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Abstract

Channel puncturing transforms a multiple-input multiple-output (MIMO) channel into a sparse
lower-triangular form using the so-called WL decomposition scheme in order to reduce tree-based
detection complexity. We propose computationally efficient soft-output detectors based on two forms
of channel puncturing: augmented and two-sided. The augmented WL detector (AWLD) employs a
punctured channel derived by triangularizing the true channel in augmented form, followed by left-
sided Gaussian elimination. The two-sided WL detector (dubbed WLZ) employs right-sided reduction
and left-sided elimination to puncture the channel. We prove that augmented channel puncturing is
optimal in maximizing the lower-bound on the achievable information rate (AIR) based on a new
mismatched detection model. We show that the AWLD decomposes into an MMSE prefilter and channel
gain compensation stages, followed by a regular WL detector (WLD) that computes least-squares soft-
decision estimates. Similarly, WLZ decomposes into a pre-processing reduction step followed by WLD.
AWLD attains the same performance as the existing AIR-based partial marginalization (PM) detector,
but with less computational complexity. We empirically show that WLZ attains the best complexity-

performance tradeoff among tree-based detectors.

Index Terms
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I. INTRODUCTION

Modern communication systems rely on multiple-input multiple-output (MIMO) antenna con-
figurations with large dimensions to support the aggressive targets set on spectral efficiencies.

However, achieving the ideal performance promised by MIMO technology requires detectors
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whose complexity grows exponentially in MIMO dimensions. To support low-latency commu-
nications while providing high throughput rates, computationally efficient designs of MIMO
detectors that do not incur substantial performance loss are essential.

MIMO detection is a classical problem in communications, and the literature is rich with
schemes that provide various performance-complexity tradeoffs in the design space (e.g., [2],
[3]). The benchmark for performance in the sense of generating ‘good’ soft decisions on the
transmitted bits is maximum likelthood (ML) detection, which provides optimal performance
but with exponential complexity. Alternatively, the benchmarks for low-complexity detection are
the zero-forcing (ZF) and minimum mean-square error (MMSE) schemes, which decouple the
transmit layers through linear filtering to generate log-likelihood ratios (LLRs) for each symbol
bit in parallel, or sequentially with decision feedback.

Tree-search based detectors such as sphere decoding [4], list decoding [5], and other variants
map the detection problem into a search problem for the closest signal vector. They find the
closest vector in /N-dimensional signal space to the received vector by forming a search-tree
and recursively enumerating symbols across all layers from the parent down to the leaves. Such
schemes suffer from non-deterministic search-time complexity (see [6]-[8]). To simplify the
search process, fixed-complexity schemes such as [9]-[11] limit the search steps to a set of
survivor paths. While these schemes are efficient in finding the ML path, they do not necessarily
find all the best competing paths that are needed to generate soft decisions for each symbol bit.

An alternative concept is partial marginalization (PM) [12], [13], which exhaustively enumer-
ates only over a small subset of v carefully chosen parent layers out of N, and approximately
marginalizes over the other N—v child layers using ZF with decision-feedback (ZF-DF) estimates.
While the bit LLRs for parent symbols are easy to compute, computing bit LLRs for child
symbols is complicated by three facts: 1) for each bit hypothesis of the child symbols, a separate
ZF-DF process is needed, which is compute-intensive for large /V; 2) the LLRs are prone to error
propagation for large N due to decision feedback; 3) the quality of the LLRs is very sensitive to
the choice of the v parent layers. In [14], the closely related layered orthogonal lattice detector
(LORD) scheme mitigates the first drawback by operating with ¥ =1 and computing bit LLRs
for the parent symbol only; /V independent searches using N trees are performed to compute

the bit LLRs for all symbols by choosing a new symbol as a parent in each tree.



To overcome the second drawback, the so-called WL detection (WLD) ' scheme [15] first
applies a (non-unitary) filtering matrix W to transform the channel into sparse lower-triangular
form L. It then enumerates across one parent layer and detects symbols in all other child layers
in parallel via least-squares (LS) estimates without decision feedback. The channel matrix is
“punctured” to have a special structure that breaks the connections among child nodes, while
retaining connections only to the parents. Essentially, all child nodes become leaves, and hence,
marginalization is exact in the LS sense. An immediate consequence is that the LS estimates
of the counter hypotheses of each leaf symbol bit can be easily derived from the LS estimate
itself [16]. A closely related concept is the achievable information rate (AIR)-PM detector [17],
[18], which derives a “shortened” channel similar to the WLD’s punctured structure using
information-theoretic optimizations. Other optimal linear detectors are presented in [19].

