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Abstract—Since various types of unmanned aerial vehicles
(UAVs) with different hardware capabilities are introduced, we
establish a foundation for the multi-layer aerial network (MAN).
First, the MAN is modeled as K layer ANs, and each layer has
UAVs with different densities, floating altitudes, and transmission
power. To make the framework applicable for various scenarios
in MAN, we consider the transmitter- and the receiver-oriented
node association rules as well as the air-to-ground and air-to-air
channel models, which form line of sight links with a location-
dependent probability. We then newly analyze the association
probability, the main link distance distribution, successful trans-
mission probability (STP), and area spectral efficiency (ASE) of
MAN. The upper bounds of the optimal densities that maximize
STP and ASE are also provided. Finally, in the numerical results,
we show the optimal UAV densities of an AN that maximize the
ASE and the STP decrease with the altitude of the network.
We also show that when the total UAV density is fixed for two
layer AN, the use of single layer in higher(lower) altitude only
for all UAVs can achieve better performance for low(high) total
density case, otherwise, distributing UAVs in two layers, i.e.,
MAN, achieves better performance.

Index Terms—Aerial networks, multiple network layer, un-
manned aerial vehicles, stochastic geometry, line of sight (LoS)
probability.

I. INTRODUCTION

Recent development of the unmanned aerial vehicle (UAV)

technologies enables the UAV to play various roles in the wire-

less networks. The UAVs are expected to work as temporal

base stations in case of the disaster and the data demanding

events [2], and the data acquisition for the crowd surveillance

can also be done by UAVs [3]. Furthermore, the UAVs can

act as a relay for unreliable direct link case [4]. As such

demands on the UAV communications and the number of

UAVs increase, the research for the reliable aerial network

(AN) must be preceded.

The UAV based wireless communication has been studied

in [5]–[10] after modeling the wireless channel and the

mobility, which are different from those of the terrestrial

networks. In [5], the probability that a link forms line of

sight (LoS), i.e., the LoS probability, is modeled, which is

determined by the angle from the ground, and also proposed

the optimal UAV deployment that maximizes the coverage
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area. The pathloss and the channel gain of the link between

a UAV and a ground node are studied in [6]. In [7], the LoS

probability is provided for the link between UAVs, which have

different altitudes. Considering LoS channel, device-to-device

communications, secrecy capacity UAV-aided communication

systems, and UAV to ground communication in presence

of interferer are studied in [8], [9], and [10], respectively.

However, the studies mentioned above have considered only

the small number of UAVs, which show the performance of

the limited UAV communication scenarios.

Recently, the researches on the ANs, which is the wireless

networks consisting of multiple UAVs, have been presented

in [11]–[22]. For those works, the stochastic geometry, which

is a widely-used tool for randomly distributed nodes [23],

has been used. The Poisson point process (PPP)-based ANs

model is presented and studied in [11]–[13], and the LoS

and non-line of sight (NLoS) channels are considered for

the air-to-ground (A2G) communications in [11] and [12].

Furthermore, the research on the coexistence of ANs with

the terrestrial network is presented in [16]–[22]. In these

works, the terrestrial network is modeled by a PPP and the

distribution of UAVs is modeled by 3-D PPP [16]–[18] and

2-D PPP [19], [20]. Especially, in [21] and [22], the random

distribution of users are also considered and modeled by a

clustering point process (for disaster area or temporal data

demanding events like concert) [21] and a PPP [22]. However,

most of these works did not consider the multiple layer

structure of AN, of each layer has different types of UAVs.

The ANs can have various types of UAVs with different

floating altitudes and transmission power depending on their

hardware constraints [24], which leads to the multiple layer

structure in AN. The multiple layer structure can also be

useful and required for better resource management and reli-

able communications, especially when the number of UAVs

and UAV-related applications increase. Recently, the multiple

layer structure for UAV communications has been considered

in [14], [15], and [22]. In [14] and [15], the UAVs are used as

relays [14] or downlink base stations to improve the downlink

spectral efficiency [15]. However, a analysis result on the

performance has not been provided, especially in terms of the

successful transmission probability (STP) or the area spectral

efficiency (ASE) of the multiple layer structure AN. In [22],

the spectral efficiency of multiple layer structure AN was

analyzed, by focusing on the communications of ground base

stations, which are assisted by UAVs. However, in [22], only

the performance of the single layer AN case is provided in

the simulation results and the communication between UAVs

are not considered, which fails to fully explore the efficient
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design of the multiple layer AN.

Therefore, in this paper, we consider the multi-layer aerial

network (MAN), and provide a framework for the efficient

design of the MAN. We first model the MAN, which is

composed of K layers of ANs including UAVs with different

transmission power, spatial densities, and floating altitudes.

We then analyze the STP and the ASE of the MAN, and

explore how to design the MAN to maximize its performance.

The contribution of this work can be summarized as follows.

• Differently to prior works on aerial networks and ter-

restrial heterogeneous networks, we model the MAN by

considering both the node association rules and chan-

nel model, suitable for various scenarios of the MAN.

Specifically, according to the association subject, we

consider two types: the transmitter-oriented association

(e.g., when a transmitting UAV selects the best receiving

base station (BS)) and the receiver-oriented association

(e.g., when a receiving UAV selects the best transmitting

BS). Furthermore, we consider both air-to-air (A2A) and

A2G channels, which form LoS links with a certain

probability, determined by not only the link distance but

also the UAV altitude.

• We newly analyze the Laplace transform of the inter-

ference considering LoS and NLoS channels with the

LoS probability, and provide that of the interference

from same layer UAVs in a closed form. Note that the

multiple layer structure has been considered for terrestrial

networks, called as the heterogeneous networks [25]–

[27], and the Laplace transform of the interference has

also been analyzed. However, as the node association

rules and the channel model, suitable for MAN, are used

in this work, the analysis has been newly performed.

• We then analyze the STP and the ASE of the MAN using

stochastic geometry. We also provide the upper bound of

the optimal transmitting UAV densities for each layers,

which maximize the STP and the ASE. This is the first

work, optimizing the node density of AN, to the best

knowledge of the authors.

• We finally provide insights on the efficient design of

MAN via numerical results. Specifically, we provide the

optimal altitude and the densities of UAV in each layer

in terms of the STP and the ASE, and also show when

the multiple layer structure of AN can achieve better

performance than the single layer AN.

II. SYSTEM MODEL

In this section, we present the system model of a MAN

including the network description and the channel model.

Furthermore, we describe the node association rules and

present the probability distribution function (PDF) of the main

link distance.

A. Multi-layer Aerial Network Structure

We consider a MAN, which consists of K layers of AN

at different altitudes as shown in Fig. 1. We denote K as the

set of layers constituting the MAN, i.e., K = {0, 1, · · · ,K},

where layer 0 is the terrestrial network. We assume UAVs

TABLE I
NOTATIONS USED THROUGHOUT THE PAPER.

