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Abstract—In wireless peer-to-peer networks that serve vari- to find as many peers as possible using a small amount of
ous proximity-based applications, peer discovery is the keto wireless resources, in order to minimize the overhead. In
identifying other peers with which a peer can communicate g,cy 5 design, wireless resources for peer discovery should

and an understanding of its performance is fundamental to tle b tially shared d thi tial s
design of an efficient discovery operation. This paper anales the € Spalially sharéd among peers, an IS spatial reusesresu

performance of wireless peer discovery through comprehengely  in performance degradation due to interference signatthign
considering the wireless channel, spatial distribution ofpeers, sense, understanding the effect of the interference sidrah

and discovery operation parameters. The average numbers of gpatially distributed peers is the key to designing efficien
successfully discovered peers are expressed in closed farrfor peer discovery schemes. Recent studies have attempted to

two widely used channel models, i.e., the interference lired . . .
Nakagami-m fading model and the Rayleigh fading model with statistically model a wireless network topology using the

nonzero noise, when peers are spatially distributed accoidgtoa Mathematical tool of stochastic geometry [4]-[6]: this rabd
homogeneous Poisson point process. These insightful exgseons facilitates the derivation of the spatial probability distition

lead to the design principles for the key operation parametes  of the signal to interference and noise ratio (SINR). Thigsgra

including the transmission probability, required amount of wire- ; : ; ; ; .
less resources, level of modulation and coding scheme (MGnd investigates wireless peer discovery based on this stichas
geometry theory.

transmit power. Furthermore, the impact of shadowing on the
spatial performance and suggested design principles is duated

using mathematical analysis and simulations.
g y A. Related Work

Index Terms—Peer discovery, neighbor discovery, stochastic . .
geometry, D2D networks, random access protocol. Several studies have suggested aggressive schemes where

each peer can transmit its unique signal and simultaneously
receive multiple signatures from other peers for rapid and
|. INTRODUCTION collision-free peer discovery, e.d.] [7]] [8], but a sim@@dom

Recently, it is considered that wireless peer-to-peer cofecess protocol is still regarded as the basis of wireless pe
munications will enable novel and significant opportusitiediscovery [9]-[16] because the lack of a priori information
such as proximal social networking, network offloading, an@Pout peers in dynamic wireless networks may only provide
public safety [[1]. Accordingly both industrial and academithe uncoordinated sharing of peer discovery resources gmon
communities have begun to increasingly investigate the p@Eers.
tential new services and technical challenges [2], [3]. For The primary reason for performance degradation in a ran-
wireless peer networking, each peer should first be able d8M access protocol is packet collisions due to the simettan
identify other peers with which it can communicate befor@us transmission of peers; thus, several studies havetinves
transmitting and receiving data. This operation is refiérrédated the quantification and improvement of the peer disgove
to as peer discovery, which is the most basic process foPerformance based on the packet collision model [9}-[11].
establishing connections and building topology informiatin However, this collision model oversimplifies wireless rigirey
various wireless networks including device-to-device [p2 operations. In fact, the success or failure of packet réseis
networks and sensor networks. However, the performanceRsimarily determined by the physical layer metrics, e.¢NR
peer discovery is significantly affected by the randomndss '@ther than whether or not packets simply collide. In additi
the wireless channel as well as peer location. The primdfie requirement of this received SINR depends on the pHysica
focus of this paper is to quantify the implications of thdransceiving scheme, such as the receiver structure aedl lev
wireless channel and spatial distribution of peers on wggl 0f modulation and coding scheme (MCS). Based on this, there
peer discovery and to derive design principles from theltesu have been attempts to understand the effect of physicat laye

Even though peer discovery is fundamental to the Operatigharacteristics including the receiver structure and leg®
of wireless networks, wireless resources for this process &hannel [12],[[13]. In[[1P], a joint iterative decoding meth
a control overhead that does not contribute to increasitg dfor multiuser detection was applied to peer discovery kit it

capacity. In this regard, peer discovery should be design@tem performance improvement was only evaluated using
simulation. The work of [[13] analyzed the performance of
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There have also been recent studies that analyze the dp&S} under the two channel models mentioned above. An
tial performance by statistically modeling peer locatiomda important difference between the two models is the noise;
wireless channel [14]=[16]. In_[14], the received power ot is demonstrated that this difference may result in signif
the signals from randomly located peers was modeled inicantly different design principles for the parametersr Fo
probabilistic manner and the multipacket reception cdjtgbi example, regarding the transmission probability for a half
was assumed. However, the performance was only expressediplex operation that is denoted by E{S} increases ag
a form with as many cumbersome integrations as the numlgercreases under an interference limited environment,esser
of peers; therefore, this result could not explicitly prasthe it becomes a unimodal function gf when the noise power
design implications of wireless peer discovery. In cortrdi®  cannot be ignored. The insightful results derived in thipgra
works of [15], [16] attempted to mathematically analyze thare summarized in Tablé I.
peer discovery performance with interference considemati  3) Evaluating Performance under Various Channel Models:
using a stochastic geometry framework [4]-[6]. The work dfhe analytical results for the two channel models without
[15] compared the packet collision and SINR models wheshadowing are extended to those under channel models that
peers were distributed according to a homogeneous Poisgwrorporate general shadowing through applying the displa
point process (PPP), and it expressed the average numbemeht theorem, similar to the work presented [in][18]. This
discovered peers in a closed form under the Rayleigh fadisgtension reveals that the performance under the interdere
channel when the noise power can be ignored. A similar reslithited scenario is invariant to the shadowing distribatio
was also presented in_[116]. The results under this specifiowever, for a nonzero noise power, the shadowing tends
channel model, i.e., the Rayleigh fading with zero nois® reduce the impact of the noise power. In contrast, the
power, provide a basis for the analysis under channel modafsalytical results do not embrace wireless channel moHats t
that belong to the exponential family, e.g. the Nakagamicorporate all of the general path loss exponent, Nakagami
m fading channel[[17]. However, the explicit derivation ofn fading, nonzero noise power, and shadowing. In order
the performance under more general channel models, suchadill this void, simulations are used to demonstrate that
incorporating the Nakagamix fading channel, nonzero back-the performances under such general channel models are
ground noise power, and shadowing, also has the significaohsistent with those derived analytically under the djmeci
merit because it enables the clarification of the relatigmshchannel models.
between wireless channels and discovery operation paramefhe remainder of this paper is organized as follows. Sec-
ters, which leads to the design principles for the key opamat tion [l describes the system model for a multichannel random
parameters including the transmission probability for & hehello protocol and presents the spatial performance under
duplex operation, received SINR requirement, and transmaitgeneral wireless channel model in terms of the average
power under various channel environments. This extensa wiumber of successfully discovered peers. Sectlods Il and
not considered in[15] and 16]. V] analyze the spatial performance of the peer discovery
protocol and suggest design principles for discovering asym
peers as possible, under the interference limited Nakagami
fading channel and the Rayleigh fading channel with nonzero

This paper investigates wireless peer discovery with @sp@oise, respectively. Sectidn] V extends the results derined
to the mean number of successfully discovered peers, whichtie previous two sections into those for wireless channel
denoted byE{S}, by comprehensively considering the wiremodels that incorporate arbitrary shadowing. Then, SeBfio

less properties as well as the discovery operation pr@sertidiscusses numerical results, and Secfion VIl concludes the
The main contributions are highlighted into the followitgee paper.

aspects.

