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Coexistence of MIMO Radar and FD MIMO
Cellular Systems with QoS Considerations

Sudip Biswas, Keshav Singh, Omid Taghizadeh, and Tharmalingam Ratnarajah

Abstract—In this work, the feasibility of spectrum sharing
between a multiple-input multiple-output (MIMO) radar system
(RS) and a MIMO cellular system (CS), comprising of a full
duplex (FD) base station (BS) serving multiple downlink and
uplink users at the same time and frequency is investigated.
While a joint transceiver design technique at the CS’s BS
and users is proposed to maximise the probability of detection
(PoD) of the MIMO RS, subject to constraints of quality of
service (QoS) of users and transmit power at the CS, null-space
based waveform projection is used to mitigate the interference
from RS towards CS. In particular, the proposed technique
optimises the performance of PoD of RS by maximising its
lower bound, which is obtained by exploiting the monotonically
increasing relationship of PoD and its non-centrality parameter.
Numerical results show the utility of the proposed spectrum
sharing framework, but with certain trade-offs in performance
corresponding to RS’s transmit power, RS’s PoD, CS’s residual
self interference power at the FD BS and QoS of users.

Index Terms—Multiple-input multiple-output (MIMO), full-
duplex (FD), spectrum sharing, MIMO radar, quality-of-service
(QoS), transceiver design, convex optimization.

I. INTRODUCTION

The proliferation of wireless devices and services along with
static spectrum allocation have resulted in the dearth of spec-
tral resources, which has empowered the vision of spectrum
sharing between federal incumbents, such as radar (maritime,
surveillance, weather, etc.) and commercial communication
systems, such as cellular systems (CSs) [1], [2]. As a re-
sult, coexistence between radar and communication systems
through technologies, such as Cognitive Radios (CRs) [3],
Licensed/Authorized Shared Access (LSA/ASA) [4], [5] and
Spectrum Access Systems (SAS) [6] has captured the atten-
tion of both academia and industry. However, irrespective of
the technology being used, spectrum sharing between radar
and communication systems brings a new set of challenges
into picture, such as the harmful interferences generated by
CSs towards the radar and vice-versa, which can potentially
degrade the quality-of-service (QoS) of both systems.

In light of this, while the authors in [7] addressed the
possibility of spectrum sharing between a rotating radar and
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CS, the problem of spectrum sharing between a pulsed,
search radar (primary) and 802.11 WLAN (secondary) was
investigated in [8]. Similarly, an opportunistic spectrum access
approach was proposed in [9] for spectrum sharing between
rotating radar and CS. In this approach, the communication
system is permitted to transmit signals if and only if the
space and frequency spectra are not being utilised by the
radar, hence prohibiting simultaneous operation of the radar
and communication system. To alleviate this issue, LSA/ASA
was studied in [4], [5], which allows for the channel state
information (CSI) of both systems to be accessible to each
other to an extent, where by techniques, such as null-space
projection (NSP) of waveforms [10], beamforming [11], etc.,
can be utilised to mitigate interference at the coexisted sys-
tems. Furthermore, to increase waveform diversity and attain
higher detection probability, the rotating radar was extended
to multiple-input multiple-output (MIMO) radar in [14]-[17].
Accordingly, while a MIMO radar operating in the presence of
clutter and a MIMO CS was considered in [12], a null-space
projection (NSP) technique for waveform design was proposed
in [14] to facilitate the coexistence between a MIMO radar
and a MIMO CS. Further, a signal processing scheme for a
MIMO radar was proposed in [17] for effectively minimising
the arbitrary interferences generated by CSs from any direction
towards the radar.

Besides spectrum sharing, full-duplex (FD) is another
emerging technology that can potentially double the spectrum
efficiency of currently deployed half duplex (HD) systems
by fully utilising the spectrum resources in the same time
and frequency [18], [19]. However, the self-interference (SI)
generated by signal leakage from the transmitting antennas
to its receiving antennas, dominates the performance of FD
systems. However, recent advancements in interference can-
cellation techniques [20] suggest that SI can be mitigated
in the analog and digital domain to the extent that only
a residual SI (RSI) is left behind. This RSI is caused by
the non-ideal nature of the transmit and receive chains [21],
also known as hardware impairments (amplifier non-linearity,
phase noise, I/Q channel imbalance, etc.) and can be mitigated
through digital beamforming techniques. Another predicament
of FD systems is the the co-channel interference (CCI) to
the downlink (DL) users caused by the transmission from the
uplink (UL) users, which has also been shown in literature to
be suppressed through digital beamforming and user-clustering
techniques. Accordingly, to harvest the full potential of FD, in
recent studies [19], [22], [23] RSI and CCI were integrated in
the design of transceivers for FD systems. However, most prior
works consider perfect channel state information (CSI) at the



transmitter, which is improbable to attain due to large training
overhead and low signal-to-noise-ratio obtained after beam-
forming. Hence, it is important to design robust transceivers,
which can provide respectable performance for the co-existed
systems even with imperfect or limited CSI estimates.

Motivated by the above discussion, in this paper we consider
a two-tier spectrum sharing framework, where a multiple-
input-multiple-output (MIMO) radar system (RS) is the spec-
trum sharing entity and a FD MIMO CS is the beneficiary.
Unlike existing literature [7]-[17], in this work we consider a
framework wherein, by utilising the spectrum of the MIMO
RS, the FD CS’s BS serves multiple downlink (DL) and
uplink (UL) users simultaneously in same time and frequency
resources. At this point, we would like to note that though
the consideration of FD mode at the CS provides better QoS
for the users, it also induces higher intensity of interference
towards the RS, which might affect its probability of detection
(PoD). Hence, the requirements for the coexistence of a
FD CS, with a MIMO RS requires revisiting. Further, the
inclusions of imperfect CSI, hardware impairments and CCI
in the design of the proposed co-existed network result in a
rather arduous problem, which requires rigorous optimisation
and analysis and is addressed in this paper. Accordingly, to
enable efficient spectrum sharing between a FD MU MIMO
CS and MIMO RS, we focus on the design of:

o Beamforming matrices at the FD CS to mitigate inter-
ference towards the RS, while also providing data to its
users. In particular, we formulate an optimisation problem
for maximising the PoD of the RS for a given worst-case
channel set, subject to the constraints of QoS at the UL
and DL users and powers at the UL users and the FD
BS.

e Projection matrix at the MIMO RS to mitigate interfer-
ence towards the FD CS. In particular, all the interference
channels from the RS to CS are combined into one and
a null-space is created. The RS’s signal is then projected
onto the null-space of the combined interference channel.

