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Abstract

Full-duplex (FD) cellular networks are considered in whickD base station (BS) simultaneously
supports a set of half-duplex (HD) downlink (DL) users andea af HD uplink (UL) users. The
transmitter and the receiver of the BS are equipped withnigorable antennas, each of which can
choose its transmit or receive mode from several preset sadtteder the no self-interference assumption
arisen from FD operation at the BS, the sum degrees of fregdoR) of FD cellular networks is
investigated for both no channel state information at tladmit side (CSIT) and partial CSIT. In
particular, the sum DoF is completely characterized for ®TCmodel and an achievable sum DoF is
established for the partial CSIT model, which improves thm DoF of the conventional HD cellular
networks. For both no CSIT and partial CSIT models, the testilow that the FD BS with reconfigurable
antennas can double the sum DoF even in the presence ofougseitinterference as both the numbers

of DL and UL users and preset modes increase. It is furthemdstmated that such DoF improvement
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indeed yields the sum rate improvement at the finite and ¢tipaea signal-to-noise ratio regime.
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I. INTRODUCTION

To meet soaring wireless demand with limited spectrumgthas been considerable researches
for boosting utilization of wireless resources. Receniyi-duplex (FD) radioshave emerged
as a potential way of improving spectral efficiency by enaplsimultaneous transmission and
reception at the same time with the same wireless spectrigoalde of such simultaneous
transmission and reception, FD has a potential to doublspketral efficiency compared to the
conventional half-duplex (HD) mode such as frequency aivisiuplex (FDD) and time division
duplex (TDD). Nonetheless, FD involves the practical isefisuppressing high-powered self-
interference arisen from simultaneous transmission aoepteon [1]-4]. In recent researches,
there has been remarkable progress on analog and digitaidealf-interference cancellation
(SIC) techniques, showing that the point-to-point bidiietal FD system can achieve nearly
twice higher throughput than the corresponding HD systemc¢hvdemonstrates the possibility
of implementing FD radios in practicel[2]-+[4].

Unlike the point-to-point bidirectional FD system, we cahsimply argue that the network
throughput can be doubled for cellular systems even underidbal assumption that self-
interference is perfectly suppressed. In particular, ictansthe cellular system in Figuid 1 in
which a FD base station (BS) simultaneously supports a sktDoflownlink (DL) users and a
set of HD uplink (UL) users, one of the feasible scenariosfr&dios considering compatibility
with legacy HD users in the current communication systenas.duch case, a new source of
interference from UL users to DL users appears, which do¢sxist in HD cellular systems
where DL and UL traffic is orthogonalized by frequency or tis@main. The impact of such
user-to-user interference in FD cellular systems has bedelyvdiscussed in several researches
[5]-[9]. They showed that if interference from UL users to Dkers is not properly mitigated,
the network throughput may be degraded even though selffenence is perfectly suppressed.
Therefore, efficient interference management from UL usemSL users is a key challenge to
boosting the network throughput of cellular systems by &idgdD operation at BSs [5]-9].

In order to understand fundamental limits of FD radios idutaf networks, there have been
several recent researches on characterizingléigeees of freedom (DoF) of FD cellular networks
[10]—-[13]. In particular, a single-cell FD cellular netwohas been studied in_[12], [13], in
which a FD BS with perfect self-interference suppressigopsuts both HD DL and UL users
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Fig. 1. User-to-user interference for FD cellular networks

as seen in Fid.l1. In_[12], the authors characterized the sof @ the single-cell FD cellular

network assuming that global channel state informationl@Savailable at the BS, i.e., full

CSI at the transmit side (CSIT). They showed that FD opematib the BS can double the
sum DoF compared to HD operation when both the numbers of Ol @dh users become

large even in the presence of user-to-user interferenceucently reported in [13]. However,

asymptotic interference alignment (IA) techniques pregos [12], [13] require perfect CSIT

and an arbitrarily large number of time extension to achitihe optimal sum DoF, which is

quite challenging in practice due to feedback delay, systgarthead and complexity, and etc
[14]-[20].

To resolve such practical restrictions for interferencenaggement, the concept ofind IA
has been recently proposed, which aligns multiple interfeisignals into the same signal
space at each receiver without any CSIT. In particular,ouariblind 1A techniques have been
proposed for both heterogeneous block fading models whentaic users experience smaller
coherence time/bandwidth than others|[21] and homogenblmek fading models where all
users experience independent block fading with the samerenbe time, but different offsets
[22]-[24]. In |25], Wang, Gou, and Jafar have first observeat teconfigurable antennasan
artificially create channel correlation across time in daserstructure letting blind 1A be possible
for multiple-input and multiple-output (MIMO) broadcashannels [[25], [[26]. Reconfigurable
antennas are capable of dynamically adjusting its radigiaiterns in a controlled and reversible

manner through various technologies such as solid stateetsygi or microelectromechanical



switches (MEMS) without additional RF-chains, which takel@minant factor for hardware
complexity [27], [28]. That is, reconfigurable antennas chnose its transmit or receive mode
among several preset modes at each time instant, seel als&¢26on 1] for the concept of
reconfigurable antennas. Subsequently, blind IA usingniégarable antennas has been extended
to general MIMO broadcast channels characterizing linear BoF, i.e., the maximum sum DoF
achievable by linear coding schemes|[29] and also applieddiass of single-input and single-
output (SISO) and multiple-input and single-output (MIS®rference channels consisting of
receivers equipped with reconfigurable antenhas [30], [Bm the recent results in [25], [26],
[29]-[31] together with the advantage of reconfigurableeanais on hardware complexity [27],
[28], blind IA using reconfigurable antennas has been cemsdas a promising solution for
boosting the DoF of practical wireless systems with no CSIT.

Motivated by such advantages of FD radios and reconfigurabtennas, we consider FD
cellular networks in which a FD BS equipped with reconfiglgaibansmit and receive antennas
supports HD DL and UL users simultaneously in the same fregquepectrum. For comprehen-
sive understanding on the impact of FD radios and CSI canttin the context of 1A or blind
IA using reconfigurable antennas, we consider two diffe@®k models: For no CSIT case, both
the BS and each UL user do not know their CSIT; For the part&TQase, the BS only knows
its CSIT. For both models, we assume that CSI at the receilee (§SIR) is available. Similar
to the previous full CSIT models in [10]-[13], the primaryrais to characterize whether the
sum DoF can be doubled or not with partial or no CSIT by FD opanaat the BS equipped
with reconfigurable antennas. The main contributions of gaper are as follows:

« For no CSIT model, we completely characterize the sum DoF fcEllular networks.
We propose a novel blind IA technique, which perfectly atigrser-to-user interference at
each DL user while preserving intended signal space at theaB& establish the converse
showing the optimality of the proposed scheme in terms ofstira DoF. The result shows
that the sum DoF is asymptotically doubled if both the nurabmr UL users and preset
modes at the receiver of the BS increase, which is the firsitrdemonstrating the benefit
of FD radios on cellular networks under no CSIT.

