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Abstract

We study the sum degrees of freedom (DoF) of interference channels with hybrid beam-forming in

which each transmitteri usesM ′
i antennas andMi RF chains and each receiveri usesN ′

i antennas and

Ni RF chains, whereMi ≤ M ′
i andNi ≤ N ′

i , ∀i = 1, 2, . . . ,K, and hybrid beam-forming composed

of analog and digital precodings is employed at each node. For the two-user case, we completely

characterize the sum DoF for an arbitrary number of antennasand RF chains by developing an achievable

scheme optimized for the hybrid beam-forming structure andderiving its matching upper bound. For

a generalK-user case, we focus on a symmetric case whereMi = M , Ni = N , M ′
i = M ′, and

N ′
i = N ′, ∀i = 1, 2, . . . ,K, and obtain lower and upper bounds on the sum DoF, which are tight when

max{M ′
,N

′}
min{M ′,N ′} is an integer. The results show that hybrid beam-forming canincrease the sum DoF of

interference channel under certain conditions while it cannot improve the sum DoFs of point-to-point

channel, multiple access channel, and broadcast channel. The key insights on this gain is that hybrid

beam-forming enables users to manage inter-user interference better, and thus each user can increase

the dimension of interference-free signal space for its owndesired signals.

Index Terms

Degrees of freedom, hybrid beam-forming, interference alignment, interference channel

I. INTRODUCTION

Mobile data traffic has been growing dramatically as the number of mobile smart devices

is increasing rapidly in recent years [1]. To accommodate tremendous demand on mobile data

traffic, the cell capacity can be largely increased by deploying a very large number of antennas

at base stations (BSs), often referred to as a massive multiple-input multiple-output (MIMO)
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system [2], [3]. The massive MIMO system, however, has hardware constrains that come from

using a few hundred antennas. For a conventional antenna array structure, each antenna needs

to have a dedicated RF chain. This naturally leads to an increment in the circuit size, power

consumption, and device cost proportionally to the number of antennas, and hence it can be a

serious problem in a practical point of view especially for massive MIMO systems. Therefore,

to resolve this problem, a hybrid beam-forming structure with a lower number of RF chains than

the number of antenna elements has been recently introducedas a practical solution [4], [5].

As an alternative approach to increase the cell capacity, millimeter-wave (mmWave) commu-

nications have attracted great attention recently [6]. ThemmWave band from 30 to 300 GHz

provides abundant contiguous frequency resources while frequency bands under 5 GHz used

for legacy cellular communications are very crowded and fragmented. The main advantage in

mmWave communications is that a very high data rate can be supported using a very large

bandwidth at mmWave bands. However, one of major drawbacks is the high induced path

loss due to the propagation loss and absorption loss at mmWave bands [7]. Fortunately, this

high path loss can be effectively compensated by a high beam-forming gain obtained from a

large number of antenna elements that can be packed into a small form factor due to the small

wavelength in mmWave bands. To support a single stream only,the analog beam-forming, which

is simply implemented by controlling attenuators and phaseshifters of the antenna array to steer

a directional beam, is enough to be considered. However, to transmit multiple streams, the hybrid

beam-forming structure, where analog beam-forming is performed at RF domain and antenna

arrays are connected to a relatively small number of digitalpaths, should be considered to get

the multiplexing gain [8], [9].

As mentioned above, the hybrid beam-forming architecture can play a key role in the next

generation communications (e.g., massive MIMO and/or mmWave communications) and hence

has been widely studied recently [8]–[12]. In [8], precoders and combiners are designed using

a sparse reconstruction approach. In [10], baseband and RF beams are designed for multiuser

downlink spatial division multiple access (SDMA). In addition, a hybrid precoding algorithm

based on a hierarchical codebook is proposed in [11]. Furthermore, a hybrid precoder is proposed

for massive multiuser MIMO systems in [12]. While there are some works on hybrid beam-

forming structures, however, to the best of our knowledge, the degrees of freedom (DoF) gain

from hybrid beam-forming has not been analyzed before.
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A. Previous Works

The DoF, which is also known as a capacity pre-log, gives the capacity approximation at high

signal to noise ratio (SNR) regime. For example, for the point-to-point (PTP) channel withM

transmit antennas andN receive antennas, it is well known that the capacity increases with the

growth ratemin{M,N} log(SNR) at high SNR [13], [14]. Since exact capacity characterization

is generally still unknown even for simple networks (e.g., two-user interference channel), instead

of obtaining an exact capacity, approximate characterization by finding the optimal DoF has been

studied in many networks recently [15]–[31].

Specifically, for the two-user interference channel, the sum DoF has been completely char-

acterized, where zero-forcing precoding has been shown to be enough to achieve the optimal

DoF [15]. For a generalK-user interference channel, a novel interference management technique

called interference alignment has been proposed in [16], [19], which achieves the optimal sum

DoF of K
2

. Later this scheme has been extended to MIMO configurations both for rich scattering

environment [22], [23] and poor scattering environment [29]–[31]. Furthermore, beyond the

interference channels, the idea of interference alignmenthas been successfully adapted to various

networks, e.g., see [17]–[21], [24]–[28] and references therein.

B. Contributions

In this paper, our primary goal is to answer if hybrid beam-forming can increase the sum

DoF of interference channels. To this end, motivated by the aforementioned previous works, we

propose zero forcing and interference alignment schemes optimized for the hybrid beam-forming

structure. In addition, we also derive a new upper bound on the sum DoF when hybrid beam-

forming is employed at each node. For the two-user case, thisupper bound coincides with the

achievable sum DoF of the proposed scheme, thereby completely characterizing the sum DoF.

For a generalK-user case, our proposed scheme can achieve the upper bound when max{M ′,N ′}
min{M ′,N ′}

is an integer, whereM ′ andN ′ denote the number of antennas at each transmitter and receiver,

respectively. As a consequence of the result, we show that hybrid beam-forming can indeed

improve the sum DoF of theK-user interference channel under certain conditions. Thisis in

contrast to the PTP channels, multiple access channel (MAC), and broadcast channel (BC) cases

in which hybrid beam-forming cannot increase the sum DoF (see Section III). The key insight

behind this gain is that hybrid beam-forming enables users to manage interference better, and
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thus each user can increase the dimension of interference-free signal space which can be used

for its own desired signals.