1) Deriving the Average Number of Successfully Discovered
Peers: The closed forms foE{S} are derived for two widely
used channel models: (i) the interference limited Nakagami
fading model and (ii) the Rayleigh fading model with nonzeré. System Model

noise power. These elegant expressions comprehensivatly QU This paper considers the multichannel random hello pro-
tify the effect of the wireless channels, spatial peer diistion, tocol for wireless peer discovery illustrated in Fig. 1 when
and operation parameters. In particular, these resulifyclae  peers or nodfsare randomly distributed in a two-dimensional
impact of the Nakagami= fading channel and noise powergpace. The model assumes resource orthogonality, i.ealsig
unlike prior studies[15]/[16] that have only derived thesgd  transmitted over different resources do not interfere \eilsh
form expression ofi{S} under the Rayleigh fading channebther. The premise for this orthogonality is global synehro
with zero noise power. For example, the mathematical aisalygization [19]. If nodes are not precisely time synchronjzed
reveals thaE{S} is independent of the Nakagami-fading the interference that results from time mismatches mayifsign
parameter (i.esn) under an interference limited environmen&anﬂy degrade the performance. However, in general, the ti
where the aggregate interference overwhelms the noiserpowenchronization in distributed wireless networks is a uese

2) Suggesting Design Principles for Discovery Operation and energy intensive task. External signals from the exsti
Parameters: The design of optimal or suboptimal discovery

operation parameters is investigated in terms of maxirgizin lin this paper, both the terms are used synonymously.

B. Contributions and Organization

II. MULTICHANNEL RANDOM HELLO PROTOCOL FOR
WIRELESSPEER DISCOVERY
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this difficult task simpler([19],[[20]; such signals are esipd
as timing reference signals for rough synchronization thed ﬁ
the remaining time offsets are further corrected througti-ad
tional synchronization procedures among the nodes in or@®f. 2. Spatial model for performance analysis of wirelessrpdiscovery.

that the residual timing errors can be readily accommodated

the signal level, e.g., using cyclic prefix (CP) in OFDMA sys-

tems. Accordingly, this paper assumes that all nodes ar tiare potential interferers. Leb, denote a homogeneous PPP
synchronized and does not consider performance degradatiath density Aq that results from the independent thinning of
due to time mismatches. The model also assumes that all nodesiogeneous PP® with retention probability;. In a given
operate in a half duplex manner. For this half duplex openati time slot, each node is transmitting with probabiliyand it

a node decides whether it transmits or receives a hello packees the same RB as that of nodevith probability 1/M.
identifying a node every time slot in a probabilistic manneiThus, the spatial distribution of the interfering nodes ten
and p denotes the probability that a node transmits in a timmaodeled as the thinning of an original PPP with a retention
slot, i.e., thetransmission probability. probability p/M, and it is expressed as a homogeneous PPP

One time slot consists ofi/ resource blocks (RBs) in With density Ap/M, i.e., @,/ In fact, each node i/,
a frequency or time domain, and one RB is used for kecomes both a potential target node and a interferer of a
hello packet transmission. For peer discovery, nodes in th@ical node.X; denotes the location of nodg and |.X;|
transmitting mode broadcast their hello packet using one F@Presents the distance from the originXo. Assume that all
randomly chosen amonty RBs while nodes in the receivingnodes have the same transmit powerThe standard power
mode try to detect the packets simultaneously oveialRBs 0SS propagation model with the path loss exponent of 2
in a time slot. Let¢ > 0 denote the minimum received SINRIS supposed. Leh; and g; denote the fading power gafhs
required for the successful reception of a packet. If a nadethat the desired signal from nodeand the interfering signal
the receiving mode receives a hello packet with SINR abof®m nodej undergo, respectively. It is assumed tHat }
¢, then it means that this node successfully discovers the néd{g;} are independently and identically distributed (i.i.d.),
that transmits the packet. Note that the value afetermines respectively. Figll2 explains the spatial model considéned
the MCS level at which a hello packet is transmitted. this paper.

The model assumes that the nodes are spatially distributetljz'ventua"y' when=(X;) denotes the received SINR at a

according to a homogeneous PPP with node densityhich typical node for the hello packet transmitted by a targetenod
is denoted by®. In order to investigate the node averag

g)cated onx;,

performance, the performance of a reference receiving node | Xi|~*h;
is obs_erved and_ such a node is referred t@ agpical n(_)d_e. Zj@pm | X;|—g; + o2’
A typical node is assumed to be located at the origin and
search potential target nodein a time slot. If nodei is wheres? 2 2> ands2 denotes the noise power. Hereify, =
transmitting in the same time slot, the signal transmitteg; can be understood as the average received signal to noise
by nodei becomes the desired signal of a typical nodeatio (SNR) at a unit distance, i.e., whek;| = 1.
Assume that nodeé transmits a hello packet using theth
RB in the time slot. Under these assumptions, all sign : :
sent over themth RB by nodes in the trazsmitting mogdea,és' Spatial Performance Metric
other than node, become interference. Note that a typical !N this paper, wireless peer discovery aims to find as many
node is interested in hello packets from all other nodess,thipodes as possible, i.e., to maximize the average number of
target node indicates an arbitrary node rather than a specifiiccessfully discovered nodes. The successful peer eiscov
node. Therefore, according to Slivnyak’s theorém [21],e®d o _ _

They may denote the channel power gain including the shadpas well

except a typical nOde.and the target no‘dstill constitute a as the Nakagamin or Rayleigh fading, depending on the wireless channel
homogeneous PPP with the same density\ashese nodes model.

