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Abstract

We study the sum degrees of freedom (DoF) of interferencaredia with hybrid beam-forming in
which each transmitterusesM/ antennas and/; RF chains and each receivieusesN; antennas and
N; RF chains, wherél/; < M/ and N; < N/, ¥i = 1,2,..., K, and hybrid beam-forming composed
of analog and digital precodings is employed at each node.t® two-user case, we completely
characterize the sum DoF for an arbitrary number of anteand$RF chains by developing an achievable
scheme optimized for the hybrid beam-forming structure dedving its matching upper bound. For
a generalK-user case, we focus on a symmetric case whdge= M, N; = N, M/ = M’, and
N/ =N',Vi=1,2,..., K, and obtain lower and upper bounds on the sum DoF, which giné when
% is an integer. The results show that hybrid beam-forming icanease the sum DoF of
interference channel under certain conditions while itncarimprove the sum DoFs of point-to-point
channel, multiple access channel, and broadcast channelkdy insights on this gain is that hybrid
beam-forming enables users to manage inter-user intederbketter, and thus each user can increase

the dimension of interference-free signal space for its oesired signals.

Index Terms

Degrees of freedom, hybrid beam-forming, interferencgnatient, interference channel

I. INTRODUCTION

Mobile data traffic has been growing dramatically as the rnemdf mobile smart devices
is increasing rapidly in recent yeals [1]. To accommodaenéndous demand on mobile data
traffic, the cell capacity can be largely increased by deptpw very large number of antennas

at base stations (BSs), often referred to as a massive teditiput multiple-output (MIMO)
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system[[2], [3]. The massive MIMO system, however, has hardveonstrains that come from
using a few hundred antennas. For a conventional antenag simucture, each antenna needs
to have a dedicated RF chain. This naturally leads to an nmen¢ in the circuit size, power
consumption, and device cost proportionally to the numleanbennas, and hence it can be a
serious problem in a practical point of view especially foagsive MIMO systems. Therefore,
to resolve this problem, a hybrid beam-forming structurthwvai lower number of RF chains than
the number of antenna elements has been recently introcascadpractical solution [4],_[5].

As an alternative approach to increase the cell capacityimmter-wave (mmWave) commu-
nications have attracted great attention recently [6]. imWave band from 30 to 300 GHz
provides abundant contiguous frequency resources whelguéncy bands under 5 GHz used
for legacy cellular communications are very crowded angdrfranted. The main advantage in
mmWave communications is that a very high data rate can bpostgal using a very large
bandwidth at mmWave bands. However, one of major drawbaskihe high induced path
loss due to the propagation loss and absorption loss at me\Wamds [[[7]. Fortunately, this
high path loss can be effectively compensated by a high deamng gain obtained from a
large number of antenna elements that can be packed into lafsma factor due to the small
wavelength in mmWave bands. To support a single stream th@yanalog beam-forming, which
is simply implemented by controlling attenuators and preksgters of the antenna array to steer
a directional beam, is enough to be considered. Howeveratsmit multiple streams, the hybrid
beam-forming structure, where analog beam-forming isqueréd at RF domain and antenna
arrays are connected to a relatively small number of digitdhs, should be considered to get
the multiplexing gain([B],[[9].

As mentioned above, the hybrid beam-forming architectame jglay a key role in the next
generation communications (e.g., massive MIMO and/or mm@Adaommunications) and hence
has been widely studied recently [8]-[12]. [n [8], precadand combiners are designed using
a sparse reconstruction approach.(In| [10], baseband andeRfdare designed for multiuser
downlink spatial division multiple access (SDMA). In addit, a hybrid precoding algorithm
based on a hierarchical codebook is proposed in [11]. Furthe2, a hybrid precoder is proposed
for massive multiuser MIMO systems i _[12]. While there amme works on hybrid beam-
forming structures, however, to the best of our knowledbe,degrees of freedom (DoF) gain

from hybrid beam-forming has not been analyzed before.



A. Previous Works

The DoF, which is also known as a capacity pre-log, gives #pacity approximation at high
signal to noise ratio (SNR) regime. For example, for the ptorpoint (PTP) channel with/
transmit antennas andl receive antennas, it is well known that the capacity in@sagith the
growth ratemin{ M, N} log(SNR) at high SNR[[18],[[14]. Since exact capacity charactenizati
is generally still unknown even for simple networks (e.g/94user interference channel), instead
of obtaining an exact capacity, approximate characteoizdty finding the optimal DoF has been
studied in many networks recently [15]-[31].

Specifically, for the two-user interference channel, then §boF has been completely char-
acterized, where zero-forcing precoding has been showre tenough to achieve the optimal
DoF [15]. For a generak’-user interference channel, a novel interference manageeehnique
calledinterference alignment has been proposed in [16], [19], which achieves the optimal s
DoF of % Later this scheme has been extended to MIMO configuratiotisfor rich scattering
environment [[22], [[28] and poor scattering environment]f#®1]. Furthermore, beyond the
interference channels, the idea of interference alignasteen successfully adapted to various
networks, e.g., seé [17]-[21], [24]-[28] and referencesrdn.