« For the partial CSIT model, we establish an achievable lob@ind on the sum DoF
of FD cellular networks, which characterizes the sum DoFddiroad class of network

topologies. We propose a novel blind 1A technique combingld rero-forcing beamforming



based on partial CSIT, which partially aligns user-to-ustgrference at each DL user while
preserving intended signal space at the BS. The result sti@wghe sum DoF is doubled if
there exist two DL and two UL users and two preset modes atainsritter and the receiver
of the BS. For the single-antenna case, our result for theap&SIT model extends the
previous achievability result in_[13] to a general antenoafiguration assuming different
numbers of preset modes at the transmitter and receiveredB$h
« We further demonstrate that such DoF improvement indeddsythe sum rate improvement
at the finite and operational signal-to-noise ratio (SNRjime, which presents the benefit
of blind 1A using reconfigurable antennas compared with trevipus works[[10]-+[13].
The rest of this paper is organized as follows. In Sedfibnv#,introduce the network model
and DoF metric considered throughout the paper. In Setlibwé state the main results of this
paper, the sum DoF of FD cellular networks, and remark sewdservations possibly deduced
from the main results. We present achievability and comvpreofs of the main results in Section
Vland Sectior 'V respectively. We finally conclude in Sec{idihl

[I. PROBLEM FORMULATION

In this section, we introduce FD cellular networks conatof a FD BS and HD DL and
HD UL users and then formally define the sum DoF metric, whidh lve analyzed throughout

the paper.

A. Notation

For integer numbers andb, a \ b anda|b denote the quotient and the remainder respectively
when dividinga by b. For integer numbers andb, [a : b = {a,a+ 1,--- b} whena < b
and[a : b] = 0 whena > b. For matricesA and B, A ® B is the Kronecker product oA
and B. For a matrixA, denote the Frobenius norm, transpose, and conjugateptsaof A
by [|A|, AT, and A, respectively. For a set of matrics\; };c(1.,), diag(A4, - -+, A,,) denotes
the block-diagonal matrix consisting &; as theith diagonal block. For natural numbersand
b, I, 1,4, and0,,;, denote thex x a identity matrix, thea x b all-one matrix, and the x b

all-zero matrix respectively. Lat,(b) be thebth column vector off, whereb € [1 : a].
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Fig. 2. Full-duplex cellular networks.

B. Full-Duplex Cellular Networks
We consider a FD cellular network in which a FD BS simultarsiypsupportsky HD DL

users andK, HD UL users. Both the transmitter and receiver of the BS angpgpgd with
reconfigurable antennas. In particular, the transmittén®BS is equipped with a reconfigurable
antenna capable of switching among, preset modes at each time and the receiver of the BS
is equipped with a reconfigurable antenna capable of swigclaimong)/, preset modes at
each time. Notice thafi/ly = 1 (or M, = 1) corresponds to the case where the transmitter
(or the receiver) of the BS is equipped with a conventionaémma. Each DL and UL user is
equipped with a conventional antenna. In this paper, wenasghat self-interference within the
BS due to FD operation is perfectly suppressed. We will disabout the impact of imperfect
self-interference suppression in Section VI.

We assume block fading in this paper, i.e., each channeficieet remains the same in a
consecutive time slots of coherence time and is drawn intiggly in the next consecutive time
slots of coherence time. The length of the coherence timassraed to be sufficiently large.
Let h;(k) € C be the channel from the transmitter of the BS to ttieDL user when the BS
selects its transmit mode as th#h preset mode, wherec [1 : Ky4] andk € [1 : My]. Similarly,
let f;(1) € C be the channel from thgh UL user to the receiver of the BS when the BS selects
its receive mode as thih preset mode, wherge [1: K,] and/ € [1 : M,]. Let g;; € C be



the channel from thgth UL user to theith DL user. All channel coefficients are assumed to be
independent and identically distributed (i.i.d.) drawanfr a continuous distribution.

Denote the transmit mode and the receive mode of the BS atttinyen(t) € [1 : My and
p(t) € [1 : M,], respectively. Then the received signal of thie DL user at timet is given by

ydz< ) - h + ngxw + 24 t) (1)

for i € [1: K4] and the received S|gnal of the BS at timés given by

Zf] {L'u] + Zu(t) (2)

wherez,4(t) is the transmit signal of the BS at timtez,;(t) is the transmit signal of thgth UL
user at timel, zq4,;(t) is the additive noise of théh DL user at timet, and z,(t) is the additive
noise of the BS at timeé. The additive noises are assumed to be i.i.d. drawn {0, 1) and
independent over time. The BS and each UL user should sdlisfyaverage power constraint
P,ie,E[l|zq(t)|?] < P andE[||z,;(t)|]*] < P for all j € [1: K,].

For notational convenience, fromnl (1) arid (2), we define tmgtlen time-extended input—

output relation as

Ky
yai = Hi(a)xq + Zgijxuj + Z4;,
j=1
Z F Xuy + Zy (3)

where

H;(a) = diag (hi(a(1)), -, hi(a(n))),
F;(8) = diag (f;(B(1)),- -, f;(B(n))),
Yai = [Yai(1), -+ e ()], yu = lpu(D), -+ ()],
xa = [za(1),-+ xa(n)]", xui = [20i(1), - 2 ()]

zgi = [zai(1), -+ 2 ()]T ) 2y = [20(1), -+, 2u(n)]

For comprehensive understanding on the DoF improvemeniewble by reconfigurable

antennas at the FD BS, we consider the following two diffessenarios for CSI assumption:



« No CSIT model (CSIT is not available):
The BS knows its receive side CSIf;(k)}jen. k. kep:a,); Theith DL user knows its receive
side CSI,{hi(k)}ren:a,; The jth UL user does not know any CSI.

« Partial CSIT model (CSIT is only available at the BS):
The BS knows both its transmit and receive side CSI, {&.(k)}icii:x,)kepn:n, and
{f;(k)}jen ko kep:my)s The ith DL user knows its receive side CSh;(k)}rep:ny); The
jth UL user does not know any CSI.