In this paper, we show that the concepts of channel puncturing of [15] and AIR-PM-based
channel shortening of [18] are related. After introducing the system model and reviewing tree-
based detection in Sec. II, we present a matrix characterization of one-sided and two-sided
channel puncturing based on Gaussian elimination and lattice reduction in Sec. III. In Sec. IV,
we present the WLD detection model and derive a lower bound on the achievable rate of the
WLD detector, as well as a bound on the quality of its hard decision estimate, and show that these
bounds approach capacity and the hard ML decision as the puncturing order increases. In Sec. V,
we propose a new augmented WLD (AWLD) detection scheme, in which an augmented channel,
rather than the true channel, is punctured. We derive a lower bound on the AIR of the AWLD
detector and characterize its gap to capacity. In Sec. VI, we propose an alternate mismatched
detection model compared to [17], and use it to derive optimal punctured channels that maximize
the AIR. We prove that the AWLD detector is optimal under this model, and is in fact equivalent
to the AIR-PM detector of [18]. The AWLD detector decomposes into an MMSE prefilter and
channel gain compensation stages, followed by a WLD detector. Hence, AIR-optimal channel
puncturing can be achieved using simple QL decomposition followed by Gaussian elimination.
In Secs. VII-VIII, we present computationally efficient matrix decomposition, puncturing, and
MIMO detection algorithms based on the proposed schemes. Empirical simulation results are

presented in Sec. IX. Finally, Sec. X concludes the paper. The supplementary material includes

"The WL decomposition is defined to be a decomposition of the matrix H as WH =L, where W is a (non-unitary) filtering
matrix and L is a sparse lower-triangular matrix. A detector that applies WL decomposition to the channel matrix H and detects
symbols based on L is called a WL detector.



proofs, pseudo-codes of all proposed algorithms, and enlarged figures.

Notation: i=+/—1; Z,R,C,G=Z+iZ are the sets of integers, reals, complex numbers, and
Gaussian integers; a=[ay] column vector with elements a;; A =[ay;] matrix with elements ay;;
(Al =lak1, -, am]; [Alz=lar1, -, arr—1]; [Al1=0; Oppey =M X N zero matrix; Iy=NxN
identity matrix; e, = kth column of I E[-] =expectation; CA/ (m, C) denotes circularly-symmetric
complex Gaussian distribution with mean m and covariance matrix C; (-)T =transpose; (-)7 =
Hermitian transpose; JR{-},J{-} = real, imaginary part; diag(-) = matrix diagonal; det (-) =
determinant; ||-| = Ly norm; || = Frobenius norm; A'/2 = matrix square-root; A =B denotes

(A —B) positive semidefinite; = denotes equality up to an additive constant.

II. SYSTEM MODEL AND LAYERED DETECTION

Let He CMN model a MIMO communication channel with N transmit antennas and M > N
receive antennas. The transmit signal x = [z,,] € XV*! is composed of N symbols z,, drawn
from constellation X with average energy E[r,z!] = E and size |X| = Q. Each symbol z,, is
mapped from B=log, @ bits z,,, € {1} as x,= (1,,3),_,. Assuming H is perfectly known only

at the receiver, the receive signal y € CM*!

is modeled using the input-output relation
y = Hx+n, 6]
where the noise term n ~ CN(0,,,,, N,I,;) and Ny is the noise variance. The conditional

probability p(y|x) and metric u(y|x) according to (1) are

p(ylx) = Groymexp (u(y[x)), (2)
plyx) = — g ly —Hx| (3)
= —Nio(yfy—Q%{yTHx}%—fotHx) 4)
~ 2% {y'Hx} —x'H'Hx. 3)

Using the observation y and assuming no prior information on x (i.e., P(z,,=+1)=P(2,,=
—-1)= %), the ML detector generates the LLR of the bth bit z,,;, of the nth symbol z,, in x as
D i, et XD ((y]%))

e (6)

Zx::pn,b:—l exp (M(y‘X)) '
To avoid computing sums of exponentials in (6), the ML detector with Max-Log approximation

L(xn,b|Y) =1In

(MLM) recursively applies the Jacobian approximation In(e¢+ e?) ~ max(c,d) [20] to the

exponentials in (6), and approximates L(z,,|y) by A(x,,|y) as

A(znply) = max p(ylx) — max u(y[x). (7
X:Ty p==+1 X:Tp p=—1



In the absence of any structure on H or any further simplifying assumptions, computing the

sums in (6) or the max terms in (7) have exponential complexities in V.

A. Tree-based Layered Detection

Detecting symbols and generating bit LLLRs can be done efficiently on a tree. By triangularizing
H and associating symbols with edges and partial Euclidean distances with nodes, symbols can
be detected by searching the tree for a path from the root to a leaf with minimal weight.