B. Contributions

In this paper, our primary goal is to answer if hybrid beam¥fmg can increase the sum
DoF of interference channels. To this end, motivated by fbeeenentioned previous works, we
propose zero forcing and interference alignment schemisiapd for the hybrid beam-forming
structure. In addition, we also derive a new upper bound enstim DoF when hybrid beam-
forming is employed at each node. For the two-user caseufiper bound coincides with the
achievable sum DoF of the proposed scheme, thereby conyptdtaracterizing the sum DoF.
For a general-user case, our proposed scheme can achieve the upper bbmmdﬂ%
is an integer, wheré/’ and N’ denote the number of antennas at each transmitter and eeceiv
respectively. As a consequence of the result, we show thatichypeam-forming can indeed
improve the sum DoF of thé(-user interference channel under certain conditions. Ehis
contrast to the PTP channels, multiple access channel (M&) broadcast channel (BC) cases
in which hybrid beam-forming cannot increase the sum DoE Section Ill). The key insight

behind this gain is that hybrid beam-forming enables usemhanage interference better, and



thus each user can increase the dimension of interfere@aeesignal space which can be used

for its own desired signals.

C. Organization

The rest of this paper is organized as follows. In SectiorwH, describe the system model
and sum DoF metric considered in this paper. In Section I8, give an intuition as to how
hybrid beam-forming can increase the sum DoF through miiyaexamples. In Section |V,
we present and discuss about the main results of this papeddition, we provide numerical
results which show the performance improvement from hybadm-forming in Section V. In
Sections VI and VII, we provide the proofs of the main theaseRinally, we conclude the paper

in Section VIII.

D. Notations

Throughout the paper, we will usd, a, anda to denote a matrix, a vector, and a scalar,
respectively. For a rational numbey the notation|«| denotes the integer part af For matrix
A, let AT, A*, and||A|| denote the transpose, the complex conjugate transposehambrm
of A, respectively. In addition, lefA| and rankA) denote the determinant and the rank of
A, respectively. The notationk, and0,,.,, denote then x n identity matrix and zero matrix,
respectively. We writef (z) = o(x) if lim, @ = 0.

II. SYSTEM MODEL

Consider aK-user (M;, M!) x (N;, N}) interference channel with hybrid beam-forming, as
shown in Fig.[1. Transmittef wishes to communicate with receivéronly, while causing
interference to all the other receivers. In addition, trai®er ; uses)M, antennas and/; RF
chains and receiver uses N/ antennas andV; RF chains, wherel/; < M/ and N; < N/,

Vi = 1,2,..., K. Specially, whenM/ = M; and N/ = N;, Vi = 1,2,..., K, we call the

corresponding channel asfall digital channel.

A. Channel Model

Similar to previous works [8]/[10], in this paper we assufnat transmitter utilizes transmit

hybrid beam-forming which consists of i, x M; analog precode¥’(¢) and an)M; x d; digital
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Fig. 1. TheK-user interference channel with hybrid beam-forming
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precoderV,(t) as depicted in Figl1, wheré¢ < {M;, N;} denotes the number of streams of

usem’H In addition, based on this hybrid beam-forming, the inpghal of transmittet at time

slott, x;(t), is assumed to be given by

[0]

)

wherex

x,(t) = Vi(t)x;(t)

= Vi(t)V,(t)si(t),

si(t) = | sua()

(t) = V,(t)s;(t) is the M; x 1 baseband-domain input vector and

s |

*As compared to the hybrid beam-forming structure introduire [8], [I0], in this paper, coefficients iV/(t) can have

different norms by relaxing the constraint that all entides of equal norm. In practical point of view, this is feasisince we

can implementV’(¢) by using both attenuators and analog phase shifters ratharusing analog phase shifters only.



is thed; x 1 symbol vector of transmittei. Here, s; ;(¢) denotes thejth symbol of user at

time slot¢. Then the input and output relationship at RF domain is given

— Z H;;(t)x;(t) + z;(t)
- ZHW VI () +25()

_ZHJZ Vi) Vilt)si(t) +z,(t),

whereH;;(t) is the N; x M; channel matrix from transmittérto receiverj, y;(t) is the N} x 1
RF-domain received signal vector at receiyeandz;(t) is the Gaussian noise vector at receiyer
whose entries are drawn froV (0, 1). We assume that all channel coefficients are independent
and identically distributed (i.i.d) from a continuous distition and known to all nodes.

After receivingy;(t), receiver; applies receive hybrid beam-forming which consists of an
analog precodel’(t) and a digital precodel;(¢) as shown in Fig.11. Specifically, by applying
the analog precoder to the received signal at RF domain, weobtain the input and output

relationship at baseband domain as

ol Z = (1) (1) + 2 (1),

wherey!’ (t) = U (t)y; (1), Hg?;]( ) = U;.*( YHi(t)V(t), andz (1) = U (t)z;(1). If we further
apply the digital precoder to the received signal at basglolomain, we finally get
yi(t) =Y H(1)si(t) + 2 (1),
i=1

wherey (1) = Ui(t)yV(t) = Ui()U(t)y,(t), Hi(t) = Ui(t)U% ()H; Vi)V (t), and
zg.d (t) = U; (t)U;* (t)z;(t). Note thatHgiJ (t) is the effective channel matrix which can be obtained
after applying transmit hybrid beam-forming of transnmiitteand receive hybrid beam-forming
of receiver;.

Finally, by applying the aforementioned hybrid beam-fargstrategy and assuming Gaussian

signalings;(t) ~ CN (04,44, 7 14,), the following average sum rate is achievable for a given

i) d
transmit powerP [32]:
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whereA;(t) = E [z[-e](t)z[-e} (t)*] = U;(t)U7 (t)U5(t)U,(t). Specifically, when all the interfer-

J J
ences are eliminated via hybrid beam-forming, iIéEjJ (t) =0, Vi # j andVt, (1) becomes

A+ £ HY S @)

Rsun(P) < E ; log VOl 2)
= Z d;log(P) + o(log(P)). ©)

B. Encoding, Decoding, and Sum DoF

There areK independent messagél,, W, ..., Wg. For each transmitter, a messagéV;
is mapped to am length codewordx;(1),...,x;(n)). To send the messadé;, at timet,
transmitteri sendsx;(t). Here, we assume that each transmitter should satisfy #rage power
constraintP, i.e., E[|x;(t)|*] < P for i € {1,2,...,K}. Then receiveri decodes its desired
messagéV;, based on its received signal.