C. Organization

The rest of this paper is organized as follows. In Section II,we describe the system model

and sum DoF metric considered in this paper. In Section III, we give an intuition as to how

hybrid beam-forming can increase the sum DoF through motivating examples. In Section IV,

we present and discuss about the main results of this paper. In addition, we provide numerical

results which show the performance improvement from hybridbeam-forming in Section V. In

Sections VI and VII, we provide the proofs of the main theorems. Finally, we conclude the paper

in Section VIII.

D. Notations

Throughout the paper, we will useA, a, and a to denote a matrix, a vector, and a scalar,

respectively. For a rational numbera, the notation⌊a⌋ denotes the integer part ofa. For matrix

A, let AT , A∗, and ||A|| denote the transpose, the complex conjugate transpose, andthe norm

of A, respectively. In addition, let|A| and rank(A) denote the determinant and the rank of

A, respectively. The notationsIn and 0n×n denote then × n identity matrix and zero matrix,

respectively. We writef(x) = o(x) if limx→∞
f(x)
x

= 0.

II. SYSTEM MODEL

Consider aK-user (Mi,M
′
i) × (Ni, N

′
i) interference channel with hybrid beam-forming, as

shown in Fig. 1. Transmitteri wishes to communicate with receiveri only, while causing

interference to all the other receivers. In addition, transmitter i usesM ′
i antennas andMi RF

chains and receiveri usesN ′
i antennas andNi RF chains, whereMi ≤ M ′

i and Ni ≤ N ′
i ,

∀i = 1, 2, . . . , K. Specially, whenM ′
i = Mi and N ′

i = Ni, ∀i = 1, 2, . . . , K, we call the

corresponding channel as afull digital channel.

A. Channel Model

Similar to previous works [8], [10], in this paper we assume that transmitteri utilizes transmit

hybrid beam-forming which consists of anM ′
i×Mi analog precoderV′

i(t) and anMi×di digital
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Fig. 1. TheK-user interference channel with hybrid beam-forming

precoderVi(t) as depicted in Fig. 1, wheredi ≤ {Mi, Ni} denotes the number of streams of

useri.1 In addition, based on this hybrid beam-forming, the input signal of transmitteri at time

slot t, xi(t), is assumed to be given by

xi(t) = V′
i(t)x

[b]
i (t)

= V′
i(t)Vi(t)si(t),

wherex[b]
i (t) = Vi(t)si(t) is theMi × 1 baseband-domain input vector and

si(t) =
[

si,1(t) · · · si,di(t)
]T

1As compared to the hybrid beam-forming structure introduced in [8], [10], in this paper, coefficients inV′

i(t) can have

different norms by relaxing the constraint that all entriesare of equal norm. In practical point of view, this is feasible since we

can implementV′

i(t) by using both attenuators and analog phase shifters rather than using analog phase shifters only.
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is the di × 1 symbol vector of transmitteri. Here,si,j(t) denotes thejth symbol of useri at

time slot t. Then the input and output relationship at RF domain is givenby

yj(t) =

K
∑

i=1

Hji(t)xi(t) + zj(t)

=
K
∑

i=1

Hji(t)V
′
i(t)x

[b]
i (t) + zj(t)

=

K
∑

i=1

Hji(t)V
′
i(t)Vi(t)si(t) + zj(t),

whereHji(t) is theN ′
j ×M ′

i channel matrix from transmitteri to receiverj, yj(t) is theN ′
j ×1

RF-domain received signal vector at receiverj, andzj(t) is the Gaussian noise vector at receiverj

whose entries are drawn fromCN (0, 1). We assume that all channel coefficients are independent

and identically distributed (i.i.d) from a continuous distribution and known to all nodes.

After receivingyj(t), receiverj applies receive hybrid beam-forming which consists of an

analog precoderU′
j(t) and a digital precoderUj(t) as shown in Fig. 1. Specifically, by applying

the analog precoder to the received signal at RF domain, we can obtain the input and output

relationship at baseband domain as

y
[b]
j (t) =

K
∑

i=1

H
[b]
ji (t)x

[b]
i (t) + z

[b]
j (t),

wherey[b]
j (t) = U′∗

j (t)yj(t), H
[b]
ji (t) = U′∗

j (t)Hji(t)V
′
i(t), andz[b]j (t) = U′∗

j (t)zj(t). If we further

apply the digital precoder to the received signal at baseband domain, we finally get

y
[e]
j (t) =

K
∑

i=1

H
[e]
ji (t)si(t) + z

[e]
j (t),

where y
[e]
j (t) = U∗

j(t)y
[b]
j (t) = U∗

j (t)U
′∗
j (t)yj(t), H

[e]
ji (t) = U∗

j(t)U
′∗
j (t)HjiV

′
i(t)Vi(t), and

z
[e]
j (t) = U∗

j (t)U
′∗
j (t)zj(t). Note thatH[e]

ji (t) is the effective channel matrix which can be obtained

after applying transmit hybrid beam-forming of transmitter i and receive hybrid beam-forming

of receiverj.

Finally, by applying the aforementioned hybrid beam-forming strategy and assuming Gaussian

signaling si(t) ∼ CN (0di×di ,
P
di
Idi), the following average sum rate is achievable for a given

transmit powerP [32]:

Rsum(P ) ≤ E





K
∑

i=1

log

∣

∣

∣
Ai(t) +

P
di

∑K

j=1H
[e]
ij (t)H

[e]
ij (t)

∗
∣

∣

∣

∣
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∣
Ai(t) +

P
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whereAi(t) = E
[

z
[e]
j (t)z

[e]
j (t)

∗
]

= U∗
j(t)U

′∗
j (t)U

′
j(t)Uj(t). Specifically, when all the interfer-

ences are eliminated via hybrid beam-forming, i.e.,H
[e]
ij (t) = 0, ∀i 6= j and∀t, (1) becomes

Rsum(P ) ≤ E





K
∑

i=1

log

∣

∣

∣
Ai(t) +

P
di

∑K

j=1H
[e]
ij (t)H

[e]
ij (t)

∗
∣

∣

∣

|Ai(t)|



 (2)

=
K
∑

i=1

di log(P ) + o(log(P )). (3)

B. Encoding, Decoding, and Sum DoF

There areK independent messagesW1,W2, . . . ,WK . For each transmitteri, a messageWi

is mapped to ann length codeword(xi(1), . . . ,xi(n)). To send the messageWi, at time t,

transmitteri sendsxi(t). Here, we assume that each transmitter should satisfy the average power

constraintP , i.e., E[|xi(t)|
2] ≤ P for i ∈ {1, 2, . . . , K}. Then receiveri decodes its desired

messageŴi, based on its received signal.