Node receiving over M RBs

E(Xq)= 1)



4 KWON AND CHOI: SPATIAL PERFORMANCE ANALYSIS AND DESIGN PRIRIPLES FOR WIRELESS PEER DISCOVERY

TABLE |
THE PROPERTY OF THE AVERAGE NUMBER OF SUCCESSFULLY DISCOVERBMODES, E{S}{.

|| Interference limited casesf = 0) | Nonzero noise power case{ > 0) |

Path loss exponenty Increasing witha Increasing witha"
Nakagamim fading parametenn Independent ofn Insignificant

Node density\ Independent of Increasing with), but saturated
Number of RBs,M (for a fixed &) Linearly increasing with\/ Increasing withM, but saturated

SINR threshold£ Unimodal function of¢ Maybe, unimodal function of’

Transmission probabilityp Increasing ap decreases Unimodal function ofp
Transmit powerp Independent op Increasing withp, but saturated
Standard deviation of lognormal shadowing, Independent of¢ Increasing withy, but saturated
requires the fulfillment of the following three conditior(®: a Lemma 2.1: When the desired and interfering signals un-

typical node is in the receiving mode; (ii) a target node is idergo the Nakagami: fading with m, and m;, which are
the transmitting mode; and (iii) a hello packet that the @argpositive integers, the average number of nodes that a typica
node transmits should be received with an SINR abow node successfully discovers is given as follows:
a typical node. The status of nodeis represented by/;, _— .
i.e., Z; = 0 if node j is in the receiving mode and; = E(S} = 2001 - p) 3 (=ms) / photl,
0

1 otherwise. LetP(X|Z, = 0) denote the probability that = k!
a typical node successfully discovers a target node located N Ap o2 B )
on X when a typical node is in the receiving mode. Then, d” exp (—MWC“Ai(miaOé) — (o ) o a
P(X|Zy = 0) is given by ach r, (4)
(=ms&{r™
P(X|Z = 0) = pPr{=(X) > £} . 2

(. a o —2T(-2)r(mit+2) a
This success probability depends on the wireless channalye'® Ai(ma, ) = m; T(m;) and T'(z) =

r—1 X :
and spatial distribution of the nodes, thi§X|Z, = 0) is To t e’_‘P(_t)dt denotes the Gamma function.
expressed as a function of wireless channel parameters and Proof: See AppendiXA. u

node density\ as well as discovery operation parameters€mMma 2.l requires the integrations of higher order devieat
including M, ¢, p, andp. terms, and it remains difficult to express the result in aedos

This paper considers wireless channel models that embr&dn- However, it is noteworthy thaE{S} in @) can be
shadowing as well as Nakagamifading. That is, the fading express_ed in more elega_nt forms by imposing envwo_n_mental
power gain is given by the product of the gains that resutnfroconstraints. Therefore, this paper focuses more on twafgpec
the shadowing and Nakagami-fading. The Nakagamin bgt widely used channel models: (i) the Nakagamiading

fading model does not only generalize or approximate variotith 0? = 0 anda > 2, and (i) the Rayleigh fading with

useful fading channels such as the Rayleigh and Riciandadii > 0 anda = 4. The results for these models do not only
channels, but it also allows a closed form®fS} in some quantify the effect of wireless channels but also offer ukef

specific cases, e.g., wher? = 0, whereE{S} denotes the design principles fqr the crucia! opergtion parameterd/of,
average number of nodes that a typical node successfully dis@ndp- The following two sections discuss these two channel
covers overM RBs. This is derived in the following sections.models, and Tablg I summarizes the main results derived in
In addition, the results yielded in this Nakagamifading thiS paper.

model can be readily extended to those for wireless channel

models that incorporate shadowing as long as the shadowing o]||, SpaTIAL ANALYSIS AND DESIGN PRINCIPLES FOR

links is i.i.d. [18], [22]. Therefore, the mathematical &rsis INTERFERENCEL IMITED CHANNELS

in Section$Tll and TV concentrates on the Nakagamiading . o _ ) o _

and Rayleigh fading without shadowing. Then, the results wi This section investigates the interference limited ca$echv

9 o .
be extended to those for more general wireless channel mod&Medeled asr™ = 0 in Lemmal2.]. The results remain
that incorporate shadowing. general in terms of the Nakagami-fading parameter and

When the Nakagamin fading model is only considered,path Ios; exp_on_entx(> 2). .Under this wi_reless environment,
the fading power gairk follows the Gamma distribution andthe de_S|gn principles for wireless peer d'SCOYeTY, are ssigge
its complementary cumulative distribution function (Ccdf by deriving the values of, ¢, andp for maximizingE{S}.

given as follows:
A. Spatial Performance

—

m— k
m ok
Pr{h >} = exp(—mz) ) P () wheno? = 0, from LemmaZ1L, the following results are
k=0 obtained.

where m is the Nakagamin fading parameter. Under this

i i i i The superscript denotes that the observation was from simulation results.
Nakagamlm fadmg channel model, the foIIowmg lemma is aAII the others are mathematically demonstrated. RegartlirgNakagamin

start toward deriving a simple form &{S}. fading parametenns — m; = m is assumed.
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Proposition 3.1: When the desired and interference signals
undergo the Nakagamix fading withm, andm;, respectively, ~ [Onetimesiot]
ando? = 0, E{S} is given by
As (mg, ) M(1—p)
Ai (mi, Oé) E%

Time slot

I

Resource block (RB)

: (6)

Frequency —p

E{S} =

e One time slot consists of M RBs over
atotal of B REs, i.e., B= MN.

e A hello packet is transmitted using one

[One RB] ED D RB, which consists of N REs.

Sin(Qﬂ'/a) M(l — p) (6) ED @)/ Resource element (RE)

2
27r/a o Fig. 3. Resource structure for a hello packet transmisdiais figure only

which is independent of the Nakagari-n fading parameter.  S12/5.,m8 S corstn o e BBe i reaeneyin ut o
Proof: By calculating [%) fora? = 0, B) and [B) can be domain). '
obtained. For more details, see Appendix B. |
Because a typical node attempts to discamrnode rather
than a specific node, it is sensible to assume that the warel

fading channel statistics for the desired and interferiggas

-2 TI(mst+2
Whel’eAs(mS, Oé) £ ms W

m,;, then

. In particular, ifm, =

E{S} =

that of &. As mentioned in Sectiof 1HA, the value of

determines the MCS level, i.e., the data rate, available for

are the same, i.em, — mi. In this regard, it is quite a hello packet transmission. When the total amount of peer
L . =hy S - (A 1

interesting thaE{S} in (6) does not depend on the Nakagamﬁ'scovery resourc;zs are 1|‘|xed, the data ratl;e dsq%&ﬁo(?f_iyects h
m fading parameteny, or m;. This result can be interpreted oW Many RBs the total resources can be divided into, thus

as the fading effects for the desired and interfering sgn and_g .ShOUId.be jointlly de;igned. . . .
being counterbalanced in terms Bf S}. Furthermore, it is The joint design begins with quantifying the relationship

noteworthy thatf{ S in is independent of node densinPetweenit and¢. Typically, the data rate for a finite-length
y {5} in @ P ybg\cket is always below the Shannon capacity and a hello

A. When noise is neglected, the node density only affed? e ) ) T
the geometric size of the wireless networks and this noBQCket also conveys small size information for identifying
pode, e.g., with tens of information bits. The SNR gap

density does not change the ratio of distances of the tar s . .
proximation provides a useful method for representimy th

node and interfering nodes from a typical node. That is, t . :
R or data rate loss with respect to the Shannon capacity

increases or decreases in the desired and interferinglsi _ . .
powers according to the node density cancel each other outii [24]. Accordingly, the data rate is modeled as this SNR