Notation Definition

K Set of layers constituting the MAN

hk altitude of the k-layer nodes

Pk Transmission power of the k-lyaer nodes

λk,Rx(Tx) Density of the receiver(transmitter) in the k-layer

Φk,Rx(Tx) Distribution of the receiver(transmitter) in the k-
layer

c ∈ {L,N} Indicator whether the channel is LoS or NLoS

α(c) Pathloss exponent of channel c

Gm(c)
Channel gain of channel c

ρ
(c)
ij (x) Probability that link between the i-layer receiver and

the j-layer transmitter is under channel environment
c when the link distance is x

τ = oa Communication node association rule defined by o
and a

o ∈ {r, t} Node association rule that indicates whether the
communication is the receiver-oriented or the trans-
mission oriented association

a ∈ {n, s} Node association rule that indicates whether the node
with the the nearest distance or the strongest power
is selected

A
(c)
ij,τ Probability that the main link is established between

the i and j-layer nodes under channel c using asso-
ciation rule τ

Y
(c)
ij,τ Random variable that represents the main link dis-

tance given association A
(c)
ij,τ

I
(c)
ij Interference to the i-layer receiver from j-layer

transmitters in the channel c

Ii Sum of the interference and noise to the i-layer
receiver

χ Distance that indicates the area where the interferer
cannot exist

ε
(c)
ij,τ (y) Event when the main link is established between i

and j-layer with distance y using the node associa-
tion rule τ

L
I|ε

(c)
ij,τ (y)

Laplace transform of the I in the event of ε
(c)
ij,τ (y)

p
(c)
ij,τ (y) STP in the event of ε

(c)
ij,τ (y)

Pk,τ STP of the k-layer in the MAN

Sk,τ STP of the k-layer in the MAN [bps/Hz/m2]

λ
b,Pk,τ (Sk,τ )

j,Tx Upper bound of the optimal transmitter density in
the j-layer that maximizes the STP(ASE) of k-layer

in ANs are distributed according to PPPs such as in [19],

[28] as well as the ground nodes in the terrestrial network

[23]. Specifically, in the k-layer, the node locations follow a

homogeneous PPP Φk with density λk , and they are at the

fixed altitude hk and transmit with the power Pk. In the k-

layer, nodes act as either a receiver or a transmitter, where the

set of the receivers and the transmitters are denoted by Φk,Rx

and Φk,Tx. Similarly, the densities of the receivers and the

transmitters in the k-layer are given by λk,Rx and λk,Tx. Here,

Φk = Φk,Rx + Φk,Tx and λk = λk,Rx + λk,Tx. The altitude of
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2-layer Aerial Network

1-layer Aerial Network

Terrestrial Network (0-layer)

Fig. 1. An example of two layer MAN with ground receivers (i.e., 0-
layer). The black lines represent the main link and red dashed lines represent
interference links.

nodes in the 0-layer (i.e., the terrestrial layer) is h0 = 0 and

altitudes of other layers are hk ≥ 0 for k ∈ K. In addition,

the altitude between the i-layer and the j-layer is denoted by

hij = |hi − hj |.

B. Channel Model

In the terrestrial network, where the transmitter and the

receiver are on the ground, the channel is generally modeled

as NLoS links However, in the MAN, we have the communi-

cation between a UAV and a ground node and the communica-

tion between UAVs. For those communications, we consider

both LoS and NLoS links, which are affected by the existence

of obstacles (e.g., buildings) between the transmitter and the

receiver [5], [7] by following the ITU model [29]. In this

paper, we define the probability of forming LoS channel as

the LoS probability ρ(L)
ij (x) and the probability of forming

NLoS channel as the NLoS probability ρ(N)
ij (x) = 1−ρ(L)

ij (x),
where a receiver and a transmitter are in the i-layer and the

j-layer, respectively, and the link distance is x. From [5], the

LoS probability is given by

ρ(L)
ij (x) =

m
∏

n=0






1− exp






−

[

max(hi, hj)− (n+1/2)hij

m+1

]2

2ξ2













(1)

where m = floor
(√

(x2 − h2
ij)µν − 1

)

. Here, µ, ν, and ξ are

the parameters related to the environments [29]. Specifically,

µ is the ratio of area covered by buildings to total area, ν is the

mean number of buildings per unit area, and ξ is the average

altitude of the buildings. The LoS probability can also be

approximately determined using the sigmoid function based

approximation [5], [30].1 Specifically, for the A2G channel

1Similar result with the same approach is provided in the [7], however, we
follow the [30] to provide well-matched approximation with our model.
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Fig. 2. LoS channel probabilty according to the horizontal distance r with
different receiver and transmitter altitudes hi and hj .

(i.e., i or j=0, i 6= j), ρ(L)
ij (x) is given by [5]

ρ(L)
ij (x) ≈

1

1 + ι exp(−κ
[

sin−1
(

hij

x

)

− ι
]

)
(2)

where ι and κ are related to ν, µ, and ξ [5]. For the A2A

channel (i.e., i and j 6= 0), using the exponential function

based approximation ρ(L)
ij (x) is given by [30]

ρ(L)
ij (x) ≈ (3)










(

1− exp
{

− h2
i

2ξ2

})x
√
νµ

for i = j,
(

1−
√
2πξ
hij

∣

∣

∣Q
(

hi

ξ

)

−Q
(

hj

ξ

)∣

∣

∣

)

√
(x2−h2

ij)νµ

for i 6= j,

where Q(x) =
∫∞
x

1√
2π

exp
(

−x2

2

)

dx. Especially, the LoS

channel between ground nodes is given by ρ(L)
ij (x) = 0.

From (2) and (3), we can see that the LoS probability

is affected by both the horizontal distance and the altitude

difference between the transmitter and the receiver, and this

is also shown in Fig. 2. Figure 2 show the LoS probability

as a function of the horizontal distance r =
√

x2 − h2
ij for

A2A and A2G channels in the dense urban environment.2 We

observe that the LoS probability decreases with r since the

larger distance generally has more blockages, which causes

the NLoS environment. On the contrary, the LoS probability

increases not only with the altitude difference between the

transmitter and receiver, hij , but also with altitudes of the

transmitter and the receiver, hi and hj .

Based on the LoS probability, we define Φ(L)
ij,Tx and Φ(N)

ij,Tx

as the set of transmitters in the j-layer which have LoS

and NLoS channels to a receiver in the i-layer. Similarly,

we define Φ(L)
ij,Rx and Φ(N)

ij,Rx as the set of receivers in the i-
layer, which have LoS and NLoS channels to a transmitter

in the j-layer, respectively. Here, the density of Φ
(c)
ij,Tx and

Φ
(c)
ij,Rx for given link distance x becomes 2πxλj,Txρ

(c)
ij (x) and

2The parameters used in this figure are µ = 0.5, ν = 3 × 10−4

(buildings/m2), ξ = 20 (m), a = 12.0810, and b = 0.1139 [5].
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2πxλi,Rxρ
(c)
ij (x), ∀c = {L, N}, respectively.

