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A Generic Simulation Approach for the Fast and
Accurate Estimation of the Outage Probability of
Single Hop and Multihop FSO Links Subject to

Generalized Pointing Errors

Chaouki Ben Issaid, Ki-Hong Park, and Mohamed-Slim Alouini

Abstract—When assessing the performance of the free space
optical (FSO) communication systems, the outage probability
encountered is generally very small, and thereby the use of
nave Monte Carlo simulations becomes prohibitively expensive.
To estimate these rare event probabilities, we propose in this
work an importance sampling approach which is based on the
exponential twisting technique to offer fast and accurate results.
In fact, we consider a variety of turbulence regimes, and we
investigate the outage probability of FSO communication systems,
under a generalized pointing error model based on the Beckmann
distribution, for both single and multihop scenarios. Selected
numerical simulations are presented to show the accuracy and
the efficiency of our approach compared to naive Monte Carlo.

Index Terms—Free-space optical communication, pointing er-
rors, atmospheric turbulence, importance sampling, exponential
twisting, multihop.

I. INTRODUCTION

REE-space optical (FSO) communication presents an

interesting alternative to radio wave and optical cables to
meet the growing needs of telecommunication regarding high
data rates. However, the design of the FSO links needs to take
into consideration two main challenges: (i) the atmospheric
turbulences and (ii) the pointing errors. These factors cause
random fluctuations of the received signal and thereby disrupt
the performance of the link.

Pointing errors have two major components: (i) a determin-
istic error related to the boresight which is a fixed displacement
between the detector and beam centers and (ii) a random error
jitter which represents the offset from the beam center at the
detector plane. Many works investigated the effect of the point-
ing errors on the performance of FSO systems. In [2], Arnon
determined the optimal divergence angle as a function of the
bit error probability taking into consideration the jitter caused
by the building sway. A novel statistical model for pointing
errors was presented in [3] by Farid and Hranilovic taking into
account the jitter variance, the beam width, and the detector
size. The authors derived expressions for the outage probability
for both weak and strong turbulence regimes assuming zero
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boresights. In [4], Gappmair et al. generalized the Rayleigh
model for misalignments by using the Hoyt distribution. In
their letter, an approximate expression for the average bit error
rate (BER) of an FSO link under Gamma-Gamma turbulence is
obtained. Later on, a more general model assuming non-zero
boresights but same jitter effects was proposed and studied
by Yang et al. in [5]. The authors studied the BER as well
as the outage probability for FSO system under different
atmospheric conditions. In [6], Al-Quwaiee et al. derived
an asymptotic expression for the ergodic capacity under a
generalized pointing error model when the radial displacement
follows a Beckmann distribution allowing both boresight and
different jitter intensities in horizontal and vertical directions.
Since the ergodic capacity is not always the most suitable
performance metrics for FSO systems, we consider, in this
paper, a general pointing error model, similar to the one
studied in [6], and propose a fast simulation approach to
accurately estimate the outage probability (or equivalently the
outage capacity) of FSO systems under these conditions.
Atmospheric turbulence happens as a result of the random
changes in the refractive index of the air. This leads to changes
in the path that the light takes in its propagation through
the air, and thus causes fluctuations of the received signal.
Some papers, including [2], [7] as examples, investigated the
consequences of atmospheric turbulence on the error rates of
FSO links. Scintillations have been described using various
statistical models [8]-[9]. In weak turbulence regime, the
most appropriate model is the lognormal, while the Gamma-
Gamma is widely used to model signal fluctuations in the
strong turbulence regime. Recently, the performance of FSO
links under new turbulence models has been studied. In [10],
the authors derived approximate and closed-form expressions
for the ergodic capacities of FSO systems under nonzero
boresight errors where the radial displacement r is assumed
to follow a Rician distribution. The atmospheric turbulence is
modeled using three probability density functions (PDFs): the
lognormal, the Rician-lognormal and the Malaga distribution.
The analysis is carried out for both intensity modulation/direct
detection (IM/DD) and heterodyne detection. More attention
has been paid to the Madlaga turbulence channel in [11]
where unified expressions for the PDF, the cumulative density
function (CDF), the moment generating function (MGF), and
the moments of the average SNR of an FSO link were
presented. Using these results, closed-form and asymptotic
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expressions are derived for performance metrics, such as the
outage probability, the average BER and the ergodic capacity.
The analysis is done assuming zero boresight errors and under
the IM/DD and heterodyne detection.

An efficient technique to enhance the reliability of FSO
links is to resort to multihop relaying where the signal is
transmitted from the source to the destination by means of
intermediate terminals. In [12], Kazemlou et al. investigated
the BER performance of an all-optical FSO system for both
amplify-and-forward (AF) and decode-and-forward (DF) using
Monte Carlo simulations. The system performance was studied
under weak turbulence regime and the authors assumed either
fixed-gain optical amplifiers or optical regenerators. They
showed that the total communicating distance of a two-hops
system has increased by 0.9 km for the AF case and by 1.9 km
in the regenerate-and-forward scenario compared to the direct
transmission at a BER of 1075, Both serial and parallel relay-
assisted transmission FSO communication systems have been
investigated in [13]. The authors derived the outage probability
of both systems for DF and AF modes in the presence of
lognormal turbulence. They showed that adding a single relay
at an outage probability of 107° results in a performance
improvement of 18.5 dB. In [14], the authors presented novel
experimental results for an all-optical AF relay-assisted 10
Gbps FSO link over Gamma-Gamma turbulence channel.
Mohd Nor et al. derived expressions for the end-to-end SNR
as well as the BER and showed that a good agreement between
the experimental results and the mathematical derivations
exists especially at high SNR. In [15], the authors studied
the performance of dual-hop RF/FSO system in the presence
of pointing errors. In this work, the FSO link is assumed to
operate over Gamma-Gamma fading and Rayleigh model for
misalignments is considered. The performance of multihop
FSO links operating over Gamma-Gamma turbulence in the
presence of pointing errors and path-loss effects is investigated
in [16]. The mutihop system in this case uses channel-state-
information-assisted and fixed-gain relays. Tang et al. derived
closed-form expressions for the MGF, PDF, as well as the
CDF of this system. In [17], Zedini et al. studied the end-
to-end performance of multihop FSO system operating over
Gamma-Gamma turbulence fading in the presence of pointing
error impairments. Two types of relays were considered: (i)
amplify-and-forward channel state-information-assisted, or (ii)
fixed-gain relays. The authors provided closed-form bounds
for the outage probability, the average BER, as well as the
ergodic capacity of on-off keying modulation scheme.