Let H = QL denote the thin QL decomposition (QLD) [21] of H, where Q € C* has
orthonormal columns (Q'Q=1I) and L eCM¥ is a square lower-triangular matrix with real and
positive diagonal elements. We write y—Hx in terms of Q, L as y—Hx = Q(ny—Lx)—F(IAQQT)y.
Since Q L (I-QQ"), i.e., Q(I-QQ') = 0, the squared-distance in (3) can be expanded as
ly—Hx|’=Q(Q'y —Lx)|’+|(I-QQ")y|’. Since Q'Q=1, then Q does not scale Euclidean
distances. Also the term ||(I—-QQ')y| is independent of x and hence is irrelevant for detection.
Thus, it suffices to work with the quantity |y —Lx|” rather than |y —Hx|” in (3), with y=Q'y.

With proper layer ordering and partial marginalization, the tree can be searched by enumerating

only over a subset of v parent layers, rather than all the layers. Let x, = [z1,- - - ,x,,]T and
X, = [#,41,--- ,on] denote the parent and child symbol vectors, respectively. Let ¥,,¥, be
similarly defined from y. Define the variables w; and z; as
min{k,v} k—1
we =Gk — > gz, o =wp— >y, ®)
j=1 j=v+1
for k=1, ---, N. Note that wy depends only on x;, while z; depends on both x;, and x,. The

weight of a parent node (1 <k <) and a child node (v+1<k < N) are given by

e(wy) = — 5= [wil?, 1<k<v, )
ez, ) = — o |2k — b’ v+ 1<k <N (10)
The weight of a path associated with symbols x=[x;; x| is
v N
pFIx) =Y elwy) + Y ez m) £ 1) + m(Felxi, x2). (11)
k=1 k=v+1
Maximizing ;(y|x) over all x such that z,,; is s==1, for b=1,--- ,B, n=1,--- | N, can be
expressed using (11) as
Jmax u(y]x) = max {3 [x:) + max 1,(§[x1, %) |, (12)
IST:JSU Tn,b=*" *2
Jnax - p(y]x) = max{n(¥i[x:) + max p(yafxi, x2) § (13)

v4+1<n<N Tn,b=*3



The inner max operations in (12)-(13) can be approximated by successively solving using ZF-
DF for symbols in x, having x; as parents. Let |z], and |z] 2 denote slicing to the closest
symbol to z in X and X £ {z, € X : z,;, = s}, respectively. When the hypothesis is for a
parent symbol bit (1 <n <r), ZF-DF on child symbols proceeds as follows:

k—1
/{I:I/—Fl, e ,Ni 2L =W, — Z lkjfi'j, Ty = Lék/lkk—lx
j=v+1
Set X, = [Ty 41, -, N]T to be the child symbol vector estimate. On the other hand, for a child
symbol bit hypothesis (v+1<n <N), ZF-DF on child symbols k=v+1,--- | N proceeds as:
k—1
k<n: ék:wk_zlkji'ja i)k:LQk/lkk—‘X;
Jj=v+1
k—1
k=n: S—we— S i 502 2/ o
k=W Z lkj 2y, Ly LZk/lkﬂXb«)v
Jj=v+1
k—1
k>n: Zp=wp— Y ldi—lindy, 5=/l ]x-
j=v+1:
Jj#EN
Let f((;,)“b = [zyys1,- - ,ﬁ:(,f;ﬁ,, .-, xy]" be the resulting child symbol vector estimate. Therefore,

the inner max operations in (12)- (13) are approximated as
N

max i, (¥2]x1, X2) Z max es(Zk, ) Zeg(ﬁk, Br) = o (F]x1, %), (14)
k= 1/+1 k=v+1

rr}(gyx,ug(yg X1, Xo) eriax €2k, Tk) +max ey, Tn)
i k

Ty, pb=8 k=v+1: T, b s
k#n
= e, i) a2, i) = fin(Falx1, %50, (15)
k=v+1:
k#n

and (12)-(13) are approximated as

Jnax p(yx) > max{m($ifx) + (2%, %)}, (16)
1<’;L<l/ Ty, b=*%

Jnax pu(y[x) > max{(yifx) + fia (F2 %1, %50) }- (7
v+1<n<N

The above maxima are not optimal because of the ZF-DF operations on the child layers
in (14)-(15). However, if the [;; terms are O for k=v+2,--- /N and j=v+1,--- ,k—1in the 2z
summation in (8), then z, =wy, e(zx, x) = ]Q—i|wk—lkkxk|2, and the maximizations in (14)-(15)

become exact in this case:



N

N N
max Z@(Mk,xk): anlcax 62(wk,xk):262(wk,ik),
2 k

k=v+1 k=v+1 k=v+1
N N N
~ A (8)
max es(wy, Tg) = E max e(wy, Ty) +max es(Wp, T,) = E es(Wy, Tg) +ex(Wnp, T,y).
Tn,b=S k=v+1 k=v+1: k Tn b=*S k=v41:
k#n k#n

In addition, all intermediate complex products involving the zeroed entries [; are not needed.