Remark 1. For the considered network, CSIR might not immediately tea@SIT even if channel
reciprocity holds because a FD BS supports HD DL users and HDukkrs. That is, a set of DL
users and a set of UL users are fixed and separate. Furtherntiogevalidity of such channel
reciprocity will depend on the relative difference betwedrannel coherence time and time
difference between UL and DL frames allocated to an usehdftime difference between UL
and DL frames allocated to an user is longer than the cohexdime, then additional channel
feedback from the receive side to the transmit side is requio attain CSIT[[32]. Moreover,
the RF front-ends of transmit and receive antennas arerdifteand have their own delays and
gains, which necessarily cause reciprocity error and ingugeciprocity calibration [33]. For the

above reasons, we consider both no CSIT and partial CSIT madehis paper. O

Remark 2. Notice that, for both no CSIT and partial CSIT models in trapgr, each DL user
does not require CSI from its UL users. Therefore, CSIR islabi@ by using the conventional
UL channel training (for CSI from UL users to the BS) and DL mhel training (for CSI from

the BS to DL users) without additional channel training frai to DL users. O

C. Degrees of Freedom

For the network model stated in Section II-B, we define a sdeofth+ block codes and
its achievable DoF. LetVy; € [1 : 27| and W,; € [1 : 2"%i] be theith DL message and
the jth UL message respectively, wheies [1 : K4 andj € [1 : K,]. For no CSIT model,

a (2nfia ... onflarg gnRa ... onfuke: ) code consists of the following set of encoding and

decoding functions:



. Encoding: Fort € [1: n|, the encoding function of the BS at tintds given by
(za(t), () = dr (Wer, -, Wareys ya(1), - -+, yu(t — 1), {f5(k) Yjep: k) e ) -
Fort¢ € [1 : n], the encoding function of thgth UL user § € [1: K,]) at timet is
2y (1) = e (W) -
. Decoding: Upon receiving, (i.e., y,(1) to y,(n)), the decoding function of the BS is
Wuj = X5 (Vo War, - -+, Ware {f5 (k) Yeprawenin) for j € [1: K.

Upon receivingyy;, the decoding function of théh DL user ¢ € [1 : K4]) is given by

Wdi =i (de', {hi(k)}kE[led]) :

If there exists a sequence @F | ...  2"faxy gnRu ... 9nRus. ) codes such that PiVy; #

Wy) — 0 and P(Wuj # W,;) — 0 asn increases for alf € [1: K4] andj € [1: K], a rate

tuple (Rq1, - - -, Rax,, Ru1, - - -, Ruk,) IS said to be achievable. Then the achievable DoF tuple
is given by
. Rq1 Rary R Ruk
oo d -1 Lt d u )
(dd17 7dde7du17 ) uKu) P1—I>rolo <10gP7 ) 10gp7 IOgP’ ) 10gP)

Finally, the sum DoF for no CSIT model is defined as

Ky K,
ds noCSIT = max E dgi + E dyj
(da1s+sdarcy dut s duk, )ED Y =

whereD denotes the achievable DoF region.

For the partial CSIT model, the encoding and decoding fonstiof the BS are replaced as

(a(t), (t))
= (bt (Wd17 Ty Wde7 yu(1>7 e 7yu<t - 1)7 {hi(k)}ie[lde},ke[led}a {fj(k)}jG[I:Ku],kE[I:J\/lu])7
Wuj = Xj (yua Wdla T, Wde, {hi(k)}ie[lde},ke[led}7 {fj(k)}je[lzKu],kE[leu])7

respectively. Then the sum DoF can be defined in the same mamtes, ,csir denote the sum
DoF for the partial CSIT model.

For the rest of this paper, we characterize the sum DoF of thedHular network under both
no CSIT model and the partial CSIT model.
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. MAIN RESULTS

In this section, we state our main results, the sum DoF of iheéllular network for both no
CSIT and partial CSIT models, and provide a numerical exarfgal demonstrating the benefit
of FD operation and reconfigurable antennas at the BS.

For no CSIT model, we completely characterize the sum DofefRD cellular network in

the following theorem.

Theorem 1. For the FD cellular network with no CSIT,

ds; nocsiT = min {max(Kd, K,), max (1 + mln(Kd’L1)<L“ _ 1), 1) } (4)

where L, = min(K,, M,).
Proof: We refer achievability proof to Sectién IV-A and cerse proof to SectionlV. ®

Remark 3. From Theoreni]1ldy, ..csit is independent of the parametek§ and My if Ky # 0
and K, # 0. That is, for no CSIT case, equipping a reconfigurable ardeainthe transmitter
of the BS cannot increase the sum DoF and similarly a singleuBér is enough to achieve
the optimal sum DoF. More importantlyy, ..csit is asymptotically doubled if botlik,, and M,
increase.Therefore, for no CSIT case, arbitrarily large numbers of Uders and preset modes

at the receiver of the BS are required to double the sum DoF Dyperation at the BS. ¢

For the partial CSIT model, we establish an upper and acbiedawer bounds on the sum

DoF of the FD cellular network in the following theorem.

Theorem 2. For the FD cellular network with partial CSIT,

K (Ky4—1 Ky(K, —1
dZ},pCSIT S min{Z,max (Kd,Ku),HlaX <1—|— u([; )’1+ d([; ))} (5)
d u

and

Lu L - 1 L Lu —1
ds pcsiT > min {Q,maX(Kd, K,), max (1 + ( lfj )7 1+ o : ))} (6)
d u

where Ly = min(Ky, My) and L, = min(K,, M,).
Proof: We refer to the converse in_[12, Theorem 1] for the probthe upper bound in
(®). In particular, [12] considers the FD BS equipped with contrenal multiple transmit and

receive antennas (instead of reconfigurable antennas) asdraes that full CSl is available at
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the BS and each user. The upper boundGhis attained from[[12, Theorem 1] by assuming a
single transmit and receive antenna at the BS. We can easl\ttsat the converse argument in
[12, Theorem 1] is applicable to the reconfigurable antennadel in Fig.[2 for the full CSIT

case. Hencdf) can be an upper bound od; ,csir. We refer to Section TVIB for the proof of

the achievable lower bound iff). [ |

Corollary 1. For the FD cellular network with partial CSIT,

2 if KdaKudevMu > 27
dspcsiT = 4§ 1+ KI“{—:l if Kgy=1,M,> K, > 1, (7)
L+ 8l if Ky =1, My > Ky > 1.