Arate tuple(Ry, Rs, ..., R) is said to be achievable for the channel if there exists aeserp
of (2nfu onf2 - onfix ) codes such that the average probability of decoding erratstéo
zero as the code length goes to infinity. The capacity regiah of this channel is the closure
of the set of achievable rate tupléB;, Rs, ..., Rx). The sum DoH", which is also known as

a sum-capacity pre-log, provides the sum capacity appratkom at high SNR
Cam(P) = max Z R;(P) =Tlog(P) + o(log(P)).

f{:l Ri(P)
..... Rg)eC log(P)

I1l. PRELIMINARY DISCUSSION

To gain insights into the DoF gain from hybrid beam-formings begin with examining PTP
channel, MAC, and BC cases. Note that the PTP channelkthiser MAC, and the<-user BC
can be obtained from th& -user interference channel by allowing full cooperatioroamall the

transmitters and among all the receivers, full cooperatimong all the receivers only, and full

2In this paper, when we derive lower and upper bounds on the3oR) we restrict our attention on the cases in which the
hybrid beam-forming structure introduced in Section IIAused.



cooperation among all the transmitters only, respectivare, we assume that hybrid beam-
forming strategy (including digital precoder and analogomder) for each channel is employed

in a similar manner as in Section II.

A. Point-to-Point (PTP) Channel
Consider the M, M') x (N, N’) PTP channel in which the transmitter usgsRF chains and

M’ > M antennas and the receiver us€sRF chains andV’ > N antennas. The DoF of this
channel is stated in the following lemma.
Lemma 1: For the (M, M’) x (N, N') PTP channel with hybrid beam-forming, the DoF is
given by 'prp = min{ M, N}.
Proof: We first provide a converse proof. Following a similar way aésed in Section Il,

we can write the input and output relationship of the PTP okaat time slott as

=H®V'()x"(t) + (1),

wherey(t) is the N’ x 1 RF-domain output vector at the receive(t) is the N’ x M’ channel
matrix from the transmitter to the receiver(t) and x(¢) are the)M’ x 1 RF-domain input
vector and thel/ x 1 baseband-domain input vector at the transmitter, resf@gtivV’(¢) is the
M’ x M analog precoder of the transmitter, and) is the N’ x 1 Gaussian noise vector.
Now focus on the input and output relationship at basebandatta By applying receive

analog precoding at the receiver, we can get
U™ (t)y(t) = y"(t) = H(6)x" (1) + 2(2),

where U’(t) is the N’ x N analog precoder of the receiva’ (t) = U (t)H(t)V'(t), and
z(t) = U™(t)z(t). Since rankH"(t)) < min{M, N}, we see thai'prp < min{M, N}.

For achievability, we only usé/ transmit antennas out of/’ antennas of the transmitter
and N receive antennas out ¥’ antennas of the receiver to equivalently create a conveasitio
full digital PTP channel withV/ transmit antennas anl’ receive antennas. Therefolé;rp >
min{ M, N} is achievable[[13], [14], which completes the proof. [ |

It is well known that the DoF of the full digital PTP channeltivil/ transmit antennas andl
receive antennas is equaliicn{ M, N} [13], [14]. Therefore, from the result of Lemra 1, we



see that adding more antennas only cannot increase the DoPBP channel without increasing

the number of RF chains, regardless of the valued/6fand NV'.

B. Multiple Access Channel (MAC) and Broadcast Channel (BC)

Now we consider thd{-user MAC and BC with hybrid beam-forming. For the MAC case,
each transmittei uses)M; RF chains and\/; > M antennas and the receiver uséRF chains
andN’ > N antennas. For the BC case, the transmitter igd3F chains and/’ > M antennas
and each receiver us€s; RF chains andV/ > N, antennas. The DoFs of these channels are
stated in the following lemmas.

Lemma 2: For the K-user (M;, M!) x (N, N’) multiple access channel (MAC) with hybrid
beam-forming, the DoF is given byyac = min {Zfil Mi,N}.

Proof: For a converse proof, we allow full cooperation among all tfaasmitters to form
<Efi1 M, S8, M{) x (N, N') PTP channel. Then, from the result of Lemma 1, the sum DoF
of this network is equal tonin {Zfil M;, N}. Since allowing cooperation does not reduce the
capacity region[[17], this is an upper bound of the origingtwork, and thus

K
Tvac < min {Z M;, N} .
i=1

For achievability, we use onlyl/; antennas out of\// antennas of transmitter, Vi =
1,2,..., K, andN antennas out oV’ antennas of the receiver to form a conventional full digital
MAC in a similar manner as in Lemma 1. Thdnyac > min {Efil M;, N} is achievable[[15],
which completes the proof. [ ]

Lemma 3: For the K-user (M, M’) x (N;, N!) broadcast channel (BC) with hybrid beam-
forming, the DoF is given by'gc = min {M, SE NZ}.

Proof: We can easily prove Lemma 3 by following similar proof stepd.eémma 2 except
the fact that we now allow full cooperation among all the reees instead of transmitters for a
converse proof. For brevity, we omit the rest of the proopste [ |

From the results of Lemmas 2 and 3, adding more antennas dthpw more RF chains
cannot increase the sum DoFs of MAC and BC, as in the PTP caseefbre, we can see that
when full cooperation is already allowed at either trantniside or receiver side of thi§-user
interference channel, hybrid beam-forming cannot furthgrove the DoF. However, as we will

show in the following example, for the case in which full ceogtion is not allowed so that
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there exist inter-user interferences, the sum DoF of anfarence channel can be improved via

hybrid beam-forming for certain cases.