The following notations are used throughout this paper.
Boldface capital and small letters denote matrices and vectors,
respectively. While the transpose and the conjugate transpose
are denoted by (-)7 and (-)¥, respectively, ||A||r and ||al|2
denote the Frobenius norm of a matrix A and the Euclidean
norm of a vector a, respectively. ® denotes Kronecker product
and L denotes the statistical independence. The matrices Iy
and Opsxn denote a N x N identity matrix and a M x N
zero matrix, respectively. The notations E(-) and tr(-) refer to
expectation and trace, respectively and diag(A) and vec(A)
generate a diagonal matrix with the same diagonal element
as A and a mn X 1 column vector obtained by stacking the
columns of the matrix A on top of one another, respectively.

II. SYSTEM MODEL

We consider the coexistence of a FD multi-user MIMO
CS with a MIMO radar system (RS) as shown in Fig. 1,
where the CS operates in the spectrum shared by the RS
over a bandwidth of B Hz. The CS comprises of a FD
MIMO BS, which consists of M transmit and N; receive

Fig. 1: Spectrum coexistence between FD MIMO CS and MIMO RS.

antennas, and J DL, and K UL users. All DL and UL users
operate in half-duplex (HD) mode and each DL and UL
user is equipped with V; receive and M), transmit antennas,
respectively. Furthermore, the MIMO RS is equipped with
Rp receive and Ry transmit antennas. In the following sub-
sections, we provide details on the architecture of the two
systems.

1) FD MIMO CS: As shown in Fig. 1, HkUL € CNox My
and HPY e CNi*Mo represent the k-th UL and the j-th
DL channel, respectively. The SI channel at the FD BS and
the CCI channel between the k-th UL and j-th DL users are
denoted as Hy € CNo*Mo and HJ%U € CNixMs respectively.
Finally, the interference channels from the FD BS and kth
UL user to the RS are denoted as Grp € CErxMo and
Gru, € CRr*Ms_ regpectively. Now, let sUL(l) € C9r"*1
and sPL(1) e €% %1 denote the transmitted symbols by the
the k-th UL user and the FD BS, respectively, at time index [,

with [ = 1,...,L, such that E {skUL(l) (sgL(l))H} = Ie

and E [SJDI‘(Z) (SJDL(Z))HJ Here, dY% and
denote the data streams from the kth UL user and for the
jth DL user, respectively, and L is the total number of time
samples used for CS’s communication. The symbols S%L
and stL are first precoded by matrices VUL € CMixdi*

and VJDL € CMoxd? L, respectively, such that the signals
transmitted from the k-th UL user and the FD BS at time
index [ are given as x{L(l) = VIUEsUL(l) and xo(I) =
Z‘j]:l VjDLst(l), respectively. Further, similar to [24], we
model the imperfections in the transmitter/receiver chains
(oscillators, analog-to-digital converters (ADCs), digital-to-
analog converters (DACs), and power amplifiers) as an additive
Gaussian noise. In particular, we consider an additive white
Gaussian term as “transmitter noise” (“receiver distortion”) at
each transmit (receive) antenna, whose variance is 1(v) times
the power of the undistorted signal at the corresponding chain.

2) MIMO RS: Let W, denote the interference channels
shared by the MIMO RS with the CS, where ¢ = 1,...,Z,
with Z = 1 4+ J . As shown in Fig. 1, Wgé € CNoxEr
and WP% € CNs*R7 denotes the interference channels from
RS’s transmitter to CS’s BS and j-th DL user, respectively,
with {WEE WPEL C W, V). Let sg(l) € CH! rep-
resents the transmitted symbol by the RS at time index [,
with [ = 1,...,Lp, and E [SR(I) (sr(0)?

= Ipz. dPr
dj J

} = Ip,. Here,



Lg is the total number of time samples used for the RS’s
communication. For the ease of derivation, hereinafter we
assume that the time duration of the RS’s waveform is the
same as the communication signals with Lrp = L [11].

3) CSI acquisition: Acquiring CSI at both systems is
important to ensure an interference free communication. In
this work, we assume that some amount of CSI, if not full is
available at the communication nodes'. For the CS, providing
its CSI to the RS is incentivised by the promise of zero
interference from the RS. On the other hand, it is more
challenging to obtain an accurate estimate of the CSI of the
RS at the CS, as the RS might not be willing to cooperate
with the CS owing to security concerns. Hence, it might not be
possible to obtain a full CSI at the CS and only partial CSI may
be obtained through techniques such as blind environmental
learning [25], realisation of a band manager with the authority
of exchanging CSI between the RS and CS [26], etc. Hence, to
model the imperfections caused due to imperfect CSI, in this
paper we will consider a norm-bounded channel estimation
error model for the links between the CS and RS.

III. SPECTRUM SHARING MIMO RS

As discussed in Section I, the considered sharing framework
requires both the RS and CS to work in tandem to mitigate
interference towards each other. Accordingly, in this section,
we formulate the part played by the MIMO RS for efficient
spectrum sharing between the two systems. The goal of the
RS is to map sg(l) onto the null-space of W in order to avoid
interference towards the CS. Accordingly, the symbols sg are
first multiplied by a projector matrix P € CFr*E7 gyuch that
the signal transmitted by the RS is given by xr (1) = Psg(l).

1) Target detection: In order to detect a target in the far
field, we apply a binary hypothesis and choose between two
cases: 1) Ho: No target but active CS and 2) H;: Both the
target and the CS are active. Further, in this work we consider
only a single target with no interference from other sources,
but the CS in order to study the impact of CS’s interference
on PoD of RS.

Accordingly, the hypothesis testing problem for an echo
wave in a single range-Doppler bin of the RS can be written
as® in (1) as shown on the top of the next page, where #;
comprises of the discrete time signal vector received by RS at
an angle ¢, and #; comprises of the interference plus noise
signals from the CS only. In the above, Pr denotes the transmit
power of RS, «, indicates the complex path loss exponent of
the radar-target-radar path including the propagation loss and
the coefficient of reflection, ng (1) ~ CN (0,0%Ig), and A (¢)
denotes the transmit-receive steering matrix defined as

A(¢) 2 ag(¢)ak(¢). )

Here, a; € CE7>1 and ap € CRr*1 denote the transmit and

receive steering vectors of RS’s antenna array. Hereinafter, we
assume that Rg = Ry = R and ag (¢) = ar (¢) = a (o).

ICSI estimation can be performed via the exchange of training sequences
and feedback, and the application of usual CSI estimation methods [19].
2For simplicity, we ignore the interference from clutter and false targets.