A rate tuple(R1, R2, . . . , RK) is said to be achievable for the channel if there exists a sequence

of (2nR1 , 2nR2, . . . , 2nRK , n) codes such that the average probability of decoding error tends to

zero as the code lengthn goes to infinity. The capacity regionC of this channel is the closure

of the set of achievable rate tuples(R1, R2, . . . , RK). The sum DoFΓ, which is also known as

a sum-capacity pre-log, provides the sum capacity approximation at high SNR as2

Csum(P ) = max
(R1,R2,...,RK)∈C

K
∑

i=1

Ri(P ) = Γ log(P ) + o(log(P )).

Equivalently, the sum DoFΓ can be defined asΓ = limP→∞max(R1,R2,...,RK)∈C

∑K
i=1 Ri(P )

log(P )
.

III. PRELIMINARY DISCUSSION

To gain insights into the DoF gain from hybrid beam-forming,we begin with examining PTP

channel, MAC, and BC cases. Note that the PTP channel, theK-user MAC, and theK-user BC

can be obtained from theK-user interference channel by allowing full cooperation among all the

transmitters and among all the receivers, full cooperationamong all the receivers only, and full

2In this paper, when we derive lower and upper bounds on the sumDoF, we restrict our attention on the cases in which the

hybrid beam-forming structure introduced in Section II-A is used.
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cooperation among all the transmitters only, respectively. Here, we assume that hybrid beam-

forming strategy (including digital precoder and analog precoder) for each channel is employed

in a similar manner as in Section II.

A. Point-to-Point (PTP) Channel

Consider the(M,M ′)× (N,N ′) PTP channel in which the transmitter usesM RF chains and

M ′ ≥ M antennas and the receiver usesN RF chains andN ′ ≥ N antennas. The DoF of this

channel is stated in the following lemma.

Lemma 1: For the (M,M ′) × (N,N ′) PTP channel with hybrid beam-forming, the DoF is

given byΓPTP= min{M,N}.

Proof: We first provide a converse proof. Following a similar way described in Section II,

we can write the input and output relationship of the PTP channel at time slott as

y(t) = H(t)x(t) + z(t)

= H(t)V′(t)x[b](t) + z(t),

wherey(t) is theN ′ × 1 RF-domain output vector at the receiver,H(t) is theN ′ ×M ′ channel

matrix from the transmitter to the receiver,x(t) and x[b](t) are theM ′ × 1 RF-domain input

vector and theM × 1 baseband-domain input vector at the transmitter, respectively, V′(t) is the

M ′ ×M analog precoder of the transmitter, andz(t) is theN ′ × 1 Gaussian noise vector.

Now focus on the input and output relationship at baseband domain. By applying receive

analog precoding at the receiver, we can get

U′∗(t)y(t) = y[b](t) = H[b](t)x[b](t) + z[b](t),

whereU′(t) is the N ′ × N analog precoder of the receiver,H[b](t) = U′∗(t)H(t)V′(t), and

z[b](t) = U′∗(t)z(t). Since rank(H[b](t)) ≤ min{M,N}, we see thatΓPTP ≤ min{M,N}.

For achievability, we only useM transmit antennas out ofM ′ antennas of the transmitter

andN receive antennas out ofN ′ antennas of the receiver to equivalently create a conventional

full digital PTP channel withM transmit antennas andN receive antennas. Therefore,ΓPTP ≥

min{M,N} is achievable [13], [14], which completes the proof.

It is well known that the DoF of the full digital PTP channel with M transmit antennas andN

receive antennas is equal tomin{M,N} [13], [14]. Therefore, from the result of Lemma 1, we
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see that adding more antennas only cannot increase the DoF ofa PTP channel without increasing

the number of RF chains, regardless of the values ofM ′ andN ′.

B. Multiple Access Channel (MAC) and Broadcast Channel (BC)

Now we consider theK-user MAC and BC with hybrid beam-forming. For the MAC case,

each transmitteri usesMi RF chains andM ′
i ≥ M antennas and the receiver usesN RF chains

andN ′ ≥ N antennas. For the BC case, the transmitter usesM RF chains andM ′ ≥ M antennas

and each receiver usesNi RF chains andN ′
i ≥ Ni antennas. The DoFs of these channels are

stated in the following lemmas.

Lemma 2: For theK-user (Mi,M
′
i) × (N,N ′) multiple access channel (MAC) with hybrid

beam-forming, the DoF is given byΓMAC = min
{

∑K

i=1Mi, N
}

.

Proof: For a converse proof, we allow full cooperation among all thetransmitters to form
(

∑K

i=1Mi,
∑K

i=1M
′
i

)

× (N,N ′) PTP channel. Then, from the result of Lemma 1, the sum DoF

of this network is equal tomin
{

∑K

i=1Mi, N
}

. Since allowing cooperation does not reduce the

capacity region [17], this is an upper bound of the original network, and thus

ΓMAC ≤ min

{

K
∑

i=1

Mi, N

}

.

For achievability, we use onlyMi antennas out ofM ′
i antennas of transmitteri, ∀i =

1, 2, . . . , K, andN antennas out ofN ′ antennas of the receiver to form a conventional full digital

MAC in a similar manner as in Lemma 1. Then,ΓMAC ≥ min
{

∑K

i=1Mi, N
}

is achievable [15],

which completes the proof.

Lemma 3: For theK-user (M,M ′) × (Ni, N
′
i) broadcast channel (BC) with hybrid beam-

forming, the DoF is given byΓBC = min
{

M,
∑K

i=1Ni

}

.

Proof: We can easily prove Lemma 3 by following similar proof steps in Lemma 2 except

the fact that we now allow full cooperation among all the receivers instead of transmitters for a

converse proof. For brevity, we omit the rest of the proof steps.

From the results of Lemmas 2 and 3, adding more antennas only without more RF chains

cannot increase the sum DoFs of MAC and BC, as in the PTP case. Therefore, we can see that

when full cooperation is already allowed at either transmitter side or receiver side of theK-user

interference channel, hybrid beam-forming cannot furtherimprove the DoF. However, as we will

show in the following example, for the case in which full cooperation is not allowed so that
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there exist inter-user interferences, the sum DoF of an interference channel can be improved via

hybrid beam-forming for certain cases.