C. Interference Channel: Motivating Example

Now we provide a simple example where hybrid beam-formimpéd improves the sum DoF.
In the following example, we omit the time indéxor brevity.

Example 1: Consider the two-use€R, 4) x (2, 2) interference channel whefd;, = N, = N/ =
2 and M = 4, Vi = 1,2. We first set thel x 2 analog precodeV! to satisfyH;;V; = 0 for
i # 7 and rankH;;V!) = 2. SinceH;; is the 2 x 4 matrix and all channel coefficients are
generic, we can easily fin¥’; that satisfies these conditions. In addition, for the digitacoder

of transmitteri, we setV,; = 1,, Vi = 1, 2. Then, the received signal at each receives given
by
Yi = HMV;VZSZ -+ HijV;-Vij + Z;
=H;V'is; + zi,

where s; ~ CN(02X2,§12) is the transmitted symbol vector of usérand i # j. Since
rank H;; V) = 2, we can achievel; = 2 for each user, thus achieving > 4. Note that
for the two-user full digital(2,2) x (2,2) interference channel, which has the same number of
RF chains as in the two-usé?, 4) x (2, 2) interference channel, only the sum DoF of two can be
achieved. This shows that for some cases, the sum DoF of erfierénce channel can actually
be increased by adding more antennas only without incrgakim number of RF chains.

Remark 1: As shown in Example 1, by using more antennas, we can havetex adility to
null out interferences from/to other users at RF domainsTénables users to secure more
interference-free dimensions, and as a result, a higher Bom is achievable without any
additional RF chains for some cases. However, despite thygaved capability dealing with
interferences, hybrid beam-forming does not always irsgeéhe DoF of an interference channel.
For instance, as will be demonstrated in the next examplallithe interferences can be
eliminated without the need to add more antennas, hybrignHeaming cannot increase the
sum DoF.

Example 2: Consider the two-us€, 2) x (2, 4) interference channel wherd; = 1, M/ = 2,

N; =2, and N} = 4, Vi = 1,2. By allowing full cooperation among transmitters and among
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receivers, we can get th@,4) x (4,8) PTP channel. Since the DoF of this channel is given
by two from Lemma 1 and allowing full cooperation does notues the capacity region, the
sum DoF of the two-use(l, 2) x (2,4) interference channel cannot be more than two. Note that
the two-user full digital(1,1) x (2,2) interference channel can also achieve the sum DoF of
two [15]. Therefore, unlike in Example 1, adding antennaly cannot increase the sum DoF in
this case. In fact, in this case, to achieve a higher DoF, veel t@ use more RF chains as well
as more antennas. For example, if we use additional one RR aehd two RF chains at each
transmitter and receiver, respectively, the channel besaime two-user full digital2, 2) x (4, 4)

interference channel, and we can now achieve the improvéddd.

IV. MAIN RESULTS
In this section, we state and discuss about the main resulisisopaper. For the two-user
case, the sum DoF is completely characterized for any aateanfiguration. Wher > 3, we
focus on a symmetric case whet¢ = M, N, = N, M/ = M', andN; = N',Vi=1,2,... K,
and derive lower and upper bounds on the sum DoF. It is shoainttfo bounds are matched

under a certain condition.

A. Two-user Case

For the two-user interference channel, we completely dbarize the sum DoF as stated in
the following theorem.
Theorem 1 (Two-user case): For the two-use(M;, M) x (N;, N}) interference channel with

hybrid beam-forming, the sum DoF is given by
I' = min{M1 + MQ, Nl + NQ, Ml + NQ, M2 + N17 max{M{, Né}, max{Mé, N{}}

where M; < M/ and N; < N/ for i =1, 2.
Proof: See Section VI for the proof. [ |

Remark 2: For the case wheré// = M; and N] = N,, Vi = 1, 2, the sum DoF becomes
F = min{M1 + MQ, Nl + NQ, max{Ml, NQ}, maX{MQ, Nl}},

which recovers the result for the two-user full digital ifiégence channel in_[15].
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5¢ - ¢ - Full digital
' Interference free

Sum DoF I

Zal

Fig. 2. Sum DoFs of the two-user case with respecbfowhenM; = My = Ny = No = M =2 and M = M} = Nj =
N} =M.

Remark 3: Note that when the condition
min{max{M;, N;}, max{M;, Ni}} > min{M; + My, Ny + Ny, My + No, My + Ny}
is satisfied, the sum DoF becomes

I'= min{M1 + MQ, N1 + Ng,Nl + MQ, M2 + Nl}

= min{Ml, Nl} + min{M27 NQ}v

which is the sum DoF of the interference-free channel. Theee we can see that by adding

enough number of antennas at each node, all the users cae thiéir full DoFs as if there is
no interference.

DoF gain due to hybrid beam-forming: Consider a symmetric case whebé, = M, =
Ny =Ny =M =2andM| = M), = N; = Nj, = M'. We plot the sum DoF as a function &1’
with fixed M in Fig.[2. For comparison, we also plot the sum DoF of the fiditdl case where
the number of RF chains is the same as the hybrid beam-forogisg. As can be seen in Fig. 2,

although we add antennas only, we can achieve a higher Dokl egathes up to the maximum
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value of2M/, the sum DoF of the interference-free channel, wiiéh= 2)/. The gain comes
from the fact that hybrid beam-forming can null out more iiféeences without increasing the

number of RF chains, as well as enhancing the capacity of PaRnel as reported in|[8], [10].