The pathloss exponents for LoS and the NLoS channels

are denoted by α(L) and α(N), respectively, and generally,

2 ≤ α(L) ≤ α(N). We also consider the Nakagami-m
fading for LoS and the NLoS channels, of which channel

gains are respectively presented by G(L) ∼ Γ(m(L), 1
m(L) ) and

G(N) ∼ Γ(m(N), 1
m(N) ). Here, we use m(N) = 1, which gives

Rayleigh fading, i.e., G(N) ∼ exp(1), while m(L) ≥ 1.

C. Communication Node Association Rules

For node association rules, we consider two components o
and a:

1) association subject o (whether a transmitter/receiver se-

lects a receiver/transmitter); and

2) association criterion a (whether the node with strongest

power or the nearest distance is selected).

In a MAN, a UAV may need to receive data from a

ground base station and a UAV. For those cases, the UAV

(i.e., receiver) can select the best transmitter for reliable

communication and we call it as the receiver-oriented asso-

ciation, denoted by o = r. On the other hand, a UAV may

need to transmit to a ground base station or a UAV. For

those cases, the UAV (i.e., transmitter) can select the best

receiver, and we call it as the transmitter-oriented association,

denoted by o = t. For the selection criteriona, we consider

both the nearest distance association and the strongest power

association, denoted by as a = n and a = s, respectively. Note

that the nearest and the strongest power associations have been

generally used in wireless networks [31].

Based on the node association rule τ = oa, the coordinate

of the associated node for a node at x is defined as

xτ =











argmax
x∈Φk,o,k∈K

Bk|x− x̂|−1 for a = n,

argmax
x∈Φk,o,k∈K

Bk|x− x̂|−αx for a = s,
(4)

where Bk is the association bias of k-layer, αx is the pathloss

exponent of the link between a transmitter and a receiver

where the node x is involved. In (4), Φk,o is defined as

Φk,r = Φk,Tx and Φk,t = Φk,Rx.

D. Main Link Distance Distribution Analysis

In the conventional terrestrial networks, the PDF of the

main link distance is determined by the transmission power,

the pathloss exponent, and the link distance. However, in

the AN, we need to consider the LoS/NLoS probabilities

for the links. Using the association τ = oa, the PDF of

the main link distance is presented in the following lemma.

We use fX(x), FX(x), and F̄X(x) to represent the PDF,

cumulative distribution function (CDF), and complementary

cumulative distribution function (CCDF) of a random variable

X , respectively.

Lemma 1: Using the node association rule τ , when main

link is established between a receiver in the i-layer and a

transmitter in the j-layer under the channel environment c,

the PDF of main link distance Y
(c)
ij,τ is given by

f
Y

(c)
ij,τ

(y) =
f
V

(c)
ij,o

(y)

A(c)
ij,τ

∏

k∈K,co∈{L,N},
(k,co) 6=(j,c)

F̄
V

(co)
ik,o

(

R
(c,co)
j,k,a (y)

)

, (5)

where A(c)
ij,τ is the association probability given by

A(c)
ij,τ =

∫

x>0

f
V

(c)
ij,o

(x)
∏

k∈K,co∈{L,N},
(k,co) 6=(j,c)

F̄
V

(co)
ik,o

(

R
(c,co)
j,k,a (x)

)

dx.

(6)

Here, V
(co)
ik,o is the distance to the nearest node among the

nodes in the k-layer AN under the channel environment co ∈
{L,N} from a node in the i-layer, of which the CCDF and the

PDF are given by

f
V

(co)
ik,o

(v) = 2πλk,ovρ
(co)
ik (v)exp

{

−
∫ v

hik

2πλk,oxρ
(co)
ik (x)dx

}

,

F̄
V

(co)
ik,o

(v) = exp

[

−
∫ max(v,hik)

hik

2πλk,oxρ
(co)
ik (x)dx

]

, (7)

where f
V

(co)
ik,o

(v) = 0 if v ≥ hik. In addition, R
(c,co)
j,k,a (y) is

given by

R
(c,co)
j,k,a (y) =







yBk/Bj for a = n,
(

yα
(c)

Bk/Bj

)1/α(co)

for a = s.
(8)

Proof: From the LoS probability, the density in the k-

layer AN under the channel environment co in distance x

is given by 2πxλk,oρ
(co)
ik (x). Therefore, the CDF of V

(co)
ik,o is

given by

F
V

(co)
ik,o

(v)
(a)
= 1− exp

{

−
∫ max(v,hik)

hik

2πxλk,oρ
(co)
ik (x)dx

}

(9)

where (a) is from the void probability of PPP. From (9), we

have (7).

In the nearest distance association case, the main link has

the smallest distance, hence, the probability that main link is

established as xτ ∈ Φ
(c)
ij,o and the main link distance is smaller

than y is given by

P

(

V
(c)
ij,o ≤ y, xτ ∈ Φ

(c)
ij,o | a = n

)

(10)

=

∫ y

0

f
V

(c)
ij,o

(v)P

(

xτ ∈ Φ
(c)
ij,o

∣

∣

∣

∣

V
(c)
ij,o = v, a = n

)

dv

(a)
=

∫ y

0

f
V

(c)
ij,o

(v)
∏

k∈K,co∈{L,N},
(k,co) 6=(j,c)

P

[

Bj

v
≥ Bk

V
(co)
ik,o

]

dv

=

∫ y

0

f
V

(c)
ij,o

(v)
∏

k∈K,co∈{L,N},
(k,co) 6=(j,c)

P

[

R
(c,co)
j,k,n (y) ≤ V

(co)
ik,o

]

dv,

where (a) is from (4). Here, for y → ∞, the probability

becomes equivalent to P

[

xτ ∈ Φ
(c)
ij,o

∣

∣ a = n
]

, which gives as-

sociation probability in (6). In the strongest power association

case, the main link has the strongest signal power, hence, the
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L
I
(co)
ik |ε(c)ij,τ (y)

(s) = exp






−2πλk,Tx











∫ ∞

max
(

χ
(c,co)
j,k,τ (y),hik

)

xρ
(co)
ik (x)






1−





1

1 + sPkx−α(co)

m(co)





m(co)





dx
















(14)

probability that main link is established as xτ ∈ Φ
(c)
ij,o and the

main link distance is smaller than y is given by

P

(

Y
(c)
ij,τ ≤ y, xτ ∈ Φ

(c)
ij,o | a = s

)

(11)

(a)
=

∫ y

0

f
V

(c)
ij,o

(v)
∏

k∈K,co∈{L,N},
(k,co) 6=(j,c)

P







Bj

vα(c)
≥ Bk
(

V
(co)
ik,o

)α(co)






dv

=

∫ y

0

f
V

(c)
ij,o

(v)
∏

k∈K,co∈{L,N},
(k,co) 6=(j,c)

P

[

R
(c,co)
j,k,s (y) ≤ V

(co)
ik,o

]

dv,

where (a) is from (4). Therefore, we derived the association

probability (6) by y → ∞.

Finally, the CDF of main link distance Y
(c)
ij,τ is given by

F
Y

(c)
ij,τ

(y) = P

(

V
(c)
ij,o ≤ y, xτ ∈ Φ

(c)
ij,o

)

/A(c)
ij,τ , (12)

which gives (5).