Proof: By comparing the upper and lower bounds @f,csit in Theoren(2,(7) can be

straightforwardly obtained. [ |

For the single-antenna case, Theorem 2 and Corollary 1 @xten previous achievability
result for the partial CSIT model in [13] to a general antenpafiguration assuming different

numbers of preset modes at the transmitter and receivereoB&h

Remark 4. From Theoreni 2 and Corollary] 1y, ,csit is asymptotically doubled if botH,
and M, increase whemin(Ky, My) = 1 or both K4 and My increase whemin(K,, M,) = 1.
Hence, similar to no CSIT case, arbitrarily large numbersisérs and preset modes are required
to double the sum DoF by FD operation only at the DL or UL sida.t®e other handds, ,csit

is doubled if My, M,, K4, K, > 2. That is, only two DL and UL users and the FD BS equipped
with reconfigurable antennas having two preset modes areginto double the sum DoF if the
BS can attain its downlink CSI. Lastly, unlike no CSIT casavlmich reconfigurable antennas
are only beneficial at the receiver of the BS, reconfiguraliteanas are equally beneficial at

the transmitter and receiver of the BS for the partial CSI'Beca O

In summary, from Theorenis 1 aht 2, the sum DoF is doubled evireipresence of user-to-
user interference by FD operation at the BS. Furthermoocenfggurable antennas can effectively
improve the sum DoF under both partial and no CSIT cases. dllenving example plots the

sum DoFs in Theorenis 1 ahd 2 for the symmetric case.
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Fig. 3. Sum DoFs with respect t§ when Ky = K, := K and My = M, := M.

Example 1. For comparison, consider the symmetric case whege= K, := K > 1 and
My = M, := M. Then, from Theorem 1 and 2,

1

ds no =2 — 8
£,noCSIT min(K, M) (8)

and
min(K, M, 2) < dy pcsir < min(K, 2). (9)

Fig. 3 plots(8) and (9) with respect tok. Obviously, if the BS operates as the conventional HD
operation, i.e., serving either DL users or UL users, the ddof is limited by one. Fron{8)
and the lower bound if9), the sum DoF is still one if the FD BS is equipped with conwerati
non-reconfigurable antennas, i.é4 = 1. For the partial CSIT casek = M = 2 is enough to
double the sum DoF. On the other hand, arbitrarily largeand M are required to double the
sum DoF in the case of no CSIT. O

In Sectior V1, we further demonstrate that the above sum Dagftavement achievable by FD
operation and reconfigurable antennas at the BS yields therate at the finite and operational
SNR regime, which presents the benefit of blind IA using réigomable antennas compared
with the previous works [10]-[13].
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IV. ACHIEVABILITY

In this section, we establish the achievability in Theordéthand[2 and then present the
achievable sum rates of the proposed schemes at the finiter&jiiRe.

Recall thatLy = min(Ky4, My) and L, = min(K,, M,). When K4y = 0 or K, = 0, the
right-hand sides of {4) and](6) in Theorefds 1 ahd 2 are expdess

min { max(Ky, K,),1}.

In this case, the sum DoF is trivially achievable by singderutransmission (supporting a DL
user if K4 # 0 and a UL user ifK, # 0). Thus, we now focus on the achievability proof of
Theorems$ 1l and 2 wheRy, K, > 1.

Let us define the:-point inverse discrete Fourier transform (IDFT) matrix@s € C"*" ,

given by
11 1 ]
1 1 w e wn_l
Q, = —
vn
1 wn_l “ .. w(n_l)(n_l)

wherew = ¢27/™ [34]. In the followng, the IDFT matrix will be used for transnprecoding
matrices to exploit the following properties of the IDFT mwat1) €2, is an orthonormal matrix,

i.e.,

QiQ, =1, (10)

n

2) Every submatrix of2, is of full-rank [35]. In particular, the above propertieslivibe used

to prove Lemmall.

A. Achievability for Theorerl 1 wheliy, K, > 1

When Ky, K, > 1, the right-hand side of [4) is given by

1
2— —.
Ly

In the following, we establish the achievability of Theor@inshowing that the sum DoF of

2— Li is achievable for no CSIT model. In particular, the BS sehgls- 1 information symbols
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to only the first DL user and{, UL users send a single information symbol each to the BS
during L, time slots.

Let sy € C=Dx1 pe the information symbol vector for the first DL user saiisfythat
E[||lsa1]]?] = L,P ands,; € C be the information symbol for thg¢th UL user,j € [1 : K],
satisfying thatE|[|s,;|*] = L,P. These information symbols will be delivered y, symbol
extension, i.e., beamforming ovdr, time slots. In particular, leW, € CLx(v=1 pe the
submatrix consisting of the first througlL( — 1)th column vectors of2;, and w, € CLvx!
be theL,th column of§2;,. That is,;, = [W;, w,]. The BS and theth UL user set their

lengthL, time-extended transmit signal vectors as
x4 = WiSq1, Xy = Wasy; for j € [1: K], (11)

each of which satisfies the average power constrinte., E(||xq4||*) = L, P andE(||x,;]|*) =
L,P for j € [1: K,]. Here,W is used as the transmit precoding matrix for sendingandw,
is used as the transmit precoding vector for sendingwhich is the same for alj € [1: K ].
During signal transmission, the BS fixes its transmit mode, &(t) = 1 for all ¢t € [1 : L,].
During signal reception, on the other hand, the BS sets asive mode differently at each time,
i.e., p(t) =t forallte[l:L,]. Denote the above transmit mode vector and receive mode
vector bya; and j3;, respectively.

Then, from [(B) and[(11), the length; time-extended input—output relation is given by

Ky

yar = h1(1)Wisg + wo Zgljsuj + 241, (12)
j=1

yu = Rs, + 2z, (13)

wheres, = [su, -, sux,]T andR = [F1(B1)wa, - -+, Fg,(B1)ws]. Here, [I8) holds from the
fact thatHl(dl) = hl(]-)ILL.-
For decoding its DL message, the first DL user multiph®§’ to y4;, which is represented

as
Wilyg = hi(1)sq + Wizg (14)

where the equality holds froni_(I1LO). Then, the first DL usemeates its information symbols

based on[(14). Hence, the achievable DoF of the first DL user is

1
ddlzl—L—u.
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Now consider decoding of.,, UL messages at the BS. The BS estimates its information

symbols based o (13). From the definition®f R can be rewritten as

R = diag(wa1, -+, war, ) [F1(B1), -+, Fr, (51)]
wherew,; for i € [1 : L] is theith element ofw, and thusrank(R) = L, almost surely.
Therefore, from[(13), the achievable sum DoF of #kig UL users is given by

il rank(R)
7j=1

Consequently, the sum DoF of- Li is achievable for no CSIT model, which completes the

achievability proof of Theorernl 1.