B. K-user Case

When K > 3, we focus on a symmetric case wheté = M, N; = N, M/ = M’', and
N! = N',¥i=1,2,..., K. Under this configuration, we obtain lower and upper bourndshe
sum DoF as stated in the following theorem, which are tighemvﬁ% IS an integer.

Theorem 2 (K -user case): For the symmetrid<-user(M, M’) x (N, N') interference channel

with hybrid beam-forming, the following sum DoF is achievable:

Lo ) Emin{ar Ny if K <R,
| Kmin {M, N, &5 min{M',N'}} if K >R,
where R = L%J For converse, the sum DdFis upper bounded by
o[ (N if K <R,
T Kowin {0, v e QENTL i K> R,
Proof: See Section VII for the proof. [ |

Remark 4: Similar to the two-user case explained in Remark 2, for tree aghereM’ = M
and N’ = N, Theorem 2 recovers the result for ti&-user full digital interference channel
in [23].

Remark 5: It is easy to see tha% min{ M’ N’} is a non-decreasing function df/’ and
N’. Intuitively, this is clear since having more antennas doeesreduce the capacity region.
Moreover, Whenm min{M’, N'} > min{M, N}, each user can achieve the maximum DoF of
min{M, N} as if there is no interference.

Corollary 1: By employing hybrid beam-forming, we can get at mbso-fold DoF gain as
compared to the full digital case in which the number of RFithas the same as the hybrid
beam-forming case.

Proof: Let I, andI'; denote the sum DoFs with hybrid beam-forming and full digita
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structures, respectively. For the two-user case, we have

Iy min{M; + My, Ny + No, My + Ny, My + Ny, max{ M, N}}, max{ M}, N{}}
Ty min{M; + M,, Ny + Ny, max{M;, N, }, max{M,, N1 }}

- min{ M, N1} + min{ M, No}

~ min{M; + My, N1 + Ny, max{ M, No}, max{Ms, N1}}

min{M;, N1} + min{M, N5}
~ max{min{M;, N, }, min{Ms, No}}
2 max{min{M;, N1}, min{ My, No}}
~ max{min{M;, N;}, min{ My, N»}}

=2

In addition, for the generak’-user case, we have
Iy - K min{M, N}

i KL .
7oy min{M, N}
_L+1
L
< 2,
where L = {%J This completes the proof. [ |

DoF gain due to hybrid beam-forming: Consider the three-user case whaéie= N = 2.
First, we setN' = M’ and plot the sum DoF as a function df" with fixed A/ and NV in Fig.[3.

In addition, we consider another scenario in which add@icemtennas are employed only at
transmitters, i.e. N’ = N, and again plot the sum DoF as a functionMf. As can be seen in
the figure, by using hybrid beam-forming, we can achieve adnigQpoF and interestingly, it can
reach up to the maximum DoF of six even when hybrid beam-fognis applied at transmitters
only. Furthermore, note that when achieving this DoF, fetence alignment combined with
hybrid beam-forming is employed. From this point, we can &g hybrid beam-forming can
provide an improved capability not only nulling out inteaces but also aligning interferences
at RF domain.

Now, we examine a tendency of the sum DoF with respeck’twith the fixed number of
antennas and RF chains at each node. Specifically, w&/setN = M’ = 2 and plot the sum
DoFs whenN’ = 2M and N’ = 4M in Fig.[4. For comparison, we also plot the sum DoF of
the full digital case where the number of RF chains is the saméhe hybrid beam-forming

case. From Fid.]4, we see that hybrid beam-forming can ingptiog sum DoF for all values of
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Fig. 5. Average sum rates of the two-user case whér= N =2 and N’ = M'.

K, and moreover, the slope also increases as the number dibadtiantennas at each receiver

increases.

V. NUMERICAL SIMULATION

In this section, we numerically evaluate the average sum patformance of the proposed
hybrid beam-forming schemes fdt = 2 and 3 cases to show that the sum DoFs stated in
Theorems 1 and 2 are indeed achievable. For comparisonutheédeFs of the full digital and
the interference-free cases are also plotted. Here, wenasRayleigh fading environment where
each channel coefficient is drawn i.i.d fraf\'(0,1). In addition, we assume that all the noise
power is normalized to unity and thus SNRP. Furthermore, to clearly capture the sum DoFs

from the sum-rate graphs, we plot the average sum rates asctiofu of log,(SNR).

A. Average Sum Rate for the Two-user Case

In Fig.[3, the average sum rates are plotted as a functidnggfSNR), where M/ = N = 2
and N’ = M’. Note that the sum DoFs can be observed from the slopes inghefiWwe can
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Fig. 6. Average sum rates of the three-user case wifea N = 2.

see that the sum DoFs obtained by the simulation are wellhedtavith the sum DoFs stated
in Lemma 1 and Theorem 1. Here, when the simulation is peddinthe number of streams
of hybrid beam-forming for each user is set by = 2 andd, = 1 for N = M’ = 3 and
d, = dy = 2 for N' = M’ = 4 by following Theorem 1.

As shown in the figure, the full digital scheme can only achithe sum DoF of two, while the
sum DoF of the interference-free channel is four. When dybeam-forming is employed, we can
see by simulation that the sum DoF can be improved and eveh tgato the interference-free
DoF, as shown in Theorem 1, and therefore the performancéempgeen hybrid beam-forming

and full digital cases dramatically increases as the SNRRases.

