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Weighted Sum-Rate Maximization for MIMO
Downlink Systems Powered by Renewables

Shuyan Hu, Yu Zhang, Member, IEEE, Xin Wang, Senior Member, IEEE,
and Georgios B. Giannakis, Fellow, IEEE

Abstract— Optimal resource management for smart grid
powered multi-input multi-output (MIMO) systems is of great
importance for future green wireless communications. A novel
framework is put forth to account for the stochastic renewable
energy sources (RES), dynamic energy prices, as well as random
wireless channels. Based on practical models, the resource allo-
cation task is formulated as an optimization problem that aims
at maximizing the weighted sum-rate of the MIMO broadcast
channels. A two-way transaction mechanism and storage units
are introduced to accommodate the RES variability. In addition
to system operating constraints, a budget threshold is imposed
on the worst-case energy transaction cost due to the possibly
adversarial nature. Capitalizing on the uplink–downlink duality
and the Lagrangian relaxation-based subgradient method, an
efficient algorithm is developed to obtain the optimal strategy.
Generalizations to the setups of time-varying channels and
ON–OFF transmissions are also discussed. Numerical results are
provided to corroborate the merits of the novel approaches.

Index Terms— Robust energy allocation, uplink-downlink
duality, smart grids, weighted sum-rate, Lagrangian relaxation.

I. INTRODUCTION

DOWNLINKS from a base station (BS) to mobile end
users are typically modeled as Gaussian broadcast chan-

nels (BCs) whose information-theoretic capacity has been well
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documented; see e.g., [1]–[3]. The capacity-achieving rate and
optimal power allocation schemes have been thoroughly inves-
tigated for both single-input single-output (SISO) and multi-
input multi-output (MIMO) systems. The common anchor
point in most existing studies is the assumption that BSs are
persistently powered by the conventional power grid. However,
the current power network infrastructure is migrating from the
aging grid to a “smart” one. The future smart grid has many
appealing features and advanced capabilities including e.g.,
renewable energy sources (RES), two-way energy trading,
dynamic pricing based demand-side management, as well as
decentralized control [4]–[7].

Integration of smart-grid capabilities into wireless
communication systems is arguably one of the most crucial
factors to reduce carbon footprint, as well as exploit the
full potential of future cellular networks. Towards this goal,
[8]–[11] developed optimal resource allocation schemes that
maximize the sum-rate for RES-harvesting BCs, where perfect
knowledge of the amount of the harvested energy per time slot
is assumed to be available a priori. Adopting simplified system
models with a limited smart-grid capability, a few works
dealt with energy-efficient resource allocation for coordinated
downlink transmissions; see e.g., [12]–[18]. When the amounts
of the harvested energy are known in advance, a recent
work [19] investigated the optimal energy exchange strategy
among base stations that minimize the energy cost by the
cellular network operator through the dynamic pricing based
two-way energy trading in a smart grid environment. Building
on practical smart-grid models for a green coordinated
multi-point (CoMP) system, our recent work [20] developed
robust energy management and transmit-beamforming designs
that minimize the worst-case energy transaction cost with
a guaranteed quality-of-service (QoS). However, existing
works have not considered the impact of advanced smart-grid
capabilities on the achievable rates of the BCs.

Motivated by the data applications in 4G/5G networks, there
has been a growing interest in system designs that aim to max-
imize the total throughput of the downlink channel for a given
power budget. To this end, this paper deals with optimal
resource allocation tasks for smart-grid powered MIMO BCs.
Equipped with local RES and energy storage units, the BS can
perform two-way energy trading with the main grid based on
a dynamic pricing mechanism. To account for the intermittent
and stochastic nature of the RES, we assume that the actual
harvested energy amounts are unknown a priori, yet lie in
specified uncertainty regions. Capitalizing on practical models,
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Fig. 1. A smart-grid connected MIMO downlink system.

the task of interest is formulated as a nested optimization
problem with a goal of maximizing the achievable sum-rates
of the MIMO BCs. A two-way energy trading between the
BS and the main grid is introduced as a recourse action to
compensate the variability of RES. Besides standard operating
constraints, a budget constraint is imposed on the worst-case
transaction cost. The original hard problem is reformulated
as a convex one leveraging the information-theoretic uplink-
downlink duality [11]. The Lagrangian dual based subgradient
solver along with a proximal bundle approach is developed
to obtain the optimal policy with guaranteed convergence at
low complexity. The proposed framework and approaches are
further generalized to the scenarios of time-varying MIMO BC
and on-off transmissions, where models are more practical and
merits of the proposed system are more significant.

The rest of the paper is organized as follows. System models
are described in Section II. The problem formulation and pro-
posed approaches are presented in Section III. Generalizations
to other scenarios are given in Section IV. Numerical results
are provided in Section V, followed by concluding remarks
in Section VI.

Notation: Boldface lower (upper) case letters are vectors
(matrices); C

M×N represents the space of M × N complex
matrices; (·)′ denotes transpose while (·)† conjugate transpose;
tr(A) and |A| represent the trace and determinant of A,
respectively; and A � 0 means that A is positive semi-definite.