III. INTERFERENCE ANALYSIS OF MANS

In this section, we analyze the Laplace transform of the

interference in the MAN. In the MAN, the interference to

the i-layer receiver from the transmitters in the k-layer AN,

which have LoS links (co = L) and NLoS links (co = N) to

the receiver is given by

I
(co)
ik =

∑

x∈Φ
(co)
ik,Tx

/xτ

PkG
(co)x−α(co)

, ∀co ∈ {L,N} (13)

where x is the link distance. Let us define ε
(c)
ij,τ (y) as the

event that using the rule τ , a i-layer receiver associates

to a j-layer transmitter, and their link distance is y and

channel environment is c ∈ {L,N}. From the definition of

the interference and the node association rules, the Laplace

transform of the interference is given for the case of ε
(c)
ij,τ (y)

in the following lemma.

Lemma 2: In the case of ε
(c)
ij,τ (y), the the Laplace trans-

form of the interference from transmitters in the k-layer AN

under the channel environment co is given by (14), which is

presented on the top of this page, where χ
(c,co)
j,k,τ (y) is given

by

χ
(c,co)
j,k,τ (y) =

{

R
(c,co)
j,k,a (y) for o = r,

0 for o = t,
(15)

where R
(c,co)
j,k,a (y) is defined in (8).

Proof: In the case of ε
(c)
ij,τ (y), the Laplace transform of

the interference is then given by

L
I
(co)
ik

|ε(c)ij,τ (y)
(s) (16)

= E







∏

x∈Φ
(co)
ik,Tx

exp
{

−sPkG
(co)x−α(c)

}

∣

∣

∣

∣

ε
(c)
ij,τ (y)







(a)
= E

Φ
(co)
ik,Tx







∏

x∈Φ
(co)
ik,Tx





1

1 + sPkx−α(co)

m(co)





m(co)

∣

∣

∣

∣

ε
(c)
ij,τ (y)






.

Here, (a) is obtained by averaging over the channel fad-

ing G(co), which gives the moment-generating function

(MGF) of Gamma distribution. Since the density of inter-

ferer is 2πxλk,Txρ
(co)
ik (x), the probability generating functional

(PGFL) of PPP for function f(x) is obtained as [23]

E
Φ

(co)
ik,Tx







∏

x∈Φ
(co)
ik,Tx

f(x)

∣

∣

∣

∣

ε
(c)
ij,τ (y)







= exp

(

−2πλk,Tx

∫ ∞

χ

x(1 − f(x))ρ
(co)
ik (x) dx

)

(17)

where χ = max
(

χ
(c,co)
j,k,τ , hik

)

is the minimum distance bound

for interferers. When the node association rule o = r is used,

there is no interferer with shorter distance than (8) to the

receiver since a receiver selects the nearest or the strongest

transmitter, and we get χ
(c,co)
j,k,τ (y) = R

(c,co)
j,k,a (y) in (15). On the

contrary, when o = t, a transmitter selects a receiver, so the

locations of the interferers are independent with the location

of the main link transmitter, and we get χ
(c,co)
j,k,τ (y) = 0. From

(16) and (17), we get the Laplace transform of the interference

as (14).

There is no closed form of (14). However, for the case of

the interference from the transmitters in the same layer, i.e.,

I
(c)
ii , we obtain the Laplace transform of the interference in a

closed form as in the following corollary.

Corollary 1: The Laplace transform of the interference from

transmitters in the i-layer to the receiver in the i-layer is given

by (18) when sPiχ
(c,co)
j,k,τ (y)

−α(co)

< 1 and m(L) = m(N) = 1,

where

η = −√
µν ln

(

1− exp

[

− h2
i

2ξ2

])

. (19)

Proof: From Lemma 2, the Laplace transform of the

interference in the LoS environment, I (L)
ii , is given by

L
I (L)
ii |ε

(c)
ij,τ (y)

(s)

= exp

{

−2πλi,Tx

∫ ∞

χ

xe−ηx

(

1−
(

1

1 + sPix−α(L)

))

dx

}

(a)
= exp

{

2πλi,Tx

∫ ∞

χ

xe−ηx
∞
∑

n=1

(

−sPix
−α(L)

)n

dx

}

(20)
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L
I
(co)
ii |ε(c)ii,τ (y)

(s) =















exp
[

2πλi,Tx

∑∞
n=1 (−sPi)

n
ηnα

(co)−2Γ
(

2− nα(co), ηχ
(c,co)
j,i,τ (y)

)]

(co) = (L)

exp

[

2πλi,Tx

∑∞
n=1 (−sPi)

n

{

(

χ
(c,co)
j,k,τ

)2−nα(co)

nα(co)−2
− ηnα

(co)−2Γ
(

2− nα(co), ηχ
(c,co)
j,i,τ (y)

)

}]

(co) = (N)

(18)

=exp

{

2πλi,Tx

∞
∑

n=1

(

(−sPi)
n
∫ ∞

χ

x1−nα(L)

e−ηxdx

)

}

(b)
= exp {2πλi,Tx ×

∞
∑

n=1

(

(−sPi)
n ηnα

(L)−2

∫ ∞

ηχ

t1−nα(L)

e−tdt

)

}

, (21)

where χ = max
(

χ
(c,co)
j,i,τ (y), hii

)

= χ
(c,co)
j,i,τ (y). Here, (a)

follows from the Taylor series 1/(1 + x) =
∑∞

n=0(−x)n,

which is convergent for |x| < 1, so, (20) is convergent

for sPix
−α(c)

< 1, and (b) follows from integration by

substitution ηx = t. In (21), by definition of the upper

incomplete gamma function Γ(x, y) =
∫∞
y tx−1e−tdt, we get

the upper part of (18). In a similar way, the Laplace transform

of the interference in the NLoS environment, I (N)
ii , is given by

L
I (N)
ii |ε(c)ij,τ (y)

(s) (22)

= exp

[

2πλi,Tx

∫ ∞

χ

x(1− e−ηx)

∞
∑

n=1

(

−sPix
−α(N)

)n

dx

]

= exp









2πλi,Tx

∞
∑

n=1

(−sPi)
n









(

χ
(c,N)
j,k,τ

)2−nα(N)

nα(N) − 2

















×

exp

[

−2πλi,Tx

∫ ∞

χ

xe−ηx
∞
∑

n=1

(

−sPix
−α(N)

)n

dx

]

From (22), we get the lower part of (18).

For the i-layer receiver, the sum of total interference and

noise is defined as

Ii =
∑

k∈K,co∈{L,N}
I
(co)
ik,Tx + σ2 (23)

where σ2 is the noise power. From the property of the Laplace

transform, the Laplace transform of Ii is given by

LIi | ε(c)ij,τ (y)
(s)=exp(−sσ2)

∏

k∈T ,co∈{L,N}
L
I
(co)
ik | ε(c)ij,τ (y)

(s).

(24)

IV. PERFORMANCE ANALYSIS OF MANS

In this section, we analyze the STP and the ASE of

MAN based on the Laplace transform of the interference. In

addition, we derive the upper bound of the optimal density

that maximizes the STP and the ASE.