B. Achievability for Theoreml 2 whefiy, K, > 1

In this section, we show the achievability proof of Theolgnwi?en Ky, K, > 1. For better
understanding, we first illustrate the proposed scheme whern- K, = My = M, = 2 and
then provide the achievability proof for the general case.

1) Example caseConsider the FD cellular network defined in Sectidn Il anduass that
Ky =K, = My = M, = 2. We now show that the transmitter of the BS sends two infalonat
symbols to each DL user and each UL user sends two informatiarbols to the receiver of
the BS for four time slotsi{ = 4). As a result, the achievable sum DoF of the proposed scheme
is given by two. For intuitive explanation, we skip the poveenstraint issue and some proof
steps in this example case, which will be given in the nexssation.

Let sq1, sq2 € C>*! be the information vectors sent to the first DL user and therse®L
user and lek,, s,» € C**! be the information vectors sent by the first UL user and thersiéc
UL user. LetW; € C**2? be the submatrix consisting of the first and the second codumfhf,
and W, € C*2 be the submatrix consisting of the third and the fourth calsrof ©2,. Note
that Q, = [W3, W] and WIZW, = 0,,,. We set the transmit mode and the receive mode of
the BS for 4 time slots, denoted lay and 3 respectively, asy = 3 = [1,2,1,2]” and set the

DL transmit precoding matrices as

WHH, (@)

(U1, Uy =
WiH,(a)
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Here we skip the proof of the existence of the above inverseixnavhich will be proved in
the next subsection. Then, the BS and jttie UL user construct their lengthtime-extended

transmit signal vector as
xqg = Ujsq + UQSdQ, Xyj = W4Suj forj c [1, 2]

From (3), the lengtht time-extended input—output relation is given by

2

vai = H;(@)(Uisgr + Ussgs) + Zgijw4suj + 24, for j € [1,2], (15)
=1

Yu = [Fl (B)Va FQ(B)W4] [Sfla S?Q]T + z, (16)

Then, theith DL user estimates its information symbols by multiplyifg’ to y4; in (I5).
From the definition ofU; and Us,,

Wyqg = sa + Wiz for j e [1,2], (17)

which shows that theth DL user can obtairsy; almost surely. The BS estimates its in-
formation symbols from[(16), showing that it can obtain ands,, almost surely because
[F1(B)V,Fy(B)V] is invertible almost surely, which will be proved in the nesdbsection.
Consequently, eight information symbols are delivereddar time slots and thus the achievable
sum DoF of the proposed scheme is given by two.

2) General proof: Note thatLy, L, > 1 from the assumption thak’y, K, > 1. In this case,

the right-hand side of {6) is given by

min ¢ 2, max 1+Ld<L“_1>,1+L“(Ld_1> .
L, Ly

In the following, we will show that the sum DoF (%fiJrZ—d is achievable for all integer values

(ng,n,) satisfying that
ng € [1: Ly,
ny € [1: Lyl
ng+ny € [2: LgLy). (18)

Notice that(ng,n,) = (Ly, min(L,(Lg — 1), Lg)) and (ng,n,) = (min(Ly(Ly, — 1), Ly), Lq)
satisfy [18), which result in the sum DoFs oifin <2, 1+ %‘i‘”) and min <2, 1+ w>
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respectively. Then, the following relation holds:

Ly(L,—1 . L,(Lgq—1
dz,pcsw > max {min (2, 1+ M) , min (27 1+ M) }

L, Ly
= min {2 max |1+ La(Ly = 1), |y BB = DAL (19)
Lu Ld

Therefore, in order to establish the achievablility of Thao[2, it is enough to show that the
sum DoF of7¢ + 7+ is achievable for all integer valuésqy, n,) satisfying that[(18).

From now on, assume thétgy, n,) satisfies[(18). In the proof, the BS sendsinformation
symbols to each of.y DL users (out of K4 DL users) and each ok, UL users sends,
information symbols each to the BS fag L, time slots.

Let sq; € C*! be the information vector for théh DL user,i € [1 : Ly], satisfying that
E[||sai||?] = naL,P. Lets,; € C™*! be the information vector for thgth UL user, where
J € [1: K, satisfying that|||s,;||*] = n,L4L,P. These information symbols will be delivered
by LqL, symbol extension, i.e., beamforming ovesL, time slots. LetU; ¢ C*f«*"4 pe the
transmit precoding matrix for sending;, wherei € [1 : Lg4|, satisfying thatZiL:"1 U2 =1
and V € Clefvxme pe the transmit precoding matrix for sending, which is same for all
j € [1: K], satisfying that|V||?> = 1. We will discuss designing of transmit precoding matrices
of the BS and the UL users later. The BS and jitle UL user set their lengtQfqL,) time-

extended transmit signal vector as
Ly
xa =Y Ussg, Xy = Vsy; for j € [1: Ky, (20)
=1

each of which satisfies the average power constijie., E(||x4||*) = LqL, P andE(||x,;|*) =
LyL,P for j € [1: K,

During signal transmission and reception, the BS setsatsstnit and receive mode differently
at each time with cycle of.y and L, respectively, i.e.a(t) = (t — 1)|Lq + 1 and 5(t) =
(t—1)|L,+1fort e [l: Lq4L,]. Denote the above transmit mode vector and receive mode
vector bya, and 3,, respectively.

Then, from [(B) and[(20), the lengtli-yL,) time-extended input—output relation is given by

K,
yai = Hi(@o)[Uy, -+, Uplsg + Zgijvsuj + Zqi;
=1

Yo = [F1(B82)V, -, Fg,(B2)V]sy + 2z, (21)
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wheresg = [(sa1)”, -+, (saz,)"]" ands, = [(su1)?, -+, (sur,)T]"-

Now consider designing of the DL transmit precoding maftix for j € [1 : L4] and the
UL transmit precoding matri®y. Let W5 € Cl«lvxna pe the submatrix consisting of the first
throughngth columns ofQ2;,,,andW, € CLefvx™ be the submatrix consisting of the(+ 1)th

through @q + n,)th columns ofQ2,, ;. Let us define
P = [(W?Hl(dZ))Tv ) (WZISqHLd (dQ))T}T € CLdndXLdLu»
Q= [F1(B2)Wy, -+ ,Fg,(B2)Wy| € Chelorftune, (22)

The following lemma is used for designing the transmit pdéeg matrices of the BS and the

UL users.
Lemma 1. rank(P) = Lqng andrank(Q) > L,n, almost surely.