C. Interference Channel: Motivating Example

Now we provide a simple example where hybrid beam-forming indeed improves the sum DoF.

In the following example, we omit the time indext for brevity.

Example 1: Consider the two-user(2, 4)×(2, 2) interference channel whereMi = Ni = N ′
i =

2 andM ′
i = 4, ∀i = 1, 2. We first set the4 × 2 analog precoderV′

i to satisfyHjiV
′
i = 0 for

i 6= j and rank(HiiV
′
i) = 2. SinceHji is the 2 × 4 matrix and all channel coefficients are

generic, we can easily findV′
i that satisfies these conditions. In addition, for the digital precoder

of transmitteri, we setVi = I2, ∀i = 1, 2. Then, the received signal at each receiveri is given

by

yi = HiiV
′
iVisi +HijV

′
jVjsj + zi

= HiiV
′
isi + zi,

where si ∼ CN (02×2,
P
2
I2) is the transmitted symbol vector of useri and i 6= j. Since

rank(HiiV
′
i) = 2, we can achievedi = 2 for each user, thus achievingΓ ≥ 4. Note that

for the two-user full digital(2, 2)× (2, 2) interference channel, which has the same number of

RF chains as in the two-user(2, 4)×(2, 2) interference channel, only the sum DoF of two can be

achieved. This shows that for some cases, the sum DoF of an interference channel can actually

be increased by adding more antennas only without increasing the number of RF chains.

Remark 1: As shown in Example 1, by using more antennas, we can have a better ability to

null out interferences from/to other users at RF domain. This enables users to secure more

interference-free dimensions, and as a result, a higher sumDoF is achievable without any

additional RF chains for some cases. However, despite this improved capability dealing with

interferences, hybrid beam-forming does not always increase the DoF of an interference channel.

For instance, as will be demonstrated in the next example, ifall the interferences can be

eliminated without the need to add more antennas, hybrid beam-forming cannot increase the

sum DoF.

Example 2: Consider the two-user(1, 2)×(2, 4) interference channel whereMi = 1, M ′
i = 2,

Ni = 2, andN ′
i = 4, ∀i = 1, 2. By allowing full cooperation among transmitters and among
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receivers, we can get the(2, 4) × (4, 8) PTP channel. Since the DoF of this channel is given

by two from Lemma 1 and allowing full cooperation does not reduce the capacity region, the

sum DoF of the two-user(1, 2)× (2, 4) interference channel cannot be more than two. Note that

the two-user full digital(1, 1) × (2, 2) interference channel can also achieve the sum DoF of

two [15]. Therefore, unlike in Example 1, adding antennas only cannot increase the sum DoF in

this case. In fact, in this case, to achieve a higher DoF, we need to use more RF chains as well

as more antennas. For example, if we use additional one RF chain and two RF chains at each

transmitter and receiver, respectively, the channel becomes the two-user full digital(2, 2)×(4, 4)

interference channel, and we can now achieve the improved DoF of 4.

IV. M AIN RESULTS

In this section, we state and discuss about the main results of this paper. For the two-user

case, the sum DoF is completely characterized for any antenna configuration. WhenK ≥ 3, we

focus on a symmetric case whereMi = M , Ni = N , M ′
i = M ′, andN ′

i = N ′, ∀i = 1, 2, . . . , K,

and derive lower and upper bounds on the sum DoF. It is shown that two bounds are matched

under a certain condition.

A. Two-user Case

For the two-user interference channel, we completely characterize the sum DoF as stated in

the following theorem.

Theorem 1 (Two-user case): For the two-user(Mi,M
′
i)× (Ni, N

′
i) interference channel with

hybrid beam-forming, the sum DoFΓ is given by

Γ = min{M1 +M2, N1 +N2,M1 +N2,M2 +N1,max{M ′
1, N

′
2},max{M ′

2, N
′
1}}

whereMi ≤ M ′
i andNi ≤ N ′

i for i = 1, 2.

Proof: See Section VI for the proof.

Remark 2: For the case whereM ′
i = Mi andN ′

i = Ni, ∀i = 1, 2, the sum DoF becomes

Γ = min{M1 +M2, N1 +N2,max{M1, N2},max{M2, N1}},

which recovers the result for the two-user full digital interference channel in [15].
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Remark 3: Note that when the condition

min{max{M ′
1, N

′
2},max{M ′

2, N
′
1}} ≥ min{M1 +M2, N1 +N2,M1 +N2,M2 +N1}

is satisfied, the sum DoF becomes

Γ = min{M1 +M2, N1 +N2, N1 +M2,M2 +N1}

= min{M1, N1}+min{M2, N2},

which is the sum DoF of the interference-free channel. Therefore, we can see that by adding

enough number of antennas at each node, all the users can utilize their full DoFs as if there is

no interference.

DoF gain due to hybrid beam-forming: Consider a symmetric case whereM1 = M2 =

N1 = N2 = M = 2 andM ′
1 = M ′

2 = N ′
1 = N ′

2 = M ′. We plot the sum DoF as a function ofM ′

with fixedM in Fig. 2. For comparison, we also plot the sum DoF of the full digital case where

the number of RF chains is the same as the hybrid beam-formingcase. As can be seen in Fig. 2,

although we add antennas only, we can achieve a higher DoF andit reaches up to the maximum
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value of2M , the sum DoF of the interference-free channel, whenM ′ = 2M . The gain comes

from the fact that hybrid beam-forming can null out more interferences without increasing the

number of RF chains, as well as enhancing the capacity of PTP channel as reported in [8], [10].

B. K-user Case

When K ≥ 3, we focus on a symmetric case whereMi = M , Ni = N , M ′
i = M ′, and

N ′
i = N ′, ∀i = 1, 2, . . . , K. Under this configuration, we obtain lower and upper bounds on the

sum DoF as stated in the following theorem, which are tight when max{M ′,N ′}
min{M ′,N ′}

is an integer.