Accordingly, the i-th element at the r-th column of the matrix
A(¢), can be written as

Ay (0) = exp (5 bin(@)scos ] (3 +2,) ) . )

where z; = [2};22] is the location of the i-th element of the

1™
antenna array and A is the wavelength of the carrier. Since,

the deterministic parameters «,. and ¢ are unknown?, we

adopt the generalised likelihood ratio test (GLRT) [27], which
has the advantage of replacing the unknown parameters with
their maximum likelihood (ML) estimates for determining the
probability of detection (PoD). Hereinafter, unless otherwise
stated, we drop the time index [ in this section for notational
convenience. The sufficient statistic of the received signal can
then be found using matched filtering as [28]

N 1 L 1
Y=—"{ x = a,VLPRrA (¢)P + —
\/lezl YR R R (¢) \/z

L J
DL_DL
X 2121 <GRB (Zj_l Vitsi T+ co) (€))
K
+ Zk:l Gru, (V,ICJLS]E.]L + CkUL) + IIR> xg.
From (4), the vectorization of Y can be written as
y = vec (Y)
= «a,V LPprvec (A (¢)P)
1 L J \DL.DL

+ vec (\/f lel (GRB (ijl Vj sy +c¢o
K

+ Zk:l Gru, (ViEsE +clt) + nR> xﬁ)

2 o,V LPgvec (A (¢)P) + ¥, )

where W is zero-mean, complex Gaussian distributed, and has
a non-white covariance matrix of
PH()Z—l—alQ%IR)P 0
X = : : - (6
0 PH()~(+U%IR)P

J
In the above, x € CE**E” and x = (GRB Zl (VJDL (V;D L)H
=

K
+ipdiag (V]DL (VJDL)H)) (GRB)H+k2—:1 (GRUk M\ "

X (Gru,)" + vdiag (VEE (VEE)" the
GLRT in [28] was applied in the presence of white noise
only. Hence, to convert the covariance matrix in (6) into
white, we apply a whitening filter TI*, obtained after the
Cholesky decomposition* of x 1 as x ! = IIITH, with II
being a lower triangle matrix. Now, the hypothesis testing
problem in (1) can be equivalently rewritten as

. Hi:a.VIPRII"A () + IV @,
7‘[0 : HH\Il,

However,

)

3Due to the availability of CS’s CSI at the RS, we assume that the
covariance matrix of the interference-plus-noise has been accurately estimated
by the RS.

4Note that x and x !

are both positive-definite Hermitian matrices.



Interference from BS

H - OA/FRA ((b) PSR<Z) + GgrB (ZJ VDLSDL(Z) + CQ>

Ho : GrB (Z}le V]DLst(l) +

30 Gan, (VERSTED) + ) dmp), 1<i<z, O
Interference from UL users
co) + C4ss Gaw, (VEFSE() +efE) +ma(l), 1<1<L,

where A (¢) = vec(A(4)P). If p(&,dr,cf),?[l) and

p (¥, Ho) denote the probability density function under #; and
Ho, respectively, and &, and ¢ indicate the ML estimation
of a, and ¢ under l{pothesm ‘Hy, which is expressed as

[am(b = maxq, P (¥ | C¥m¢>77'11), then the GLRT can be
given by

K" (o) s
& (6ues)|
e (Y8 (G0 )|
w (A (9aen ) PRI (001 ) %)

where & denotes the decision threshold and X = x + 0%1Ig.

n Ly (darn) = <3, ®)

[\
qu\

According to [29], the asymptotic statistic of Ly ((fbM L) for
both the hypothesis is written as

A - X2
In Lg (¢ML) - {Z; 2 (0) )

(X3
where X denotes the central chi-squared distributions with
two degrees of freedom (DoFs), X7 (p) is the non-central chi-
squared distributions with two DoFs, and p indicates the non-
central parameter given as

=|a,|> LPrvec™ (A (¢)P) x 'vec (A (¢) P)

10
—Tpodtr (A (6) PP AT () A*l) . (10
where ' = |a,|> LPr/ 0%. The decision threshold § is set
according to a desired probability of false alarm Pr 4 as

=8z (1= Pra) , (11)

where F1 Xz denotes the inverse central chi-squared distribution
function with two DoFs. The PoD for the MIMO RS can now
be given as

Pp=1-— 3:)(22@) (S;é (1- PFA)) ;

where §x2(,,) is the non-central chi-squared distribution func-
tion with two DoFs.

2) Projection matrix design at MIMO RS: In order to
mitigate the interference towards the CS, we need to design
the projection matrix P in such as way that it projects onto
the null space of the interference channels W. Accordingly,
to find the null space of W, we perform its singular value
decomposition (SVD), which can be given as W = RQX
where R and X are unitary matrices and €2 is a diagonal

12)

matrix whose elements are the singular values of W. Now,
let

Q £ diag(@; ... @), (13)
where p = min(N35+Use7.s,RT), w1 > W2 > ...y =
Wgq1 = -+ =wp = 0 and

Q 2 diag(@y ... Dr,), (14)

where @, 2 0,Vr < ¢, @ £ 1,Y7 > ¢, with Q€2 = 0. Using
the above definitions, the beamforming matrix for NSP can be
defined as [14]

P £ XOX™. (15)

Proposition 1: When Ry > (Ny + JNj), the beamforming
matrix P € CR7 %7 can be projected orthogonally onto the
null-space of the entire CS involving the full set of interference
channels W € CNBs+Users X Bz,

Proof: The proof is given in Appendix A. [ ]

IV. SPECTRUM UTILISING FD MIMO CS
After establishing the role of the MIMO RS, in this section,
we formulate the part played by the FD MIMO CS in the
proposed spectrum sharing framework.
1) Achievable rate: Using the spectrum of MIMO RS, the
signals received at the FD BS and the j-th DI user of the CS
at time index [ can be written, respectively as

Z HUL

)+ ¢ “(1)) + Ho (x0(1)+co(l))

_,_/
Imerterence from RS
yPL(1) =HPE (xo (1) +co(l +Z HE D+cYE(D)
+el b () + PRWDLsR(l) +nPt (1), (17)

Interference from RS

where, ng(l) € CNo and nP*(I) € C"s denote the additive
white Gaussian noise (AWGN) vector with zero mean and
covariance matrix Ry = o2Iy, and Rf)L = o?ly, at
the BS and the j-th DL user, respectively, and ckL () ~
CN (O,wdiag (VkUL (VgL)H)), cUL(l) L xVL(l) and
ePH(l) ~ CN (0,v diag (®PF)), ePL(l) L aP*(l) are
the transmit and receive distortion at the k-th UL and j-
th DL user, respectively with ¢ < 1 and v < 1. Here,
DL _ “DL DL\ _ DL DL
®7" = Cov{ay*(l)} and a7%(1) = y;~(1) — e; (D).
The transmitter/receiver distortion co(l)/eq(l) can be defined



similarly. Like before, we drop the time index ! henceforth,
unless otherwise stated.

Remark 1: Since the MIMO RS transmits NSP based
signals, the interference terms in (16), (17) WEEsk(1) and
WfLsR(l) will effectively be WEEx (1) and WJDLXR(Z)
and hence, will be mitigated. However, they have been retained
here for tractability of the corresponding expressions, but will
be ignored in calculation of the numerical results.

Remark 2: Since the codeword x and the SI channel H are
known to the BS (its own transmitted signal), the term Hyxg
in (16) can be cancelled out and thus, the remaining part Hyc
can be treated as the RSI. However, the term Hyx( has been
retained for tractability, but will be ignored in calculation of
the numerical results.