II. MODELING PRELIMINARIES

Consider a MIMO downlink system where a BS serves
a total of K mobile users; see Fig. 1. The BS is equipped
with Nt transmitting antennas while each of the K users
has Nr receiving antennas. Different from [8]–[11] where
the BS is purely powered by harvesting the RES, here we
assume that the BS is jointly supplied by the persistent power
sources (e.g., fuel and coal) from the main grid as well as the
harvested renewable energy (e.g., solar and wind). Specifically,
connected to the main grid via two-way energy trading, the BS
is further supported by one or more local energy harvesting
facilities (e.g., solar panels and/or wind turbines). Moreover,
the BS is equipped with a local storage unit (e.g., flywheel or
lithium-ion battery bank) so that it does not have to consume
or sell all the harvested energy on the spot, but can save it for
later use.

The BS is aware of the downlink channel state information
using effective channel estimation, e.g., via limited route feed-
back. The energy transaction information including the buying
and selling prices can be collected by the BS with installed
smart meters. The BS controller is in charge of coordinating
the energy trading and communications for optimal resource
management.

We assume that the slot length of the wireless transmis-
sions is large enough to accommodate the Shannon capacity-
achieving encoding schemes. Consider a finite scheduling
horizon T := {1, . . . , T } with a normalized slot duration,
unless otherwise specified. Hence, the terms “energy” and
“power” will be interchangeably used in Section III.

A. MIMO Broadcasting Model

Let Hk ∈ CNr ×Nt denote the invariant (over T slots) channel
coefficient matrix from the BS to user k for k = 1, . . . , K .
Generalization to time-varying channels will be discussed in
Section IV. Per slot t , let x(t) = ∑K

k=1 xk(t) ∈ C
Nt denote

the transmitted signal vector, which is a superposition of all
individual signals intended for the corresponding users. The
received complex-baseband signal at user k is thus

yk(t) = Hk x(t) + zk(t) (1)

where zk(t) denotes additive complex-Gaussian noise with
zero mean and identity covariance matrix I.

It is well known that the MIMO BC capacity can be
achieved by dirty paper coding (DPC), where each user per-
ceives no interference from previous encoded users via sequen-
tial encoding [21]. With the DPC codeword xk(t), the transmit
covariance matrix of user k is �k,t := E[xk(t)x†

k (t)]. It is
required

∑K
k=1 tr(�k,t ) ≤ Px,t , where Px,t is the budget of

the transmitting power in slot t . Letting H := {H1, . . . , HK }
collect all downlink channels, the BC capacity region per slot t
is then given by

CBC(Px,t ; H ) = Co

(
⋃

π

Rπ(Px,t ; H )

)

(2)

where Co(·) denotes the convex hull; the union is over all
permutations π of {1, 2, . . . , K }; and

Rπ (Px,t ; H ) =
⋃

{�k,t : ∑K
k=1 tr(�k,t )≤Px,t }

{

(r1, . . . , rK ) : rπ(k)

≤ log

∣
∣I + ∑k

u=1 Hπ(u)�π(u),tH
†
π(u)

∣
∣

∣
∣I + ∑k−1

u=1 Hπ(u)�π(u),tH
†
π(u)

∣
∣
, ∀k

}

where rk is the achievable transmission rate of user k.

B. RES Harvesting Model

Let Et denote the energy harvested during the slot t − 1,
which is available at the beginning of slot t . Different
from [11] where the amount of harvested energy per
time slot is accurately known a-priori, we assume that
e := [E1, . . . , ET ]′ is unknown due to the inherently
uncertain nature of RES. However, it is assumed that it
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lies in an uncertainty set E, which can be obtained by
appropriate inference schemes using historical measurements.
Two practical paradigms for E are considered here.

i) The first model amounts to a polyhedral set:

Ep :=
{

e | Et ≤ Et ≤ Et ,

Emin
s ≤

∑

t∈Ts

Et ≤ Emax
s , T =

S⋃

s=1

Ts

}

(3)

where Et (Et ) denotes the lower (upper) bound on Et ;
time horizon T is partitioned into consecutive but non-
overlapping sub-horizons Ts , s = 1, . . . , S; while the
aggregated energy harvested over the sth sub-horizon is
bounded between Emin

s and Emax
s .

ii) The second model relies on an ellipsoidal uncertainty set:

Ee := {
e = ê + ς | ς ′�ς ≤ 1

}
(4)

where ê := [Ê1, . . . , ÊT ]′ denotes the nominal energy
harvested at the BS, which can be the forecasted energy,
or simply its expected value. Vector ς is the forecasting
error. The known matrix � � 0 quantifies the shape of Ee,
and hence determines the quality of forecasting.

Remark 1 (Applicability of RES Models): The uncertainty
sets are postulated to capture the realizations of the uncertain
renewable generations. With the goal of including as many
as possible uncertain realizations, an uncertainty set can be
in an arbitrary shape in general. Featuring the information
of the first and second order statistics of the random quan-
tities, polyhedral or ellipsoidal sets are the most common
choices [22]. These two types of sets are readily to obtain
from historical data, and can typically facilitate solving the
resultant optimization problems. Hence, they are naturally
applicable for the energy harvesting system as well. The
polyhedral set (3) can be utilized whenever the upper and
lower limits of the RES generation are available for each
individual slots and subhorizons. In contrast, the covariance of
the forecasting error is required to form the ellipsoidal set (4).

Remark 2 (Offline Vis-à-Vis Online Optimization): In this
paper, we leverage an offline optimization method to decide
the optimal transmitting power allocated in each time slot
based on the knowledge of the forested RES amounts. Yet,
such a historical-data-based inference scheme could possibly
result in undesirable errors when compared to approaches
using real-time data. An efficient way to improve system’s
operation is to adjust the predicted RES amounts according to
real-time values and make the resource allocation decisions
via an online optimization method, which leads to a more
complicated problem. This will be an interesting direction to
pursue in our future works.