Finding a closed-form expression for the outage probability
is not always feasible. To the best of our knowledge, no
closed-form results for the outage probability of FSO links
over generalized pointing errors were derived in the literature.
In this case, one can use a numerical approximation based for
instance on the Monte Carlo (MC) method. However, since
FSO systems are often used for high-speed backhaul links,
the outage probability requirements are typically very low, i.e.
of the order of 1078, thereby a very large number of samples is
required to guarantee a good quality estimator. An alternative
method to reduce the number of samples is the importance
sample (IS) technique [18]. The interest of this method lies

2

in the possibility of exhibiting a change of law, i.e. instead
of using samples from a PDF f(-), samples from a new PDF
f*(-) are used to guarantee that a certain event takes place
more frequently, which reduces the variance of the standard
MC estimator. While IS method has been widely used for the
performance evaluation of digital communication systems, in
particular to study the performance of avalanche photodiodes
[19], fiber repeaters [20], and generic digital communication
systems [21], they have not been applied for the evaluation of
the performance of FSO systems. A concise review of the use
of IS in communication systems can be found in [22].

In [1], we used an efficient IS approach based on the expo-
nential twisting technique to study the outage probability of
FSO system under a generalized pointing error model with dif-
ferent vertical and horizontal jitter effects and a nonzero bore-
sight for the specified lognormal and Gamma-Gamma models.
In this paper, we extend the work to more general types of
turbulence, more specifically Rician-lognormal, Malaga, and
Double Generalized Gamma models while including detailed
proofs of the derivations. We also show how our approach can
be extended to estimate bounds on the outage probability for
the multihop systems. The reminder of this paper is organized
as follows. We start by describing the structure of the FSO
system in Section II, as well as the pointing errors and the
atmospheric turbulence statistical models. We then provide in
Section III a brief description of the fundamental concepts of
IS method as well as the tools required to estimate the outage
probability in our particular set-up. Then, we briefly explain
in section IV how to generalize our proposed approach to
estimate bounds on the outage probability in the multihop case.
In Section V, we show some selected numerical results related
to the outage probability under different turbulence regimes. In
this section, we first establish the efficiency of the IS method
compared to MC method. In fact, we show that IS provides
a significant reduction in the number of samples, especially
for low outage probability values. We then study, using IS,
the impact of the difference in the horizontal and vertical
jitter effects on the outage probability, as well as the effect
of the severity and type of turbulence for the same pointing
error conditions. Before concluding, we provide numerical
simulations for the estimation of the outage probability bounds
for the multihop case.

II. SYSTEM MODEL

In this work, we study the performance of standard FSO
systems with IM/DD in which the received signal y can be
modeled as

y=ha+n, (1)

where h is the channel fading, x is the transmitted signal, and
n is a zero mean Gaussian noise with variance o2. The signal
x is assumed to have an average transmitted optical power P;.
Let h; denote the path loss, h, the pointing error loss factor,
and h, the atmospheric turbulence loss factor. We consider a
composite fading channel, where h = h;hqh,. Here, unlike
the random variables (RVs) h, and h,, h; is considered to be
a constant. Following [3], [5], we assume that h, and h, are
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independent RVs. In this setting, the received signal-to-noise
ratio (SNR) is defined as

v = yoh?, 2)

and the outage probability is defined as

where vy £ 201)23
Poul('}/th) = IP('7 < %&h) = IP(h < hth)7 3

where vy, is a given threshold and h;p, £ %

Although the work presented in this paper deals with the
outage probability, our approach is easily applicable for the
evaluation of the outage capacity'. In fact, given the very high
data rates achieved by FSO over atmospheric turbulent chan-
nels, these channels are typically viewed as slowly varying
channels and with a coherence time greater than the latency
requirement. Hence, in this case, ergodic/average capacity is
not always considered as the most suitable performance metric.
Rather outage capacity is considered to be a more realistic
metric of channel capacity for FSO systems [3] [26, Chap. 4].

A. Pointing Errors

Let z denote the distance between the transmitter and the
detector, and r the radial displacement between the detector
center, assumed to be circular with aperture radius a and a
Gaussian beam center. The beam spot at the detector plane is
considered to be symmetrical with respect to its origin and the
turbulence is assumed to be isotropic. In this work, the point-
ing errors represent the misalignment between the transmitter
and the receiver which results from the displacement of the
laser beam in either the horizontal or the vertical direction,
i.e. we are considering a 2D configuration. We assume that
the transmitter and the receiver plans are parallel and that the
laser beam is perpendicular to the receiver area. Under these
assumptions, the expression of the pointing error loss factor
is approximated by [3] as

2
hy(r, z) = Ag exp < 2; ) , 4
zeq

where w., is the equivalent beam width and A, is the fraction

of the collected power at » = 0. In [3], the authors show that

(4) is a good approximation as long as “= > 6, where w, is
the beamwidth.

Let 7, and r, denote, respectively, the horizontal and

vertical displacement of the beam in the detector plane. If

re ~ N(pie,02) and v, ~ N(p,,07) are independent then

the radial displacement r =
distribution [27]

for) = o

2moL0y

2 ¢7 T 2 i ¢7 ?
/O exp (7 (r COSQU% pa)® (7“51r12a2 y) )d¢ U@,
(%)

\/@ follows the Beckmann

Yy

' The outage capacity is defined as the transmission rate Ry which satisfies
P(C(7) < Ro) = P(y < mpn = C~(Ro)) = Pou(C~'(Ro)) = po
where po is a given value and C(-) is the instantaneous capacity. In FSO,
a tight lower bound of C'(v) is given by logy(1 + dy) where d = 1 for
heterodyne detection and d = i for IM/DD [11] [23] [24, Eq. (7.43)] [25,

R
Eq. (26)]. Thus vz, = C~1(Rg) = 25=L.

3

where U(-) is the unit step function.

The Beckmann distribution is a PDF that generalizes other
PDFs, e.g. Rayleigh when p, = p, = 0, 0, = oy, Hoyt
(Nakagami-q) when p, = p, = 0, 0, # oy, and Rician

(Nakagami-n) when /u2 + p2 # 0, 0, = 0.

B. Atmospheric Turbulence

1) Lognormal Turbulence: For weak turbulence regime, we
consider the lognormal model to describe the atmospheric
fading. The PDF of h, is thus given by

2
1 (log(ha) + =)
he) = ————exp | ————t5—2" | U(hy),
fha( ) ha\/ﬁ p< 20}2{ ( )
(6)
where 0% is the Rytov variance for a plane wave. The

distinction between the two turbulence regimes is made based
on the magnitude of the Rytov variance. According to [28], a
Rytov variance less than 0.3 corresponds to a weak turbulence,
while moderate to strong turbulence is characterized by a value
greater than 0.3.