Lemma 1: The approximated aggregate interference-plus-
noise terms at the k-th UL and j-th DL user, can be given
respectively as® in (18) and (19) as shown on the top of the
next page.

Proof: This approximation can be easily proofed
from (16) and (17) by considering ¥ << 1 and v << 1
and ignoring the terms . ]

Hence, from (16), (17) and Lemma 1, the achievable rate
for the k-th UL user at the BS and the j-th DL user can be
given as

H H H
RY* =log, I + (Uf5) " HYAVEE (VPR (B7E)

—1
<UPE ((ufh) " =Phupe) L o)

H H H
P =logy [tP* 4 (UPF) " HPEVPE (VP (BT
—1
xUPE ((UPh)" mPiuPt) ‘ 1)

2) Beamformer design at FD MIMO CS: The main ob-
jective of the CS is to provide the cellular users with data by
utilising the spectrum of the RS, but without affecting the PoD
of RS. Hence, we formulate the beamforming design problem
as

(P0) max  Pp (22)
subject to (C.1) RY* > R/, k=1,..., K,
(C2) RP*>RPE.,. j=1,...,J,

(C.3) tr{VkUL (V,?L)H} <Py, k=1,... K,

(C.4) Z;l w{VPE (VP "L <,

where ngern in (C.1) and R][-f,ﬁm in (C.2) are the mini-
mum QoS requirements for the k-th UL and j-th DL users,
respectively. Further, the constraints (C.3) and (C.4) regu-
late the transmit powers at the k-th UL user and the BS,
respectively and V- = {VF, VPL} denotes the set of all

transmit beamforming matrices. Since Pp is a monotonically

5Note that approximation of EgL and 3P is a practical assumption [24].
The values of ¢ and v are much lower than 1. However, their values might
not be negligible under a strong SI channel [24].

increasing function with respect to the non-central parameter
p [29], we can equivalently reformulate the problem (P0) as

(PLA)  max tr(A(¢)PPHAH(¢)5<—1) (23)

subject to  (C.1) — (C.4) of (PO),

Lemma 2: A lower bound for tr (A (¢) PPTAH () )2’1)
can be given as

tr (A (¢) PP AH () 5(—1) > PR’ (24)

= TRAD { Mo%’

where ¢ = tr(PP) and I%4P is the total interference power
from the CS to the MIMO RS, given as

JRAD _ Zil r {GRUk (VIZCJL (V}[C]L)H
udiag (VP (VEN)")) (Gru)™ }
+ Z'j’:l tr {GRB (Vj?L (VP!
+udiag (VPE (VPE)™)) (Gro)'},

Proof: The proof is given in Appendix B. [ ]
From Lemma 2, the problem (P1.A) can be equivalently
transformed into a interference minimisation problem as

(25)

(P1.B) RAD

min
Y

(26)

subject to  (C.1) — (C.4) of (PO).

Now, for analytical simplicity, we write the QoS constraints
(C.1) and (C.2) in terms of mean squared errors (MSE). To
calculate the MSE, we first apply linear receive filters U,ZCJL €
CNoxdi" and UPL ¢ CNixd7" o vy and yPL to obtain
the source symbols. Accordingly, the extracted k-th UL user’s
symbols at the BS and j-th DL user’s symbol from the BS
can be given by

~ H K

s = ()" (L B (VERSEE ) @
7

+Ho(2j:1 VJDLSJDL + co> +ep + WgésR + no) ,

~DL pINH (y1DL 7 \/DL.DL

§PE = (UPh) (Hj (Zj_l VitsPt 4+ co) (28)

K
+ZH2€U (VgLsgL +c,(€]L) +e§3L +WJDLSR JrnfL) .
k=1

Hence, the MSE for k-th UL and j-th DL users can be
respectively given as

(29)
H
< (U PV 1) (UFh) " shopE,
H
EPE ({U},{V}) = ((UPF) " BPEVPE — 1,00 )

ubL H HPLVDPL _ 1 = ubrL H s DLyDL
< ((U7")" HPAV; apr )+ (UFF)7 BPFUPE,

E{E ({U} (V) = (U7) " HIEVEE 1)
(30)

where U = {UgL, U]D L} denotes the set of all receive beam-
forming matrices. Note that, for fixed transmit beamforming



SPE Ay HUVE (VO () g 3 E e (VEE (VIR (ETH)

J

J
> Ho (VPE (VPR 4 pding (VPE (VPE)) Y BE 4 P (WBE (WEE)") + oL,

tv ijl diag (HoV]DL (vPuy Hé’) +ov Z; diag (H?LV?L (vuny (HgJL)H) :

X (v

(18)
npL %Z;éj HPIVPE (VPO (PN 0 3 HPPdiag (VPR (VPR (P
(VEE)" + vdiag (VE* (VUL)H)> (HE)" + Py (WPE(WPH)™) 4 021y,
to 3 diag (HRUVEE (VW (HEN)) 10307 diag (HPEVPE (VPR (HPE)T). (19)

TABLE I: Simplification of Notations

H;; HYL ie SUL, je SV Ho,icSYE, jesPh
Hfj’U,z € SPL, jeSVE HPL i e SPL, je SPL

Gr; Gru;,J € SUL; Ggp,j € SPL

W, WPL e sPEwhL i e SPE

n; ng,i € SYL; nPL e SPL

Ni(M;) | No (My),ie YL N; (My),ie SPL

matrices, the optimal receive beamforming matrix at the BS for
the k-th UL user and at the j-th DL user are MMSE receivers,
which can be expressed as (31) and (32) shown on the top of
the next page. Accordingly, substituting (31) and (32) in (29)
and (30) and using the Froperty (A + BCD) = A —
AT'B(DAT'B+C') [30], the MSE matrices for
the k-th UL and j-th DL users can be written as

E} wimse ({V}) (33)
= (1 + (vis " (" (= H,QJLV,QJL)_1 ,

Efviuse (V)
= (F o+ (vpn) " apn)" (=) T EpiveE)

From (33)—(34) and (20)—(21), we obtain the relation between
rate and MSE as

R = log, | (Effhise 1 (VD) |

-1
RjDL = log, ‘(Eﬁhl/iSE,j ({V})) ’ .