C. Energy Storage Model

On-site storage units (e.g., battery banks) are available at the
BS as a standby energy source. Let 0 ≤ Ct ≤ Cmax represent
the state of charge (SoC) of the battery at the beginning of
slot t , where Cmax is the storage capacity. Further denote
the power delivered to or drawn from the storage at slot t

as Pb,t , which amounts to either charging (Pb,t > 0) or
discharging (Pb,t < 0). The SoC dynamics can be captured
by the following difference equation

Ct = Ct−1 + Pb,t , t ∈ T . (5)

Per slot t at most a fraction � of the stored energy Ct−1
is available for discharging. Hence, the power (dis-)charging
amount is bounded by

Pmin
b ≤ Pb,t ≤ Pmax

b (6)

−�Ct−1 ≤ Pb,t (7)

where Pmin
b < 0 and Pmax

b > 0, while � ∈ (0, 1] denotes the
battery efficiency.

Remark 3 (Battery Discharging Upper Bound): The battery
efficiency � is imposed to ensure that the energy withdrawn
from the battery does not exceed its energy level. For simplicity
and without loss of generality, this discharging upper bound is
modeled as a fraction of the stored energy, which was referred
as “energy causality” in [23]. Our proposed algorithm can
be utilized to obtain the optimal solution for more general
cases of the upper bound. Interested readers are referred to
a thorough study of batteries in [24].

D. Energy Cost Model

For each slot t , the total energy consumption Pg,t =
Pc + Px,t/ξ includes the transmitting power Px,t , and a con-
stant part Pc > 0, that is consumed by other components
including air conditioning, data processor, and circuits [15].
The power amplifier efficiency ξ > 0 can be set to be one
without loss of generality. We further assume that Pg,t is
bounded by Pmax

g .
In addition to the harvested RES, the main grid can also

support the BS energy demand. Given the required energy Pg,t ,
the harvested energy Et , and the battery charging energy Pb,t ,
the shortage energy that can be purchased from the grid is
[Pg,t − Et + Pb,t ]+; or, the surplus energy (when the harvested
energy is abundant) that can be sold back to the grid is
[Et − Pg,t − Pb,t ]+, where [a]+ := max{a, 0}. Note that both
the shortage and surplus energy are non-negative, and we can
have at most one of them to be positive at any time t .

Let αt and βt denote the buying and selling prices, respec-
tively. To avoid meaningless buy-and-sell activities of the BSs
for profit, we shall have αt > βt for all t . Assuming that the
prices αt and βt are perfectly known a priori, the worst-case
transaction cost across all scheduling horizons is given by

G({Pg,t}, {Pb,t }) := max
e∈E

T∑

t=1

(
αt [Pg,t − Et + Pb,t ]+

− βt [Et − Pg,t − Pb,t ]+
)
. (8)

If Gc denotes the budget of the transaction cost, it then holds
that G({Pg,t }, {Pb,t }) ≤ Gc.

III. OPTIMAL RESOURCE ALLOCATION

Based on the models presented in Section II, we will
optimize here the allocation of resources for the smart-
grid powered MIMO BCs. Specifically, through finding the
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optimal transmit covariance matrices {�k,t ,∀k, t}, transmit-
power {Px,t ,∀t}, and battery charging energy {Pb,t ,∀t}, the
BS wishes to maximize the (weighted) total throughput of
the downlink transmission, subject to a given budget of the
worst-case transaction cost. Define �t := {�k,t ∀k}, and
let rB(�t ) := [r B

1 (�t ), . . . , r B
K (�t )]′ collect the achieved

transmission rates for all the users. By introducing auxiliary
variables Pt := Pg,t + Pb,t , the resource allocation task
of interest can be formulated as the following optimization
problem:

max{�t ,Ct ,Pt ,Px,t ,Pb,t }

K∑

k=1

[wk

T∑

t=1

(r B
k (�t ))] (9a)

s. t. G({Pt }) ≤ Gc, t ∈ T (9b)

Pt = Px,t + Pb,t + Pc, t ∈ T (9c)

Pc ≤ Pc + Px,t ≤ Pmax
g , t ∈ T (9d)

Pmin
b ≤ Pb,t ≤ Pmax

b , t ∈ T (9e)

Ct = Ct−1 + Pb,t , t ∈ T (9f)

0 ≤ Ct ≤ Cmax, t ∈ T (9g)

− �Ct−1 ≤ Pb,t , t ∈ T (9h)

rB(�t ) ∈ CBC(Px,t ; H ), t ∈ T (9i)

where w := [w1, . . . , wK ]′ collects the priority weights of all
users. Solving (9) for all w ≥ 0 can yield all the boundary
points of the achievable rate region.

Since the achievable rate r B
k (�t ) is generally non-concave,

the problem (9) is non-convex. We next resort to the uplink-
downlink duality and a “nested optimization” approach to
reformulate (9) into a convex problem.

A. Convex Reformulation

We will first argue that G({Pt }) in (9b) is convex. With
δt := (αt − βt )/2 and φt := (αt + βt )/2, we can rewrite
G({Pt }) as

G({Pt }) = max
e∈E

T∑

t=1

(δt |Pt − Et | + φt (Pt − Et )) .

Since αt > βt ≥ 0, we have φt > δt > 0. It is then clear that
function δt |Pt − Et | + φt (Pt − Et ) is convex in Pt , whenever
Et is fixed. As a pointwise maximization of these convex
functions, G({Pt }) is also convex, even when the set E is
non-convex [4], [25].