2) Rician-Lognormal Turbulence: In general, atmospheric
turbulence can be modeled as the product of two independent
RVs: (i) a Rice RV that represents the small-scale turbulence
and (ii) a lognormal RV for the large-scale turbulence. In this
case, the PDF of the atmospheric turbulence is given by [9,

Eq. (5)]
(L) ()
fhatha) = =g m= " ——x

o0 2 ooz §2
/0 exp(_(1+k)ha_(l g(2) + %) )X -

20 20%

1+ k2 dz
I 26/ —0p, | £,
0( 20 ) z2

where Q) is the average fading power, £ > 0 is the Rician
turbulence parameter, and Iy(-) is the zeroth-order modified
Bessel function of the first kind [29, Sec. 8.431].

3) Mdlaga Turbulence: A more general turbulence model
is known as the Madlaga turbulence [30]. In this case, the
atmospheric fading can be seen as the product of two RVs: (i)
Y £ |R|? for small-scale turbulence and (i) X for large-scale
turbulence, where

R =VG (VA exp(joa) + v/2bop expl(jon))+v/T—pU.

®)

The large-scale fluctuations, X, follows a Gamma PDF
fx(x) = Fo(éa) L exp(—ax), )
while G has a Gamma distribution such that E[G] = 1
and Var[G] = % and U is circular Gaussian complex RV.

Here, ) denote the average power of the line-of-sight (LOS)
component, 2by represents the average power of the total
scatter and p € [0, 1] measures the fraction of the scattering
power to the LOS component. The PDF of Malaga turbulence
is given by [30, Eq. (24)]

f (h)—Azﬁ:a het K 9, [Pt} (1)
he\lla P mlla a—m gB"‘QO
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where g = 2by(1 — p), and

qa 200 ( 98 )2+B
g' 2T (a) \ 9B+ Qo ’

o (B=1) (@F+2)"% ()" (a\* (D
m=\m-1 (m —1)! g 6]
Qo = Q + 2bgp + 24/2bpp) cos(dpa — dg).

The Malaga distribution is a PDF that generalizes other PDFs,
lognormal when p = 0, and g — 0, K-distribution when 5 = 1
or (p =0 and 2 = 0), and Gamma-Gamma distribution when
p—1and Q=1

4) Double Generalized Gamma Turbulence: Under the
assumption that both large and small scale turbulences follow
a Generalized Gamma distribution [31, Eq. (1)], each with its
specific shaping parameters, the product h, follows a Double
Generalized Gamma distribution whose PDF is given by [32]

a3 NP2 =3 (2) 1 T
I'(B1)T(B2)ha

(92 )A MoQ7 | 1 kg 1)

) EE L -
where \ and o are two positive integers such that 2
g—;. For instance, given a certain value of \, 0 = (%
Here, ko = Ao : 51),A(N : B2) where Az )
g y+1 y‘k%l and Gy ”[] is the Meijers G-function
deﬁned in [29 Eq.(9.301)].
For a certain set of shaping parameters, the Double General-
ized Gamma PDF can specify to other PDFs. When 3; = 1, it
reduces to the Double-Weibull PDF. For a; = 1 and 2; = 1, it
coincides with the Gamma-Gamma distribution. When a;; — 0
and 3; — +o0, the Double Generalized Gamma distribution

approximates very well the lognormal PDF, while if a; = 1,
Q, =1, and By = 1, it becomes the K-distribution.

>

>

fha (ha) =

0,A\ 4o
G/\+U 0

H
"1

III. IMPORTANCE SAMPLING

In this section, we explain briefly the idea behind IS, and
how to apply it for our purpose of estimating the outage prob-
ability. IS is a well-known method to evaluate the probability
of rare events [18]. In fact, the advantage of this method lies
in its simplicity and ease of implementation. It aims to reduce
the variance of the MC estimator by introducing an auxiliary
PDF. For a thorough explanation of the approach, the reader
is directed to [18].

A. Key Idea

The interest of this work is to estimate the outage probabil-
ity, (3), using fast simulation based on IS. First, we re-write
the outage probability expression as

Pout('yth) = ]P(h < hth) = IP(ya +yp < 5)’

where 1y, and yp denote respectively the logarithm of h, and

13)

hp, and € = 2 log (h‘lh
First, we recall the standard MC estimator for P, as

1
-N Z Lo n+yan<e) (14)
n=1

4

where N is the sample size for the MC estimator and y,
and y,, are sampled from the original PDFs f, (-) and
fy, (+), respectively. The MC estimator (14) is an unbiased
and consistent estimator of P, ;.
Table I summarizes the PDF of y, for the different atmospheric
turbulence models.

The PDF of the pointing error, f, (-), is given by (15) where
§r = 5ot and §, = %

The IS idea is based on the fact that the representation of
Pyt as an expected value is not unique. In fact, we can write

Pout://]l(ya+yp<e)fya(ya)fyp(yp)dyadyp

= [ [ B akon, )55 ()5, ()
=E* []l(ya+yp<€)wya (ya)wyp (yp)]a
(16)
where E* denotes the expected value with respect to (w.r.t) the
biased PDFs f7 (-) and f; () and the likelihood/weighting
functions wy, (-) and wy, (-) are given by

o ()

As such, the outage probability estimator using IS is given by

k € {a,p}. a7

wyk() =

N*
* 1 * *
= ﬁ Z l(y;,n+y;,n<€)wya (ya,n)wyp (yp,n)7

n=1

(18)

where N* is the sample size for the IS estimator, y; ,, and
Yy, are here sampled from the biased PDFs f (-) and
f_;‘p(~), respectively. The IS estimator is also an unbiased and
consistent estimator of P,,. Note that we use * to denote the
parameters and the densities that arise from the use of IS, to
make the distinction with standard MC.

For comparison sake, we assume that the number of samples
used to evaluate the IS and MC estimators is the same, N. The
variance of the MC estimator is [18]

1
Var[l] = = (Pou — P2), (19)
while the variance of IS is given by [18]
Var*[I"] = (E*[1<ya+yp<s>wya (Ya)wy (yp)] = Poy)- (20)

The IS method aims to find a proper blased PDFs f » (+) and

5, (*) in order to minimize E*[1? (g +up<2) 0 2 (Ya)wy ( »)]- In
the literature, different kind of techniques exist to accomphsh
this purpose. In this work, we use, as explained in Section
III-B, the exponential twisting technique to fulfill this objec-
tive.