Before proceeding to the next section, we simplify the
notations by combining UL and DL channels similar to [18].
Let the symbols SUZ and SP denote the set of K UL and
J DL channels, respectively, and the channels from RS to BS
and the set of J DL channels from RS to DL users are denoted
by SBL and SEE, respectively. Now, denoting V¥, U¥X, dX
and E;X X e {UL,DL} as V;, U, d; and 3;, respectively,
and expressing H;;, Gg;, n;, and receive (transmit) antenna
numbers Nl (]\;[Z) as shown in Table I, the MSE of the i-th

link, i € S £ SUL USPL and the interference power at the
MIMO RS, %P can be rewritten, respectively as

(34)

(35)
(36)

= (UFH“VZ — - Idi)H + UfIELU’L7

(37)

I,) (UfH;V;

where
= Y H;V;VIH[+¢> H;diag (V;V]') H/!
JES,JF1 JES
+o)]  ding (H,V,V/H) + Pr (w (Wi)H)
+ o] IN,;’ (38)

1402 3" {G, (Vy VI + wdiag (V; V) G . (39)
JjES
Now, using (35), (36), the above simplified notations, and
epigraph method, [31] the optimisation problem (P1.B) can
be equivalently reformulated as

(PLC) min T (40)
subject to  (C.1) AP <1

(C:2) ogy | (Biwmse (Vi) ™| > REE,,  iesVh,
(C:3) Tog, | (Bisase ((Vi}) | = RDE,,, i€ SP,
(C4) w{V,VI}l <P, i e SVL
(C5) Y o W {VIVI} < Ry,

V. ROBUST BEAMFORMER DESIGN AT FD MIMO CS

In order to design a more practical and robust system, in
this section, we assume that perfect CSI knowledge of all the
concerned channels is unavailable at the CS®. By considering
the worst-case (norm-bounded error) model [32], the channel
uncertainties can be constructed as

{ﬂij + Ay Al < 5ij},
{C}Rj FA: Al <06, je S} ,(42)

Hij S Hij =

GRj €g;

(41)

where the nominal values of the CSI are denoted by H,; and
G j» while A;; and A; represent the channel error matrix and
d;; and 0; express the uncertainty bounds.

Lemma 3: Assume that F € C?*? is a positive semi-definite
matrix and |F| < 1. Then the maximisation of the function

SNote that this assumption doesn’t obtrude with the assumption that RS
has full CSI knowledge of the CS’s channels and adheres to Section II.3.
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UgL :arggl(}rgtr (Elk]L) _ (VgL) (HkUL) (H,[CJLV;Q]L (VgL) (HJICJL)

k

UPY = argmintr (BF) = (V79" (1P9) " (HPPV PR (VP (1P

J

AN
+ U ) : 31)

+ 2;”) - (32)

f(Q) = —tr (QF) + log |Q] + d is equivalent to log |[F~*
ie.,

=log|F !, 43
qedimx Q) =log|[F~| (43)
where the optimum value QP = F—1,

Now, applying Lemma 3 and decomposing Q =B,B¥, the
problem (P1.C) under channel uncertainties can be expressed
as

®2)  min T (44)
subject to (C.1) I*AP < T, VGg, € Gj,
(C.2) mln {Ir}lax} —tr (BZ-HEiBi) + 2log |B;| + d;

> IOg( )RzU'rizn? S SUL’
(C.3) min max —tr (BI'E;B;) + 2log |B;| + d;

> IOg(Q)Rf'rﬁim SDLv

) w{V, VI <P,
(C5) Y. o W{ViVI} < Ry,

where A = {A;; : V(i,j)} and B; € C4*di j € S, is a
weight matrix. Due to the constraint (C.1) in (44) and the
inner maximization in (C.2) and (C.3), the problem (P2) is
intractable. To make the problem tractable, we consider the
following max-min inequality [33]

UL
€S,

min max (-) > max min(-) > log(2)R; min,i € S.
AA {U;,Q} {U,.Q;} AA
(45)

Now, we convert tr (BfE;B;) and 4P into vector forms,
given in the following lemma.

Lemma 4: tr (BE;B;) and 4P can be written in the
form of vectors as tr (B//E;B;) = ||z;;||5 and 1747 = ||of3,
where z;; and ¢ are defined as’

yec (Bf; (IileHu‘Vz‘ —14,)) ]
[(V§ @ (BIU)) vee (Hyy) |, cs s

_|[veEvyre @) ve (i)
S e evr

teD” | ;s
® (BJ'U'E()) vec (Hii)JeeDf,R) jes
Pr (IF @ (BITUTT)) vec (W)
oivec (BHUH)

L(VT ® IT) vec (G; )J jes
o e

(46)

7For sake of simplicity, we consider M = My = M;, i € SUL,

Here, =, represents a square matrix with zero as elements,
except for the /-th diagonal element, which is equal to 1,
and DJ(-R) and D§-T) denote the set {1---N;} and {1---M;},
respectively.

Proof: The proof is provided in Appendix C. |
From Lemma 4, the constraint (C.2) of (P2) can be rewritten
as

min Jmax —tr (B/'E;B;) + 2log |B;| + d;
> log(2)RY K ieSYl @1
(C.2a) d;+2log|B;| — 3 s Nij
> log(2)RYE,,, Vie SUF 48
T\ (C20) max |2y + Zigvee (Ay) [3< s
| Aij ||p< 8ij,Vi,j € SUE,
where z;; and Zij are defined as
[ vec (B{f (U H,;V; — L, )) ]
(VT (BIUH)) vec( i) .
H H ]
z;= Uﬂ (EeVy)" @ (BIU] (H teD” | s
ez (Bfo’Ez))vec(fIij ZGD@LES
Pr (I5 ® (BHU)) vec (W;)
i oivec (BFUH) ]
(49)
[ (VI ® (B/UJ)) ]
L(V7 @ BIUM))] csvr jui
5 | VP (@Y @ BIUD) |ipm]
[[Vo (VF @ (BIUNE) ], pem |
OdLN.LXNL]C
L 04, %, ¥, i1 |
(50

Now, using Lemma 5 from Appendix D, we relax the semi-
infiniteness of the constraint (C.2b) in (56) and then apply
Lemma 6 from Appendix D, to convert the norm constraint of
(C.2b) into a LMI form as

Nz
(C2p) | N Hd
2;; g4,

0 vec (AU)HZZ =0

+ | . =
ZijVGC (A”)

Odidj Xdidj
b



By choosing

SH
A= [ N B

zij lga;
X =vec (Asj), (52)
and applying Lemma 5, the constraint (C.2b) of (56) is

equivalently rewritten as
~H
Aij —€ij  Zj;

Z;; Ly,q,

0y 5,51
—0iiZij | = 0, Vi,j € SUL, (53)
—0iZij €l iy

;> 0, Vi,j e SU, (54)

0y, 171

where € = {¢;; : V(¢,7)}. Similar to the transformation of the
constraint (C.2) of (P2), the constraint (C.3) of (P2) can be
equivalently rewritten as

min max  —tr (B/E;B;) + 2log |B;| + d;
A {U,B;}
>10g(2) R i, i€SPE(55)
(C.3a) di+2log[Bi[ — > ;cs Aij
> log(z)RiD'rﬁhw Vie SDL
= ’ (56)

(C.3b) max | z;; + Zijvee (Ay) [IB< Nyj
H Az] ||FS 6”,VZ,] S SDL7

where (C.3b) is expressed as

~H
Aij —€ij iy O m
Z;j La,q, —6;jZi; |0, Vie SPL j e S, (57)
Oy rx1 —9iZi; €y

€;>0, Vi € SPE j € S. (58)