B. Average Sum Rate for the Three-user Case

As in the previous subsection, the average sum rate is glagtea function ofog,(SNR) in
Fig.[8, whereM = N = 2. When hybrid beam-forming is used, we consider the two wffe
scenarios in which additional antennas are employed onlyaasmitters, i.e.N' = N = 2

for M’ = 4 and 6, and additional antennas are employed both at traessndnd receivers,
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i.e., N' =M for M’ = 4 and 6. Here, we adopt the distributed interference aIingr(@iA)
algorithm proposed ir [33] for numerical simulation and thanber of streams of hybrid beam-
forming used for the simulation is given by Theorem 2. Theskin the figure show that the
sum DoFs stated in Theorem 2 is indeed achievable.

The full digital scheme can only achieve the sum DoF of thvelg]e the sum DoF of the
interference-free channel is six as shown in the figure. Athéntwo-user case, the sum DoF of
the full digital scheme is only half of that of the interfecenfree channel. WheW' = M' =4
and 6, the hybrid beam-forming can achieve the maximum sum DoFiogs if there is no
interference between users. Interestingly, for the casehioh additional antennas are employed
only at transmitters V' = N = 2, M’ = 4,6), the sum DoF can also be increased as compared to
the full digital case, and the performance gain over thedigltal case increases as the number

of additional antennas increases.

VI. PROOF OFTHEOREM 1
A. Achievability

In our achievable scheme, we will use only transmit RF chains out o/; RF chains of
transmitteri andd; receive RF chains out a¥; RF chains of receivet, for all i = 1, 2. Hence,
from now on, we can equivalently consider thg, M/) x (d;, N!) interference channel instead
of the original channel, théM;, M!) x (N;, N!) interference channel. In addition, since our
achievable scheme operates in a single time slot, we omitirtieeindext for brevity.

We design the input signal of transmitteas
X; = V;VZ‘SZ',

where V! is the M/ x d; transmit analog precode¥; is thed; x d; transmit digital precoder,

ands; ~ CN <0di><dw §Idi) is thed; x 1 vector of transmitted Gaussian symbols of usefo

be specific, beam-forming vectors Wi, can be decomposed into two parts:

Vi= | Vi Vi |

3Note that the achievable scheme proposed in Theorem 2 escaiir arbitrary large number of symbol extension. Therefore
this subsection, instead of adopting the achievable schiermbeorem 2 directly, we employ the DIA algorithm to numaetig
show that the sum DoF stated in Theorem 2 is indeed feasildee, H'heorem 2 provides theoretical guidance when setgctin

a suitable number of streams for each user.
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. v;;;, denotes theith beam-forming vector iV}, such thatH;v;, , # 0 and Hj;v;;, = 0,
wherei # j. Note that since the size &;; is given by N x M, and channel matrices are
drawn i.i.d from a continuous distribution, the maximum roen of linearly independent
beam-forming vectors satisfying this conditiomigux (0, M; — N7). Let d;; < max (0, M] —

N7;) denote the number of such vectors.

. v}y, denotes théth beam-forming vector iV}, whose coefficients are randomly generated
from a continuous distribution and < ||vj, || < o, wherea has a finite value. Hence,
Hiivgo,l # 0 and Hjivgw = 0 for i # j with probability one. Letd;,, = d; — d;; denote the
number of such vectors. In addition, we further restdicandd,, to satisfyd; + d;o < N;.

In summary, we choosé,, d1, dig, da, dae, andds,, to satisfy the following conditions.

0 <dy = dy1 + dip < min(My, Ny) (4)
0 < dy = doy + dao < min(Ma, Np) (5)
0 < dy; < max(0, M, — N}) (6)
0 < dyy < max(0, My — Ny) (7)
0 < dy+dyy < N (8)
0<dy+dyp<N, (9)

Then the received signal at receivies {1,2} at RF domain is given by
yvi = Hyx; + Hijx; + z;
=H;VV;s; + HijV;-Vjsj + z;
=H;VV:s;, + H;; [ Onxa,;, Vio | ViSi+ 2 (10)
where (10) is due to the properties ®f.; and V.

Now we explain the beam-forming matrix at receivierDenote U’; as the N/ x d; re-
ceive analog precoder arld; as thed; x d; receive digital precoder. We sé&f’; such that
U H,; [ Ontt Vi } V,; =0 and ranKU’ H;;V/V,) = d;. Since we have

rank(H;; V.V;) = d,
rank(HZ-j [ Onrixdy; Vo ] Vj) = djo

d; +djo < Nj,
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we can findU’; satisfying these conditions. Therefore, after applyingeiee analog precoding,

we obtain
Uty = UHViVisi + UTHy; | 0y1a,;, Vi ] V;s; + Uiz
Recall that rankU’’H;;V.V;) = d;. Now, we setU; and V; as the left and right singular

matrices of the matriXU’;H;;V/, respectively. Then we get parallel AWGN channels for user

1 after applying the receive digital precoding as follows:
U;"U/;kyl = yl[e] = U;kU/;kH“VQVZSZ + U:U/:Zz
= Aisi + ZZ[-E}7
where A; is thed; x d; diagonal matrix with the singular values & H;; V| on the diagonal
and zﬁ = U:U"'z;. Therefore, we can see that each user achidyd3oF via the proposed
scheme, and thus the achievable total DoF is givel by d;, + d,.

Finally, by evaluating the conditions (4)—(9) using the FerMotzkin elimination, we get
the desired bound:

F Z min{M1 + MQ, N1 + Ng, Ml + Ng, M2 + Nl, max{M{, Né}, max{Mé, N{}},

which completes the achievability proof of Theorem 1.