To show the efficiency of IS compared to MC, we introduce
two notions: (i) the relative error and (ii) the gain indicator.
The relative error of both methods, MC and IS, are defined as
[33]

Out oul

Ou[ (21)
\/Var IL(ya-&-yp<5)Wya (ya)wyp (yp)]
N* ’

eEnMc =

€18 =
Pout
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5
TABLE I: PDF of y, for different turbulence regimes.
Turbulence model [ PDF of y, : fy, (z)
2\ 2
Lognormal ﬁ exp <—22 (x + UTR) >
TOR R
2y exp(z 2 02 2 ™
Rician-Lognormal %«ci) f0+°° exp <fk2 — 1;’; exp(x)) Io <2k 1?52 exp(z)) exp fﬁ (10g(z) + TR) > ;I—Q
B
Mailaga AmX::1 @m €Xp (Oﬁ;mx) Ko—m (2 afﬁejﬁ%(f))
. o Aaﬁl‘%xf’r%(%)l‘%ﬂ 0, Ao | (M) (091)? | 1— Ko
Double Generalized Gamma 2 NCRINED) ANio.0 m B
2
fy, () = Weeg /27T exp &z cos(¢p)/log(Ag) — pa " &, sin(@)/log(A4p) — x Hy de. (15)
=5 - 0) =T — - 0) =T — .
Yr 8mozoy Jo v \/§U Y \/§Uy
where @ = 1.96. The efficiency indicator of IS method y, =log(Ao) — 35 : , and using the MGF of 2 given in [37,

compared to MC is defined as [33]
N Pout(l - Pout)

N* ~ Var* []l(ya+yp<s)wya (i‘/a)wyp (Yp)] '

G = (22)

B. Exponential Twisting

Exponential twisting technique, also known as exponential
tilting or change in exponential measure [34]-[35], is well
known in IS and is particularly used for its properties on
the sums of random variables. The method is based on the
theory of large deviations [36]. The main idea is to define the
auxiliary density f*(-) as

ey

W)= M,

where M, (8) = E[e%*] is the MGF of yj. In this case, the
weighting function is given by

Wy (4,0) = eV My, (6).

Note that the biased PDF depends on the parameter 6. In
order to minimize the variance of IS estimator, the quan-
tity E*[17, ., w3 (ya, 0)wy (yp,0)] needs to be minimized
w.r.t the parameter 6 as discussed in the next subsection. Since
we are interested in estimating a left tail probability, the value
of 6 needs to be negative.

The MGFs of y, for the different turbulence regimes is
given in Table II, where | F}(,-,-) represents the confluent
hypergeometric F function [29, Eq. (9.210.1)]. For the pointing
errors, it can be shown, after some manipulations, that the
MGF of y, is given by

0 20 [12€8
_so Ao (-8 55

(€2 +0)(&5 +9)

fl;kk fT/k (y)a k € {aap}v (23)

(24)

(A

55))

(25)
For the lognormal case, the MGF is derzived using the fact
that y, is a Gaussian RV with mean —%2 and variance o%,.
The derivation of the MGF of y, in the Rician-lognormal,
Mailaga, and Double Generalized Gamma turbulence cases can

be found in Appendix A. For the pointing errors, substituting

_|_

My, (0) = E[hy]

p
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Eq. (2.38)], we gezte%ZS).

C. Optimization Algorithm

To determine the optimal 6*, we need to solve the following
minimization problem

min J(0) = E*[L(y, +y,<c)s, (Ya, Oy (yp,0)].  (26)

Not only that this problem can be seen as a random optimiza-
tion problem, but it also is usually not feasible analytically
to solve, except for a few simple cases. In [18], the author
derives an upper bound for the second moment, using ideas
similar to the Chernoff bound derivation. By optimizing this
bound, a sub-optimal solution can be found that guarantees a
gain slightly less than the one using the optimal value. The
advantage of using this approach lies in the fact that it just
requires solving the deterministic problem

1) =e,
where p/(-) is the derivative of the cumulant generating func-
tion (CGF) of the RV (y, +,), i.e. u(0) = log(E[e?Watvr)]).
To find this sub-optimal 6, we show in Appendix B, that we
need to solve (41)-(44) for Lognonormal, Rician-Lognormal,

Mailaga, and Double Generalized Gamma turbulence models,

respectively, where ¢(x) = Fp/((;))

27)

is the digamma function and

( )
(28)

where Fy)3x2(-) is the Kampé de Fériet-like function [38].

Solving these equations results in a set of solutions. We choose

a real solution, such that the MGFs are well defined, to be the
sub-optimal solution.

a+1;1;1,a;

2 S1x1x2
E 2,b—|—1;;a—|—1;z’

1F1(1’0’0)[a;b;z] = p - 2x0x1

Remark 1. Eq. (27) needs to be solved in the domain of
definition of the CGF of the turbulence PDF assumed. In the
case a solution does not exist in this domain, we can either
o consider the solution 0 that gives the minimum value for
the absolute difference |1/ (0) — €| or,
o use another method to characterize 0. For instance, we
can use the cross-entropy method [39, Sec. 9.7.3] or the
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TABLE II: MGF of y, for

6

different turbulence regimes.

Turbulence model [ MGF of y,,

T My, (0) =

E[R7] [ Conditions on 6

Lognormal

exp (%9(9 —1)o%)

[
Rician-Lognormal (1_&2 L(1+0) exp (5060 — 1)o%) 1F1(—0,1,—k?) 0> -1
. A 5 g0, S .
Milaga ST +a) 3 am (J 0) L0+ m) 6 > —min(1, @)
m=1
= Z r(Bi+ L )r(B+
: Q a Q a 175 27T o .
Double Generalized Gamma (—i) 1 (—;) 2 ( F(ér))l"((ﬁz) 2) 0 > — min(ay B1, a282)

stochastic counterpart method [39, Sec. 12.2] to find 6
that minimizes the second moment of the IS estimator.

D. Sampling Method

To sample from the biased PDF f*(-) may not be very
trivial, especially when the new PDF does not resemble a
known parametric PDF. In this case, we can use standard
techniques such as the inverse transformation method or the
acceptance-rejection technique [40, Sec. 2.2, 2.3].

For the sampling from the biased PDF in the case of
lognormal turbulence, we show in Appendix C that we can
use the inverse CDF method. In fact, in our particular case,
it can be shown, after some mathematical manipulations, that
the inverse CDF, is given by

[Fy ] " (u) =0or (xf erf™ (2u—1)—(;—0)03>, (29)

where the error function is defined as erf(x) = % Jo e
The inverse error function erf ™ *(-) can be called in MATLAB
for instance, using the function erfinv.