In similar way, we also transform the constraint (C.1) of (P2)

as
r 0 Jf
[z IB]+[LA OBAxB}EO, (59)
where B =R}, s (dj +Mj),
O (VT @ 1p) vec (élj)JjeS
L= ~ ’
_ Vi U((EN;‘)T @ 1Ir) vec (Glj)JéeDi-T)Jjes
(VT o Le)],
w=| /5 U((Egvj)T ®IR)JZ€D;T)JJES vec (A). (60)

Ej

Finally, the constraint (C.1) of (P2) is equivalently rewritten
as

I'—n D leRM
i Iz —0E, = 0, 61)

0rirx1 _GE/I{ 1P
n > 0. (62)

Using the relaxed LMIs in (53), (57) and (61), the prob-
lem (P2) can be written as a SDP problem, given as

(P3) min r (63)
V.,I,U,B,\,e>0,7>0
I'—n e 0y, pir
subject to (C.1) r I —0E =0,
0rirx1 _QEE ULVSve
(C.2a) d; + 2log [B;| =Y " Aij > log(2)RY %, Vi e SUE,
jes
~H
Aij — €ij zj; 05,51
(C.2b) Z;j L4, —0ijZij | =0,
0,011 —9iiZy; €Ly,
vie SUL jes,
(C.3a) d; + 2log [Bi| =Y~ Nij > log(2)RD%,,, Vie SPF,
jES
~H
Aij — €5 Z; 05,51
(C.3b) Z; Li,a; —0i;Zi; | =0,
Ognrx1  —9ilij €Ly, i

Vie SPL je s,
(C.4) |vec (V)|2 < P, i € SUE,
(C.5) ||[vec (Vi) ] espellz < Po,

where B = {B;, Vi € S} and A = {)\;;, Vi,j € S}.

Note that the optimisation problem (P3) is not jointly
convex over the optimisation variables V, U and B. However,
it is separately convex over each of the variables. Therefore,
we adopt an alternating algorithm to solve the problem. This
alternating minimisation process is continued until a stationary
point is obtained, or a pre-defined number of iterations is
reached. In the following section, we provide details on the
spectrum sharing algorithm, including the alternating optimi-
sation of the above SDP problem.

VI. SPECTRUM SHARING ALGORITHM

In this section we summarise the roles played in spectrum
sharing by the RS and CS in the form of algorithms. While
Algorithm 1 presents the role played by the RS, Algorithm 2
illustrates the role of the CS in the proposed 2 tier spectrum
sharing framework®. In particular, Algorithm 1 performs NSP
towards the interference channels of the CS, thereby cancelling
the interference from RS to CS. Alternatively, Algorithm 2
produces the optimal beamforming matrices at the transmitters
and receivers of the CS, to minimise the interference from
the CS to RS (equivalently maximises the PoD of RS), while
maintaining a particular QoS for the cellular users. Note that
Algorithm 2 is iterative in nature and solves a SDP problem
in each iteration, which makes it computationally intensive.
Below we provide some qualitative analysis on the complexity
of Algorithm 2.

8Note that both algorithms are processed within the same coherence time
interval.



Algorithm 1: Spectrum Sharing Phase at RS

1. Phase 1 [Initial Phase]:

A: Obtain CSI of {WPL vi e SPL, WEBL} C W through feedback
from CS.

II. Phase 2 [Null-space Projection Phase]:

A: Perform SVD of W, which is obtained from Phase 1.

B: Construct € and according to (13) and (14)

C: Design the projection matrix P based on (15).

C: Output: Perform NSP by transmitting waveform xr = Pspg.

Algorithm 2: Spectrum Sharing Phase at CS

1. Phase 1 [Initial Phase]:

A: Obtain partial CSI of {G Ry, Vj € SUL Ggrg}.

B: Set minimum QoS requirements for UL and DL users: R
and Rfrﬁm.

C. Initialize V™!, Ul and BI".

D. Set iteration number n = 0, maximum iteration number = nyqz.

II. Phase 2 [Beamforming Design Phase (Alternating Approach)]:

A: n < n + 1. For fixed Ugn_l] and Bgn_l], update vl vies

by solving problem (P3).

UL

1,min’

B: Update BI"), i € S by solving the problem (P3) for fixed UL~
[n—1]
and V; .

C: Update Ugn], i € S by solving the problem (P3) for fixed Vgn_ll
[n—1]
and B .

D: Repeatzsteps IILA — II.C until convergence or n = Nmaz-
E: Output: Optimal transceivers: {U*, V*}.

Computational complexity of Algorithm 2: The computa-
tional complexity mainly depends on the number of arithmetic
operations required to process Phase 2 of Algorithm 2. In
particular, a SDP problem is solved in Phase 2 in three steps,
i.e., Step II.LA to Step II.C. Hence, for comparison we first
consider a standard real-valued SDP problem as

min c’'x (65)
XER™

. n
subject to Ag + E - z;A; =0, and  ||x|2 < X,
1=

where A; is a symmetric block-diagonal matrix. If P is the
diagonal block of matrix A; of size a; xa;, [ =1,..., P, then
the number of arithmetic operations required to solve (65) is
upper-bounded by [34]

P 1/2 P P
0 (1) <1+Zal> n(n2+nZal2+Zal3>. (66)
=1 =1 =1

Thus, using (66), we can compute the total number of arith-
metic operations required to find the optimal V;, U;, and B;
in Algorithm 2. For instance, in order to find V;, the number
of diagonal blocks P is |SUL|(|S| + 1) + [SPL|[S] + 1.
The constraints (C.2b) and (C.3b) create the blocks of size
2N;M + didj + 1), i € SPE, j € SUL and
Q5 = Q(NZM + dzd] + ].), 1 € SUL, ] S SDL, Ire-
spectively. The size of blocks due to the constraint (C.1) is
a = 2(B + RM + 1), while the constraints for UL power
in (C.4) and the BS power in (C.5) make the blocks of size
a; = MdYF +1, i € SUF and a; = MY, gpr dPF + 1,
respectively. Furthermore, the number required to compute the
unknown variables is n =, 2Md; + 2|S| + 2, where the
term ) ;. s 2Md; correlates with the real and image parts
of V; and the remaining terms are due to the additional
slack variables. Similarly, the number of arithmetic operations
required for U;,7 € S and B;,i € S can be calculated.

aij =

VII. NUMERICAL RESULTS

In this section, the performance of the proposed two-tier
coexistence framework between a FD MU MIMO CS and a
MIMO RS is analysed with the help of computer simulations’
under consideration of QoS of cellular users. The maximum
number of iterations is set as 50 with a tolerance value of
10~—%. The initialisation points are selected using right singular
matrices initialisation [35] and the results are averaged over
100 independent channel realisations.