A. STP and ASE Analysis

In the event of ε
(c)
ij,τ (y), the STP is defined using signal to

interference plus noise ratio (SINR) as

p
(c)
ij,τ (y) = P

[

SINR
(c)
ij (y) > βij | ε(c)ij,τ (y)

]

, (25)

where

SINR
(c)
ij (y) = PjG

(c)y−α(c)

/Ii. (26)

Here, βij is the target SINR, which is related to the target

transmission rate between a i-layer receiver and a j-layer

transmitter. In addition, the definition of ASE is given as the

sum of the maximum average data rates per unit bandwidth

per unit area for a specified bit error rate [32], [33]. We

assume the number of the communication links in the unit area

depends on the number of the transmitters and the number of

the receivers for o = t and o = r, respectively. Therefore,

when o = r, we define the ASE as the data rate multiplied

with the density of the receiver. On the contrary, when o = t,

we define the ASE as the data rate multiplied with the density

of the receiver. Here, the data rate is log(1 + βij) when the

communication succeeds, and 0 when the communication is

failed. Therefore, the STP and the ASE of the k-layer in the

MAN is derived as the following Lemma.

Lemma 3: Using the node association rule τ , the STP and

the ASE of the k-layer in the MAN is given as

Pk,τ =

{

∑

j∈K,c∈{L,N} fP(k, j, c, τ) for o = r,
∑

i∈K,c∈{L,N} fP(i, k, c, τ) for o = t,
(27)

Sk,τ =

{

∑

j∈K,c∈{L,N}(λj −λj,o)RijfP(k, j, c, τ) for o = r,
∑

i∈K,c∈{L,N}(λi −λi,o)RijfP(i, k, c, τ) for o = t.

(28)

where Rij = log2(1 + βij) and fP(i, j, c, τ) is given as

fP(i, j, c, τ) = A(c)
ij,τ

∫ ∞

hij

p
(c)
ij,τ (y)fY (c)

ij,τ

(y)dy. (29)

Here, p
(c)
ij,τ (y) is presented as

p
(c)
ij,τ (y) =

m(c)−1
∑

n=0

(−s)n

n!

dn

dsn
LIi|ε(c)ij,τ (y)

(s)

∣

∣

∣

∣

∣

∣

s=l
(c)
ij (y)

, (30)

l
(c)
ij (y) =

m(c)βij

Pjy−α(c)
, (31)

where LIi|ε(c)ij,τ (y)
(s) is in (24).

Proof: From (25) and (26), the STP is given by

p
(c)
ij,τ (y) = P

[

G(c) >
βijIi

Pjy−α(c)

∣

∣

∣

∣

ε
(c)
ij,τ (y)

]

(32)

(a)
= EIi





m(c)−1
∑

n=0

(sIi)n
n!

exp (−sIi)
∣

∣

∣

∣

ε
(c)
ij,τ (y)





∣

∣

∣

∣

∣

∣

s=l
(c)
ij (y)

where (a) follows from the Gamma distribution of channel

gain and the property of lower incomplete Gamma function.

Notice that we derived (31) from (a). Using following property
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of the Laplace transform, we obtain (30).

LIi(s) = EIi [exp (−sIi)] ,

(−Ii)nLIi(s) =
dn

dsn
LIi(s). (33)

Therefore, from the PDF of the main link distance and the

association probability in Lemma 1, we obtain the STP of

node in the k-layer as (27). Furthermore, by the definition of

the ASE, which is the data rate multiplied with the density of

the node in the k-layer, we obtain ASE of k-layer AN in the

MAN as (28).

In the MAN, the STP and the ASE of the network is given

by

PMAN,τ =

{

∑

i∈K
λi,Rx

λT,Rx
Pi,τ for o = r,

∑

i∈K
λi,Tx

λT,Tx
Pi,τ for o = t,

(34)

SMAN,τ =
∑

i∈K
Si,τ . (35)

Note that the STP of the MAN is defined as the average STP

of the receivers(transmitters), whereas the ASE of the MAN

is defined as the total amount of data rate per unit frequency

per area.

The STP and the ASE have multiple integral which makes

evaluation hard, however, the integral in the Laplace transform

can be removed under the condition, which explained in the

following remark.

Remark 1: In Lemma 3, the Laplace transform of the

interference from the same layer of AN can be replaced with

(18) when τ = rs, βij < 1, m(L) = m(N) = 1, and Bk = Pk,

since the conditions in Corollary 1 are satisfied.

Proof: In the event of ε
(c)
ij,τ (y), using the node asso-

ciation τ = rs, χ
(c,co)
j,k,τ (y) = R

(c,co)
j,k,a . Furthermore, when

Bk = Pk, Pkx
−α(co)

Pjy−α(c) < 1 for all R
(c,co)
j,k,a ≤ x. Therefore,

l
(c)
ij (y)Pkx

(co) = βij
Pkx

−α(co)

Pjy−α(c) < 1, which satisfy the condi-

tion in Corollary 1.

B. Upper Bound of Optimal Density

In the design of the MAN, it is important to optimize the

densities of transmitters in order to maximize the STP and

the ASE.3 However, it is hard to present the STP or the ASE

in a closed form, so, consequently, hard to obtain the optimal

densities. Nevertheless, we derived the upper bound of the

optimal density that maximizes the STP and the ASE in the

following corollary.

Corollary 2: When j-layer transmitters communicate to k-

layer receivers and the channel coefficient is m(N) = m(L) = 1,

the upper bound of the optimal transmitter density in the j-

layer that maximizes the STP, λ
b,Pk,τ

j,Tx , and that maximizes the

ASE, λ
b,Sk,τ

j,Tx , of the k-layer are respectively given by

λ
b,Pk,τ

j,Tx =

{

1
2πǫkj

for o = r,

0 for o = t,
(36)

3Note that the optimal density of the receiver is trivial to derive. From our
analysis, Pk,ra is independent with the density of the receiver. Furthermore,
Pk,ta and Sk,τ increase with the density of the receiver.

TABLE II
SIMULATION PARAMETERS

Parameter Value Parameter Value

(m(L),m(N)) (1, 1) (µ, ν, ξ) (0.5, 3× 10−4, 20)

(α(L), α(N)) (2.5, 3.5) (a, b) (12.0910, 0.1139)

a a = s βk 0.7

(Bk , Pk) 1 Receiver layer 0

σ2 0 Transmitter layer j, k

λ
b,Sk,τ

j,Tx =















1
2πǫkj

for o = r,

0 for o = t and k 6= j,

maxi∈K
[

1
2πǫki

]

for o = t and k = j.

(37)

where ǫij is

ǫij = (38)
∫ ∞

hij

x

(

1−
ρ(L)
ij (x)

1 + βijhα(L)

ij x−α(L)
−

ρ(N)
ij (x)

1 + βijhα(L)

ij x−α(N)

)

dx.

Proof: See Appendix A.