For the sampling from the twisted PDFs of the other tur-
bulence models as well as the pointing errors, it is difficult to
find an explicit expression for the inverse CDF. An interesting
alternative is to approximate the inverse CDF, instead of
finding its expression analytically. In [41], an efficient method
for sampling from one-dimensional PDFs is developed. The
method is based on approximating the inverse CDF using
Chebyshev polynomials. The authors show the robustness of
the method against other techniques, such as slice sampling
and rejection sampling. A MATLAB implementation of this
method is available in [42]. For readability purpose, we have
included the sampling algorithm from [41] in Appendix D.

E. Correlated Sways

So far in this paper, we assume that the horizontal and
vertical displacement of the beam, r, and r,, are independent.
However, this assumption can be relaxed and our approach is
still valid for this kind of problem. In fact, let r,, ~ N (15, 02)
and r, ~ N (p,,07) be two correlated Gaussian RVs with a
Pearson correlation coefficient p € [—1,1]. Inspired by the
whitening approach proposed recently in [43], we can find

'~ N, 0.?) and Ty~ ./\/(,uy, o’?) two independent
Gaussian RVs such that 12 = 7/, >4 ry The latter equation
presents the case treated in this work. In [43], the authors ap-
proximated the Beckmann distribution by a modified Rayleigh
distribution. Based on this approximation, they studied the
outage performance over Gamma-Gamma fading channels.

The novelty of our work compared to [43] is that we are
considering a general distribution for the pointing error based
on Beckmann distribution.

The parameters of the distribution of r.
expressed as [43]

and r; can be

1, = 1 cos Go + 1y sin g

[y = iy COS G0 — fiz Sin o

o' =o2cos? ¢y + o; sin® ¢g + 2p0 0, sin ¢ cos Po
2 .2 .

0'7/1 = 012/ cos? ¢g + 0725 sin® ¢g — 2po, 0, sin ¢g cos g

(30)
where the expression of ¢q is given by [43]
T if 0, =0y
= - i 31
%o {% arctan (022{7;“;2) , otherwise GD

IV. MULTIHOP SYSTEMS

After explaining the basic ideas behind our approach in the
single hop case, we show in this section how to extend these
ideas to estimate bounds for the outage probability in the case
of multihop systems. First, we recall briefly the system model
and then we show the flexibility of the proposed approach to
tackle the multihop scenario. The end-to-end SNR of N-hop
systems can be written as [17]

)

In this work, we assume that the hops undergo independent
turbulence influence. In the case FSO systems with CSI-
assisted relays, venq can be upper bounded by [44]

A

Yend = (32)

N
1 1
Yend < Vsub = N H’YZN . (33)
i=1
Since we have Yena < Vsup, then we can write F,_, (y¢4) =

P(vsub < Ytn) < Poyt. Using the definition of ~ys,p, we have

(%h) =P (;7 %h) )

p(H% < (Nven) >

= 'yohi , the expression of the CDF of v,

())

N

[ <

i=1

F

Ysub

(34)

Since we have ~;
becomes

., (ven) = (H h; <

i=1

Ny
Yo

(35)
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Assuming each fading channel h; can be written as h; =
hihg,ihyp,i, we obtain

N N’y %
Fy (i) =P (H ha,ibpi < (h th> > : (36)
=1

2
170

=P <Z (Yasi + Yp.i) < e) ;

i=1

(37

where yo,; = log(ha,i), Yp,i = log(hp;), 1 < i < N and
€ = %log 2?—% . Here, y,; follows one of the PDFs of
Table I while y,, ; follows the PDF (15).

Now, we explain briefly how to extend the approach developed
in the single hop case for the estimation of F.,, , (y). The

naive MC estimator is given by

1 N
I= N Z ]l(SN,n<5)’

n=1

(38)

N

where Sy = > (Yo, + Yp,) and y,, n, and y,, , from the

i=1
original PDFs f, () and f,, (-), respectively. Inspired by
the single hop scenario, the IS estimator is thereby

N* N
* 1 * *
= ﬁ Z ]l(sz*v,n<5) Hwyai (yai-,n)wym (ypnﬂ)’ (39)
n=1 i=1
where y; , and y,, , are here sampled from the biased PDFs
fy..(-) and f7 (-), respectively and the likelihood functions
are given by
wy, (y) = ", k €{a,p},

Yk,

= 670yMyki (0)7 k € {aap}a

where M, (0) = E[e?*i] is the MGF of y,.

To find the suboptimal 6, we solve the problem /'y (0) = e,
where 1y (0) = log(E[e?“V]). Let nr, ngrr, nas, and np,
such that ny + ngr, + ny + np = N, denote the number
of hops where h, follows Lognormal, Rician-Lognormal,
Mailaga, and Double Generalized Gamma turbulence model,
respectively. Then, the optimization problem reduces to finding
the solution of the equation (45) where 11y, , (*), Ky, ps (),
tya, ar ()5 thya, p (), and py, (-) denote the CGF of Lognor-
mal, Rician-Lognormal, Mélaga, Double Generalized Gamma
and pointing error models, respectively.

(40)

Remark 2. In our work, we are considering a non regener-
ative AF system. In this case, the end-to-end SNR of N-hop
systems can be written as

Ny -1
Yend é <Z ’Y> )

=1

(46)

whereas for regenerative system, the expression of the end-to-
end SNR is given by

Yend £ min Yi- (47)

1<i<N

In this case, the analysis becomes different and the derivation
done in this work are no longer valid. For the repositioning, we

7

consider the analysis for a fixed multihop configuration. If the
configuration is modified, the analysis is still valid, however
we need to take into account that the parameters of simulations
are no longer the same.

V. NUMERICAL SIMULATIONS

Table III summarizes the system settings used in this
section. Table IV details the system parameters under different
turbulence conditions. These parameters have been used in the
study of many FSO systems, for instance [5], [10], [45], and
[32].

TABLE III: System parameters.

Parameters [ Value
Receiver radius (a) 10 cm
Noise standard deviation (o) 10~7 A/Hz
Beam radius (w) 100 cm
Horizontal jitter standard deviation (o) 10 cm
Vertical jitter standard deviation (o) 20 cm
Horizontal jitter mean (1tg) 10 cm
Vertical jitter mean (1) 5 cm

In this section, we dedicate the first part to show the
efficiency of IS compared to standard MC in the single hop
case. The second part deals with the study of the difference
of horizontal and vertical jitter effects (i.e. the building may
sway differently in the horizontal plane than in the vertical
plane) on the outage probability. Finally, we show simulation
results for the case of multihop systems.