B. Converse

From the result of Lemma 1, the DoF of th&/;, M/) x (IV;, N/) PTP channel for each uséer
is equal tomin{M;, N;}. Therefore, for the two-usetM;, M!) x (N;, N!) interference channel,

the sum DoF cannot be more than_, min{};, N;}, i.e.,
T §min{M1+M2,M1+N2,N1+M2,N1+N2}. (11)

Now suppose we add// — M; transmit RF chains at transmittérand N/ — N; receive RF
chains at receivet for all i« = 1,2 to form the conventional full digita()/, M]) x (N/, N})

interference channel. Then the sum DB of this channel is upper bounded by

Iy <min{M] + M}, N + Ny, max{M;, Ny}, max{Mj, N|}} (12)
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from the result of[[15]. Clearly, adding more RF chains doefsraduce the capacity region, and
hence (12) is also an upper bound for the original channel.

Combining (11) and (12), we get the desired upper bound as
' < min{M; + My, My + No, Ny + My, Ny + Ny, max{Mj, N3}, max{M;, Ni}},

which completes the converse proof of Theorem 1.

VIl. PROOF OFTHEOREM 2
A. Achievability

Our achievability is motivated by the interference aligminecheme proposed for th&-
user full digital (M, M) x (N, N) interference channel in_[23]. Here, we extend the previous
scheme to be suitable for the genek&luser(M, M') x (N, N') interference channel with hybrid
beam-forming. For brevity, we focus on explaining the stepeded for hybrid beam-forming
cases.

Consider the ratid? = L%J Similar in [23], whenK < R, our achievable scheme
is based on zero forcing while it is based on interferencgnatient whenk” > R. Note that
reciprocity holds for both zero forcing and interferendgrainent, i.e., the achievable sum DoF of
the K-user(M, M")x (N, N') interference channel via zero forcing and/or interferealgnment
is equal to the that of th&-user (N, N’) x (M, M') interference channel [16], [33]. Therefore,
without loss of generality, we assume thdt < N’, which results in? = |27 |.

1) K < R: In this case, since our achievable scheme operates in a&gingg slot, we omit
the time indext for brevity.

Each transmitter sendé= min{M, N} data streams using hybrid beam-forming, i.e.,
X; = V;VZSZ,

whereV’ is the M/ x d transmit analog precode¥; is thed x d transmit digital precoder, and
si ~ CN (0444, £1,) is thed x 1 vector of transmitted Gaussian symbols of useHere we
set that coefficients oV, and V,; are randomly generated from a continuous distribution and

0 < [|vjy,l| < o, wherea has a finite value. Then the received signal at receivef1,2,..., K}
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at RF domain is given by

K
yi = Hix; + Z Hijx; + 2z
=1

K
j=1,j7i
Observe that rar;V;V;) = d and rank[ H;, V'V, ... H;V.Vg]) = Kd, Vi =
1,2,...,K. SinceKd = Kmin{M, N} < KM' < RM’ < N’, we can completely null out all

the interference at each receivieby setting analog beam-forming matril’;, as
Ui [ H, ViV, - Hi; Vi Via HiinVi, Via - HigVi Vg | =0,

while ranKU;H;;V/V,) = d can also be satisfied for the desired signals. As a resul, eser
can achievel DoF, and thus achieving > Kd = K min{M, N}.

2) K > R: In this case, before we explain our achievable scheme, weréfer to the
following Lemma in [23].

Lemma 4: For the K (> R + 1)-user full digital (1,1) x (R, R) single—input multiple—output
(SIMO) interference channel, the sum D0F7§}1K can be achieved.

Proof: The proof is provided in [23, Theorem 2]. [ |

Now consider thex M’(> R+ 1)-user full digital(1, 1) x (R, R) SIMO interference channel.
By adapting the achievable scheme in Lemma 4, we can achieveum DoF ofR%lKM’. To
be specific, under this schenig,= (R +1)(n+ 1)? symbol extension of the original channel is
considered, wherg = M'KR(M'K — R — 1) andn € N is an arbitrary integer, and each user
i€{l,2,...,R+1} achievesi = R(n+ 1)? DoF and each userc {R+2,R+3,..., M'K}

achievesi; = Rn? DoF over the extended channel, i.e.,

R(n+1) if i< R+1,
Rn? if i > R+ 1.

d5 —

7

In addition, by applying the scheme, it turns out that theatisions of the signal space spanned
by the desired signal vectors and interference signal veetoreceiver € {1,2,..., R+ 1} are
given by R(n+1)? and R?(n+1)? out of the RT' = R(R+1)(n+ 1)? dimensional signal space,
respectively, while they are given biyn? and R(R + 1)(n+ 1)? — Rn?, respectively, at receiver

i€ {R+2 R+3,...,KM'}. Let V! denote thel’' x d¢ beam-forming matrix of transmitter
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used for the extended channel of thel/’-user(1, 1) x (R, R) interference channel. We denote

the elements oV’ as

[ 'Ui,l(l) ’U@g(l) ce Ui,d?(l) |
\7/ - Ui,1<2) /Ui,2<2) s Ui,df (2)
L via(T) vip(T) -+ wias(T) |

wherev; ;(t) means thejth beam-forming coefficient of transmittérat time slott.