Remark 4 (Properties of the Cost Function): The condition
αt > βt is sufficient but not necessary to guarantee that the
function G({Pt }) is convex. The cost function can take other
forms as well. Our proposed method is still applicable as
long as the cost function is convex with respect to its effective
domain. This includes the case when the selling prices exceed
the purchase prices. If the cost function is not convex, a new
solver is needed for the resulting nonconvex problem.

Relying on uplink-downlink duality [26], the BC capac-
ity region CBC(Px,t ; H ) can be alternatively characterized
by the capacity regions of a set of “dual” multi-access

channels (MACs). In the dual MAC, the received signal is

y(t) =
K∑

k=1

H†
k xk(t) + z(t)

where xk(t) is the transmitted signal by user k, and z(t)
is additive complex-Gaussian with zero mean and identity
covariance matrix I. Let Qk := E[xk x†

k ] � 0 denote the
transmit covariance matrix for user k, and P := [P1, . . . , PK ]′
collect the transmit-power budgets for users. For a given P,
the MAC capacity region is given by

CMAC(P; H †) =
⋃

{Qk : tr(Qk)≤Pk, ∀k}

{
(r1, . . . , rK )

:
∑

k∈S

rk ≤ log

∣
∣
∣
∣
∣
I+

∑

k∈S

H†
kQkHk

∣
∣
∣
∣
∣
, ∀S ⊆ {1, . . . , K }

}
.

The BC capacity region (2) equals the union of the above
MAC capacity regions corresponding to all power vectors P
satisfying

∑K
k=1 Pk ≤ Px,t [11]; that is

CBC(P; H )=
⋃

{P: ∑K
k=1 Pk≤Px,t }

CMAC(P; H †) := CMAC(P; H †).

(10)

With R(Px,t ) := maxrB (�t )∈CBC(Px,t ;H )

∑K
k=1 wkr B

k (�t ),
we then have the following lemma [11]

Lemma 1: The function R(Px,t ) can be alternatively
obtained as the optimal value of the following problem:

max
Qk�0

K∑

k=1

(wπ(k) − wπ(k+1)) log

∣
∣
∣
∣
∣
I +

k∑

u=1

H†
π(u)Qπ(u)Hπ(u)

∣
∣
∣
∣
∣

(11a)

s. t.
K∑

k=1

tr(Qk) = Px,t (11b)

where π is the permutation of user indices {1, . . . , K } such
that wπ(1) ≥ · · · ≥ wπ(K ), and wπ(K+1) = 0.

Remark 5 (Validity of the Uplink-Downlink Duality
With RES): The information-theoretic uplink-downlink duality
was established under a sum-power constraint; i.e., it holds
when the multi-access channel (uplink) and broadcast channel
(downlink) have the same sum-power budget. Such a duality
holds regardless of the types of power supply. Integration of
the RES with persistent power supply would only change the
optimal allocation of the sum-power per slot.

Using R(Px,t ), problem (9) can be converted into the
following optimal sum-power allocation problem for an equiv-
alent “point-to-point” link:

max{Ct ,Pt ,Px,t ,Pb,t }

T∑

t=1

R(Px,t )

s. t. (9b) − (9h). (12)

The objective in (12) is concave per Lemma 1 while all
constraints are convex; hence, (12) is a convex program.

In the ensuing sections, a nested optimization procedure
will be developed for obtaining the optimal strategy.
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Specifically, we will first solve (12) to obtain the
optimal {C∗

t , P∗
t , P∗

x,t , P∗
b,t }. Then given {P∗

x,t }t , we will
solve the convex problem (11) to obtain the optimal “virtual”
uplink covariance matrices Qk(P∗

x,t ), ∀k. Finally, the desired
downlink covariance matrices �∗

t,k will be recovered from
Qk(P∗

x,t) using the uplink-downlink duality.

B. Lagrange Dual Approach

We next develop a Lagrange dual approach to solve (12).
Let {λt }t∈T denote the Lagrange multipliers associated with
constraints (9c), and μ the multiplier with (9b). Letting
Z := {Ct , Pt , Px,t , Pb,t ,∀t} and � := {μ, λt ,∀t}, the partial
Lagrangian function of (12) is

L(Z,�) :=
∑

t∈T

[
R(Px,t ) + λt

(
Pt − Px,t − Pb,t − Pc

)]

−μ
(
G({Pt }) − Gc

)
. (13)

The Lagrangian dual function is then obtained as

D(�) := max
Z

L(Z,�), s. t. (9d) − (9h) (14)

and the dual problem of (12) is:

min
�

D(�). (15)

Subgradient Iterations: For the dual problem (15),
a subgradient descent method can be employed to obtain the
optimal �∗. This amounts to running the iterations

λt ( j + 1) = λt ( j) − a( j)gλt( j), ∀t (16a)

μ( j + 1) = [μ( j) − a( j)gμ( j)]+ (16b)

where j is the iteration index, and a( j) > 0 is an appropriate
stepsize. The subgradient g( j) := [gλt ( j), gμ( j)]′ can then be
expressed as

gλt ( j) = Pt ( j) − Pb,t ( j) − Px,t ( j) − Pc (17a)

gμ( j) = Gc − G({Pt ( j)}) (17b)

where Pt ( j), Pb,t ( j), and Px,t ( j) are given by

{Pt ( j)}T
t=1 ∈ arg max{Pt }

[
T∑

t=1

λt ( j)Pt − μ( j)G({Pt})] (18a)

{Pb,t ( j)}T
t=1 ∈ arg max{Pb,t ,Ct }

T∑

t=1

[−λt ( j)Pb,t ]
s. t. (9e) − (9h) (18b)

{Px,t ( j)}T
t=1 ∈ arg max{Px,t }

T∑

t=1

[R(Px,t ) − λt ( j)Px,t ]

s. t. (9d). (18c)

Solving the Subproblems: Subproblems (18b) are simple
linear programs (LPs) over the variables {Pb,t , Ct }T

t=1, which
can be obtained by off-the-shelf LP solvers.