1) Simulation Setup: To model the CS, we consider small
cell deployments under the 3GPP LTE specifications. The
motivation behind this are: 1) due to low transmit powers,
short transmission distances and low mobility, small cells are
considered suitable for implementation of FD technology [23],
and 2) FCC has proposed the use of small cells in the 3.5
GHz band for spectrum sharing [2]. Accordingly, a single
hexagonal cell of radius » = 40 m is considered, where the
FD BS is located at the centre of the cell and a MIMO RS
is located 400 m away from the circumference of the cell.
The number of UL and DL users is set as K = J = 2 and
each user, equipped with N antennas is randomly located in
the cell. For simplicity, we consider My = Ny = N = N.
Next, to model the path loss in the CS, we consider the
close-in (CI) free space reference distance path loss model
as given in [36]. The CI model is a generic model that
describes the large-scale propagation path loss at all relevant
frequencies (> 2 GHz). This model can be easily implemented
in existing 3GPP models by replacing a floating constant
with a frequency-dependent constant that represents free space
path loss in the first meter of propagation and is given as
PL(f,d) = PLr(f,do) + 10a.logy, (d/dg) + Xy, d > dy.
Here, dj is a reference distance at which or closer to, the path
loss inherits the characteristics of free-space path loss PLp.
Further, f is the carrier frequency, a. is the path loss exponent,
d is the distance between the transmitter and receiver and X,
is the shadow fading standard deviation. We consider dy = 1
m, B = 100 MHz, and carrier frequency = 3.6 GHz!°.

The estimated channel gain between the BS and kth UL user

can be described as HUZ = | /oULHYL, where HYZ denotes
small scale fading following a complex Gaussian distribution
with zero mean and unit variance, and pkUL =10-A/10) A ¢
{LOS,NLOS}!" denotes the large scale fading consisting of
path loss and shadowing. LOS and NLOS are computed based
on a street canyon scenario [37]. The parameter o, for LOS
and NLOS are set as 2.0 and 3.1, respectively, while the
value of shadow fading standard deviation o for LOS and
NLOS are 2.9 dB and 8.1 dB, respectively. Similarly, we
define the channels between UL users and DL users, between
BS and DL users, between BS and RS, and between UL

9For reference, the numerical results are obtained using MATLAB R2016b
on a Linux server with Intel Xeon processor (16 cores, each clocked at 2
GHz) having 31.4 GiB of memory.

10The framework presented in this paper is not limited to any particular
frequency band and can also be utilized in other spectrums proposed for
sharing around the world, such as 2-4 GHz in the UK, 2.3-2.4 GHz in Europe,
etc., albeit certain changes in frequency dependent path loss, line of sight
propagation parameters, etc.

1L.0S=Line-of-sight and NLOS=Non-line-of-sight.
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Fig. 4: Interference power towards RS vs. RSI at CS.

users and RS. To model the SI channel, the Rician model
in [20] is adopted, wherein the SI channel is distributed as

Hy ~ CN (/5 Ho, eIy @ g, ), where Ko is

the Rician factor and Hj is a deterministic matrix'?. Unless
otherwise stated, we consider the following parameters for the
CS and RS. For CS: thermal noise density = —174 dBm/Hz,

noise figure at BS (users) 13(9) dB, N =2, ¢y = v = -T70
dB, 6 =60=0.1, RVL = RPL ~—50x10°bps, P, =5

1, min J,min

dB, Py = 10 dB and CCI cancellation factor'>= 0.5. For RS:

2For simplicity, we take Kr = 1 and the matrix H, of all ones for all
simulations [22].

131t is essential to isolate UL and DL users in a FD system through smart
channel assignments at a stage prior to the precoder/decoder design, so that
the CCI is mitigated. This can be done by clustering the users into different
groups through techniques, such as game theory, where the users with very
strong CCI are not placed in the same group. In this work, the value of
CCI cancellation factor represents the following: 0 — 100% cancellation and
1 — 0% cancellation.
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R =8, Ppy = 1075, velocity of target = 782 knots, and
distance of target from RS = 300 m.

2) Simulation Results: To enable spectrum sharing, RS
deploys Algorithm 1 to null the interference from RS — CS,
ie., W;xgp = 0,7 € S, which paves the way for the CS to
use the RS’s spectrum. This is simultaneously followed by the
deployment of Algorithm 2 at CS, which maximises the PoD
of RS by suppressing the interference from CS — RS, while
also providing QoS to its users. In the following examples, we
illustrate the performance of both RS and CS under a spectrum
sharing scenario utilising the proposed algorithms. Due to the
iterative nature of Algorithm 2, we begin by showing 1) its
evolution in Fig. 2, i.e., its convergence and 2) its complexity
analysis in Fig. 3 in terms of complex multiplications required
with respect to (w.r.t) increasing number of antennas at CS and
RS and users in the CS. It can be seen from Fig. 2 that the cost
function, i.e., 7#4P monotonically decreases and converges
after 25 — 30 iterations. Further, in Fig. 3, the axes in red (left
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and bottom) represent the complexity w.r.t. number of users in
the CS, while the axes in black (right and top) represent the
complexity w.r.t. number of antennas at RS and the FD BS. It
can be seen that the computational complexity of Algorithm
2 increases as the number of users or antennas are increased.
Hence, it is imperative that the processing of Algorithm 2 be
handled centrally at the FD BS, which inadvertently has high
end computing capabilities.

Next, we analyse the impact of spectrum sharing on the
proposed two-tier model. In particular, we quantify the level
of interference towards the RS for various levels of QoS that
the CS can support by operating in FD mode. Accordingly,
in Fig. 4 we show the interference power generated from
the CS towards the RS as a function of transmitter/receiver
(v /v) distortion values for two different QoS requirements of
the cellular users. Note that the transmitter/receiver distortion
values reflect the amount of RSI left in the FD system. It
can be seen from the figure that, as the RSI cancellation
capability of the FD system increases, the interference power
generated by the CS towards the RS decreases. This can be
explained due to the fact that, when RSI is more, the CS
has to use higher transmission power to overwhelm the RSI
and maintain the QoS of the users, which results in more
interference towards the RS. More importantly, it can also be
seen that the minimum guaranteed QoS for each user can be
increased by a factor of 10x or more if the RS increases its
tolerance threshold for interference temperature by only 0.6
dB. Similarly, in Fig. 5 we show the effect of users’ QoS
for two different RSI values. It can be seen that as the QoS
requirements of cellular users increases, the interference from
CS towards RS increases linearly. This can be explained due to
the fact that, to provide higher QoS to the users, Algorithm 2
ensures transmission at higher power at the CS. Nevertheless,
Algorithm 2 also ensures that for any specific QoS on the
r—axis of Fig. 5, the corresponding y—axis value represents
the minimum interference that can be generated from CS
towards the RS.
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Fig. 7: PoD of MIMO RS vs. probability of false alarm at MIMO RS.