B. Single-Tree and Multi-Tree Approaches

Soft-output detection is essentially a multi-point search problem for the ML point and all
its counter-ML hypotheses. Tree-search algorithms used to generate bit LLRs for channels
partitioned into parent and child symbol layers follow either a single-tree or a multi-tree approach
to find these points. For single-tree, a pre-processing step chooses v ordered layers as parents
and N —v ordered layers as children; one tree is used to solve for both parent and child bit
LLRs. For multi-tree, N/v trees are used to solve only for parent bit LLRs, such that a different
combination of layers is chosen as parents for each tree.

Both approaches use enumeration over the parent layers, and marginalization over the child
layers. Marginalization complicates LLR generation of child bits for single-tree because it has to
be repeated for every child bit hypothesis and for every candidate parent symbol vector. Also, the
quality of the LLLRs under the single-tree approach is very sensitive to the choice of parent layers
and overall ordering of layers. On the other hand, in the multi-tree approach the distinct layer
orderings of each tree constitute an added diversity that can be leveraged to globally optimize

the closest points locally searched by each tree and their metrics across all the trees.

III. CHANNEL PUNCTURING

Motivated by the observation from the last section to improve the efficiency and reduce the
computational complexity of the detection process by nulling entries below the main diagonal of
L, we next investigate possible puncturing schemes that are applicable to integer LS problems.

Consider the lower-triangular matrix shown in Fig. 1. To null all entries below the diagonal
and to the right of the vth column of L=[l, ] (I;; <0 for v+1<k<N and v <j<k) for some
v, 1< v< N—1, we partition L conformally as

T (18)
Riv_vysr Sivuyx(v-)
where P €C”* and S € CV-)*(N=%) are complex square lower-triangular matrices of sizes v

(N—v)xv

and N—v, respectively, having real diagonal elements, and R €C is a complex rectangular
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Fig. 1. Puncturing an 8 x 8 matrix L into L, using W, for v = 2.

matrix. The target of puncturing is to diagonalize S. Hence, without loss of generality, we focus
on techniques to diagonalize S that do not alter Euclidean distances of the form |y —Lx|’.
Henceforth, L is assumed to be non-singular.

Using two-sided unitary transformations W, and Z of size N, it is well-known that S or all
of LL can be reduced to diagonal form D = W, LZ via an SVD-like decomposition [21]. The left
transformation W,, must be unitary in order to preserve Ly-norms and not alter noise statistics:

IWx|* = x'WW,x = |x]|" = W'W, =1, (19)
E[W,nn'W| = NyoW,W/ = NI = W,W/ =1. (20)

The right transformation Z must preserve the (Gaussian) integer nature of the unknown x; that
is, if for some y eCV
z*=argmin |y — Lz|*, then Z 'z*=argmin|y — LZx|" € x". 21

z€ZXN xc XN

Hence Z has to be unimodular, i.e., an integer matrix in GV*V

with integer inverse having
|det Z| = 1. Also, Z must be lower-triangular in order to induce a parent-child tree structure
using forward substitution, and hence cannot be unitary (Z' is upper triangular, while Z7' is
lower triangular; hence they cannot be equal). However, if Z is not unitary, W, being unitary
and applied from the left cannot alone null an element below the main diagonal of S without

creating a non-zero entry in its upper-triangular counterpart, hence altering the lower-triangular

structure of S. Therefore, both W, and Z cannot be unitary, and (19)-(20) cannot be satisfied.

A. One-Sided Puncturing Transformations

CN><N

The matrix L in (18) can be punctured into L, € using a left puncturing matrix W, €

CMN only (Z=1) as follows:
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Fig. 2. Puncturing entry /32 of L using two-sided transformations.
I 0
W, = Dpdiag(L) e 22)
0 S
I O P O P O
L, = W,L = D, diag(L) ) = D, diag(L) ) , (23)
0O S |[IR S SR 1

where D, € R is a (normalizing) diagonal matrix. Since W, is not unitary, both condi-
tions (19)-(20) are not met. We can relax (20) by choosing D, so that W, satisfies diag(WpW;) =

I instead. Hence

/T 0 1 0 P 0
Dp == dlag(L) y Wp - 3 Lp = ) (24)
0 Q 0 QS QSR Q
where
Q = diag(S7'S Y (25)

Note that W, is a non-singular lower-triangular matrix with v ones and N —v positive real
numbers on the diagonal. Also, since €2 normalizes S~ so that diag(W,W!) =1y, then |W, ¢ =
VN and the remaining N —v eigenvalues A\ of W, (i.e., diagonal elements of QS™") satisfy
0<A<1. It follows that VN > 0pax > Amax = 1 and 0< pin < Amin < 1, Where oo (O min) and

Amax (Amin) are the maximum (minimum) singular values and eigenvalues of W, respectively.

