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Corrections to and Comments on “Throughput
and Optimal Threshold for FFR Schemes

in OFDMA Cellular Networks”
Guillem Femenias, Senior Member, IEEE, and Felip Riera-Palou, Senior Member, IEEE

Abstract—In a recent paper published in these Transactions, Xu et al.
(see ibid., vol. 11, no. 8, pp. 2776–2785, Aug. 2012) proposed an analytical
framework to calculate the throughput and optimal threshold for frac-
tional frequency reuse (FFR) schemes in orthogonal frequency division
multiple access (OFDMA) cellular networks. This correspondence points
out a problem in the original derivation of Xu et al. and how this affects the
claimed performance of the maximum signal-to-interference-plus-noise
ratio (MSINR) scheduling rule. A fix to this problem is presented in this
work, which turns out to extend the applicability of the analysis beyond the
case studied by Xu et al. and at the same time shows how the performance
of the round robin (RR) scheduling rule can be obtained as a special case
of the MSINR scheduler. Monte Carlo simulation results demonstrate the
validity and merits of our proposed approach.

Index Terms—Fractional frequency reuse (FFR), orthogonal frequency
division multiple access (OFDMA), scheduling.

I. INTRODUCTION

In [1], the throughput and optimal threshold for fractional frequency
reuse (FFR) schemes in orthogonal frequency division multiple access
(OFDMA) cellular networks were investigated. The authors proposed
a theoretical framework to derive the average cell throughput for both
the round robin (RR) and the maximum SINR (MSINR) scheduling
strategies when users are uniformly distributed in the cell area. Further-
more, they exploited the dependence of these analytical expressions on
the radius of the circumference separating the cell-center and cell-edge
regions to gain some insight on the behaviour of the optimal threshold
radius versus the number of active users in the system.

This correspondence points out a problem in the rationale behind the
analytical framework derived by Xu et al. in [1] and how this affects
the claimed performance for the maximum signal-to-interference-plus-
noise ratio (MSINR) scheduling rule. A new analytical framework
fixing this problem is presented, that could eventually be extended
to the analysis of other frequency reuse strategies such as the soft
frequency reuse or other cellular deployments such as a multi-tier
network consisting of macro-, micro-and/or femto-cells. Despite the
flaws in [1] we aim to fix in this correspondence, it is important to
stress that the conclusions that Xu et al. presented in their paper were
all derived from simulation results and, thus, they are essentially
correct. In fact, in this paper we further show that simulation results
exhibit an almost perfect match with theoretical results derived using
our proposed analytical framework.
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II. SYSTEM MODEL

In order to obtain an expression as general as possible for the
average throughput of the system we will start our analysis assuming a
general system model and then it will be particularized to the case an-
alyzed in [1]. Let us consider the downlink of an FFR-aided OFDMA-
based multi-cell system. The BS of interest, which is referred to as BS
0, is located at the origin and provides service to a fixed number M of
users that are distributed independently at random over the coverage
area. Due to the use of FFR, the coverage area of BS 0 is divided in two
disjoint regions: the cell-center region, referred to as region C, and
the cell-edge region, referred to as region E. Consequently, user m,
located at polar coordinates (d0,m, θ0,m), is classified either as a cell-
center user or as a cell-edge user depending on whether (d0,m, θ0,m)
belong to region C or region E. Non-overlapping frequency bands are
allocated to cell-center and cell-edge users. Cell-center users employ
a frequency reuse factor equal to one with a set of FC subcarriers, and
cell-edge users employ a higher frequency reuse factor (e.g., three or
seven) with a set of FE subcarriers in the cell of interest (cell 0).