Theorem 2 (K-user case): For the symmetricK-user(M,M ′)×(N,N ′) interference channel

with hybrid beam-forming, the following sum DoFΓ is achievable:

Γ ≥







Kmin{M,N} if K ≤ R,

Kmin
{

M,N, R
R+1

min{M ′, N ′}
}

if K > R,

whereR =
⌊

max{M ′,N ′}
min{M ′,N ′}

⌋

. For converse, the sum DoFΓ is upper bounded by

Γ ≤







Kmin{M,N} if K ≤ R,

Kmin
{

M,N,
max{M ′,N ′}

R+1

}

if K > R.

Proof: See Section VII for the proof.

Remark 4: Similar to the two-user case explained in Remark 2, for the case whereM ′ = M

and N ′ = N , Theorem 2 recovers the result for theK-user full digital interference channel

in [23].

Remark 5: It is easy to see thatR
R+1

min{M ′, N ′} is a non-decreasing function ofM ′ and

N ′. Intuitively, this is clear since having more antennas doesnot reduce the capacity region.

Moreover, when R
R+1

min{M ′, N ′} ≥ min{M,N}, each user can achieve the maximum DoF of

min{M,N} as if there is no interference.

Corollary 1: By employing hybrid beam-forming, we can get at mosttwo-fold DoF gain as

compared to the full digital case in which the number of RF chains is the same as the hybrid

beam-forming case.

Proof: Let Γh and Γf denote the sum DoFs with hybrid beam-forming and full digital
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structures, respectively. For the two-user case, we have

Γh

Γf

=
min{M1 +M2, N1 +N2,M1 +N2,M2 +N1,max{M ′

1, N
′
2},max{M ′

2, N
′
1}}

min{M1 +M2, N1 +N2,max{M1, N2},max{M2, N1}}

≤
min{M1, N1}+min{M2, N2}

min{M1 +M2, N1 +N2,max{M1, N2},max{M2, N1}}

≤
min{M1, N1}+min{M2, N2}

max{min{M1, N1},min{M2, N2}}

≤
2max{min{M1, N1},min{M2, N2}}

max{min{M1, N1},min{M2, N2}}

= 2

In addition, for the generalK-user case, we have

Γh

Γf

≤
Kmin{M,N}
KL
L+1

min{M,N}

=
L+ 1

L

≤ 2,

whereL =
⌊

max{M,N}
min{M,N}

⌋

. This completes the proof.

DoF gain due to hybrid beam-forming: Consider the three-user case whereM = N = 2.

First, we setN ′ = M ′ and plot the sum DoF as a function ofM ′ with fixedM andN in Fig. 3.

In addition, we consider another scenario in which additional antennas are employed only at

transmitters, i.e.,N ′ = N , and again plot the sum DoF as a function ofM ′. As can be seen in

the figure, by using hybrid beam-forming, we can achieve a higher DoF and interestingly, it can

reach up to the maximum DoF of six even when hybrid beam-forming is applied at transmitters

only. Furthermore, note that when achieving this DoF, interference alignment combined with

hybrid beam-forming is employed. From this point, we can seethat hybrid beam-forming can

provide an improved capability not only nulling out interferences but also aligning interferences

at RF domain.

Now, we examine a tendency of the sum DoF with respect toK with the fixed number of

antennas and RF chains at each node. Specifically, we setM = N = M ′ = 2 and plot the sum

DoFs whenN ′ = 2M andN ′ = 4M in Fig. 4. For comparison, we also plot the sum DoF of

the full digital case where the number of RF chains is the sameas the hybrid beam-forming

case. From Fig. 4, we see that hybrid beam-forming can improve the sum DoF for all values of
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Fig. 5. Average sum rates of the two-user case whenM = N = 2 andN ′ = M
′.

K, and moreover, the slope also increases as the number of additional antennas at each receiver

increases.

V. NUMERICAL SIMULATION

In this section, we numerically evaluate the average sum rate performance of the proposed

hybrid beam-forming schemes forK = 2 and 3 cases to show that the sum DoFs stated in

Theorems 1 and 2 are indeed achievable. For comparison, the sum DoFs of the full digital and

the interference-free cases are also plotted. Here, we assume Rayleigh fading environment where

each channel coefficient is drawn i.i.d fromCN (0, 1). In addition, we assume that all the noise

power is normalized to unity and thus SNR= P . Furthermore, to clearly capture the sum DoFs

from the sum-rate graphs, we plot the average sum rates as a function of log2(SNR).

A. Average Sum Rate for the Two-user Case

In Fig. 5, the average sum rates are plotted as a function oflog2(SNR), whereM = N = 2

andN ′ = M ′. Note that the sum DoFs can be observed from the slopes in the figure. We can
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Fig. 6. Average sum rates of the three-user case whenM = N = 2.

see that the sum DoFs obtained by the simulation are well matched with the sum DoFs stated

in Lemma 1 and Theorem 1. Here, when the simulation is performed, the number of streams

of hybrid beam-forming for each user is set byd1 = 2 and d2 = 1 for N ′ = M ′ = 3 and

d1 = d2 = 2 for N ′ = M ′ = 4 by following Theorem 1.

As shown in the figure, the full digital scheme can only achieve the sum DoF of two, while the

sum DoF of the interference-free channel is four. When hybrid beam-forming is employed, we can

see by simulation that the sum DoF can be improved and even reach up to the interference-free

DoF, as shown in Theorem 1, and therefore the performance gapbetween hybrid beam-forming

and full digital cases dramatically increases as the SNR increases.

B. Average Sum Rate for the Three-user Case

As in the previous subsection, the average sum rate is plotted as a function oflog2(SNR) in

Fig. 6, whereM = N = 2. When hybrid beam-forming is used, we consider the two different

scenarios in which additional antennas are employed only attransmitters, i.e.,N ′ = N = 2

for M ′ = 4 and 6, and additional antennas are employed both at transmitters and receivers,
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i.e., N ′ = M ′ for M ′ = 4 and 6. Here, we adopt the distributed interference alignment3 (DIA)

algorithm proposed in [33] for numerical simulation and thenumber of streams of hybrid beam-

forming used for the simulation is given by Theorem 2. The slopes in the figure show that the

sum DoFs stated in Theorem 2 is indeed achievable.