B. Two-Sided Puncturing Transformations

Note that the lower-triangular matrix S™' in the left non-unitary transformation W, in (22) is
equivalent to a Gaussian elimination matrix. Using an integer Gauss reduction matrix Z as a right
transformation can help approximate (19) better by first reducing the lower-triangular entries of
L in S using integer multiples of the diagonal elements and then completely eliminating the
remainder using W, from the left. The reduction step by Z from the right to reduce [; by an
integer multiple of [ into ij, followed by an elimination step by W, from the left to null ZNkj

using i are expressed as (see Fig. 2)
reduction Zy; : =[], Iy =1lk; — Cujlr, (26)

Lk lk;j = l~k:j _ijlkk7 27)

elimination W, ; : wy; = T



for k=v+2,--- N and j=v+1,---  k—1, where |z|=|R{z}|+i|T{z}] and |a|=|a + 1/2]
for a€R. In particular, since [a—[%+1]b| < M for a,beR, then (26) results in
lk_y’ = | (s - lekwkk M| <[5 +143] = %5 (28)

lkk
In matrix form, operations (26)-(27) become

T NXxXN

W, =Iy —wyepe] € CVN k£, w, €C. (30)

Note that Z,;jl =1 N+Ck,jeke]T € GN*N_ The matrices Z and W, are formed from the products of
the (N—v—1)(N—v)/2 matrices in (29) and (30), respectively. W, is then normalized using a
diagonal matrix D, to satisfy diag(W,W/)=1y:
k—1 N k-1
z=1] [1%z;; W.=D,]] []W- (31)
k=v+2 j=v+1 k=v+2 j=v+1
Lemma 1 ([22]): 1f T=[t,] €CNV*N is a nonsingular lower-triangular matrix, then

I T or < =5V (p+ 1N +2N(p+2) — 1, (32)

(p+2)
where p=max; _; [t,;|/[ty.] and §=min, [t,,].
Proof: See [22]. |
We use Lemma 1 to show that the norm of S™' (and hence W, in (24)) tends to decrease by
applying Z. Let 7 be the principal submatrix obtained by deleting the first v rows and columns of
Z, and let S=SZ. The reduction step in (26) ensures that the magnitudes of the lower-diagonal
elements of S are < l\’;’i
measures the ‘weight’ of the lower-triangular portion of S Applying (32) for T = S, we obtain
(p+1)*) —p(p+2)(N —v) -1
(p+2)%? |

with p =1/ V2 and § = min,., [,.. As p decreases, this upper bound decreases, and hence

while not altering the diagonal elements. The quantity |S™ —diag(S ™)

IS™ —diag(S % < (33)

S~! becomes more diagonal. Therefore, with Q=diag(S™'S™)"/*, QS™" becomes closer to the
identity, and when used in lieu of QS in (24) makes W, closer to Iy.
To reduce p below 1/+/2, the reduction step in (26) can be changed by scaling the ratio Ui / Uik
by a power-of-2 so that
Gy =27C[2¢04], (34)

ek

for some integer c> 0. In this case, (28) becomes

B | = (= | e 1) ] <

2c+1 _'_ 23+1 QC:i/Q’ (35)



which gives p=1/2¢"1/2. Since 2°¢}; is an integer, it follows that 2¢Z;; € GN*V

condition (21) still holds.

and the integer

Note that (26) is similar to the first lattice reduction condition of [23]-[25]. However, the

Lovasz condition [23]
Bt el 27 Bprgers 5 <7 <1, (36)
cannot be enforced for k =v+1,---, N —1 because it requires permuting the columns of L,

which destroys the lower-triangular structure of Z.