To solve the subproblems (18c), first define f (λt ( j)) :=
maxPx,t≥0 R(Px,t ) − λt ( j)Px,t , and

F(Q) =
K∑

k=1

(wπ(k) − wπ(k+1)) log

∣
∣
∣
∣
∣
I +

k∑

u=1

H†
π(u)Qπ(u)Hπ(u)

∣
∣
∣
∣
∣
.

Then by Lemma 1, we have

f (λt ( j)) = max
Px,t ≥0

[ max∑K
k=1 tr(Qk)=Px,t

F(Q) − λt ( j)Px,t]

= max
Q�0

[F(Q) − λt ( j)
K∑

k=1

tr(Qk)]. (19)

Problem (19) is a convex program which can be solved
using interior-point algorithms in polynomial time.
We can subsequently determine P∗

x,t = min{Pmax
g − Pc,∑K

k=1 tr(Q∗
k(λt ( j)))} with the optimal solution Q∗(λt ( j)).

The non-differentiability of G({Pt }) due to the absolute
value operator and pointwise maximization renders the sub-
problem (18a) challenging in spite of its convexity. To cope
with this issue, we resort to the proximal bundle method to
efficiently obtain {Pt ( j)}T

t=1; see details in [20].

C. Optimal Broadcasting Solution

With the optimal sum transmit power P∗
x,t per time slot t ,

the optimal transmit-covariance matrices {�∗
t,k,∀k} can be

alternatively obtained by solving (11). The optimal solutions
{Qk(P∗

x,t )}k∈K to problem (11) can be obtained in polynomial
time, from which we can find �∗

t,k using the uplink-downlink
duality as follows. First, let us define two matrices for
k = 1, . . . , K

Ak = I + Hπ(k)

(
k−1∑

u=1

�∗
i,π(u)

)

H†
π(k) (20)

Bk = I +
K∑

u=k+1

(
H†

π(u)Q
∗
π(u)(P∗

i )Hπ(u)

)
. (21)

Then, we can find the optimal {�∗
t,π(k)}k∈K as

�∗
t,π(k) = B

− 1
2

k FkG†
kA

1
2
k Q∗

π(k)(P∗
x,t )A

1
2
k GkF†

kB
− 1

2
k (22)

where Fk and Gk are obtained by decomposing the effective

channel using singular value decomposition: B
− 1

2
k H†

π(k)A
− 1

2
k =

FkSG†
k with a square and diagonal S [11].

It is worth stressing that

�∗
t,π(1) = B

− 1
2

1 F1G†
1Q∗

π(1)(P∗
x,t )G1F†

1B
− 1

2
1

which only requires knowledge of Q∗
π(1)(P∗

x,t ). To obtain
{�∗

t,π(k)}K
k=2, the quantities Ak and �t,π(u) for u = 1, . . . , k −1

are needed. Clearly, all �∗
t,k can be found in such a sequential

way. It then readily follows that the optimal broadcasting
schedule {�∗} for problem (9) can be obtained with a low
complexity.

Remark 6 (Structural Properties of the Optimal Solution):
Rather than restraining the transaction cost for each time slot,
the cost function G({Pt }) is upper bounded by a given budget
for the entire scheduling horizon when maximizing the sum-
rate of the MIMO BC. Hence, the BS tends to buy more energy
from the grid when the electricity price is relatively low to
supply data transmission and to charge the batteries. While the
electricity price is high, the BS is inclined to employ its stored
energy to power itself and even sell surplus energy to the grid
to reduce the cost. As corroborated by the numerical results
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Algorithm 1 Optimal Resource Allocation for Smart-Grid
Powered MIMO BCs
1: Initialize �(0) ≥ 0.
2: Given �( j), solve subproblems (18a), (18b), and (19)

yielding {Pt ( j), Pb,t ( j), Px,t( j)}T
t=1.

3: Update �( j + 1) via (16).
4: Let j = j + 1, and repeat steps 2 and 3 until convergence.
5: Obtain the optimal solutions �∗ and {P∗

t , P∗
x,t , P∗

b,t , C∗
t }.

6: Given {P∗
x,t}, solve (11) and obtain �∗

t,k using (22).

in Fig. 10, the optimal {P∗
b,t , C∗

t } yielded by the proposed
algorithm follow such a structure.

D. Convergence of the Subgradient Solver

The procedures of our proposed approach are summarized in
Algorithm 1. This algorithm is guaranteed to converge to the
optimal solution of (9). Specifically, for a constant stepsize
a( j) = a, the subgradient iterations (16) are guaranteed
to converge to a neighborhood of the optimal �∗ starting
from any initial point �(0). The size of the neighborhood is
proportional to the stepsize a. If a sequence of non-summable
diminishing stepsizes lim j→∞ a( j) = 0 and

∑∞
j=0 a( j) = ∞

is adopted, the iterations (16) will converge to the exact �∗
as j → ∞ [27].