Proof: We refer to the Appendix for the proof. [ ]
Now, we determine the transmit precoding matrices of the B&the UL users as
Uy, UL = %, V= \/Ln_um 23)
wherePT = P#(PP#)~1 is the right inverse matrix oP satisfying thatPP' = I, , which
exists almost surely from Lemnia 1.
For decoding its DL message, thié DL user multipliesWZ to y4;. From [21) and[(23),

Sd;
W?ydi = W + W?Zdi (24)

where the equality holds from the definition Bfin (22) and the property of the IDFT matrix
in (L0). Then, theith DL user estimates its information symbols based (2#nad, the
achievable sum DoF of they DL users is given by

Now consider decoding of the UL messages at the BS. From (&1[Z8), the received signal
of the BS is given by

Yu = qu + z,. (25)
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Then, the BS estimates its information symbols based dn (26yided that the achievable sum

DoF of the K, UL users is given by

id _ rank(Q) o M
—~ " LgLy T La

where the inequality follows from Lemnia 1.
Consequently, the sum DoF q# + Z—d is achievable for ally € [1 : L,] andn, € [1 : Lq]
satisfyingng + n, € [2: LqL,], which completes the achievability of Theoréin 2.

V. CONVERSE
In this section, we establish the converse of Theorém 1. Wkign= 0 or K, = 0, the
right-hand side ofl(4) in Theore 1 is given by
min { max(Kg, K,),1} whenKy4 =0 or K, =0,

which holds from the sum DoF of broadcast channels and nhedipcess channels [36], [37].
Now, we show the converse proof of Theorem 1 whén K, > 1 for the rest of this section.

We first introduce the following key lemma.

Lemma 2. For the FD cellular network with no CSIT, any achievable Dalple must satisfy
the following inequality:

Ky 1 K,
dyi + —F———~ ) dy; < 1. 26
Z at min(K,, M,) Z ’ (26)
=1 7j=1
Proof: We refer to Section V-A for the proof. u

For notational convenience, l€f = S5 dg;, d, = ZJK:“I dy;, and L, = min(K,, M,). Then
(26) is rewritten as

1
dy + L—du <1. (27)

u

Trivially, from the sum DoF of the multiple-access chanr@l][ we haved, < 1. Therefore,
any achievablé> " dy;, Zji“l dy;) pair should be located inside the shaded region in [Hig. 4.
In conclusionds; nocsit < 2 — Li which completes the proof of Theorém 1. For the rest of this
section, we prove Lemnid 2.
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Ly

(1., 1-— f)-—> ds nocsiT <2 — L%.

1 S da;
Fig. 4. Feasible region ofy [ di, > 1=, duy).
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Fig. 5. Extended networks havint/y tx antennas and/, rx antennas at the BS.

A. Proof of Lemmal2

1) Extended networksTo prove Lemmal2, we first introduce the extended network ¢ Fi
consisting ofMy and M, conventional antennas at the transmitter and the recefutiedBS,
instead of reconfigurable antennas each of which can chossgla transmit and receive mode
from My and M, preset modes. Obviously, the achievable DoF region of tiggnad network
is included in that of the extended network.

More specifically, the received signal of th#h DL user at timet and the received signal
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vector of the BS at time are given respectively by

K,
vai(t) = hixa(t) + > i (t) + zai(1),
j=1

() = 3 Bi(t) + 7t 28)

wherexy(t) € CMex! js the transmit signal vector of the BS at timer,,;(¢) € C is the transmit
signal of thejth UL user at timet, h; € C**™s s the channel vector from the transmitter of
the BS to theith DL user,g;; € C is the channel from thgth UL user to theith DL user,
andf; € CM>! js the channel vector from thgth UL user to the receiver of the BS. The
elements in additive noisesg;(t) € C andz,(t) € CM*! are i.i.d. drawn fromCA/(0,1). The

BS and each UL user should satisfy the average power camsfrai.e., E [||x,4(¢)||?] < P and
E[||zy;()]?] < P forall j € [1: K,]. In the same manner as in Sectlon1I-B, we assume that
all channel coefficients are i.i.d. drawn from a continuoissrdbution and CSIT is not available

at the BS and each UL user (no CSIT model). Then we can defingutneDoF of the extended
model in the same manner as in Secfion]ll-C.

From (28), the length: time-extended input—output relation is given by

Ky
yai = Hixq + E GijXuj + Zdi,
j=1

K,
Yu = ZFquj + z,
j=1
where

vai = [Wai(1), - yai(m)]”, yu = [yu(D)T, - yu()]",
X4 = [Xd(l)T, cee ,Xd(n)T}T, Xui = [l’ui(l), e axui(n)]Ta
zai = [zai(1), -+ 2a(n)]" 2y = [2a(1)7, - vzu(”)T}T'

2) DoF upper bound:We will prove that any DoF tuple achievable for the extendetivork
in Fig. 3 satisfies[(27). LeF = [fy,- - - , fx,] € CM«*Es be the compound channel matrix from
K, UL user to the receiver of the BS. In order to establish (278, decompose,(t), z.(t),
andF as follows:



22

« Decomposey,(t) into y,.(t) € Ck*! andy,z(t) € CMe=Loxl sych that

yult) = [Yua )T, yus®)]"

and letYUa = [yua<1)T7 e 7yua<n>T]T and Yus = [YU6(1>T7 e 7yuﬁ(n>T]T-
« Decomposer,(t) into z,,(t) € Cx*! andz,s(t) € CM—La)x1 gych that

2,(t) = [2ua(t)", 2us(1)"]

and letz,, = [zu(1)7, -+, 2ua(n)T])T andz,s = [z,5(1)7, - -+, zus(n)T]7.
« DecomposdF into F, € Ck>Ke andFy; € CMe—Lu)xKu gych thatF = [Fg,Fg]T.