Then, now consider the original channel, theuser (M, M') x (N, N') interference channel.
Here, we only use? M’ antennas out oV’ antennas at each receiver by discardMg— RN’
antennas at each receiver, which results inihaser(M, M') x (N, RM') interference channel,
and then apply th@-time symbol extension as in th&M’-user (1,1) x (R, R) interference

channel, which gives the overall channel matrix betweenstratter; and receiver; as

H;;(1) Ormrxmr -+ Ormrxar

_ Opmrxnr Hij(2) -+ O
Hij —

| Ormrsar Ormrscr -+ Hyg(T)

For this extended channel, by employing beam-forming adefits proposed in th& M'-user

(1,1) x (R, R) interference channel, we design the analog beam-formingxaf transmitter

ie€{1,2,...,K} as

V'i(1)
V! — Viil2)
| V(7)) |
where
VM’(i—l)-i-l(t) 01Xd?u’(i—1)+2 01Xd?\l’i
\:/"i(t) _ OIXd?VIf(ifl)+l VM’(i—l)-i—Z(t) ledjm
I 01Xd?u’(i71)+1 01Xdi]’(i71)+2 R VM/i(t) |
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andv;(t) = | v;1(t) via(t) -+ wiqs(t) |- Note that the number of column vectors Wif is
given byc; = M'R(n+ 1)P fori € {1,2,..., K1}, ¢; = (R+1— KiM)R(n+ 1P + ((K; +
1)M"— R+ 1)Rn? for i = K; + 1, and¢; = M'Rn? fori € {K; +2,K; +3,...,K}, i.e,,

M'R(n + 1)P if i < K,

¢i=¢§ (R+1-KM)Rn+ 1P+ ((Ki+1) M —R+1)Rn* if i=K;+1,

M'Rn? if i > K+ 2,
where K; = |Z£1]. In addition, we set the digital precoder of transmittesver the extended
channel as

\_[i - Idi )
O(Ci—di)Xdi

whered; = min{MT, NT,c;}. Observe that we can choose fitstcolumn vectors ofV! out

of ¢; vectors by multiplyingV! and V; as V/V,. Therefore, from the results of Lemma 4, we
can see that the dimension of the signal space spanned bysiredl signal vectors at receiver
1 is equal tod; < ¢; and the dimension of the signal space spanned by the ireadersignal
vectors at receiver is less than or equal t& M'T — ¢; out of the RM'T dimensional space.
Hence, we can null out all the interferences at receivera zero forcing beam-formingJ;
over the extended channel, by settitig as theRM'T x d; matrix such thalUH;;V/V; = 0

Vi # j and ran U;H; Vi V;) = d; Vi = 1,2,... K. Furthermore, by setting the receive digital
beam-forming matrix of receiver over the extended channdll;, asU, = 1,., each usei can
achieved; DoF over the extended channel.

Finally, the achievable sum DoF is given by

K
1 . M'R(n + 1)?
F:?;_l di:Klmm{M,N,sup }

n (R+1)(n+1)
(R+1—-KiM")R(n+ 1)+ ((K;+1)M' — R+ 1)Rnp}
(R+1)(n+ 1)

' M’ Rn?
ﬁwK—KH—Umm{M“““WR+nm+¢V}

+ min {M,N,sup

!
= Kmin {220 vl
R+1

which completes the proof of the achievability of Theorem 2.
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B. Converse

1) K < R: Recall that from Lemma 1, the DoF of thd/, M’) x (N, N’) PTP channel is
equal tomin{M, N}. Therefore, for theK-user (M, M') x (N, N') interference channel, the
sum DoF cannot be more thdimin{M, N}, i.e.,I' < K min{M, N}.

2) K > R: Let d; denote the DoF for each userSimilar in [17], [23], we first focus on an
upper bound omnl; +ds + . .. + dr.1. We eliminate all the messages excépt, W, ..., Wg.1,
which does not decreask + ds + ... + dg,1 and results in the? + 1-user(M, M') x (N, N')
interference channel. Now we allow full cooperation amaragsmittersl, 2, ..., R and among
receiversl, 2, ..., R to form the two-use(M;, M/) x (N;, N}) interference channel, wherd;, =
RM, M{ = RM', My = M, M), =M', Ny = RN, N| = RN', N, = N, and N; = N'. Then,

from the result of Theorem 1, the sum DoF of this channel iemilky

di+ ...+ dr

=min{(R+ 1)M,(R+1)N,RM + N, RN + M, max{RM', N'}, max{RN', M'}}

= min{(R+ 1)M,(R+ 1)N,max{M', N'}}. (13)
Since allowing full cooperation among some transmitterd among some receivers does not
reduce the capacity region, (13) is also an upper bound #rotiginal channel. Due to the

symmetry, by picking any? + 1 users out ofK’ users, we have the following upper bound for

the original channel:
diy + ... +d;,,, <min{(R+1)M,(R+1)N, max{M', N'}}, (14)

for all i1,4s,...,ig1 € {1,2,..., K} with 73 # iy # ... # ig.1. Hence, summing up all such
bounds, we finally have
/ /
I < & min { g, v, ML N
R+1

VIII. CONCLUSION

In this paper, we studied the sum DoF of theuser MIMO interference channels where
each user is equipped with a larger number of antennas teanuimber of RF chains. For the
two-user case, the sum DoF was completely characterizeariiirary numbers of antennas and

RF chains. For thd({-user case > 3), the achievable DoF was derived under the symmetric
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antenna configuration. It is shown that our achievable sehmsnoptimal in achieving the sum

DoF of the K user hybrid beam-forming systems if the raﬁ% is equal to an integer,

where M’ and N’ denote the number of antennas at each transmitter and eecesgpectively.
Our work has revealed that hybrid beam-forming can providgyaificant gain by nulling out
interferences between users, and the gain dramaticallgases as SNR increases. Moreover,
interestingly, even the sum DoF performance of the interfee-free channel can be achieved
if we add enough number of antennas at either transmitteec@iver side only. Therefore, the
results of this paper imply that employing hybrid beam-forgncan be an attractive solution for

enhancing the capacity of interference-limited networks.
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