Note that the optimal density exists due to the trade-off:

increasing the transmitter density increases the ASE or STP

due to the shorter link distance and the increasing number of

communication links in the network, while also decreases the

ASE or STP due to the larger interference. However, when

o = t, the STP always decreases with the transmitter density

since the main link distance distribution is determined by the

receiver density not by the transmitter density, which gives the

optimal transmitter density as zero. Furthermore, when o = t

and j 6= k, the ASE of j-layer always decreases with the k-

layer transmitter density since neither the main link distance

nor the number of communication links in the j-layer depend

on the k-layer transmitter density.

As the optimal density of the transmitters is hard to be

presented, we need to use a certain search algorithm such as

the exhaustive search. In that case, this upper bound can be

usefully used to determine the search range. In addition, as

shown in Corollary 2, the optimal transmitter density bound

can be determined for each layer independently as it is not

affected by other layer transmitter densities. From Corollary 2,

we can also see the following tendency of the upper bound.

Corollary 3: The upper bound of the optimal transmitter

densities λ
b,Pk,τ

j,Tx and λ
b,Sk,τ

j,Tx , are non-increasing function of

hij under the conditions of βijh
α(L)

ij > 1 and hij > 1, since

ǫij increases with hij .

Proof: See Appendix B.

Note that the condition βijh
α(L)

ij > 1 and hij > 1 are condi-

tions, which are generally satisfied in UAV communications.

From Corollary 3, we can see that as the altitude difference

between the transmitter and the receiver hij increases, the

optimal transmitter density bound becomes smaller, which will

be almost zero for large altitude difference.

V. NUMERICAL RESULTS

In this section, we present the STP and the ASE of the

MAN for the receiver-oriented and the transmitter-oriented
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Fig. 3. STP of the single layer AN according to the transmitter altitude hj

with different LoS coefficientes m(L) when λj = 10−5, o = r.

association cases. For the numerical results, we consider the

interference-limited environment, i.e., σ2 = 0, in order to

clarify the results. We use the ground layer, i.e., 0-layer,

and i-layer as receivers’ layer, j-layer and k-layer as the

transmitters’ layers, and omit the subscripts Rx and Tx for

the simplicity, e.g., λ0 = λ0,Rx and λj = λj,Tx. Furthermore,

we omit the subscript in the total transmitter density, i.e.,

λj + λk = λT instead of λT,Tx. Simulation parameters for

our numerical results summarized in Table. II, where Fig. 3

uses m(L) = 3 and the nearest distance association, i.e., a = n,

and Fig. 4 uses the i-layer as the receivers’ layer.

A. Receiver-oriented Association Case

In this subsection, we show the STP of the MAN when the

receiver-oriented association is considered. We omit the ASE

results since the ASE is a multiplication of the STP with the

receiver density when o = r, which gives the same tendency

with the STP. To show the effects of network parameters on

the performance more clearly, we first show the performance

for a single layer AN case in Figs. 3-5, and then provide the

performance for a two layer MAN case in Fig. 6.

Figure 3 shows the STP of the single layer AN (i.e., the

j-layer) as a function of the altitude of the layer hj for

different values of channel coefficient m(L) = {1, 3} and two

node association rules, i.e., the strongest power (τ = rs)

and the nearest distance (τ = rn) associations. Here, the

density of the transmitter is λj = 10−5 [nodes/m2]. The

LoS probability in (2) is used for this figure, and we also

provide the results with ρ(L)
0j = 1 (i.e., the case that always

assumes LoS link) to show the effect of the LoS probability

consideration. Simulation results are obtained from Monte

Carlo simulation which are presented by the dashed lines with

filled markers, while analysis results are presented by the solid

lines with unfilled markers, which fit well with the simulation

results.

From Fig. 3, we observe the existence of the optimal

altitude of the transmitter layer due to the trade-off by the
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Fig. 4. STP of the single layer AN according to the difference of altitude
between layers hj −hi with different receiver altitudes hi when λj = 10−5

and τ = rs.

altitude on the STP: as the altitude of the transmitter increases,

the LoS probability of the main link also increases, which

results in higher STP, while both the LoS probability of the

interference link and the main link distance increase, which

lowers STP. However, when the LoS probability is ρ(L)
0j = 1

and not changed with the altitude, the STP only decreases

since the main link distance increases with the altitude.

In addition, we observe the effect of the LoS coefficient

m(L) on the STP, which gives higher STP at low altitude

region (e.g., hj < 200) and gives lower STP at high altitude

region (e.g., hj > 230). For the Nakagami-m fading, the larger

coefficient m(c) gives less chance to have the smaller channel

gain. At the low altitude region, the main link is mostly LoS

while the interference is NLoS that gives the higher SINR

with the larger LoS coefficient m(L). On the contrary, at the

high altitude region, the interference has more LoS links that

gives the lower SINR with the larger LoS coefficient m(L).

Figure 4 depicts the STP of the single-layer AN4 as a

function of the altitude difference between the j-layer (i.e.,

transmitter layer) and the i-layer (i.e., receiver layer), hj−hi,

for different altitudes of the i-layer, hi = {0, 10, 20, 30}, when

hj > hi. Here, the strongest power association (τ = rs) is

used and λj = 10−5. The simulation results are presented

by the dashed lines with filled markers, while analysis results

are presented by the solid lines with unfilled markers. For the

analysis results, we use Lemma 2 for hi = {0, 10, 20, 30} and

Corollary 1 for the case of hi = hj , and show that analysis

results match well with the simulation results.5

From Fig. 4, we observe that the optimal altitude difference

(hj − hi)
∗ that maximizes the STP exists and decreases with

the h hi. When hi is large, the LoS probability of the main link

and the interfering links are high, hence, the smaller distance

4Even though we use two ANs, i and j-layer, we regard it as the single-
layer AN since only one layer acts as the transmitter and the receiver.

5Although the closed form Laplace transform contains the infinite sum-

mation in Lemma 2 and we use partial summation, i.e.,
∑10

n=1, instead of∑∞
n=1, we show high coincidence with simulation results since the partial

summation converges to the infinite sum with a bearable error.
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Fig. 5. STP of the single layer AN as functions of the transmitter density λj

and the transmitter altitude hj when τ = rs. A solid line with stars presents
the optimal density and a dotted line presents the upper bound of the optimal
density.

gives the higher STP that reduce optimal hj − hi. Therefore,

the difference between altitues should be smaller when the

communication between different ANs in high altitude is

considered. Considering hi = hj , which is the same with

the communication between nodes in the same layer, optimal

altitude of layer hi exist since the LoS probability of the

main link and the interfering links increases with hi. At low

altitude region (e.g., hi = 0), the channel is mostly NLoS,

at high altitude region (e.g., hi = 100), contrary, the channel

is mostly LoS. In between low and high (e.g., hi = 30), the

LoS probability is high when the smaller horizontal distance

is considered, therefore, the main link is under LoS channel

whereas the interfering links are under NLoS channel, that

gives the higher STP compared with the low and high altitude.