A. Validation of our Approach

The behavior of the outage probability, as a function of the
average transmitted optical power P; is depicted in Fig. 1a for
the lognormal turbulence, in Fig. 1b for the Rician-Lognormal
scenario, in Fig. 1d for the Mélaga case, and Fig. 1c for the
Double Generalized Gamma. These figures are plotted using
10° samples for IS and 10® samples for MC. For relatively
high values of probabilities, the standard MC matches the
IS method and provides a very accurate approximation for
the outage probability. However, for small probabilities, our
approach can accurately estimate the outage probability with
N* = 10° while the standard MC fails and can give an
erroneous estimation in spite of using N = 10® samples. To
achieve the same accuracy, the number of samples of MC
needs to be increased. For each type of turbulence, we provide
simulations for two set of parameters to validate our approach
for different degrees of turbulence severity.

To have a clear look at the efficiency of IS, we turn our
attention to Table V where we examine the efficiency indicator
defined in (22). This table presents the IS gain for different
turbulence models and different parameters. This metric mea-
sures the reduction in terms of number of samples needed and
is based on the ratio of the variances of the two estimators.
We note that the efficiency indicator grows as the outage
probability becomes smaller, which means that the method
becomes more efficient in the low outage probability region.
For instance, in the lognormal turbulence when 012% = 0.05,
for Py of the order of 1076, the gain in number of samples
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TABLE IV: System characteristics under different weather conditions.

Turbulence Severity Path loss (h;) Fading Model Parameters
p—
Lognormal 013 __00‘025
Weak turbulence 0.008 UIZ, — 2‘
Rician-Lognormal =3
a=2.296,58=2
Malaga a=42,38=3
. Case I: B1 = 0.5, B2 = 1.8, a1 =
Moderate to strong turbulence 0.9 Double Generalized Gamma 1.8621. oy = 1, Q) = 1.5074. Qp = 1
Case 2: #1 = 0.55, B2 = 2.35, a1 =
2.169, a2 =1, Q1 = 1.5793, Q2 =1

is of the order of 10*. The second metric used to compare
the two methods, in this paper, is the relative error defined in
(21). It gives us an idea regarding the confidence interval of
the estimated parameter. In fact, the relative error is defined
as the ratio of half of the confidence interval width over the
value estimated. This comparison is reported in Fig. 2, when
N* =10% and N = 109, for the lognormal, Rician-lognormal,
Mailaga, and Double Generalized Gamma turbulence scenarios,
respectively. We consider the case when o% = 0.05 for
the lognormal turbulence, k¥ = 3 for the Rician-lognormal,
(o =2.296, B = 2) for the Milaga scenario, and (5; = 0.55,
Bo = 2.35, a3 = 2.169, ag = 1, Q; = 1.5793, Qs = 1)
for the Double Generalized Gamma case. It is clear that the
variation of the relative error of the IS is much slower than that
of standard MC. We note also, that for low outage probability,
the relative error of IS is smaller than standard MC, although
the number of samples used for MC is 100 times greater than
the one used for IS simulation.

B. Impact of the Difference of Jitter Effects on Outage Prob-
ability

One of the aims of the paper is to be able to study the impact
of the difference of jitter effects on the outage probability.
To this end, we use the IS method developed in section
III. The difference of jitter effects can take place in real
life when the intensity of the motion of the building in the
vertical direction is different from the horizontal direction.
To quantify this effect, we can, for instance, compare the
outage probability for the FSO system when we have the
same jitter standard deviation, to the case when the horizontal
jitter standard deviation is different from the vertical one.
Fig. 3a reports the results under lognormal turbulence while
the outage probability under Rician-lognormal turbulence is
depicted by Fig. 3b. The impact of the difference of jitter
effects on the outage probability for Mdélaga, and Double
Generalized Gamma turbulence is presented in Figs. 3d-3c. In
these plots, we choose to change the jitter standard deviation
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TABLE V: Efficiency indicator under different turbulence models.
Turbulence Model Parameters IS Gain (x103)
P, (dBm) 3 5 7 9
Lognormal 0% =0.05 0.2 3.4 62.8 | 106.9
oé =0.2 0.02 0.06 0.22 0.83
P, (dBm) a1 13 15 a7
Rician-Lognomal k=2 9.9 14.9 25.5 38.3
k=3 34.5 57.1 93.1 125
P; (dBm) 31 33 35 37
Milaga a=2296, =2 455 70.1 103.5 | 1674
a=4.2,6=3 99.5 1184 | 2859 | 414.6
P; (dBm) 31 33 35 37
Double Generalized Gamma Case 1 4.9 7.7 11.2 16.5
Case 2 29.1 47.9 67.6 98.4
10° z 107° :
- 8- MC, o} = 0.02 E -8- MC. k=2
) -4- IS,0% =0.02 F o -4- ISSk=2
103 - « —8—MC, 0% = 0.05 | i el —.—l\:sc’kk_:;
—— 1S, 0% = 0.05 1076 F TS m. A
F e 1
) 6 2 L b - ]
E 107° = -
& & 1077 E
) 5y ]
s -9 8 ]
5 10 g
&) S 8
1078 = E
10712 - f I ]
—15 | | -9 | |
1077, 5 10 15 1070 45 50 55
P; (dBm) P; (dBm)
(a) Lognormal turbulence. (b) Rician-Lognormal turbulence.
1074 E T I 107° T : =
F - 8- MC, case 1 F -8- MC,a =2.296,8 =2 {
I - 4= IS, casel B -4- IS, =2.296,8=2 [
rl.' —8— MC, case 2 L —&— MC,a=42,8=3 ||
1072 Ty _ _
E l-.~~.~~ —— IS, case 2 10762_-\ —— S,a=42,8=3 ||
r B B = ™ - ]
z i i = i B .
% 106 B % 3 .~:\
£ B £
& 5 £ 1077F E
g!)l) [ () = .|
S 1077 F %0 B ~$
S E S F J
i I 8
1078 | F i
-9 | | -9 | |
107730 35 10 15 107730 35 10 15
P;(dBm) P; (dBm)
(c) Double Generalized Gamma turbulence. (d) Malaga turbulence.
Fig. 1: Outage probability with N* = 10° and N = 108 with general pointing errors.
in the vertical direction while maintaining the jitter standard C. Effect of the Severity and Type of Turbulence
deviation in the horizontal direction fixed. Note that as the
vertical jitter standard deviation o, increases, i.e. the vibration In this section, we investigate the effect of the severity of the
of the building is more intense in the vertical direction, the turbulence on the outage probability of FSO links under the
outage probability tends to increase significantly. same pointing error conditions. In Fig. 4, we plot the outage

probability under three different turbulence regimes: weak
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(a) Lognormal turbulence with 0% = 0.05.
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(c) Double Generalized Gamma turbulence (case 2 parameters).