IV. WLD MIMO DETECTION
In this section, we develop the detection model of the WLD detector and characterize its AIR
using single-sided puncturing. The analysis for two-sided puncturing is similar.
Starting with |Q"y —Lx|” and applying W, in (24), the equivalent metric to (3) computed by
the WLD detector is
L Qy —Lx s g, (y]x) = — 2 [Wo(Qly —Lx).
By expanding p,(y|x) and dropping the irrelevant term —NLOHWPQTyHQ, we obtain
po(y1%) = =3Iy — Lox|” = 2%{y ' F,x} —x'G,x, 37)
where y,=W,Q'y, L,=W,L,
F,=+QW|L, and G,=+L/L =HTF, (38)
The corresponding detection model becomes
Po(y[x) = exp (2R{y Fyx} —x'G,x), (39)
instead of the true conditional probability in (2). Based on (39), the achievable information rate
of the WLD detector is lower-bounded by [26]
Iiy” = By x[In(py (y[x))] — Ex[In(py(y))] (40)
where the expectations are taken over the true channel statistics, and p,(y) = [ p,(y|x)p(x) dx
with p(x) being the prior distribution of x.
Theorem 1: Assuming Gaussian inputs x ~ CN(0, Ely), and let 5 = ]]3—0 be the SNR, the
lower-bound on the AIR in (40) attained by the WLD detector is given by
I =Indet(I+ AL L,) — Tr((IT-W,W. ) (I+ AL, L) ). (41)
Proof: Following the approach in [17], we first compute the probability p,(y) = [ p,(y|x)p(x) dx

]2

for p,(y|x) in (39) and p(x) = —v=x exp (— 15— ). We then compute the expectations in (40) over

s

the true channel statistics as



Ev x[In(p,(y[x))] = 2ER{TR(EJH)} ~ E,Tx(G,) = E,Tr(G,).

—Ey[In(p,(y))] = N In E + Indet(G, + 1) — Te(Fy[E;HH'+ NI, [G, + 1] ).
Substituting for F, = NLOQW;LD and G, = NLOLLLP, and applying the matrix inversion lemma [27],
followed by some standard simplification steps, the result follows. [ ]

For v =1, the sorted singular values {o;}_, of L, satisfy an interlacing property with respect
to the diagonal elements of €2 in (24). Let w; <w, <---<wy_, be the sorted diagonal elements

of €2, and let v be the first column of L,, then [28]
0<O’1<W1<"'<0'N_1<wN_1<O'N<u)N_1—|—||VH. 42)
Property (42) can be used to bound I'}'" in Theorem 1 for v =1 since In det(I+6LLLp) =

S In(1+B03), Tr((T+FLL) ") =32 1/(14B0?), and Tr(W,W!) = N. The details are
omitted due to lack of space.

Note that for v = N —1, we have W, =1 and L, = L, and hence [}¥*" = Indet(I+AL'L),
which is the capacity of the channel. In fact, as v increases from 1, the metrics computed by
the WLD detector approach the hard-decision ML metrics as shown by the following lemma.

Lemma 2: If x;, = argmin ||y —Lx| and x,,, = argmin . v~ W, (¥ —Lx)| where H =

QL and y=Q'y, then
||}~’—LXML” < ||5’—LXWLD|| < “(W1>)||5’—LXML||7 43)

Wi (¥ —Lxtwin) | < Omax (Wo) [¥ =Ly |, (44)
where £(W,) =0max(W,)/0min(W,) is the condition number of W, and 0,,,x(W,), 0pmin(W,,)
are the largest and smallest singular values of W, respectively.

Proof: The first inequality in (43) follows from the definition of the ML solution. For the
second, we have
5 — Lo | = [W, Wi (§ = L) | < Gumac (W, )W (= Lxyiun)|
< Tmax(W, )W, (7 L) (45)
< Tmax(W, )0 (W) [§ — L |

p

from which (43) follows. Note that both (44) and (45) follow because |W,(y—Lxy.p)| <
|W,(y —Lx)| for any x. u
Note that the layer orders within the v parent layers and within the N —v child layers are
irrelevant. What matters is which layers are selected to form the parent set. This is formalized
using the following lemma.
Lemma 3: Let J, and J, be permutation matrices of sizes v and N —v, respectively. If the

columns of H are permuted by J = [”Ll fZ }, then the distance metric computed by the WLD



detector in (37) does not change, i.e.,
W, (Qy —Lx)[" = [W,(Q'y—LI X[, (46)
where H=QL, W, (Wp) is the puncturing matrix of L (I:), and HJ :Q]:.