. . . o 5 .
terms of E{S}, which is similar to the fading parameter. Ingapsal\[lalgrOX|matl((j)n, Ler = |10.g2(1 +3) er]ps/thz Where5 1S
summary, Proposition 3.1 signifies that the fading paramefge gap and positive. It is noteworthy thataacreases,

and node density can be considered as unimportant wi ﬁdata rate ofg_helllo packet transmission increases W'e
52 = 0 andm, = m,. Now, the focus is moved to the pathsu_cc:ess probe_lb|llty given blyl(2) decreases. In order tqtq‘yan
sin() this tradeoff, first, the resource structure for the mutichel

loss exponent.. Note that—=* is a monotonically decreasin . . . o
P z y 9random hello protocol introduced in Figl. 1 is revisited. .8y
rovides a more detailed illustration of the time slot and RB

function of 0 < = < 7. Thus,E{S} in (@) increases withy
whenm, = m;. The number of nodes further than the tar : .

e = 9 at have been defined in Figl. 1. The resource element (RE)
defined as the basic unit of a wireless resource, and it is

node from a typical node is always significantly more than tﬁ

closer ones when considering nodes distributed in an iafinlt . :
ssumed that one time slot consists a totalBoREs and a
gllo packet has a fixed length éf bits. In order to convert

two-dimensional space. Therefore, the aggregate intaréer a
the data rate unit into a more convenient one, considertr

decays more quickly than the power of the desired signal
o increases, and this results (.5} increasing witha. bits/RE for a positive constant Then, the number of REs for
] ) ) a hello packet transmission is given By = % The size of
B. Design of the Discovery Operation Parameters one RB depends of or 7, and the number of available RBs
In (), E{S} is determined by both the wireless channgler time slot is given
parameters, e.gms, m;, anda, and the discovery operation B B + ¢ ¢
parameters, e.gM, &, andp. This subsection elaborates on M= N I L logy (1 + S) = Blog(1 + 5)7 )
the design of the three discovery operation parameters. The
design aims to maximiz&{S} in (8). It is trivial to derive the where 3 £ - is a constant. HencelZ{S} in (B) is
optimal value ofp for maximizingE{ S}, which is denoted by expressed as follows:
p*,i.e.,p* £ argmaxo<,<1 E{S}. p* always approaches zero £
regardless of\/ andé¢. Therefore, the design d¥/ and¢ can E{S} = <W(1 - P)ﬂ) w- (8)
be separated from that of wheno? = 0. The meaning op* i(mi; @) 3
will be discussed in more detail at the end of this subsectioRis E{S} can be maximized ove¢ > 0 by finding the
When ¢ is given, E{S} in () increases linearly witd/. optimal solution to maximizefe(z) £ === log(l + ¥).
That is, regarding maximizing{S} in @), for a fixed¢, M 4 _ L
In practice, the parameters suchidsN, M, and L are positive integers,

can be deS|gned regardle_ss of the_ er_eless channel pa"fsmq;@t this paper relaxes the integer constraints for analytonvenience. That
and p. However, the design oMM is highly correlated with is, this paper allows that they are positive real numbers.
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That is, &* = z* where&* £ argmaxg~oE{S} and 2* = Proposition 4.1: When all links experience Rayleigh fad-
arg max,o fe (7). ing, 0% > 0, anda = 4, E{S} is given by

Proposition 3.2: Function f¢(x) on the domain ofz|z > 5 N2 )
0} is a unimodal function and has the maximum value at theg g Arzp(l—p) ((M p) ) erfe (M p) ©)

unique solution ofu¢(z) = 0 for z > 0 whereug(z) = 2./ 4Mo 4Mo

22 — (1+ %)log(1 + %). Moreover, the optimal solution,

o . . . 2 o0 2 .

i.e., z*, increases withy for a fixedd. whereerfe(x) = 2= [ exp (—t?) dt is the complementary
Proof: See AppendiXC. m error function.

The value of¢* determined in Propositiofi 3.2 offers the ~ Proof: By substitutingm, = m; = 1 into (4) and apply-

optimal data rate and number of RBs for the broadcast ofifig the integration formula offy” exp (= (az + ba?)) dz =

hello packet, i.e.s* = 1og2(1+%) andM* = ﬁlogQ(l—i—%). 2—‘/\2 exp (Z—z) erfc (QL\/E) for a > 0 andb > 0, (9) is derived.

In Propositior 3P¢*, 4, anda are interestingly related. Let [ |

te(y) £ $y—(1+y)log (1 +y). Then, note thaﬁg(%) =0. It is interesting thatE{S} in @) depends on node density

This implies that% is only determined byv. That is, if§ is A, unlike (B) for o = 0. A finite transmit power limits the

scaled down by a factor of, £* also decreases by the sameommunication range; thus, a typical node cannot detect the

factor, whena is given. signals of nodes outside this link coverage even when the
Now, the focus returns to the optimal As mentioned aggregate interference power is low. Therefore, the number

before, the optimap can be decided regardless of the othef nodes that exist within the link coverage affects the igpat

parameters such as the wireless channel paraméterand¢.  performance of wireless peer discovery. It is worth notimag t

It is interesting thaf£{S} given by [B) increases linearly as the coverage can be extended by increasing the transmirpowe

decreases, and it implies that — 0. That is, by forcingo to  i.e., p or & = 5. Accordingly, the design issue of arises,

be extremely low, the network functions almost without petckand this will be addressed at the end of the next subsection in

collision as if each node transmits its hello packet througtetalil.

contention-free access. In this case, the maximum value of

E{S}is er bounded by and a roacl’%ﬁi‘—‘ me0) M The . . .
(s} l_Jpp 3 ) y PP tmi,a) ¢ 2 B. Design of the Discovery Operation Parameters
assumption of zero noise power causes a typical node to ) ]
ideally discover even far-off nodes. However, this is uhrea Inl(]Q), the discovery operation parametersi\dliffg“,.p, a“df? _
istic when considering that each wireless link has a limitd@" 7=) are closely related to each other. Their joint design is

communication coverage due t& > 0. In Section(IV, the ©OPtimal for maximizingE{S}, but it is intractable. Therefore,
effect of a nonzera2 will be considered. this subsection elaborates on the impact of an individual

parameter orE{S}, and the joint optimization is left to a
future work.

