdo

for the target Dokl € [N;, oo). We also derived the sufficient user scaling for the targdt.O0tie DoF per

transmitterd € [0, IV;] is obtained when the number of users scaled/ag P@/N)UEN=N) “and the DoF

per transmitterd € [N,, o) is achieved when the number of users scalesVas 7" pEN=N:),

Also, we extended the results to thetransmitter MIMO IBC where each transmitter having the tiple

antennas supports the multiple users.
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