Proof: Let x=[x1; %), Q=[Q: Q:}, Q=[Q: Q.), L=[E ], and L= [11:; 5| be partitioned
corresponding to v parent layers and N—v child layers. Then W,=[! (9 ] and W, = [(I) as-1]s
where Q =diag(S™'S™ ) and Q=diag(S™'S™")/*. The partitions of L are related to those of
L since QLJ = QL. Furthermore, = JIQJ, since Q/Q.Q/Q.=1. Substituting back in both
squared-norms in (46), and performing simplifications, it follows that both sides are equal to
|Qly —Px:[* +]Q(S™ Qy —S "Rxi —x, ). =

Corollary 1: Let J be any permutation matrix, HJ = QL, and W, the puncturing matrix of
L. Then, the number of distinct solutions of x,,, , =argmin_ |[W,(Q'y —LJ 'x)| for all possible
values of J depends only on the number of parent layer combinations, and is at most (],\,[ ) [ ]

Finally, the bound I}"" for Gaussian inputs can be used as a criterion for parent layer selection,
but the complexity of possible combinations grows as (f ) Alternatively, a less sensitive approach

to parent layer selection is to do multiple detection rounds, each time choosing v new layers as

parents and generating bit LLRs for these parent symbols only.

V. AUGMENTED WLD (AWLD) MIMO DETECTION
The lower bound on the AIR in (41) attained by the WLD is not optimal. Motivated by the
result for the optimal receiver filter derived in [17] in the context of channel shortening for ISI
channels, which involves an MMSE filter compensated by receiver tree processing, we introduce
in this section an alternate form of puncturing using augmented channels. Instead of basing the

detection metric in (3) on H, we form the augmented vector y,= \/LNfo[y; Onx1| and matrix

1
LH

H. = | V% Mo (size (M+N)x N), (47)
\/E‘SIN

in a manner analogous to the square-root MMSE of [29], and reformulate x(y|x) in (3) using

H.,y. rather than H,y as

1
H
2 + 2
u(ylx) = g x|+ 2%{ &= [y" 0] “lNi“I xp =X (FHH+ 5)x — |y
VEs N
= = |xI + 2R8{y/H.x} - x HH.x — |y,
= & xI" =y, — Hx]". (43)

We next expand the squared-distance in (48) in terms of the projection matrix Py, = H,(H'H,)'H!

onto the column space of H, and its orthogonal complement Py; =1, v —H,(H'H,)"'H! as



ly. —H.x[* = [Puly. —H.x)|" + [Py (49)
Let Q.L. be the thin QL decomposition of H, partitioned as

1 H a a La
S e S R e R (50)
\/TiIN QaZ QaQLa

where Q, is an (M+N)x N matrix with orthonormal columns (i.e., Q' Q.=1I, but not unitary
since Q.Q! #Iy/,n), L. is NxN lower-triangular, and Q.,, Q.. are respectively the upper MxN
and lower N x N block matrices of Q.. Note that neither the rows nor the columns of Q.; and

Q.. are orthonormal. From the partitions in (50), it follows that

H= V NOQalLEm (51)
\/LE—SIN — QagLa = LaQaQ. (52)

However, (51) is not the QL decomposition of H. (52) implies that Q.. is a lower-triangular
matrix proportional to the inverse of L., i.e, L;l =+/F;Q... Then, from (50) we have

+HH+ LIy =HH, = LIL,
from which it follows that

lya—Hax|" = [L.(My—x)|" + [ (I-Q.Q))¥: |, (53)
where M is the standard N x M MMSE filter matrix,
M = H'[HH +oly] ' = [HH+aly] 'H' (54)
= 3 (HH)7'H' = g (LL)™'H (55)
= /$Q.Ql;, (56)
with a= % :g—g. Substituting (53) back in (48), we obtain
pu(y|x) =2 x| = | L.(My—x)|* — |1-QQ.)y. " (57)

Note that in (57), the term | x| appears explicitly, while tree processing is solely based on L,
in |L.(My—x)|’. We therefore puncture L, using an appropriate puncturing matrix W,,, similar
to puncturing L in (23) using W,. For a given puncturing order v, we conformally partition L,
similar to (18) and obtain the partition blocks P, of size vxv, R, of size (N—v)xv, and S, of

size (N —v)x (N —v). The resulting punctured augmented matrix, denoted as L., is given by

P, 0 P, 0
L., = W,,L. = W,, - , (58)
R. S. Q.S'R. Q.

where



H) 6 Ha‘ Lap

L ! I}
y My Va
— M L., - argmax 2 |x|*— [y — Lupx|

[

MMSE filter ~ Gain compensation WLD detector
Fig. 3. Block diagram of the AWLD detector, where y., = L., My.