V. SPATIAL ANALYSIS AND DESIGN PRINCIPLES Similar to the case of> = 0, when¢ is fixed, it is clear
CONSIDERING ANONZERONOISE POWER that E{S} in @) increases with\M/ because the aggregate
_ o o interference decreases @kincreases. However, the difference
The nonzero noise power limits the communication rang@th the result foro2 — 0 is that E{S} is a saturation
3

due to the finite SNR, and this limitation may result i . . .  ar3p(1—p)
different design principles to those of the interferenceitid r}unctmn of M, i.e., lims o0 B{S} = 24/€02 because

scenario presented in Sectior 111 This section investigge lim exp(z) = 1 and lim erfe(z) = 1. That'is, because the
performance of wireless peer discovery when the effect ®f tinterference decreases as increases but the link coverage
noise cannot be ignored, and derives useful design pregiptemains limited due ta? > 0, E{S} is eventually saturated.
by approximating the effect of the nonzero noise power. It is difficult to derive the optimal value of for ¢* > 0
For mathematical tractability, the results in this sectisn because it should be designed jointly with. For this reason,
sume the specific values of the Nakagamfading parameter this paper does not mathematically derive the optighdbr
and path loss exponent, i.ens = m; = 1 anda = 4; these maximizing E{S} when ¢ > 0; however, the numerical
assumptions will be relaxed again in Sectfod VI, where thesults in Sectiofi I demonstrate that it is likely tiafS}
simulation results reveal that the design principles setgge remains a unimodal function of even whens? > 0. The
in this section still works well even without these assummsi  analytical optimization of¢ for ¢> > 0 remains as future

work.
Moreover, E{S} is quite sensitive top. It is not easy
A. Spatial Performance to derive p* directly from [3) in order to maximizét{S}.

The results forr? = 0 derived in Sectiofi Tl clearly reveal However, the bounds af{S} can be given in the form of

the inherent effect of the wireless channels and operatif’)lnfract'OnaI function or linear function gf from the bounds

. 1 2r 2 1 exp(=7%)
parameters; however, whether or not it is likely that thf erfe(z), L€ S o exp(=77) < erfe(r) < Z=="7
nonzero noise power changes their effects should be invE-7 > 0, as follows:
tigated. Fortunately, even whert > 0, if mys = m; = 1 and 2M(1—p) kp?

; . : 2M(1-p)
o =4, E{S} in @) can be expressed in a simple form. N Ry <E{5} <~ N (10)
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wherex £ % Note that the upper bound ih{10) is equal When considering the link from nodgto a typical node
to (@) whena = 4. This implies thatE{S} for ¢*> > 0 is under shadowing and Nakagami-fading modeled by,
upper bounded by that far> = 0. In addition, for a given and#h;, respectively, the received power can be written using
p > 0, the lower bound in[{J0) becomes increasingly tight fogh 91X~ = pﬁj|19;éXj|*a. In this statementﬁ;éXj
a largex, and it approaches the upper bound or thatldf (@hn be interpreted as randomly and independently disglacin
for o = 4 aso® — 0. Therefore, it can be understood thahodes of® to a new location according to their shadowing
712z of the lower bound in[(TI0) simply and approximatelyg]. This paper assumes that),} are iid. With a slight
models the performance degradation that results from tmn%isuse of notationﬁ denotes a random variable represent-
power, even if not exactly accurate. Unlike cases6f=0, it ing the shadowing component of the links. From Lemma 1
is expected that™ no longer approaches zero. A suboptimal iy [18], which follows from the displacement theorem][26,
i.e., p, can be obtained in order to maximize the lower bAounf:heorem 1.3.9], iﬂE{ﬁ%} < oo, the i.i.d. shadowing effect is
in (10) rather tharp™ for maximizing E{S}. Let f,(z) = equivalent to the transformation of original PRRvith density
Ilfrl,i;ﬁ) and# £ argmaxo<,<1 f,(z), thenp = z. X into new homogeneous PRFY) with density A(?), which
Proposition 4.2: Function f,(x) on the domain ofz|0 < is given by

x < 1} is a unimodal function and has a maximum value R ,
at the unique solution ofi,(z) = 0 for 0 < = < 1, where A £ AE{9=}. (12)
u,(z) = —ka® — 32 + 2.

Proof: The first order derivative of () with respect to
x is given by

This concept enables the investigation of the shadowing
effect through only analyzing the effect of on the perfor-
mance. This results in the following interpretation undar a
dfp(@) _ x (). (11) interference-limited scenario, i.e., when = 0.

= Up(T
de — (1+ra?)2” Remark 5.1: When o? = 0, the average number of suc-
For0 < x < 1, because 2 > 0, the sign Ofdfgim) is cEs(sjfully d|§.coysre.d nodes, i.€E{S}, is invariant to the
only determined by, (z). Note thatu,(0) = 2, u,(1) = —k— shadowing distribution.

Proof: E{S} given in [B) is independent of. Therefore,
the shadowing effect described Hy (12) does not affect the
performance. [ |
Remar 51l indicates that the design principlesXoy p, and
¢ described in Sectio ]Il do not depend on the shadowing
distribution, whens? = 0. In contrast, when the noise power
Fannot be neglected, the shadowing impact on the perforenanc

1<0, andd“d”—m(”) = —3kx? — 3 < 0. That is, because,,(z)

is monotonically decreasing,,(x) > 0 for 0 < z < & while
up(x) <0 for & <z < 1. Also, u,(&) = 0. Therefore,f,(z)

is monotonically increasing fad < = < & and monotonically
decreasing fof: < x < 1, andz becomes the optimal solution
to maximizef,(x) on the interval ofd < = < 1.

Interestingly, thisp is closely related to the environmenta

factors including\, o2, and M, because it depends on and 'S I;eveallf(; f2r.0r\r/1v:]he fol:lﬁwkmg resu-lts. the Ravleiah fadi
this design ofp differs significantly from that fow? = 0 in emark .. en altlinks experience (N =ayleigh fading,

Sectior( IR o? >0, anda = 4, E{S} increases witiE{ﬂﬁ}. In addition,
' asE{¢~} increases]E{S% approaches that of the interference

limited case, i.e.2 M(l\/g” , which is an upper bound {5}

Until now, the design of the three Parameters, iMd., &,
andp, was addressed for a givert = 2-. As another design
method, it can be considered thais set to such a large valuefor o?>0. ,
that the aggregate interference dominates the noise poier. Proof: The increase ifit{ S} with E{¥= } can be demon-
work suggests a design method for a transmit power that cgthated through proving thaﬁ[%{TS} > 0, whereE{S} is given
suppress the effect of the noise power and be kept as snial(9).

as possible, similar to_[25]. The key is that, [n](10), the dow OE{S} 9¢d
bound is forced to approach the upper bound by desigping ¢ (14 2d°X?) exp (d*N?) erfc (dA) — T/\
that makessp? > 1. Fromkp? = 3752 = ¢ > 1 for a T
o 2 (@ s 120N 2
certain large value of, p can be set tg) & ¢ (% 52. > c(1+2d°)7) NCEETr v ﬁ/\ =0, (13)

It is worth noting thatp is a decreasing function of the .
interferer density, i.e.fﬁp. That is, in this design, the noisewhere ¢ 2 7220-p) 4 2 47;\2[' and (a) follows from
power is dominated by the aggregate interference pdiyes} 2\ ¢o 7