Figure 5 shows the STP of the single-layer AN as functions

of the transmitter density λj and the transmitter altitude

hj when τ = rs. We present the optimal density λ∗
j that

maximizes the STP using a solid line with stars and the upper

bound of the optimal density, obtained from Corollary 2,

as a dashed line. In addition, we observe the existence of

the optimal density since as the density of the transmitter

increases, the main link distance decreases and the LoS

probability of the main link increases, which results in higher

STP, while both the interfering nodes and the LoS probability

of the interferers increase, which results in lower STP.

Furthermore, by comparing the optimal density and the

upper bound of the optimal density, we notice that their trends

according to the altitude hj are similar. Specifically, both the

optimal density and its upper bound decrease with the altitude

hj as proven in Corollary 3. Although the difference between

the optimal density and its upper bound is not small, the

upper bound can play an important to find the optimal density

by restricting the searching range, e.g., exhaustive searching

starting from the upper bound.

Figure 6 shows the STP of the two layer MAN as functions

of the density of j-layer transmitters λj and the density of k-
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Fig. 6. STP of the two layer MAN as functions of the j-layer transmitter
density λj and the k-layer transmitter density λk when hj = 100, hk = 200,
and τ = rs. A line with stars presents the optimal j-layer transmitter density
and a line with diamonds presents the area that have the same total density
λT .

layer transmitters λk , when hj = 100, hk = 200, and τ =
rs. The line marked with stars shows the optimal transmitter

density of the k-layer λ∗
k for different values of λj . We can see

that λ∗
k decreases as λj increases. This is because the larger

interference from the j-layer that makes the density of other

interfering layer to decrease (i.e., k-lyaer), for the optimal

density. The lines marked with diamonds show the cases of

having the given values of the total density, i.e., λj+λk = λT ,

and the points of circles shows the optimal densities (λj , λk)
∗

for each cases of λT . We can see that when λT is large (e.g.,

λT = 10−4.6), having all transmitters in the layer with lower

altitude (i.e., the j-layer) can achieve higher STP, while for

small λT (e.g., λT = 10−6), having all transmitters in the

layer with higher altitude (i.e., the k-layer) achieves higher

STP. However, when λT is neither large or small, e.g., λT =
10−5.3, having transmitters in multiple layers, i.e., both j and

k-layers can be better in terms of the STP.

B. Transmitter-oriented Association Case

In this subsection, we show the STP and the ASE of

the MAN when the transmitter-oriented association and the

ground receiver in the 0-layer with density λ0 = 10−5 is

considered. We show the performance for a single layer AN

case in Figs. 7 and 8, and then provide the performance for

a two layer MAN case in Figs. 9 and 10.

Figures 7 and 8 show the STP and ASE of the single

layer AN as functions of the transmitter density λj and their

altitude hj when τ = rs. The solid line with squars presents

the optimal altitudes h∗
j that maximize STPs (in Fig. 7) and

the solid line with stars presents the optimal density λ∗
j that

maximizes ASE (in Fig. 8) for different values of λj . The

dashed line in Fig. 8 presents the upper bound of the optimal

transmitter density, obtained from Corollary 2. Note that the

same as the receiver-oriented association case, the optimal

transmitter density and its upper bound have the same trend,
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Fig. 7. STP of the single layer AN as functions of the transmitter density
λj and the transmitter altitude hj when τ = ts. A solid line with squars
presents the optimal altitude.
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Fig. 8. ASE of the single layer AN as functions of the transmitter density λj

and the transmitter altitude hj when τ = ts. A solid line with stars presents
the optimal density and a dotted line presents the upper bound of the optimal
density.

which decreases with the altitude of the AN. Furthermore,

in Fig. 8, we can see that the optimal transmitter density

in terms of the ASE exists due to following reasons. For

small transmitter density λj , when λj increases, the impact of

increasing number of the transmitting links in the network is

large, so ASE increases with λj . However, for large λj , when

λj increases, the impact of increasing interfering nodes and

increasing their LoS probabilities to a receiver becomes more

critical than the increasing number of the transmitting links, so

the ASE decreases with λj . Note that the optimal transmitter

density in terms of the STP is zero, since the larger transmitter

density gives the more interfering nodes, while the main link

distance is not changed (as the transmitter-oriented association

is used).

Figure 9 shows the ASE the of two layer MAN as functions

of the j-layer transmitter density λj and the k-layer transmitter

density λk when hj = 100, hk = 200, and τ = ts. The line
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Fig. 9. ASE of the two layer MAN as functions of the j-layer transmitter
density λj and the k-layer transmitter density λk when hj = 100, hk = 200,
and τ = ts. A line with stars presents the optimal j-layer transmitter density
and a line with diamonds presents the area that have the same total density
λT .
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Fig. 10. Normalized ASE of two layer MAN according to the ratio of the
j-layer transmitter density to the total density λj/λT with different total
densities. λT when hj = 100, hk = 200, and τ = ts.

marked with stars shows the optimal transmitter density of

the k-layer λ∗
k for different values of λj . The lines marked

with diamonds show the cases of having given values of the

total transmitter density, i.e., λj + λk = λT , and the optimal

density pairs, i.e., (λj , λk)
∗ is marked with circles for different

λT . From Fig. 9, we can see that when λT is large (e.g.,

λT = 10−5 and λT = 10−4.5), λ∗
j > 0 and λ∗

k = 0. However,

when λT is small (e.g., λT = 10−6), λ∗
k > 0 and λ∗

j = 0.

In order to further clarify the relationship between the total

transmitter density λT and the optimal densities of each layers,

we present the normalized ASE in Fig. 10 as a function of

the ratio of the j-layer transmitter density to the total density

λj/λT for different values of the total density λT . Here the



11

normalized ASE, SN
λT

(ρ), is defined as

SN
λT

(ρ) =

SλT (ρ)−min
ρ′

SλT (ρ
′)

max
ρ′

SλT (ρ
′)−min

ρ′

SλT (ρ
′)

(39)

where SλT (ρ) is the ASE when the total density λT and the

ratio of j-layer transmitter density, ρ = λj/λT , is given.

Here, the normalized ASE is a linear transform that makes

the ASE to have values between [0, 1], for the optimal ratio

visualization. From Fig. 10, we can see that when the total

transmitter density λT is high, the optimal is to use the

lower AN only, i.e., λ∗
j = λT . On the other hand, when

λT is low, the optimal is to use the higher AN only, i.e.,

λ∗
k = λT . However, when λT is neither high nor low such

as λT = 1.4 × 10−6, it is better to use the two layer MAN

instead of the single layer AN, which is the same as the STP

of the MAN with the receiver-oriented association.

VI. CONCLUSION

This paper establishes a foundation for the MAN account-

ing for the different UAV densities, altitudes, and transmission

power in each layer AN. After modeling the MAN with the

association rules and the channel, suitable for various scenario

of the MAN, we newly analyze the association probability, the

main link distance distribution, and the Laplace transform of

the interference. We then analyze the STP and the ASE of

the MAN, and also provide the upper bounds of the optimal

UAV densities that maximize the STP and the ASE, which

is decreasing with the altitude of the AN and determined

independently without the effect of other layer UAV densities.