T

Furthermore, we define
yua@) = Yua (t) + TXd (t> (29)

andy,. = [Yua (1), -+, Yua(n)T]?, where all coefficients il € C*M are i.i.d. drawn from
the distribution of the channel coefficients. For convea&net us denote the set of all channel

coefficients, the set of DL messages, and the set of UL mesdage

H = {{hi}icnxg), {95 Ve kg epxag, {6 }jensx T

Wa = War, -+, Wary), Wa= Wi, -+, Wix,)-
We are now ready to prove_(26) under the extended networkn Fano’s inequality, we have

1
Ryi — €, < gz (Wais yail Hy War, -+ -, Waiza)

1
= EI (Wais yar|H, War, - -+, Waiza)

wheree, > 0 converges to zero as increases. Here the equality holds from the fact that the
conditional probability distribution of4; is the same for all € [1 : K4) when(H, Wqy, - -+, Wy;)
is given. Subsequently,
Ky 1 Ky
;Rdz Kqe, < - ;I(Wdz,}’dﬂ?‘l, War, -+, Waiz1)
1
= —T Waiya|H)

1 1
= _h — —h
" (yd1|’H) 0 (yd1|’H,Wd)

1
<log P — Eh(}’dlm,wd) + o(log P) (30)
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where the last inequality holds sinédyq,|H) < n(log P + o(log P)).
From Fano’s inequality, we have

1
Ruj — €p S EI (Wuj; yu|Ha Wula T 7Wuj—1)

yielding that
K, 1 Ky
D Ry = Kuen < — D T (Wi yul B War, -+ Waj)
=1 =1
@ 1

- I(WU;YU|H7Wd)

n

1 1
= (Yl We) = B (3 W W)

1
—h (yulH, Wa)
n

(1.
S gh (YUa|H>Wd) (31)

where (a) holds from chain rules for mutual information and the faatth, is independent
of (W,,yu), (b) holds from the fact that the differential entropy of white uSaian noise is

non-negative andc) holds from

h (yulH, Wa)

= Zh(yu(t)‘?’[,wdayu<1)7 o 7YU(t - 1))

t=1

= Zn: h(yua(t)‘?’[,wda}"u(l)? U 7yu(t - 1))

t=1

+ Zh(yug(t”H,Wd,yu(l)a T 7YU(t - 1)7yua(t))

S b ) H W yul1), -+ yalt — 1)) + - oflog P)
(:b) Zh (y“a(t”?{vwdaYU(l)? e 7yu(t - l)ayua(l)v e ayua(t - 1)) +n- O(IOg(P))

S b Fual O Wa, a1+ Fualt — 1)) + - oflog(P))

t=1

= h (Yua|H, Wa) +n - o(log(P))
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where(a) holds from the fact that if<, < M,, theny,s(t) = FsF, (yua(t) — Zua(t)) + zus(t)
and otherwisey,;(t) does not exist from its definitior{p) holds from the fact thay,.(t) is a
function of {H, Wy, yu(1), - ,yu(t — 1), yu(t)} for ¢ € [1 : n] from the definition in[(2P), and
(c) holds from the fact that conditioning reduces differenéatropy.

Let Juai(t) € Cfori € [1: L] be theith element off .. (t) andy e = [Juai(1), -+ s Juai(n)] -
From the definition ofy,(¢) in (29), the conditional probability distribution gfy; is identical
with that of y,,; for all i € [1: L,] when(H,W,) is given. Consequently, frond (B1)

K
- 1
Z Ryj — Kuen < Eh (Vua|H, W4) + o(log P)

J=1

L
1 «— 5
< - ; h (Y uailH, Wa) + o(log P)

1
= gLuh (ya1|H, Wa) + o(log P) (32)
where the second inequality holds from the fact that coowlitig reduces differential entropy.

Then, muItipIyingLiu to (32) and adding it td_(30), we have

Ky K.
1 1
ZZ:; Ry + I ; R,; <log P + o(log P) + <Kd + L_UK”) €, (33)

By dividing both hand sides of (83) biyg P and lettingn and P to infinity, we have

Kd 1 Ky
dei+L_Zduj S 1
i=1 Yoj=1

wheree,, converges to zero as increases, which completes the proof of Lenirha 2.

VI. SuM RATE COMPARISON

In this section, we numerically demonstrate the sum rateongment of the proposed schemes
(FD systems) by comparing with HD systems at the finite SNRmeg For comprehensive
comparison, we also consider multicell environment andripgacts of residual self-interference

due to imperfect self-interference suppression and udexdsding.

A. Single-Cell Case

In this subsection, we compare the average sum rates ofdpesed schemes with those of the

conventional HD systems for both no CSIT and partial CSIT et®dTo evaluate the sum rates
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Fig. 6. Average sum rate in single-cell environment whén= K, = My = M, = 2.

of HD systems, we assume that the BS operates in TDD and thér&etion of time resource
is allocated for DL transmission and the rest half fractisralilocated for UL transmission and
further assume that all UL users simultaneously transmih&oBS to maximize the UL sum
rate and, on the other hand, the BS transmits to a single Di_tas@aximize the DL sum rate
[38]. The only difference between no CSIT and partial CSITdels in HD systems is the fact
that the BS can choose the transmit mode of the reconfiguasitdésna and the serving DL user
in order to maximize the DL sum rate for the partial CSIT modigr no CSIT model, on the
other hand, the BS randomly chooses its transmit mode anthgddL user.

In order to reflect the sum rate degradation of the proposkdnses due to imperfect self-
interference suppression, we assume residual self-eémggr€e at the BS. In_[3], the authors
propose novel analog and digital SIC techniques with SiGabdipy of 110 dB and show that
residual self-interference can be reduced almost to thes damel as the noise power when the
average transmit power is around 20 dBm, which correspoodbd transmit power used in
commercial communication systems such as WiFi and LTE soedlll From [3], we assume that
the residual self-interference power is assumed to be tme s& the noise power and regarded
it as noise in simulation.

Fig.[8 plots the average sum rates of the proposed schemdabeaodnventional HD systems
with respect toP when Ky = K, = My = M, = 2. All channel coefficients are assumed to

be i.i.d. drawn from the circularly symmetric complex Gaassdistribution, i.e.CN(0,1). As
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Fig. 7. Average sum rates in multicell environment with exgpoJ when Ky = K, = Mq = M, = 2, a = 3, and Pes = 10
dB.

seen in the figure, the proposed schemes gradually outpetfe conventional HD systems and,
moreover, the sum rate gaps increase as SNR increases., lten@oF gains achievable by the

proposed schemes actually yield the sum rate gains at the &nd operational SNR regime.