The full digital scheme can only achieve the sum DoF of three,while the sum DoF of the

interference-free channel is six as shown in the figure. As inthe two-user case, the sum DoF of

the full digital scheme is only half of that of the interference-free channel. WhenN ′ = M ′ = 4

and 6, the hybrid beam-forming can achieve the maximum sum DoF of six as if there is no

interference between users. Interestingly, for the case inwhich additional antennas are employed

only at transmitters(N ′ = N = 2,M ′ = 4, 6), the sum DoF can also be increased as compared to

the full digital case, and the performance gain over the fulldigital case increases as the number

of additional antennas increases.

VI. PROOF OFTHEOREM 1

A. Achievability

In our achievable scheme, we will use onlydi transmit RF chains out ofMi RF chains of

transmitteri anddi receive RF chains out ofNi RF chains of receiveri, for all i = 1, 2. Hence,

from now on, we can equivalently consider the(di,M ′
i)× (di, N

′
i) interference channel instead

of the original channel, the(Mi,M
′
i) × (Ni, N

′
i) interference channel. In addition, since our

achievable scheme operates in a single time slot, we omit thetime indext for brevity.

We design the input signal of transmitteri as

xi = V′
iVisi,

whereV′
i is theM ′

i × di transmit analog precoder,Vi is thedi × di transmit digital precoder,

andsi ∼ CN
(

0di×di,
P
di
Idi

)

is thedi × 1 vector of transmitted Gaussian symbols of useri. To

be specific, beam-forming vectors inV′
i can be decomposed into two parts:

V′
i =

[

V′
ii V′

i0

]

3Note that the achievable scheme proposed in Theorem 2 requires an arbitrary large number of symbol extension. Therefore, in

this subsection, instead of adopting the achievable schemein Theorem 2 directly, we employ the DIA algorithm to numerically

show that the sum DoF stated in Theorem 2 is indeed feasible. Here, Theorem 2 provides theoretical guidance when selecting

a suitable number of streams for each user.
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• v′
ii,k denotes thekth beam-forming vector inV′

ii such thatHiiv
′
ii,k 6= 0 andHjiv

′
ii,k = 0,

wherei 6= j. Note that since the size ofHji is given byN ′
j ×M ′

i and channel matrices are

drawn i.i.d from a continuous distribution, the maximum number of linearly independent

beam-forming vectors satisfying this condition ismax(0,M ′
i −N ′

j). Let dii ≤ max(0,M ′
i −

N ′
j) denote the number of such vectors.

• v′
i0,l denotes thelth beam-forming vector inV′

i0 whose coefficients are randomly generated

from a continuous distribution and0 < ||v′
i0,l|| ≤ α, whereα has a finite value. Hence,

Hiiv
′
i0,l 6= 0 andHjiv

′
i0,l 6= 0 for i 6= j with probability one. Letdi0 = di − dii denote the

number of such vectors. In addition, we further restrictdi anddj0 to satisfydi + dj0 ≤ N ′
i .

In summary, we choosed1, d11, d10, d2, d22, andd20 to satisfy the following conditions.

0 ≤ d1 = d11 + d10 ≤ min(M1, N1) (4)

0 ≤ d2 = d22 + d20 ≤ min(M2, N2) (5)

0 ≤ d11 ≤ max(0,M ′
1 −N ′

2) (6)

0 ≤ d22 ≤ max(0,M ′
2 −N ′

1) (7)

0 ≤ d1 + d20 ≤ N ′
1 (8)

0 ≤ d2 + d10 ≤ N ′
2 (9)

Then the received signal at receiveri ∈ {1, 2} at RF domain is given by

yi = Hiixi +Hijxj + zi

= HiiV
′
iVisi +HijV

′
jVjsj + zi

= HiiV
′
iVisi +Hij

[

0M ′

j×djj V′
j0

]

Vjsj + zi, (10)

where (10) is due to the properties ofV′
jj andV′

j0.

Now we explain the beam-forming matrix at receiveri. DenoteU′
i as theN ′

i × di re-

ceive analog precoder andUi as thedi × di receive digital precoder. We setU′
i such that

U′∗
iHij

[

0M ′

j×djj V′
j0

]

Vj = 0 and rank(U′∗
iHiiV

′
iVi) = di. Since we have

rank(HiiV
′
iVi) = di

rank
(

Hij

[

0M ′

j×djj V′
j0

]

Vj

)

= dj0

di + dj0 ≤ N ′
i ,
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we can findU′
i satisfying these conditions. Therefore, after applying receive analog precoding,

we obtain

U′∗
iyi = U′∗

iHiiV
′
iVisi +U′∗

iHij

[

0M ′

j×djj V′
j0

]

Vjsj +U′∗
i zi

= U′∗
iHiiV

′
iVisi +U′∗

i zi.

Recall that rank(U′∗
iHiiV

′
iVi) = di. Now, we setUi and Vi as the left and right singular

matrices of the matrixU′∗
iHiiV

′
i, respectively. Then we getdi parallel AWGN channels for user

i after applying the receive digital precoding as follows:

U∗
iU

′∗
iyi = y

[e]
i = U∗

iU
′∗
iHiiV

′
iVisi +U∗

iU
′∗
i zi

= Λisi + z
[e]
i ,

whereΛi is thedi × di diagonal matrix with the singular values ofU′∗
iHiiV

′
i on the diagonal

and z
[e]
i = U∗

iU
′∗
i zi. Therefore, we can see that each user achievesdi DoF via the proposed

scheme, and thus the achievable total DoF is given byΓ ≥ d1 + d2.

Finally, by evaluating the conditions (4)–(9) using the Fourier-Motzkin elimination, we get

the desired bound:

Γ ≥ min{M1 +M2, N1 +N2,M1 +N2,M2 +N1,max{M ′
1, N

′
2},max{M ′

2, N
′
1}},

which completes the achievability proof of Theorem 1.

B. Converse

From the result of Lemma 1, the DoF of the(Mi,M
′
i)× (Ni, N

′
i) PTP channel for each useri

is equal tomin{Mi, Ni}. Therefore, for the two-user(Mi,M
′
i)× (Ni, N

′
i) interference channel,

the sum DoF cannot be more than
∑2

i=1min{Mi, Ni}, i.e.,

Γ ≤ min{M1 +M2,M1 +N2, N1 +M2, N1 +N2}. (11)

Now suppose we addM ′
i −Mi transmit RF chains at transmitteri andN ′

i − Ni receive RF

chains at receiveri for all i = 1, 2 to form the conventional full digital(M ′
i ,M

′
i) × (N ′

i , N
′
i)

interference channel. Then the sum DoFΓf of this channel is upper bounded by

Γf ≤ min{M ′
1 +M ′

2, N
′
1 +N ′

2,max{M ′
1, N

′
2},max{M ′

2, N
′
1}} (12)
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from the result of [15]. Clearly, adding more RF chains does not reduce the capacity region, and

hence (12) is also an upper bound for the original channel.