III. AVERAGE THROUGHPUT CALCULATION

The instantaneous signal-to-interference-plus-noise ratio (SINR)
experienced by user m in cell 0 on the nth subcarrier can be ex-
pressed as

SINRm,n =
PL(d0,m)

∣∣H0
m,n

∣∣2 P0,n

N0Δf +
∑

j∈Jm
PL(dj,m)

∣∣Hj
m,n

∣∣2 Pj,n

, (1)

where PL(dj,m) is used to denote the path loss between BS j and
user m, dj,m is the distance between BS j and user m, Δf is the
subcarrier spacing, Pj,n is the power allocated by BS j to subcarrier
n, N0 denotes the noise power spectral density, and Jm denotes the
set of interfering cells for user m that depends on whether user m has
been classified as a cell-center or a cell-edge user. In the expressions of
instantaneous SINRs for all users in cell 0, both the distance variables
{dj,m}∀ j,m

, and small-scale channel fading gains
{
|Hj

m,n|
2
}
∀m,n,j

are random variables. Furthermore, the number of cell-center and cell-
edge users, MC and ME = M −MC , respectively, are also random
variables because users are randomly positioned on the cell. It is
worth stressing that, assuming that the position of any interfering
BS in Jm is fixed, the random distance dj,m can be expressed
in terms of the random position of user m and thus, the random
variable SINRm,n is a function, among others, of the random variables
d0,m and θ0,m.

From this point onwards, we will use A as a token to represent
either the cell-center region C or the cell-edge region E. Let γA

n denote
the SINR experienced by the user in region A that has been allocated
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subcarrier n. Our goal is tho determine the average throughput on this
subcarrier, in bps/Hz, given by

ηA
n �EγA

n
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where Ex[·] denotes the expectation operation with respect to the
random variable x, pA is the probability that a given user is located
in region A, and FγA

n |MA
(t|k) is the conditional cumulative distri-

bution function (CDF) of γA
n conditioned on the event that there are

MA = k users in region A. The average throughput of the system
can be obtained as η = FCη

C
n + FEη

E
n , hence, the problem is that

of determining FγA
n |MA

(t|k).

A. General Assumption

Let us define the random variable γA
m,n as

γA
m,n =

{
SINRm,n if (d0,m, θ0,m) ∈ A,

0 otherwise.
(3)

For the analysis carried on in this paper, the following assumption is
needed: on each subcarrier n, the random variables {γA

1,n, γ
A
2,n, . . . ,

γA
M,n} are independent and identically distributed (i.i.d.) according to

the joint probability

PSn,A(t) � Pr {SINRm,n ≤ t, (d0,m, θ0,m) ∈ A} . (4)

In other words, we assume that on each subcarrier in region A the users
are statistically equivalent in terms of SINR.

B. MSINR Scheduler

When the MSINR scheduling strategy is used, for any subcarrier n
allocated to users in cell-region A we have that

γMSINR-A
n = max

{
γA
1,n, γ

A
2,n, . . . , γ

A
M,n

}
. (5)

Using the general assumption introduced in Section III-A, the
conditional CDF of γMSINR-A

n , conditioned on the event that there are
MA=k users in region A, can be readily evaluated as

FγMSINR-A
n |MA

(t|k) = Pr
{
γMSINR-A
n ≤ t

∣∣MA = k
}

=

(
PSn,A(t)

pA

)k

=
(
FSn|A(t)

)k
, (6)

where FSn|A(t) � PSn,A(t)/pA = Pr{Sn ≤ t|(d, θ) ∈ A} is used
to denote the conditional distribution of the generic SINR Sn on
subcarrier n, conditioned on the event that the user is in cell region
A. This expression is general for any system sticking to the general
assumption introduced in Section III-A and implementing the MSINR
scheduling policy.

For the sake of analytical tractability, in [1] the cell shape is
modelled as a circle with a radius R and a BS with an omnidirectional
antenna is located at the cell center. Users are uniformly distributed
in the cell, assuming that the minimum distance of a user from its
desired BS is equal to R0. Thus, the event space of the random
variable d is restricted to the range [R0, R]. Users at a distance less

Fig. 1. Average cell throughput versus the distance threshold with the
number of users per cell as parameter.