10

Relative Error
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P, (dBm)

(b) Rician-Lognormal turbulence with k = 3.
w T T T T

—8— MC
—— IS

Relative Error

| | | | |
6 8 10 12 14

P, (dBm)

(d) Malaga turbulence with o = 2.296 and § = 2.

Fig. 2: Relative error with N* = 10* and N = 10°.

turbulence modeled by lognormal distribution as a special
case of the Malaga turbulence model, moderate turbulence
when the atmospheric turbulence is modeled by the Double
Generalized Gamma, and the strong turbulence when the
Malaga turbulence model is assumed. We can clearly see that
as the turbulence becomes stronger, the outage probability
becomes greater and thus the performance of the system
deteriorates. A comparison between the lognormal and Rician-
lognormal turbulence models is reported in Fig. 5. In this plot,
we see that as k& becomes bigger the Rician-lognormal model
approaches the lognormal one. As k — +o0, the Rician effect
becomes negligible and the Rician-lognormal case reduces the
lognormal scenario.

D. Multihop System

In this section, we present some selected simulation results
illustrating how our approach works to the multihop case. In
Fig. 6, we plot the bounds of the outage probability for three
scenarios

(i) The top plot is for the case when the number of hops is
N = 10. For each hop, we consider the same model
where we assume that the fading model follows the
Double Generalized Gamma with parameters of the case
2 detailed in Table IV,

(i) The middle plot is for the same case as (i) but with a

number of hops N = 3,

The bottom plot represents the scenario when we have

N = 3 hops with different fading models (Lognormal,

Milaga, and Double Generalized Gamma).

(iii)

In all the three cases, we assume that the pointing error has
the parameters of Table III in each hop. We also assume that
the length of each hop is the same for the three scenarios, thus
the total distance between the transmitter and the receiver is
not the same. As can be seen from the plot, both naive MC
and IS matches. However, IS provide a significant reduction
in term of number of samples especially when the probability
to be estimated is very small. For instance, in the bottom
plot (case (iii)), the gain factor, when the probability is of
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(c) Double Generalized Gamma turbulence using case 2 parameters.
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(d) Malaga turbulence with o = 4.2 and 8 = 3.

Fig. 3: Impact of the difference of jitter effects on outage probability under different turbulence conditions.

the order of 1072, is of the order of 10° while it becomes
of the order of 10° when the probability reaches 10~7. In
addition to that, we can see that while naive MC matches
IS for high values of outage probabilities, its accuracy when
using N = 10® samples worsen as the outage probability
becomes smaller. Unless more samples are taken in this region,
naive MC remains unable to accurately estimate the outage
probability.

In Fig. 7, we plot the bounds of the outage probabilities of
multihop systems under Gamma-Gamma turbulence fading for
three different numbers of hops N € {1,2,4}. The distance
between the transmitter and the receiver is fixed in this case
z = 5km and we assume that the pointing error conditions
are the same for the three scenarios. We notice that when
the number of hops increases, the performance of the system
becomes better. For instance, for P, = —15 dBm, the outage
probability when using a single hop is 0.098 whereas it is
of the order of 2 x 10~7 when using N = 4 hops. For the

comparison between standard MC and IS, we can draw similar
conclusions as in Fig. 6. In fact, MC is sufficient for the
estimation of relatively high probabilities (greater than 10~°),
however it fails completely when these probabilities become
in the rare event region, unless more samples are considered.
IS with only N* = 10° is able to estimate probabilities of the
order of 10~ (case when N = 4) unlike standard MC with
N = 108. The efficiency of IS compared to MC can be seen
by examining the gain factor G. The latter is of the order of
5x 103 for N = 2 when P, = —11 dBm, and of the order of
10° when N = 4 for P, = —13 dBm. Thereby, we can see
that the proposed approach results in a significant reduction
in terms of the number of samples especially when the outage
probability is very small.

VI. CONCLUSION

In this work, we have introduced an exponential twisting-
based IS approach to estimate the outage probability of single
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hop as well as multihop FSO systems under generalized 10°p—8——— o o—o—0— p—8umn
pointing errors in the presence of different turbulence regimes. N = 10, (DGG)
The comparison of the performance of the IS approach to

standard MC shows a significant reduction in the number of 1072
simulation runs for the same level of accuracy especially in the
region of very small outage probability. We also investigated
the impact of the severity of the turbulence as well as the
difference of jitter effects on the outage probability. Based on
selected simulation results, we have notice that as the jitter
effect increases in a particular direction or the atmospheric
turbulence becomes stronger, the outage probability tends to
increase significantly.
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Fig. 6: Outage probability bounds for multihop system.
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Fig. 4: Outage probability under different turbulence models.
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2 —a |
s 1071k -
s & A. Rician-lognormal Turbulence
=1 |
8 107° E In this scenario, the MGF of y, is given by
105 E[e?] = E[h?] = E[h? , NIE[RE 5/] (A.1)
E a a,LN a,RLI1» .
107 % e Rician Lognormal where h, v is a lognormal RV, h, gy, a Rician RV, and both
| ——  Lognormal RVs are independent.
10755 3 i (‘), 3 We know, from the lognormal case, that y, rn = log(he,LN)
2
P, (dBm) is a Gaussian RV with mean —UTR and variance 0’%, and thus

Fig. 5: Outage probability under lognormal and Rician- 1
lognormal turbulence with varying Rician parameter k. E[hS [ n] = E[e?* V] = exp <29(9 - 1)012;;) . (A2

The PDF of hq gyr is
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_1+k?

1+ k?
fha,RL (x) = Q -

Q

exp (—k;2

E[hS |, x] is given by

(A3)
2 1.2
B o = LR,

+o0 2
/ z? exp 1 —gk x) Ip <2k m) dr (A4)
0

Using [29, Eq. (6.643.2)], we can write, for 6 > —1

+oo 3
/ .’E9 €xp (_ ! ZL’) Ip <2k‘ 1+k x) dx
0 Q
0O +1 Q \'" k2
- ( k i (1 + k2> exp (2> M—e—%,o(k2)a (A.S)

where M, ,(-) is the M-Whittaker function defined in [29,
Sec. 9.220].
Using [46, Eq. (16.4.2a)], we have

]{32
M_g_1 o(K*) = kexp (2> FL(1+6,1,E%).  (A6)

33) IQ 2k

14+ k2

+ k?