After quantifying the interference towards RS, we now
determine its PoD. To detect a target in the far-field, the
RS transmits NSP waveforms generated in Algorithm 1 and
estimates parameters ¢ and «, from the received signal
that also includes 74P (obtained from Algorithm 2). As a
benchmark, we also simulate the scenario without spectrum
sharing by generating orthogonal waveforms at the RS and
setting 1724P = 0. This scenario relates to the case when the
CS’s BS is unable to provide its users with any connectivity
due to lack of spectrum resources.

Accordingly, in Fig. 6, the PoD of the MIMO RS w.r.t. RS’s
transmit power is shown. Here, we consider two scenarios: 1)
R = 8 (straight lines) and 2) R = 12 (dashed lines). It can be
seen that for fixed Pr 4, in order to achieve a particular Pp the
RS needs more power (to create NSP waveforms and withstand
interference from CS to enable spectrum coexistence) than
the case without spectrum sharing scenario. However, it can
be seen that the RS needs more power when R = 8 than
R = 12 to achieve similar performance. This is because,
while the number of antennas at the CS (BS and users)
are fixed, increasing the RS’s antennas means that it has
more degrees of freedom for reliable target detection and
simultaneously nulling out interference towards the CS. This
proves that large antenna arrays can be used at the RS to
facilitate spectrum sharing without any significant degradation
in RS’s performance.

Finally, in Fig. 7, we plot PoD for various Pr4 and Pg.
Similar to the previous figure, the PoD of the RS is better
at high Pr and small Pr4 when the RS is not sharing its
spectrum. However when both Pr and Pp4 are small, PoD
of RS for NSP waveforms is quite comparable to the case
without spectrum sharing.

VIII. CONCLUSION

A two tier spectrum sharing framework was proposed,
where 1) transceivers were jointly designed at a hardware
impaired FD CS under imperfect CSI considerations 2) null-



space based waveforms were designed at MIMO RS under per-
fect CSI considerations. In particular, the robust optimisation
in the CS led to an intractable problem, which was transformed
into an equivalent tractable semidefinite programming prob-
lem. Next, algorithms were proposed to suppress interference
at both systems, thus maximising the PoD of RS and also
maintaining a specific QoS for each user in CS. Finally,
numerical results were used to demonstrated the effectiveness
of the proposed algorithms, albeit certain trade-offs in RS’s
transmit power, PoD, and QoS of the users. In particular, it
was seen that to facilitate spectrum sharing, thereby providing
the users of CS with QoS of 5 x 10~° bps/user, the MIMO
RS needs to spend an extra power of 1.5 — 4.5 dB depending
on the number of antennas it uses. Overall, the designed
framework provides the essential understanding for successful
development of future cellular systems in conjunction with
federal incumbents that can operate under same spectrum
resources.

APPENDIX A
PROOF OF PROPOSITION 1

In order to prove Proposition 1, we first need to show that
P is a projector. From (15), we have

PP = (XQXT)H = XQIXT = p
and P2 = XQXIXOX? = P.

)

(A.1)

The above equation holds due to the fact that XXH =1
as they are orthogonal matrices and €22 = Q by construction.
Now in order to show that P is a projector, we show Px = x,
if x € range(P). In other words, for some w, x = Pw. Hence,
from the above and (A.1), we have

Px = P(Pw) = P’w = Pw = x,
P(Px—x)=P?x - Px=0.

(A2)
(A3)

Hence, Px —x € null(P), which shows that P is a null-space
projection matrix. Accordingly,

WP = ROX7XOQX = 0. (A.4)

which proves that P is an orthogonal projection matrix onto
the null-space of W.

APPENDIX B
PROOF OF LEMMA 2

Since A (¢)PPY A (¢) and x are positive-definite, we
have

tr(A () PP AH () x‘lfc) ;
<u(A@PPTAT ()X ) (x). (B

Now, a lower bound for tr (A (¢) PPTAH () )Z’l) follows
as

(A (6) PP AT (9))
(%) '

(A () PPTAT ()% =
(B.2)

Using the property tr(A; + By) = tr(A1) + tr(B1), where
A; and B; are square matrices and ¢ = tr(PPH ), we can
rewrite (B.2) under R = Rr = R to obtain the desired
result.

APPENDIX C
PROOF OF LEMMA 4

To prove this lemma, we first construct tr (B7E;B;) us-
ing (37) as

tr(BfIEiBi) =| B (UH,V, —14) |1%
HItHET. /. 112
+ Zjes,j;éi | B U Hy; V|
HyTtH =) 12
+ Z]‘ES ZEED_@ Y || Bi'U; H;Z,/V; 17

HyT1H e
+Zjes ZKD(R) v || B UEH;V; |7
+ Pr | BYUI'W, | +07 | B'U[ |7, (C.)

where DJ(-R) and D§T) denote the set {1---N;} and

{1--- Mj}, respectively, while =, represents a square matrix
with zero elements, except for the ¢-th diagonal element,
which is equal to 1. Utilising the vec(-) operation, and the
identity [|vec (A)[|3 = tr {AA#}, (C.1) from above can be
reformulated as

tr(Bf{Equ') = ||vec (B (U/H;V, — Idi))Hz
+ 3 lvec (BFUMH,; V)|
JES,j#i
+) 0D wfvec (BIUIH,EV,)|,
JES ZE'D;T)
33 e (BEUFE M,V
JES EEDER)

+ Pg |[vec (BEUHW,)||2 + o7 ||vec (BEUH)|[2 .

(C.2)

By utilising the identity vec(ABC) =

(CT ® A)vec(B), (C.2) in the above can be rewritten
2 .

as ||z;;||5, where z;; is defined as

vec (Bf{ (U{{H“Vl — Id7))
(VP ® (BIUH)) vee ()], )
VP ((BeV))T @ (BIUH)) vee (Hy) JZED;T)LES
Vo (VT ® (BIUIE)) vee (Hy) | e pim) e

Pr (IE @ (BHU!)) vec (W;)
o;vec (BFUF)

I

(C.3)

In a similar way, we can also represent I7*4P into vector
form as

JRAD _ Zjes <||vec (G; V) ||§

+2 repn ¥ ||VeC(Gla‘5er)§) N (eF)



Now, applying the same identity vec(ABC) =
(CT® A)vec(B), (C4) in above can be constructed
as HL||§, where ¢ is defined as

L(V? ® IT) vec (Gj)JjGS

L= —_ . (CS5
w \‘L((:[V])T X IT) vec (Gj)JZGD(.T)J s ( )
J 7
APPENDIX D
USEFUL LEMMAS
Lemma 5: If P, Q, A are matrices with A = AH,

then semi-infinite LMI of the form of A > PHXQ +
QAXHP VX : || X||r < p, holds iff Je > 0 such that
A-cQ"Q —pPH
—pP el
Lemma 6: Schur Complement Lemma [31]: Let Q and R
are symmetric matrices. Then

> 0. D.1)

S _
{g R |Z0 2 R>0, Q-SR!'S*>0. (D.2)
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