Finally, in the numerical results, we provide insights on the

efficient design of the MAN. Specifically, we show that the

optimal altitude of each AN, maximizing the ASE, decreases

with the UAV density, and also the optimal UAV density de-

creases with the altitude of the AN. The optimal UAV density

of each AN, maximizing the STP, also decreases with the

altitude of the AN for the receiver-oriented association case,

while it becomes zero for the transmitter-oriented association

case. We also show that when the total density of the UAVs

is given, the optimal design of the MAN is single AN with

the lower and the higher altitudes for large and small total

densities, respectively, whereas the optimal design is to use

the multiple layers when the density is neither large nor small.

APPENDIX

A. Proof of Corollary 2

In order to derive the upper bound of the optimal densities,

we get the derivatives of the STP and the ASE with respect

to the transmitter density. Then, we obtain the range of the

densities that reduce the STP and the ASE, which gives the

upper bound. In this proof, we use following notation, which

is not used in the rest of the paper.

C(c)
ij,τ (y) = A(c)

ij,τp
(c)
ij,τ (y)fY (c)

ij,τ
(y) (40)

1) receiver-oriented Association: From Lemma 3, when

o = r, the derivative of the k-layer STP with respect to the

j-layer transmitter density is given by

∂

∂λj,Tx

Pk,τ =
∑

i∈K,c∈{L,N}

∫ ∞

hki

∂C(c)
ki,τ (y)

∂λj,Tx

dy, (41)

∂C(c)
ki,τ (y)

∂λj,Tx

=







C(c)
ki,τ (y)

λj,Tx

(

1− λj,Txφ
(c)
kj,τ (i, y)

)

for i = j,

−C(c)
ki,τ (y)

λj,Tx
φ
(c)
kj,τ (i, y) for i 6= j,

(42)

φ
(c)
kj,τ (i, y) = (43)

2π
∑

co∈{L,N}

[

∫ ∞

hki

xρ
(co)
ki (x)dx −

∫ ∞

χ

xρ
(co)
ki (x)

1 + l
(c)
ki (y)Pix−α(co)

dx

]

where, χ = max
(

χ
(c,co)
j,i,τ (x), hki

)

. When i 6= j, (42) is

always negative. Furthermore, when i = j, if the following

inequality holds, (42) is the negative.

max
y,c

[

1

φ
(c)
kj,τ (j, y)

]

≤ λj,Tx (44)

Here, φ
(c)
kj,τ (j, y) increases with y and φ(L)

kj,τ (j, y) <

φ(N)
kj,τ (j, y), therefore, φ

(c)
kj,τ (j, y) has minimum at the c = (L)

and y = hkj , of which minimum is given by

ǫkj = φ(L)
kj,τ (j, hkj). (45)

Therefore, when 1/ǫkj ≤ λj,Tx, the STP of the k-layer is

always decreased with the density of the transmitter in the j-

layer, which gives the upper bound of the optimal density that

maximizes the STP. In addition, the derivative of the ASE is

given by

∂

∂λj,Tx

Sk,τ = λk,Rx

∑

i∈K,c∈{L,N}

∫ ∞

hki

Rki

∂C(c)
ki,τ (y)

∂λj,Tx

. (46)

The density of the receiver and the data rate are independent

with the density of the transmitter. Therefore, if the inequality

(44) holds, the ASE decreases with the density of the trans-

mitter, which gives the same upper bound of the density that

maximizes the STP.

2) transmitter-oriented Association: When o = t, the

derivative of the STP of the k-layer with respect to the density

of the j-layer transmitter is given by

∂

∂λj,Tx

Pk,τ =
∑

i∈K,c∈{L,N}

∫ ∞

hik

∂C(c)
ik,τ (y)

∂λj,Tx

(47)

∂C(c)
ik,τ (y)

∂λj,Tx

= −C(c)
ik,τ (y)θ

(c)
kj,τ (i, y) (48)

θ
(c)
kj,τ (i, y) = (49)

2π
∑

co∈{L,N}

∫ ∞

χ

xρ
(co)
ij (x)

(

1− 1

1 + l
(c)
ij (y)Pjx−α(co)

)

dx,

where χ = max(χ
(c,co)
k,j,τ , hij). Therefore, the STP always

decreases with the transmitter density, which gives the optimal

density as zero. In addition, the derivative of the ASE is given
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by

d

dλj,Tx

Sk,τ =
∑

i∈K,c∈{L,N}

∫ ∞

hik

Rki
∂

∂λj,Tx

(

λk,TxC(c)
ik,τ (y)

)

,

(50)

∂
(

λk,TxC(c)
ik,τ (y)

)

∂λj,Tx

=

{

C(c)
ik,τ (y)

(

1− λj,Txθ
(c)
kj,τ (i, y)

)

for k = j,

−λk,TxC(c)
ik,τ (y)θ

(c)
kj,τ (i, y) for k 6= j.

(51)

When k 6= j, the gradient is always negative which gives the

optimal density as 0. When k = j, the range of the density

that gives negative gradient is given by

max
i,y,c

[

1

θ
(c)
kj,τ (i, y)

]

≤ λj,Tx. (52)

Note that we maximize over i ∈ K. Here, as θ
(c)
kj,τ (i, y)

increases with y and θ(N)
kj,τ (i, y) < θ(L)

kj,τ (i, y), the minimum is

given as

ǫki = θ(L)
kj,τ (i, hki). (53)

Therefore, we get the upper bound of the transmitter density

that maximize the STP and the ASE.

B. Proof of Corollary 3

From Corollary 2, ǫij is given by

ǫij =

∫ ∞

0

y (1− q(y, hij)) dy,

q(y, hij) =
̺(L)
ij (y)

1 +
βijhα(L)

ij

(y2+h2
ij)

α(L)/2

+
̺(N)
ij (y)

1 +
βijhα(L)

ij

(y2+h2
ij)

α(N)/2

. (54)

We use the integration by substitution for ǫij as y2 =
x2 − h2

ij , hence, the modified LoS probability is ̺(L)
ij (y) =

ρ(L)
ij

(√

y2 + h2
ij

)

which increase with hij for given y. There-

fore, ǫij increases with hij if q(y, hij) decreases with hij for

all y ∈ [0,∞). The function q(y, hij) is further reformulated

as

q(y, hij) =



1 + βij

(

h2
ij

h2
ij + y2

)α(L)/2




−1

+ (55)

̺(N)
ij (y)βijh

α(L)

ij

(

(

h2
ij + y2

)α(N)/2 −
(

h2
ij + y2

)α(L)/2
)

(

βijhα(L)

ij +
(

h2
ij + y2

)α(N)/2
)(

βijhα(L)

ij +
(

h2
ij + y2

)α(L)/2
)

We use ̺(L)
ij (y) + ̺(N)

ij (y) = 1. The upper part decreases with

hij since
h2
ij

h2
ij+y2 increases with hij . Furthermore, the lower

part decreases with hij if 1 < h2
ij + y2 and 1 < βijh

α(L)

ij .

Therefore, ǫij decreases with hij if 1 < hij and 1 < βijh
α(L)

ij .
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