than the threshold Rth from their serving BS are classified as cell-
center users, while those at a distance ranging between Rth and R are
classified as cell-edge users. Furthermore, as stated by Maqbool et al.
in [2], it is assumed that in a multi-cell network the instantaneous
SINR experienced by a generic user located at (d, θ) varies very little
with the polar angle and thus, it can be approximated as a function
of the distance d to the BS. In this special case we have that pC =
Fd(Rth) and pE = 1− pC , where Fd(t) is the CDF of the distance
of a user to BS 0. Furthermore, FSn|C(t) = Pr(Sn ≤ t|R0 ≤ d ≤
Rth) and FSn|E(t) = Pr(Sn ≤ t|Rth ≤ d ≤ R) are the conditional
distributions of the generic SINR Sn on subcarrier n conditioned on
the event that the user is in cell region C or cell region E, respectively.
Substituting these results in (2) we obtain an expression that is different
from that presented by Xu et al. in [1, eqs. (32)–(34)] and the reason
is basically because in the analysis presented in [1, eqs. (9)–(16)] the
conditioning is only performed on the position of the tagged user rather
than on the positions of all users served by BS 0.

C. RR Scheduler

Since the user SINR’s are statistically equivalent on each subcar-
rier, serving MA users in the cell region A using a RR scheduling
policy is equivalent to serving MA = 1 users with MSINR (even
when users are selected with non uniform probability). Therefore,
F
γRR−A
n |MA

(t|k) = FSn|A(t) and the results in [1, (26)–(28)] follow.

IV. RESULTS AND DISCUSSION

In this section, numerical results obtained using our analytical
approach are compared to those obtained using the analytical
approach presented in [1]. Monte Carlo simulation results are also
provided in order to validate our analytical framework. A cellular
network with 19 cells (see [1, Fig. 1]) is considered and the main
system parameters are listed in [1, Table I].1

Fig. 1 illustrates numerical and simulation results for the average
cell throughput as a function of the distance threshold and for different
numbers of active users in the cell. Results have been obtained using
an MSINR scheduling strategy and a cell-edge frequency reuse factor
equal to three. Simulation results have been obtained by averaging over

1Noise amplifier gain has been neglected as it does not explicitly appear in
any of the equations of the theoretical model. Furthermore, a receiver noise
figure of 7 dB has been considered as is typically done in simulations based on
3GPP LTE standards.
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Fig. 2. Optimal distance threshold versus the number of users.

10 000 Monte Carlo trials. It can be observed, first, that both analytical
approaches provide very different results and second, that they predict
quite different values for the optimal FFR distance threshold Rth.
As expected, simulation results exhibit an almost perfect match with
numerical results derived using our proposed analytical framework
and serve to validate the correctness of our approach in front of that
proposed by Xu et al. in [1].

In order to stress the importance of the proposed analytical ap-
proach, Figs. 2 and 3 show, respectively, the optimal distance threshold
and optimal average throughput versus the number of users per cell, for
a system using an MSINR scheduler and a frequency reuse factor equal
to three for the cell-edge users. Again, it can be observed that the pre-
dicted optimal distance thresholds and average throughput values us-
ing our analytical approach have an almost perfect match with results
obtained through Monte Carlo simulations and differ considerably
from those predicted using the analytical approach presented in [1].
In fact, differences between the optimal distance threshold obtained

Fig. 3. Average cell throughput with the optimal distance threshold versus
the number of users.

through simulation and theoretical analysis are basically due to that,
in order to keep complexity to affordable levels, a distance threshold
resolution of two meters was used to obtain the simulation results.

ACKNOWLEDGMENT

We would like to thank the Associate Editor for the many valuable
comments and constructive suggestions.

REFERENCES

[1] Z. Xu, G. Y. Li, C. Yang, and X. Zhu, “Throughput and optimal threshold
for FFR schemes in OFDMA cellular networks,” IEEE Trans. Wireless
Commun., vol. 11, no. 8, pp. 2776–2785, Aug. 2012.

[2] M. Maqbool, P. Godlewski, M. Coupechoux, and J.-M. Kélif, “Analytical
performance evaluation of various frequency reuse and scheduling schemes
in cellular OFDMA networks,” Perform. Eval., vol. 67, no. 4, pp. 318–337,
Apr. 2010.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