Since there is no duality gap between the convex primal
problem (12) and its dual (15), the optimal solution to the
original problem (9) is subsequently obtained upon conver-
gence of �∗.

IV. GENERALIZATIONS

The proposed approach can be generalized to account for
time-varying MIMO BC, and on-off transmissions.

A. Time-Varying Channel

Suppose the channel states are time varing in general.
Let Ht := {Ht,1, . . . , Ht,K } collect the channel per epoch t .
As with (9), we can formulate the weighted-sum throughput
maximization problem as

max
�

K∑

k=1

[wk

T∑

t=1

(r B
k (�t ))] (23a)

s. t. (9b) − (9h)

rB(�t ) ∈ CBC(Px,t ; Ht ), t = 1, . . . , T . (23b)

where the BC capacity region CBC(Px,t ; Ht ) varies with the
channel state Ht for t = 1, . . . , T .

Define R(Px,t ) := maxrB (�t )∈CBC(Px,t ;Ht )

∑K
k=1 wkr B

k (�t ).
By Lemma 1, R(Px,t ; Ht ) is a strictly concave function of Px,t .
Using R(Pt ; Ht ), we can convert (23) into

max{Ct ,Pt ,Px,t ,Pb,t }

T∑

t=1

R(Px,t )

s. t. (9b) − (9h).

(24)

Since problem (24) is still convex, the proposed dual-
subgradient approach readily carries over to yield the

optimal {C∗
t , P∗

t , P∗
x,t , P∗

b,t }. Note that for time-varying
channels, the optimal transmit-power allocation exhibits
a “water-filling” structure; that is, higher power are allocated
to channels with better quality [1], [11]. Given P∗

x,t per
slot, the optimal transmit covariance matrices �∗

t,k can be
subsequently determined, as specified in Section III-D.

B. On-Off Transmissions

When circuit-power Pc is positive, it was shown that
a bursty (i.e., on-off) transmission can be adopted to
achieve a higher transmission rate under the same power
budget [11], [28], [29]. For the MIMO BC case here, this
implies that the BS may be turned on for only a portion of
a slot. Consider the time-invariant channel case for simplicity.
Let lt ∈ [0, 1] denote the duration of the on-period of the BS
per slot t , and note that the notations of “energy” and “power”
become different after introducing lt .

Assume Pc = 0 when the BS is turned off, and the battery
can always be (dis)charged during the entire time slot. Per
slot t , let Pb,t denote the energy delivered to or drawn from
the batteries. With the duration of “on” period lt , the total
energy consumption at the BS becomes Pg,t lt = (Px,t + Pc)lt .
Upon redefining the worst-case transaction cost

Gl({Pg,t }, {Pb,t }, {lt }) := max
e∈E

T∑

t=1

(
αt [Pg,t lt − Et + Pb,t ]+

−βt [Et − Pg,t lt − Pb,t ]+
)
, (25)

problem (12) can be rewritten as

max{Ct ,Pg,t ,Px,t ,Pb,t ,lt }

T∑

t=1

[R(Px,t )lt ] (26a)

s. t. (9e) − (9h)

Gl({Pg,t}, {Pb,t }, {lt }) ≤ Gc (26b)

Pclt ≤ Pg,t lt ≤ Pmax
g (26c)

0 ≤ lt ≤ 1. (26d)

Problem (26) is clearly non-convex. However, it can
be reformulated into a convex program through a change
of variables [11]. Upon redefining �t := Pg,t lt and
Pt := �t + Pb,t , we can rewrite (25) as

Gl({Pt }) := max
e∈E

T∑

t=1

(
αt [Pt − Et ]+ − βt [Et − Pt ]+

)
.

(27)

Then (26) can be reformulated as:

max{Ct ,Pb,t ,Pt ,lt ,�t }

T∑

t=1

[lt R(
�t

lt
− Pc)] (28a)

s. t. (9e) − (9h)

Pt = �t + Pb,t (28b)

Gl({Pt }) ≤ Gc (28c)

0 ≤ lt ≤ 1 (28d)

Pclt ≤ �t ≤ Pmax
g . (28e)
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Algorithm 2 Optimal Solution for On-Off Transmission (29)
1: Initialize 0 ≤ lt ≤ 1.
2: Given lt (i), solve the problem (19) yielding �t (i).
3: Obtain P∗

ee.
4: Compare �t (i) with P∗

ee and update lt (i + 1) accordingly.
5: Let i = i + 1, and repeat steps 2 and 4 until convergence.
6: Obtain the optimal solutions {l∗t ,�∗

t } for subproblems (29).

Because R(Px,t ) is concave in Px,t , its “perspective”
lt R(�t

lt
− Pc) is a jointly concave function of (�t , lt ) [25].

As all constraints become convex too, it follows that (28)
is a convex problem. Hence, it can be readily solved by
modifying the proposed Lagrange dual based subgradient
approach. The procedures and formulas are similar to those
in Section III-B except for subproblems (18c), which become

{�t ( j)}T
t=1 ∈ arg max{�t ,lt }

T∑

t=1

[lt R(
�t

lt
− Pc) − λt ( j)�t ]

s. t. (28d) and (28e) (29)

where {λt , μ,∀t} collect the Lagrange multipliers associated
with constraints (28b) and (28c).