Using the property of the confluent hypergeometric F function
given in [46, Eq. (16.1.6a)], we get

k2
M_Q_%,O(If) = kexp <2> 1Fi(—60,1, k). (AT)

Replacing (A.7) in (A.5) and using this expression in (A.4),
we get

a \°
E[hZ,LN] = (HW) T(6+1) 1Fi(—=0,1,—k%). (A.8)

Replacing (A.2) and (A.8) in (A.1), we get the desired result.

B. Mdlaga Turbulence
In the Madlaga turbulence case, the MGF of y, is

B +o0o
ER)] = A Z am/ 2K [ 2 _ofz_ dx
= o 98 + Qo
(A.9)
Using the change of variable y = 1/, we can write
+oo
grotm afx
T2 T Kaom | 24—+ | dx
/0 o ( 98+ Qo)

1+ k2 )
X .
Q

13

C. Double Generalized Gamma Turbulence
The MGF of y,, in this setting, is given by

Ble] = E[nd] = BRS JE[h o], (A12)

where here h,; and h, o are two independent Generalized
Gamma RVs with parameters (o, 31,€1) and (g, 82,Q2),
respectively. We start by computing IE[hZJ}

1 o0 81 o
Elhg,] = ngf(lﬁ )/ pfreni—lemm ™™ gy (A13)
1 1) J0

Using [29, Eq. (3.326.2)], we get, for § > —a1 5,

0, \ &1 D(Br + £
E[? ] = 1> — o’ A.14
[ a,l] <51 F(/Bl) ) ( )
In a similar way, we have
2\ 7 T(B+ L)
E[R? ] = 2) — 927 A.15
[ a,2] (BQ 1—\(/82) ) ( )

with 6 > —as ;. Replacing (A.14) and (A.15) in (A.12), we
get

- (3) (3"

b1 B2 L(B1)T(B2) ’
(A.16)
with the condition 6 > — min(a 1, a25s).
APPENDIX B
SUB-OPTIMAL 6 IN WEAK AND STRONG TURBULENCE
REGIME

The MGF of the RV y, + v, is given by

M(6) = E[eWetv0)b] = E[e8Ya V] = E[ef¥]E[e¥r],
(B.1)
where the last equality comes from the independence of y,,
and y,,. The CGF is then given by

w(0) = log(My, (0)) + log(M,,(8)). (B.2)

e 20+a+m—1 ap
— aTm— R A—
= 2/0 Yy Ka-m | 2 9B+ dy (A10) Lognormal Turbulence

Using [29, Eq. (5.561.16)], we get, form=1,...,03
+oo
/ a:eJrMTmflKa_m 2 Lﬂx dx
0 g8+ Qo

_ 1 /9B + Q0
2 af
provided that # > —min(m,«). Finally, we plug (A.11)

in (A9) to get the result, where 6 need to satisfy 6 >
—min(1, a).

o+ 5™
) @O+l +m), (A1)

For the lognormal turbulence, replacing M, (6) by its
expression and (25) in (B.2) , we get

p(6) = log(£:&,) + 0log(Ao) — 3 loa((€2 +0)(&3 +6))

20 | p2e2
uz,, |26

22
HySy
§2+0

1

(B.3)
Replacing the derivative of (B.3) w.r.t 6 in (27), we finally get
the desired result in (41).
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B. Rician-Lognormal Turbulence

In this case, the CGF is given by

p0) = low(6a6,) + Otog (2275 ) = 5 1oB((€2 + (€3 + 0)

1+ k2
29 IR /%352 2
T 4 + 9(9 1o
zeq fgc +0 fy +40 "
+log(T(1 + 0)) + log(1 Fy (—0, 1, —k?)).
(B.4)
Differentiating this equation w.r.t # and replacing it in (27),

we get (42).

C. Mdlaga Turbulence
The CGF in the Malaga turbulence is

p(6) = log(£:€,) + 0log(Ao) — 1 lo((€3 +0)(& + 6))

20 2¢2
Pals +
&+0

B

>

m=1

Hy&s
&+ 0

Zeq
a+m
B+ 8o

7 +0
+log< (g of ) F(9+m)>.
(B.5)

Eq. (43) is then obtained by differentiating this equation w.r.t
0 and setting it equal to €, as per (27).

+log (;‘) log(T'(cx + 0))

D. Double Generalized Gamma Turbulence

For the Double Generalized Gamma scenario, replacing
My, (9) by its expression and (25) in (B.2) , we get

() = log(£:&,) + 0log(A) — 1 los((€3 +0)(E] + 0))

2 [ 15 0 <91>+9

iy + o
€.z+0 ﬁl

+5y+o

zeq

(5] v (e s 2)) e .2
(2]

—log (T'(B1)T(B2)) - (B.6)

Taking the derivative of this equation w.r.t § and replacing it
in (27), we get (44).

APPENDIX C
SAMPLING FROM f;a IN LOGNORMAL TURBULENCE
REGIME

In weak turbulence, based on (6) and (23), the CDF is given

by
1 boefe (w + %)?
Fy (t) = A R
w ) = 3,0 /,Oo Nz eXp( 205 )
1 1 ! )
= - 2 d
My, (0) V2rop /_meXp( (oa” + 26 +n) d,

(C.1)
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where o = ﬁ, B=1—% andn= %. Using [29, Eq.
(2.331)], we get
1 1-26 T K
0= o (=2 )]
1
_1 <1+erf<1 20 e+ — ))
2 2v/2 V20R

Finding u, such that Fy; (t) = u, yields the inverse CDF given
in (29).

APPENDIX D
SAMPLING FROM f;a USING [41]

In this appendix, we provide the algorithm for sampling
from the biased PDFs based on [41]

Algorithm 1 Inverse transform sampling with Chebyshev
approximation [41]

Input: PDF f(x), finite interval [a, b], number of samples V.
1: Construct an approximation f of f on [a, b]

Zaka< )—1),%61&,

: Compute F(z) = [ f(s)ds using Chebyshev polynomi-
als 1ntegrat10n properties.

: Scale to a CDF if necessary, F‘X( ) = F(x)/F(b).

. Generate random samples {U;}¥; from the uniform dis-
tribution on [0, 1].
5: for k=1to N do
6: Solve Fx(Xk) = U;, for X;.
7: end for

Output: Samples {X;}~ , drawn from the CDF Fy.
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