B. Multicell Case

In this subsection, we consider multicell environment amdhpare the sum rates of the
proposed schemes with those of the conventional HD syst8pecifically, we adopt a wrap-
around configuration of 7 hexagonal cells in which each BSoeated in the center of each
cell and the maximum distance from the center within eachisajiven by one. We evaluate
the sum rates at the center cell by treating inter-cell fatence arisen from other six cells as
noise. We assume that DL users and/ UL users are distributed uniformly at random within
the area of each cell. A simplified path-loss channel modeisied with path-loss exponent
and for convenience we denote the average received SNR atdkienum distance of one by
P [39]. For the center cell, the channel coefficient from ttib preset mode of the transmit
antenna of the BS to thi&h DL user, the channel coefficient from thth UL user to themth

preset mode of the receive antenna of the BS, the channdicteeff from thejth UL user to
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the ith DL user at the center cell are given respectively by

hi(n) fi(m) Jij
hi n)= ) f m) = ! y Gij = J
( ) d?{f J ( ) dﬁ[ﬁ J d?;-/2

fori,j € [1:J),n € [l: My, andm € [1 : M,]. Here, h;(n), f;(m), and g, are i.i.d. fading
components drawn fror@A (0, 1) anddy;, dy ;, andd;; are the distance between the BS and
the ith DL user, the distance between the BS andjtieUL user, and the distance between the
jth UL user and theth DL user respectively. In the same manner, channel cosfteirelated
to inter-cell interfering links can be defined.

For comprehensive comparison, we also consider the impdcself-interference and user
scheduling. As the same reason in Secfion VI-A,we assuntethibaresidual self-interference
power is assumed to be the same as the noise power and regaaedoise in simulation
for the proposed schemes. As a consequence, inter-celtassser interference and BS-to-BS
interference occur for the proposed schemes due to the FExtape at BSs while they do not
appear in the HD systems.

For the HD systems, one DL user out of thieDL users is scheduled in each cell for both
no CSIT and the partial CSIT models. For the proposed scheomethe other hand, one DL
user out of the/ DL users is scheduled for no CSIT model, whitg DL users out of the/

DL users are scheduled for the partial CSIT model. For bothHbB systems and the proposed
schemes/<, UL users out of the/ UL users are scheduled.

Fig.[@ plots the average sum rates of the proposed schemabahtD systems with respect
toJwhen Ky = K, = Mg = M, = 2, « = 3, and P = 10 dB. We consider round-
robin and max-SNR algorithms for user scheduling. As seeRign[4, the proposed schemes
outperform the conventional HD systems when both roundirabd max-SNR scheduling are
used, which attributes to the fact that inter-cell useuser interference is aligned into the same
signal subspace where intra-cell user-to-user interteres aligned for the proposed schemes,
so that inter-cell user-to-user interference is also détteut when removing intra-cell user-
to-user interference. Furthermore, Higj. 7 shows that tteegap between the proposed schemes
and the HD systems with max-SNR scheduling increasekiasreases, while the rate gap with
round-robin scheduling remains unchanged regardledsamid is marginal compared to the case
with max-SNR scheduling, which demonstrates that in castjon with interference management

techniques, user scheduling in FD cellular networks migigrove the sum rate further compared
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to the conventional HD systems. From the simulation resbit$h user scheduling algorithms
and interference management techniques for suppressarecell interference are indispensable

for applying FD radios into multicell cellular networks.

VIlI. CONCLUSION

In this paper, we studied the sum DoF of FD cellular networkssesting of a FD BS, HD DL
users and HD UL users. In particular, we completely charazete the sum DoF of FD cellular
networks for no CSIT model and established an achievableBoifor the partial CSIT model.
Our results demonstrated that reconfigurable antennasabritie FD BS can improve the sum
DoF and eventually double the sum DoF as both the numbers o2l UL users and preset
modes increase in the presence of user-to-user interierdve further demonstrated that such
DoF improvement yields the sum rate improvement comparetieaconventional HD cellular
networks at the finite SNR regime. Beyond this work, the imipzEfcmultiple reconfigurable

antennas at FD BSs will be a promising future research topic.

APPENDIX
PROOF OFLEMMA (1]

In this appendix, we prove Lemnia 1. First, we show thatk(P) = Lyng almost surely.
Recall thatay(t) = (t — 1)|Lq + 1 for t € [1 : LyL,]. Let us permute the columns & as in

the following order and denote the resultant matrixAas
{171+Ld7"' 71+(Lu _1)Ld7 272+Ld7"' 72+(Lu - 1)Ld> T Ld72Ld7"' 7LuLd}-
From the definition ofa,(t), A € ClenaxLalu j5 then given by

h(L)WE (I, ® e, (1)) -+ hi(La) W5 (I, ® er,(Lq))
A . , .

h, (W (I, ®@er, (1)) -+ hp,(La)Wi (I, ® er,(La))
Let A; = WE (I, ® e, (i) € C"*v for i € [1 : Ly). Since any submatrix of the IDFT

matrix is a full-rank matrix [[35] andvy < L,, rank(A;) = nq SO that it is right invertible.
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Denoting the right inverse matrix ok; by A" = A7 (A;A)~!, the following relation holds:

(1) o hi(L)
A diag(Al, . ,ATLd) = : : ® I, € Chanexbang,
hrg(1) - hr,(La)
éHe([‘:,LdXLd

Since every element iH is i.i.d. drawn from a continuous distributioH is a full-rank matrix
almost surely so thatwnk(H®1,,,) = Lqng almost surely. Becausenk(A) > rank( H® I,,,),
we finally haverank(P) = rank(A) > Lqng almost surely. Obviously,ank(P) < Lqng from
the dimension ofP. Thereforerank(P) = Lyng almost surely.

Next, we show thatank(Q) > L,n, almost surely. Recall that,(t) = (t — 1)|L, + 1 for
t € [1: LaLy). Let Quup = [F1(B2) Wy, -+, Fp,(82)Wy] € Clelvxlune "which is a submatrix
of Q. In the following, we will show thatank(Qs.) = L,n, almost surely, which guarantees
that rank(Q) > L,n, almost surely. Let us permute the columns(fgafub as in the following

order and denote the resultant matrixias
{171+Lua"' >1+(Ld _1)Lua 272+Lu>"' 72+(Ld - I)Lua ) Lu>2Lua"' aLuLd}-
From the definition of3y(¢), B € CLunexLelu is given by
AW, ®@er, (1) -+ (L)W, ®@er,(Ly))
B_ . ) .
fr.OWI (I, ®er, (1) - fr,(Lo)Wi (I, ®ep, (L))
Let B, = W1 (I, ®er,(i)) € C* for i € [1: L,]. Since every submatrix of IDFT matrix

is full-rank [35] andn, < L4, B; is a full-rank and right invertible matrix. Denoting the hig

inverse matrix ofB; asB! = B# (B,BY)~, the following relation holds:
T

A - fr(1)
B diag (BL o vBL) = A ® I, € Closumoxbuny,
filLy) -+ fr.(Lu)
Then, rank(Qqu(32)) = rank(B) = L,n, almost surely, which completes the proof of Lemma
1.
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