1 27 2 H
using thisp approaches that fos> = 0, which eventually erfe(r) > V7 11272 exp(—77). As X increases, the lower
facilitates the application of the design principles faf, ¢, Pound ofE{S} in (10) approaches the upper bound [inl(10),

and p addressed in SectidiIII}B. which isE{S} for o2 = 0; thus,E{S} approacheé&\/g”)

aSIE{ﬁ%} increases. [ |

V. THE IMPACT OF SHADOWING ON WIRELESSPEER When E{ﬁ%} > 1, effective density)\(l” in @2) is larger
DisCOVERY than original density)\, and this results in reducing the

This section discusses the impact of the shadowing on th#fect of the nonzero noise power due to the increase in
spatial performance of wireless peer discovery and exttals the effective node density. That is, shadowing may cause the
design principles derived in previous sections to the oones foperation of wireless peer discovery to be closer to that of
wireless channel models that incorporate arbitrary shampw an interference-limited scenario. By replacingwith A,
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i) - © -o=3,m=1 i — © —0=3, snr=5dB, m=1
$ 351 |— * —a=3,m=25 | : o 4 35| — 8 —0a=3, snr=20dB, m=1
?é — B8 —a=3, m=100 PR § —6— =4, snr=5dB, m=1 o
° 3r S— 0=4, m=1 e | 8 sf ¢ a=4, snr=5dB, m=100 e ]
g a=4, m=2.5 i P % —&— a=4, snr=20dB, m=1 - l
8 25 | —7 =4, m=100 o 8 25l| — * —a=4 snr=20d8, m=100 B
° —O--a=5m=1 L 2 —0O— - a=5, snr=5dB, m=1 3
] TX= 0=5,m=25 - 5 |l o o=5snr=20dB, m=1
@ [ ! 17
g 2 —B- - a=5, m=100 B @ g L
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315 G- p 315
5 _ - 5
g 5
£ 1 | g 1
2 2
2 o
205 i g 05
g 2 @
; i i < 0 L L i i i i i

o 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

Number of RBs, M Number of RBs, M
’ i 2 _ P .
Fig. 4. E{S} vs. M when¢? = 0 (¢ = 0dB, p = 0.5; lines: analysis Fig. 5. E{S} vs. M wheno® > 0 ({ = 0dB, p = 0.5; note that, in the cases
results, symbols: simulation results) with o = 4 & m = 1, lines and symbols denote the analysis and simulation

results, respectively. In the other cases, symbolled lodg represent the
simulation results.).

the design principles in Sectidn TWB also work well unde

shadowing. 4 —G—B:Sdé a=3, No noi;e ‘ ‘ 1
Recall that Remark§ 3.1 arld_b.2 are applicable to A 5-3dB. a=4, No noise /"/N\'

arbitrary distribution of shadowing componehtHowever, the 3.5[] —v— 5=3dB, a=4, snr=10dB o

shadowing component is most commonly modeled as logn % 073dB, =5, No noise

mal, i.e.,0 such tha® 2 1010 can be represented as a norme 3 Ty e Nonase |

random variable with a zero mean and standard deviation

. 2 1 1 2 n 2
In this caseE{J& } = exp (% (M K) ) That is,E{J= }

—P>— 3=6dB, a=4, snr=10dB

5 «

increases withy, and E{ﬁg} > 1 becausey > 0. From
Remarl5.R, this signifies th@{S} increases withy and the
lognormal shadowing always leads (S} larger than that
without shadowing when the effect of the noise power cann
be ignored. Recall that Remdrkb.2 assumes a specific char
model, i.e., the Rayleigh fading amd= 4. In the next section, % 0 5 0 5 2
simulation results demonstrate that this property remanuer Minimum required SINR, & (dB)

other channel models, i.e., the Nakagamfading and general Fi9: 8- E{5} vs.£ under the Rayleigh fading environment - 0.5; closed
! ! symbols represerg™ derived in Propositiof 312).
.

Average number of successfully discovered nodes, E{S}

VI. NUMERICAL RESULTS The result in Propositiofi_3.1 only provides the result for
Thi " luat ddi h tial perf integerm while Fig.[4 demonstrates th@{ S} also remains
is section evaluates and discusses the spatial perfaen "ﬂdependent ofn with a non-integer value.

gf a m(;JI_ncgan?el glrllldorréjhﬁll(;protocg_)l baj?d ;)n ttrljo?_niﬁs: tsIn order to observe the effect of the noise power, the finite
perlxe lm. etﬁ lon an " Sdmg\]”gmeh n etc " ““snr is considered in Figl]5. This figure reveals clearly that
57 = 52 IS e average receve when a target no S} tends to be saturated rather than continuously increasing

Is ?tha unfitt distanc_e f_rfc_)m t‘; typical node, i'_exéﬂ S:Né irl thaSM increases wheanr is low, i.e.5dB. For example, when
(1); hereaftersnr signifies the average receive atthe _ "2 _ 54 andm = 1, E{S} eventually approaches

unit distance. It is assumed that nodes are spatially bigtd i d p(1—p) . .

according to a homogeneous PPP. Node densigymeasured ~—, /5 = 4.3503 when M is 1000 and p is 0.5. The

as the average number of nodes within a unit area and is sesitaulation results in Fig5 also demonstrate the effectrof

4, if not stated otherwise. For this value, the average digtarand o with values other thann = 1 and o = 4 that are

between nodes i$/(2v/\) = 0.25 [26]. assumed in Sectidn1V. In this figure, it is observed that the
Fig.[4 presents the effects of the number of RBswireless effect of m remains insignificant an8{S} increases withy,

fading channel parameterized by, and path loss exponeat which is similar to the interference limited case.

on E{S} under the Nakagami fading channel models with  Fig.[8 presents the performance gains that the desigh of

ms = m; = m, wheno? = 0. As already expectedi{S} suggested in Sectidn IIIB enables. In order to determime th

increases withV/ and«, and it does not depend on the valuealue of &, 5 defined :';1sL‘f(’)3g2 in Section[IlI-B should be

of the fading parameterm. This figure also depicts that thechosen appropriately. When considering the uplink resourc

analysis results coincide precisely with the simulatiosults. structure of the 3GPP LTE system [27], [28] and assuming
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—&— M=4, No noise

—&— M=4, snr=20dB

—&— M=4, snr=10dB
M=4, snr=5dB

— M=100, snr=5dB |
M=1000, snr=5dB

221
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181
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16F
L4y

12§

E{S} - 2.0372as 0% ~ 0 @ M=4

—A—\=0.372, M=4

—%— \=0.472, M=4 ||

—b>—A=0.5"2, M=4

Average number of successfully discovered nodes, E{S}
Average number of successfully discovered nodes, E{S}