Combining (11) and (12), we get the desired upper bound as

Γ ≤ min{M1 +M2,M1 +N2, N1 +M2, N1 +N2,max{M ′
1, N

′
2},max{M ′

2, N
′
1}},

which completes the converse proof of Theorem 1.

VII. PROOF OFTHEOREM 2

A. Achievability

Our achievability is motivated by the interference alignment scheme proposed for theK-

user full digital (M,M) × (N,N) interference channel in [23]. Here, we extend the previous

scheme to be suitable for the generalK-user(M,M ′)×(N,N ′) interference channel with hybrid

beam-forming. For brevity, we focus on explaining the stepsneeded for hybrid beam-forming

cases.

Consider the ratioR =
⌊

max{M ′,N ′}
min{M ′,N ′}

⌋

. Similar in [23], whenK ≤ R, our achievable scheme

is based on zero forcing while it is based on interference alignment whenK > R. Note that

reciprocity holds for both zero forcing and interference alignment, i.e., the achievable sum DoF of

theK-user(M,M ′)×(N,N ′) interference channel via zero forcing and/or interferencealignment

is equal to the that of theK-user(N,N ′)× (M,M ′) interference channel [16], [33]. Therefore,

without loss of generality, we assume thatM ′ ≤ N ′, which results inR =
⌊

N ′

M ′

⌋

.

1) K ≤ R: In this case, since our achievable scheme operates in a single time slot, we omit

the time indext for brevity.

Each transmitter sendsd = min{M,N} data streams using hybrid beam-forming, i.e.,

xi = V′
iVisi,

whereV′
i is theM ′

i × d transmit analog precoder,Vi is thed× d transmit digital precoder, and

si ∼ CN
(

0d×d,
P
d
Id
)

is the d × 1 vector of transmitted Gaussian symbols of useri. Here we

set that coefficients ofV′
i andVi are randomly generated from a continuous distribution and

0 < ||v′
i0,l|| ≤ α, whereα has a finite value. Then the received signal at receiveri ∈ {1, 2, . . . , K}
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at RF domain is given by

yi = Hiixi +
K
∑

j=1,j 6=i

Hijxj + zi

= HiiV
′
iVisi +

K
∑

j=1,j 6=i

HijV
′
jVjsj + zi.

Observe that rank(HiiV
′
iVi) = d and rank([ Hi1V

′
1V1 · · · HiKV

′
KVK ]) = Kd, ∀i =

1, 2, . . . , K. SinceKd = Kmin{M,N} ≤ KM ′ ≤ RM ′ ≤ N ′, we can completely null out all

the interference at each receiveri by setting analog beam-forming matrix,U′
i, as

U′∗
i

[

Hi1V
′
1V1 · · · Hi,i−1V

′
i−1Vi−1 Hi,i+1V

′
i+1Vi+1 · · · HiKV

′
KVK

]

= 0,

while rank(U∗
iHiiV

′
iVi) = d can also be satisfied for the desired signals. As a result, each user

can achieved DoF, and thus achievingΓ ≥ Kd = Kmin{M,N}.

2) K > R: In this case, before we explain our achievable scheme, we first refer to the

following Lemma in [23].

Lemma 4: For theK(> R+ 1)-user full digital(1, 1)× (R,R) single–input multiple–output

(SIMO) interference channel, the sum DoF ofR
R+1

K can be achieved.

Proof: The proof is provided in [23, Theorem 2].

Now consider theKM ′(> R+1)–user full digital(1, 1)× (R,R) SIMO interference channel.

By adapting the achievable scheme in Lemma 4, we can achieve the sum DoF of R
R+1

KM ′. To

be specific, under this scheme,T = (R+1)(n+1)p symbol extension of the original channel is

considered, wherep = M ′KR(M ′K −R− 1) andn ∈ N is an arbitrary integer, and each user

i ∈ {1, 2, . . . , R+1} achievesdsi = R(n+1)p DoF and each useri ∈ {R+2, R+3, . . . ,M ′K}

achievesdsi = Rnp DoF over the extended channel, i.e.,

dsi =







R(n+ 1)p if i ≤ R + 1,

Rnp if i > R + 1.

In addition, by applying the scheme, it turns out that the dimensions of the signal space spanned

by the desired signal vectors and interference signal vectors at receiveri ∈ {1, 2, . . . , R+1} are

given byR(n+1)p andR2(n+1)p out of theRT = R(R+1)(n+1)p dimensional signal space,

respectively, while they are given byRnp andR(R+1)(n+1)p−Rnp, respectively, at receiver

i ∈ {R + 2, R + 3, . . . , KM ′}. Let Ṽ′
i denote theT × dsi beam-forming matrix of transmitteri
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used for the extended channel of theKM ′-user(1, 1)× (R,R) interference channel. We denote

the elements of̃V′
i as

Ṽ′
i =















vi,1(1) vi,2(1) · · · vi,dsi (1)

vi,1(2) vi,2(2) · · · vi,ds
i
(2)

...
...

.. .
...

vi,1(T ) vi,2(T ) · · · vi,dsi (T )















,

wherevi,j(t) means thejth beam-forming coefficient of transmitteri at time slott.

Then, now consider the original channel, theK-user(M,M ′)× (N,N ′) interference channel.

Here, we only useRM ′ antennas out ofN ′ antennas at each receiver by discardingN ′ −RM ′

antennas at each receiver, which results in theK-user(M,M ′)×(N,RM ′) interference channel,

and then apply theT -time symbol extension as in theKM ′-user (1, 1) × (R,R) interference

channel, which gives the overall channel matrix between transmitteri and receiverj as

H̄ij =















Hij(1) 0RM ′×M ′ · · · 0RM ′×M ′

0RM ′×M ′ Hij(2) · · · 0RM ′×M ′

...
...

. . .
...

0RM ′×M ′ 0RM ′×M ′ · · · Hij(T )















.