Since subproblems (29) are jointly convex in {lt ,�t },
the optimal solution can be achieved through the alternating
optimization method, which amounts to running the iterations
according to the following two steps: s1) set a value for lt to
obtain �t ; and s2) find lt with the obtained �t . Step s1),
it is just the same we used to solve subproblems (18c),
by transforming the problem into a convex program (19),
which can be readily and efficiently solved. Thus, we arrive
at �t = min{Pmax

g , lt (
∑K

k=1 tr( Q∗
k) + Pc)}.

In order to find the optimal lt given �t , we rely on the
so-termed bits-per-Joule maximizing power P∗

ee [11].
Specifically, lt can be obtained by comparing �t with P∗

ee
as: lt = �t

P∗
ee+Pc

if �t < P∗
ee + Pc; otherwise, lt = 1. After

convergence, we can obtain the globally optimal solution
{l∗t ,�∗

t } for subproblems (29).
The described procedures are summarized in Algorithm 2,

where i is the iteration number for the subproblems. With
the optimal {C∗

t , P∗
b,t , P∗

t , l∗t ,�∗
t } for (28), the resulting on-off

transmission strategy can further improve the total throughput,
at the cost of more sophisticated coordination and signaling
between the BS and users.

V. NUMERICAL TESTS

In this section, simulated tests are presented to verify
the performance of the proposed approach. The Matlab-
based modeling package CVX 2.1 [30] with the solvers
MOSEK 7.0 [31] and Sedumi 1.02 [32] are used to
specify and solve the resulting optimization problems. All
numerical tests are implemented on a computer workstation
with Intel cores 2.0 GHz and 32 GB RAM.

We first consider a MIMO downlink system where the BS
has Nt = 2 antennas, and K = 2 mobile users each equipped
with Nr = 2 antennas. All wireless channels are generalized
according to the models in [33, Ch. 2], where Hk = √

γk H̃k,

TABLE I

GENERATING CAPACITY, BATTERY INITIAL ENERGY AND CAPACITY,
CHARGING LIMITS AND EFFICIENCY, MAXIMUM POWER COST

TABLE II

LOWER BOUNDS OF THE FORECASTED ENERGY (KW) AND
ENERGY PURCHASE PRICES ($/KWh)

Fig. 2. Convergence of the objective value and the norm of Lagrange
multipliers.

with γk the large-scale fading coefficient, and H̃k the estimated
flat Rayleigh fading channel coefficient matrix for user k.
We set γ1 = 2 and γ2 = 1. The noises are modeled
as circularly-symmetric Gaussian random vectors. The sys-
tem bandwidth is 10 MHz. The total scheduling horizon is
T = 8 hours. Parameters including the limits of Pg,t , Ct , Pb,t ,
the discharging efficiency � , and the transaction cost budget
Gc are listed in Table I. A polyhedral uncertainty set (3) with
a single sub-horizon is considered for the RES. Bounds of
the forecasted energy are set as Et = 10Et , where the lower
bounds {Et }t∈T are listed in Table II. The transaction prices
are set equal to βt = rαt with r = 0.7, and {αt }t∈T are also
given in Table II.

Convergence of the objective value (12), and the 2-norm
of the subgradient of the Lagrange multipliers (17) are shown
in Fig. 2. Clearly, both metrics converge very fast within
about a hundred iterations, which justifies the validity of
the dual decomposition. Since we adopt a constant stepsize
a = 0.001 for the subgradient iterations, the objective value
converges to a neighborhood of the optimal solution with some
oscillations. A diminishing stepsize can be used to guarantee
the convergence to the optimal solution.

By changing the weight w := [w1, w2]′ such that
w1+w2 = 1, and w1, w2 ∈ [0, 1], Algorithm 1 is implemented
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Fig. 3. Capacity regions for time-invariant MIMO BCs. (a) Nt = 2.
(b) Nt = 4.

Fig. 4. Capacity regions for time-varying MIMO BCs. (a) Nt = 2.
(b) Nt = 4.

to find the boundary of a time-invariant MIMO BC capacity
region as shown in Fig. 3. The counterpart of the system
without RES and two-way energy trading is included as
a benchmark. The on-off transmission scheme is also con-
sidered for the time-invariant channel. We test two scenarios:
Nt = 2 and Nt = 4, for all three cases, which are depicted
in Fig. 3(a) and Fig. 3(b), respectively. It can be clearly seen
that the achievable rate limits are more than doubled when
the system is powered by RES and scheduled by the local
controller. This is because the BS can utilize its harvested
energy to provide extra power for data transmission. As for
the on-off transmission strategy, the achievable rate limits
for both users are about 0.5 Mbps larger than those of the
proposed system as shown in Fig. 3. Energy usage efficiency
is improved because the BS can adopt bursty transmissions
to deliver more bits per Joule [28]. It can be seen that when
the number of transmitting antennas Nt doubles, the capacity
region for the MIMO BC becomes much larger because the
spatial multiplexing gain increases per user.

Fig. 4 depicts the capacity regions of a time-varying
MIMO BC, where each entry of the channel matrix {Hk}k=1,2

Fig. 5. Sum-rates for MIMO BCs subject to Gc (K = 10, Nt = 2).

Fig. 6. Sum-rates for MIMO BCs subject to Gc (K = 10, Nt = 10).

is a zero-mean complex Gaussian random variable with unit
variance per slot t . Large-scale fading coefficients are selected
as before. Note that the sample average sum-rate is based
on 100 different channel realizations. Due to the dynamic
management of energy and time-varying channels, the cor-
responding capacity regions are larger than those of a time-
invariant channel.