1p % ' —©—A=0.372, M=3 |
1] =) : / -2
\ y —5— =042, M=3
R L./ ~ il
0.5 ) i a\ \ 1 o8l A=0.57%, M=3
0 _ B N S N TN 0.6 i i i i
0 0.2 04 06 08 1 0 5 10 15 20 25

Transmission probability,p Average received SNR at a unit distance, 1/0° (dB)
Fig. 7. E{S} vs.p under the Rayleigh fading environment & 4, ¢ = 0dB;  Fig. 8. E{S} vs. snr under the Rayleigh environment (= 4, £ = 0dB,
open symbolled solid lines: exact valuesi®fS}, dashed lines: lower bound p = 0.2; open-symbolled solid lines: exact valuesifS}, dashed & dashdot
of E{S} in (0), closed symbolsp derived in Propositiofi 412). lines: lower & upper bounds di{S} in (I0), closed symbolssnr designed
for meetingrp? = 100).

that L = 70bits [16], 8 ranges from approximately0 to
160 depending on the available bandwidth, and therefore tdesign ofp = 0.5 and wastes the node energy due to more
evaluation assumes that = 10. These results demonstratgransmissions. From this, a design method may be considered
that E{S} for o2 = 0 is maximized at the value af derived wherep is set tomin{p,0.5}. The results also present that a
in Proposition[3R2, which increases with for a givens. value ofp ranging from0.1 to 0.3 works moderately well over
This figure also depicts that* increases with the SNR gapvarioussnr values. Accordingly, in what followss = 0.2 will
under a fixedh. As stated in Section 1B, it should be notedoe used for performance evaluations if not stated otherwise
that, whens®> = 0 anda = 4, ¢*’s for § = 6dB and Fig.[8 elaborates on the approximation of the noise power
5 = 3dB differ precisely by the difference of values, i.e., impact based on the lower bound in¥10), and it validates
3dB. In contrast, it is observed thdtrequired in order to the design of the transmit power suggested in Sedtion]IV-B.
maximize E{S} for a finite snr is somewhat smaller thanlt is observed that the apprOX|mat|on becomes more and
&* derived in Propositiofi 312. Even thoughi derived in more precise as = 8?\4;’ > increases. This is because the
Propositio-3.2 does not provide a bad performance, it mightise power is overwhelmed by the aggregate interfererate th
not be satisfactory to apply thi&s' when the SNR is not high. increases with\/M andsnr. In this figure, the solid symbols
However, as suggested in Sectlon TV-B, if the transmit powelenote the performance of the transmit power design suggjest
can be appropriately increased, it is expected thatghisan in SectiofIV-B, whert = xp? = 100, and a transmit power is
work sufficiently well. expressed as the average received SNR at a unit distancee in th
Fig.[@ demonstrates how the transmission probability, i.@bscissa. The results demonstrate that this design givesd g
p, affectsE{S} and how well the suboptimal design @f transmit power that can be maintained as small as possible
proposed in this paper functions under the Rayleigh fadinghile forcing it into an interference limited environment.

environment {2, = m; = 1). It is observed that the optimal Fig.[d presents the effect of the lognormal shadowing on
p for maximizing E{S}, i.e., p*, increases witho®. This E{S}, and the value of on the abscissa denotes the standard
increases the likelihood of packets with a high received SNdReviation of the shadowing in dB scale, e.g.= 0 indicates

by allowing more nodes to transmit rather than only focusingy shadowing. These results verify the discussion predente
on reducing interference. When” is low, E{S} is very in SectiolV by demonstrating the coincidence of the analysi
sensitive top on the interval of0 < p < p*; thus, the and simulation results under the interference limited.,(i.e
selection of p has a profound effect on the performances? = 0 and generak) and specific nonzero noise (i.e2 > 0,
This observation stresses the importance of consideriag th = 4, andm = 1) channels while presenting the simulation
noise power effect in the design of The results in Figll7 results under analytically intractable channels (esd.,> 0
also demonstrate thagi obtained in Propositiof 4.2 tracksand o # 4). As elaborated in Sectiof]V, the performance
p* very well even when the lower bound @/{S} in (I0) is invariant toy when ¢ = 0 while it increases withy
becomes increasingly loosed as the impact of the noise powgfen 2 > 0. In particular, whens?> > 0, the lognormal

increases, e.g., for alow SNR or largé. That is,p achieves a shadowing equivalently increases the node density by arfact
fairly good balance between the chance of packet transmnissi

log 10
and reduction of interference. Figl 7 also illustrates thiat Fexp % (ng)
approache®.5 for a large M. In fact, p* = 0.5 maximizes more significant impact on the performance for a small
limp/_,o E{S}. At a large M, /) tends to be more thap5. and this phenomenon is observed in Fig. 9.

This value provides a lower performance than that of a frivia Fig.[I0 presents the effect of shadowing on the design of the

. In this regard, the shadowing has
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APPENDIXA
& PROOF OFLEMMA 2]
g
E{S}Y MEQ(1-p) 3 P(XilZo =0)
'-é Xi€P1/m
Z i () A
‘B B G - = (1—p)— P(X|Zy = 0)dX
8 1 — © —0=3, No noise, m=1 M X cR2
g 1 : E —4— =3, snr=5dB, m=1 () %)
5 ~ 8 —a=4, No noise, m=1 = 2mAp(1 — p)/ Pr {h > E&rt(I+ 02)} rdr, (14)
€ —<— " a=4, No noise, m=100 0
2 L —<— a=4, snr=5dB, m=1
) 0° —&— =4, snr=5dB, m=100 where (@) follows from the fact that a typical node simultane
g % ~o=5, Nonoise, m=1 ously listens to target nodes ovif RBs, (b) follows from the
0 i i 975, o790, m71 Campbell theorem and the stationarity of a homogeneous PPP
0 3 6 9 12 .
Lognormal shadowing standard deviation, x (dB) [ﬂ]' and (C) follows from@-)!mz)! and the Change of varabl

Fig. 9. The effect of the wireless channels BS} when considering the |X| — r. Here, R? denotes the two-dimensional Euclidean
lognormal Shzd%WingM :f;l’ &= OdB,pz(l?: note t?_at in ﬂ:je Casgslof space. When the fading power gains of the desired and
‘No noise’ and the case oty = 4, snr= 5dB, m = 1’, lines and symbols : f . :
denote the analysis and simulation results, respectivelyhe other cases, interfering S'Q”als have the CCdf_S with fading Baramth&gs
symbolled lines only represent the simulation results). andm; described by[(3), respectivelpr {h >&r(I+o )}

can be derived similarly to equations (20), (21), and (24) in

[25], as follows:
operation parameters. The two subfigures extend the results )
Mg— k
S