For this extended channel, by employing beam-forming coefficients proposed in theKM ′-user

(1, 1)× (R,R) interference channel, we design the analog beam-forming matrix of transmitter

i ∈ {1, 2, . . . , K} as

V̄′
i =















¯̄V′
i(1)

¯̄V′
i(2)
...

¯̄V′
i(T )















where

¯̄V′
i(t) =

















vM ′(i−1)+1(t) 01×ds
M′(i−1)+2

· · · 01×ds
M′i

01×ds
M′(i−1)+1

vM ′(i−1)+2(t) · · · 01×ds
M′i

...
...

. . .
...

01×ds
M′(i−1)+1

01×ds
M′(i−1)+2

· · · vM ′i(t)
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andvi(t) =
[

vi,1(t) vi,2(t) · · · vi,dsi (t)
]

. Note that the number of column vectors in̄V′
i is

given by ci = M ′R(n + 1)p for i ∈ {1, 2, . . . , K1}, ci = (R + 1 −K1M
′)R(n + 1)p + ((K1 +

1)M ′ − R + 1)Rnp for i = K1 + 1, andci = M ′Rnp for i ∈ {K1 + 2, K1 + 3, . . . , K}, i.e.,

ci =



















M ′R(n + 1)p if i ≤ K1,

(R + 1−K1M
′)R(n + 1)p + ((K1 + 1)M ′ −R + 1)Rnp if i = K1 + 1,

M ′Rnp if i ≥ K1 + 2,

whereK1 =
⌊

R+1
M ′

⌋

. In addition, we set the digital precoder of transmitteri over the extended

channel as

V̄i =





Idi

0(ci−di)×di



 ,

wheredi = min{MT,NT, ci}. Observe that we can choose firstdi column vectors ofV̄′
i out

of ci vectors by multiplyingV̄′
i and V̄i as V̄′

iV̄i. Therefore, from the results of Lemma 4, we

can see that the dimension of the signal space spanned by the desired signal vectors at receiver

i is equal todi ≤ ci and the dimension of the signal space spanned by the interference signal

vectors at receiveri is less than or equal toRM ′T − ci out of theRM ′T dimensional space.

Hence, we can null out all the interferences at receiveri via zero forcing beam-forminḡU′
i

over the extended channel, by settingŪ′
i as theRM ′T × di matrix such that̄U′∗

i H̄ijV̄
′
jV̄j = 0

∀i 6= j and rank
(

Ū′∗
i H̄iiV̄

′
iV̄i

)

= di ∀i = 1, 2, . . .K. Furthermore, by setting the receive digital

beam-forming matrix of receiveri over the extended channel,̄Ui, asŪi = Idi , each useri can

achievedi DoF over the extended channel.

Finally, the achievable sum DoF is given by

Γ =
1

T

K
∑

i=1

di = K1min

{

M,N, sup
n

M ′R(n + 1)p

(R + 1)(n+ 1)p

}

+min

{

M,N, sup
n

(R + 1−K1M
′)R(n+ 1)p + ((K1 + 1)M ′ − R + 1)Rnp

(R + 1)(n+ 1)p

}

+ (K −K1 − 1)min

{

M,N, sup
n

M ′Rnp

(R + 1)(n+ 1)p

}

= Kmin

{

RM ′

R + 1
,M,N

}

,

which completes the proof of the achievability of Theorem 2.
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B. Converse

1) K ≤ R: Recall that from Lemma 1, the DoF of the(M,M ′) × (N,N ′) PTP channel is

equal tomin{M,N}. Therefore, for theK-user (M,M ′) × (N,N ′) interference channel, the

sum DoF cannot be more thanKmin{M,N}, i.e.,Γ ≤ Kmin{M,N}.

2) K > R: Let di denote the DoF for each useri. Similar in [17], [23], we first focus on an

upper bound ond1 + d2 + . . .+ dR+1. We eliminate all the messages exceptW1,W2, . . . ,WR+1,

which does not decreased1 + d2 + . . .+ dR+1 and results in theR+ 1-user(M,M ′)× (N,N ′)

interference channel. Now we allow full cooperation among transmitters1, 2, . . . , R and among

receivers1, 2, . . . , R to form the two-user(Mi,M
′
i)×(Ni, N

′
i) interference channel, whereM1 =

RM , M ′
1 = RM ′, M2 = M , M ′

2 = M ′, N1 = RN , N ′
1 = RN ′, N2 = N , andN ′

2 = N ′. Then,

from the result of Theorem 1, the sum DoF of this channel is given by

d1 + . . .+ dR+1

= min{(R + 1)M, (R + 1)N,RM +N,RN +M,max{RM ′, N ′},max{RN ′,M ′}}

= min{(R + 1)M, (R + 1)N,max{M ′, N ′}}. (13)

Since allowing full cooperation among some transmitters and among some receivers does not

reduce the capacity region, (13) is also an upper bound for the original channel. Due to the

symmetry, by picking anyR + 1 users out ofK users, we have the following upper bound for

the original channel:

di1 + . . .+ diR+1
≤ min{(R + 1)M, (R + 1)N,max{M ′, N ′}}, (14)

for all i1, i2, . . . , iR+1 ∈ {1, 2, . . . , K} with i1 6= i2 6= . . . 6= iR+1. Hence, summing up all such

bounds, we finally have

Γ ≤ Kmin

{

M,N,
max{M ′, N ′}

R + 1

}

.

VIII. C ONCLUSION

In this paper, we studied the sum DoF of theK-user MIMO interference channels where

each user is equipped with a larger number of antennas than the number of RF chains. For the

two-user case, the sum DoF was completely characterized forarbitrary numbers of antennas and

RF chains. For theK-user case (K ≥ 3), the achievable DoF was derived under the symmetric
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antenna configuration. It is shown that our achievable scheme is optimal in achieving the sum

DoF of theK user hybrid beam-forming systems if the ratiomax{M ′,N ′}
min{M ′,N ′}

is equal to an integer,

whereM ′ andN ′ denote the number of antennas at each transmitter and receiver, respectively.

Our work has revealed that hybrid beam-forming can provide asignificant gain by nulling out

interferences between users, and the gain dramatically increases as SNR increases. Moreover,

interestingly, even the sum DoF performance of the interference-free channel can be achieved

if we add enough number of antennas at either transmitter or receiver side only. Therefore, the

results of this paper imply that employing hybrid beam-forming can be an attractive solution for

enhancing the capacity of interference-limited networks.
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