Next, we consider a total of K = 10 users, each equipped
with Nr = 2 antennas, served by a small system (Nt = 2)
or a large system (Nt = 10). All users’s priority weights
are set as wk = 1,∀k, for convenience. The broadcast
channels of both systems are time-invariant. Users are split
into 3 groups (each group has 3 or 4 users) according to
their distances from the BS, where the large-scale fading
coefficients are 2, 1, and 0.5, respectively. In Figs. 5 and 6,
we depict MIMO BC sum-rates with different budgets of
the worst-case transaction cost to further demonstrate the
merits of the proposed framework. The considered power-grid
configurations include (C1) a system with RES and storage has
no two-way energy trading; (C2) the BS has only RES; and
(C3) no RES, battery and energy trading. It is clearly seen that
the sum-rate of the proposed system is the largest, while that
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Fig. 7. Sum-rates for MIMO BCs subject to Et (K = 10, Nt = 2).

of the conventional system is the smallest due to lack of RES
facilities. As a matter of fact, sum-rate of the traditional-grid-
powered BC depends totally on the transaction cost budget,
and when the budget is less than $17.5, the BS cannot even
afford the circuit-power cost Pc. It will therefore be turned off,
resulting in a null sum-rate.

It is also observed that when Gc = $40, sum-rate of the
proposed system is about 25 Mbps higher than that of the
conventional system. It is 5 Mbps higher than those of
the other two competing configurations, and the sum-rate
difference reaches 20 Mbps when Gc is reduced to $10,
where sum-rate of the proposed system remains large, while
those of the three competing systems drop dramatically due
to the limited capabilities of RES and energy trading. Merits
of the proposed system are evident, especially when the cost
budget is very small, because the BS can consume more of
its harvested or stored energy, and buy less electricity from
the main grid under such circumstances. Sum-rates of all four
systems increase with the increasing cost budget since the BS
can buy more energy from the grid. But when the budget is
large enough to afford any amount of energy, the sum-rate
increases slowly with the increasing of Gc, for the sum-rate
is then bounded by the transmit power budget Pmax

g .
For further illustration, we depict the influence of the

amount of harvested energy on the sum-rates in Figs. 7 and 8.
Since the traditional grid (C3) does not have RES devices,
it will not be included for comparison. The lower bound of
the RES uncertainty set is s Et , and the upper bound is 10s Et ,
where values of {Et }t∈T are listed in Table II. Values of other
parameters are listed in Tables I and II. It is clearly seen that
sum-rates of the three systems increase as s increases. Because
the harvested energy can make up for the limited amount of
energy the BS purchases from the grid with a small budget,
say, $20, the sum-rate is higher. Sum-rate of the proposed
system is the largest and becomes much larger than those of
the other two configurations because it can save superfluous
energy for later use and even sell it to the main grid to
reduce operational cost. The sum-rate difference can reach
15 − 20 Mbps in the end. This demonstrates clearly that the
proposed system is economical and ecological.

Fig. 8. Sum-rates for MIMO BCs subject to Et (K = 10, Nt = 10).

Fig. 9. Sum-rates for MIMO BCs subject to Nt (K = 10).

Fig. 9 illustrates the effect of the number of transmitting
antennas Nt on sum-rates of the time-invariant MIMO BCs.
Clearly, sum-rates of the MIMO BCs increase almost linearly
with the number of transmit antennas. This is consistent with
the theoretical result that the capacity of MIMO BC scales
linearly with the minimum of total transmit- and receive-
antennas. Note that since we have K = 10 users and each user
is equipped with 2 antennas, there are a total of 20 receive
antennas in the system. When we have Nt > 20 transmit
antennas, the total degree of freedoms and the capacity of
the MIMO BC are in fact bounded by the number of receive
antennas. Hence, the system sum-rates do not increase for
Nt > 20. It is also observed that sum-rate differences between
the proposed scheme and the three baseline schemes are
10 Mbps, 20 Mbps and 90 Mbps, respectively. Merits of BS
integrated with smart-grid capabilities are once again verified.

Finally, Fig. 10 depicts the optimal power schedules of
battery (dis)charging amount P∗

b,t and the corresponding state
of charge C∗

t . The structure revealed in Remark 6 is clearly
observed. That is, there is a relatively large amount of battery
discharging (P∗

b,t < 0) when the corresponding price is high
(time slots 4 and 5), and the amount of stored energy C∗

t
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Fig. 10. Optimal power schedules of P∗
b,t and C∗

t (K = 10, Nt = 2).

decreases accordingly. Note that both P∗
b,t and C∗

t never
exceed their lower and upper limits [cf. Table I].

VI. CONCLUSIONS

For a smart-grid powered MIMO BC transmitter with
energy harvesting units, robust ahead-of-time optimal resource
allocation strategies were proposed to maximize the achievable
sum-rate, subject to the worst-case transaction cost. Leverag-
ing practical models and the notion of uplink-dowlink duality,
the resource management task was formulated as a convex
problem. A low-complexity solver with guaranteed conver-
gence was developed based on the dual decomposition and
the proximal bundle method.

Supported by major programs, the smart-grid industry is
growing very fast, covering large cities and expanded areas,
which is an effective solution for energy-efficient wireless
transmission and green communications. As a result, the inte-
gration of smart-grid technology into system designs offers
a promising solution, which facilitates the development of
smart homes, smart parking, and smart transportation. The
proposed models and approaches clearly pave a way to advanc-
ing study and further research on dynamic operations of these
smart systems that will be pursued in our future work.
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