Figs.[® andl7 into the ones that incorporate the lognormal o 9 m ok
shadowing. The lognormal shadowing tends to dilute the Pr{h>e(I+0%)} = > o (e

impact of the noise power; thus, it is observed thandp for N k=0 )
maximizing E{S} become closer and closer to those of the d*L;(C) exp (—¢o?) (15)
interference limited case, asincreases. In addition, Fig. 10[b) dck o ere ’

demonstrates that the maximum value®fS} at x = 12

increases by up ta8% whensnr= 10dB while increasing \here Li(C) = exp —%WQ% A;(m;,a)). Eventually, by
by only 8% whensnr= 20dB, compared with the case with uagin into is obtainéd -
not shadowing. This observation implies that the impact 8# gging [15) k). '
shadowing reduces, a8 decreases agnr increases.
APPENDIX B
VII. CONCLUSIONS PROOF OFPROPOSITIONS. ]

This paper investigated the performance of a multichannelgy  ysing the formula of 68_1 exp(f(2)) =
random hello protocol for wireless peer discovery in terms j

Bl il jOIE imi
of the average number of successfully discovered peers wt?xl)e(dflggzi)()%:lé%)“%ﬁg( tﬁl\ 51%{](;) ord g;kd erivativzlrtneller::s i
the peers are spatially distributed according to a homagme@ are given by '
r -

Poisson point process. The performance depends on the wi
less channel characteristics, such as the path loss, migsr,p d* exp (—be(C a))
fading, and shadowing, as well as the discovery operation M

= exp (—%WC‘iAi(mi,O&)) .

characteristics, such as the number of resource blocks,laod dck

tion and coding scheme, transmission probability, andstran k ! ) !
A o 1 VAWV

power. The relationship among these characteristics was ex Z n (1) ] Mﬂﬁi(miﬂ) :

pressed or approximated as a closed form, and it was demon- =0 " j=0

strated that the wireless channel model significantly &fec 3(1 — ) C%l_k (16)

the design of the discovery operation parameters. Accghgin «@ (k) ’

incorrect models or assumptions might result in poor design

e.g., it was observed that an immoderate zero noise assampwhere(x) ) 2 z(x—1)---(z—k+1) denotes the Pochham-
for a low SNR might lead a poor design of the transmissigner symbol. Thus, through the integration similar to edrati
probability that degrades the performance. The resultgig t(26) in [25], (4) is calculated as follows.

paper can be used as a basis for the design of wireless peer ~
discovery, even though this paper only considered a limited E{S} = As(ms, @) M(l; p)
scenario including a simple random access and homogeneous Ai(mi, a) £a
PPP. For future study, it would be interesting to extend this _ 2 il g .
work by considering more sophisticated resource managem@&here As(ms,a) denotes mg = 3 170" 13> -0
schemes, e.g., interference aware resource allocation.  (—=1)**"*7(7) (3(1 =) .

; (17)
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Minimum required SINR, & (dB) Transmission probability,p
(a) Design of¢ (p = 0.5, 8 = 10). (b) Design ofp (£ = 0dB).

Fig. 10. The impact of lognormal shadowing on operation mpatar design{/ = 4, m = 1; (a) closed symbolst* derived in Propositiof_3]12; (b) closed
symbols:p derived in Propositiofi 412, dashed lines: lower bound 6t} in (10)).

Interestingly, a more elegant form (ﬁs( ,a) can be t 2 k+1ands £ k — n, (d) follows from the formula

found. That is, it is shown thah,(m, ) = A,(mg, @), as of 3_o(=1)*(}) ((t —s)z +y),, = 0 for any complex
follows: numberse andy whent > k, (e) follows from the formula of
B S E((’er’f)) = —Fé}”(;fg) for any real numbeg [29], and
As (msa a) (f) follows from I'(1 + 2) = 2I'(2).
_,ms_l Hn 2 l Furthermore, ifms = m; = m, from the definition of
@ Z o Z (5 )um (n) A, (ms, ) and A (ms, o),
, Ms— k Ag(m,a) 1 _ sin(27/a)
Ut e () (), Alme) “TO-HIA)  2ja O

1 t\ (2 2
: s C! - t_ -
e Z k! Z (s) (a( 2 a>(k) APPENDIXC

PROOF OFPROPOSITIONS.Z

t
_2 1 t 2 2
=mg : Z - ((Z(—l)s( ) (—(t —s) — —) ) The first order derivative of¢(x) with respect tar is given
k! S Q@ Q@
k=0 s=0 (k) by
2 dfe(x) 2 _2 A
— [ (=1)kt+? <__> de) _Za-d1 (142 20
<( ) X/ (k) dx o ( * 5) ug(x). (20)
@ 2 el 2 4+ k) Because: > 0, 2z~ a1 (1 + %)_1 in (20) is always positive,
s Z: kT (%) thus the sign ofdffi—;””) is only determined by that ofi¢(x).
h=0 3 Consider the derivative of¢(z) given by
21 ST (R +2) (@) 1
= Ms 2 — UE x _ 4+ g . . E
r2) & F(k2+1) = _5((2 1) 10g(1+6)). 1)
© o3 1 T(ms+2) From the assumption oft > 2 in Section[[A, if 0 <
r'(2) 2r(m,) z < d(exp(§-1)—1), du;—im) > 0, i.e., ug(z) is in-
© -2 T(ms+2) creasing. Accordingly, as long alm, .o+ u¢(z) > 0,
= M T+ 2)T () (18) 1%5(:0) > 0for 0 < o < &(exp(5- 1) —1). Note that
lim,_,o+ Wg(l” = lim, o+ WWF) =2 >1by

where (a) follows from the introduction of new variablgpe L’Hopltals rule. Thus,hmm%w ue(x) > 0. By contrast,

Ny (j) = (l_lj), and the change of the order ofr,. - 5 (exp (2 — 1) — 1), du5(;ﬂ) <0, i, ue(z) is

k
summations, (b) follows fromy_;_, (1) = (5+1), (c) follows  decreasing and eventually becomes negative: ascreases.
from (fljj) = (,’jfi) and the introduction of new variablesTherefore, on the interval of > 0, u¢(z) crosses zero once
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from positive to negative. That is, equatiap(z) = 0 has the [17]
unique solution on the interval of > 0, which is equal tor™*.
From these resultsf¢(x) is increasing fol0 < z < z* while
decreasing for > «*. Thus, f¢(z) is maximized atc = z™.
The increase im:* with « follows from the monotonic
increase ofve(z) £ (1 + , becauser™ is equal

(18]

) log(1 +3 [19]
to the solution ofve(x) = §. This can be shown as follows:
The derivative ofve (z) is given by <<= d”g(x) = 5 0¢(x), where [20]

O¢(x) £ (z —dlog(1+ %)). Note thatllmw_>0+ Te(x) =0

and ¢(z) is increasing withz > 0 becaused”j—(m) =
1-(1+%)~' > 0whenz > 0. Therefore d”;ff >0 [21]
for x > 0, and the solution of¢(x) = &, i.e., 2", increases 2]
with «. [ |
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