I, O I, O
W,, = D, diag(L,) = e (59)
0 S, 0 Q.S

a

—1 II/ 0
D.,=diag(L.) , (60)
0 Q.
Q. = diag(S,'S. )", (61)
and D,, in (60) is chosen so that diag(W,, W, )=1Iy.
Next, applying W,, to filter L,(My —x) in (57) as
Wa
L. My —x)[" — |W.,(L.My —L.x)[", (62)
and dropping the irrelevant term |(I—Q.Q)y.|’ in (57), the metric computed by the augmented
WLD (AWLD) detector corresponding to (57) takes the form

pan (Y1%) = g~ W LaMy —x)[* = 5 |x[" [y — Lupx|’ (63)
~R{y'F,.x} —x'G,x + ELSXTX, (64)
where y.,, = W,,L.My = L,, My,
F,=MG,, and G, =L L, (65)
The corresponding AWLD detection model (Fig. 3) becomes
Pap(¥]%) = exp (2R{y'Fopx} — x'Gopx + 7-x'x). (66)

Theorem 2: Under the same assumptions as Theorem 1, the AIR of the augmented WLD

detector based on (66), with G,,, F,, as given in (65), is lower-bounded by

[P — N n B, + Indet (L] L,,). (67)
Proof: The lower bound on the AIR of the AWLD detector based on (66) is defined as
153" = By x[In(pa (y[x))] — Ex[In(pa(y))] (68)
where p,,(y) is given by
pa) = [ pulybpdx (©9)
xeCN

assuming x ~ CN (0, EIy). The main difference compared to the proof of Theorem 1 is the
effect of the term EisxTx in (66) when evaluating (69) under Gaussian densities, which annihilates

the effect of the prior density p(x) to give
Pap(Y) = %/ exp 2R{y'F..x}—x'G,,x) dx. (70)

— aNEN



With standard manipulations, the expectations in (68) become
Ev x[In(pun(y[x))] = N - E.Tr(Gp) + 2ER{ Tr(EL H)},
~Ey[In(p.y(y))] = NIn E;+Indet (G,,) — Tr(F [E;HH + NoI|F,,G.)).
Substituting (65) for G., and F,,, and applying (54) for M, then F. [E;HH'+ N IF,,G,, =
E.F! H=E.G,,MH. Also, it is easy to show that
MH=[HH+aly] 'HH = I-afoly+HH| !, (71)
which implies that MH is Hermitian. Hence, Tr(G.,,MH)=Tr(G,,[I—a(aI+HH)]) is real.
Adding the two expectations above results in
I3 = NIn E;+Indet(Ga,) = Tr(Guy - I+ 5-H'H] 1)+ N
= Nln Ey+1ndet(G,,) —Tr(G,, (LL,) )+ N
= Nln E,+1Indet(G,,) —Tr(W, W,,)+N,
from which (67) follows since Tr(W! W,,)=N. |
With the punctured structure of the channel matrix L,, as given in (58), the gap of I/"" to
AWGN capacity can be determined using the following corollary.
Corollary 2: The gap of the AIR of the AWLD detector to AWGN capacity is

N—v
CAVEN — [AVED = Zln (s2rell[S2 17+ 1), (72)
k=1

where s,,, is the kth diagonal element of S, in (58), and [S;]; is the row vector consisting of
the first k—1 elements in row k of S;' in (59), excluding the diagonal element.
Proof: Applying (58)-(61) in (67), the In det term splits and the C*VN =In det(%HTH—i-I N)
term emerges. [ |
Similar to the WLD case, the gap to capacity vanishes for v = N — 1. Also, the metrics

computed by the AWLD detector approach the hard-decision ML metrics as v increases from 1.

Lemma 4: Let p(x) = ELS\XHQ— IL.(My —x)[?, Xy = argmax, p(x), w(x) = ELS\XHQ—
W, L.(My —x)|°, and X,y.p = arg max, w(x). Then,

R () = n(s” = 1) < (X eo) < 1% (73)

W(Xywin) = N1 = Omax(Wap)) + Omax (Wap) f1(Xy1) (74)

where £ = 0max(Wap) /Tmin(Wap ), and opmax (W), 0min (W) are the largest and smallest singular
values of W,,, respectively, = %‘:“, and F. =max,cy ]x|2
Proof: The proof is similar to Lemma 2, and uses the fact that w(Xawip) > wW(Xu). AS
I{'—>1’ IUJ(XAWLD)_>ILL(XI\/IL)' .
As illustrated in Fig. 3, the AWLD detector includes the WLD detector as a sub-block; the

processing steps of MMSE filtering and gain are done prior to WLD detection. Also, it is worth



noting that computing the augmented channel requires simple processing comparable to QL
decomposition. In particular, matrix inversion is not needed to compute M in (55) because the
inverse of L, is available from (52). In addition, using the modular approach of [30], an efficient
hardware architecture for an AWLD MIMO detector can be constructed from optimized 2 x 2
MIMO detector cores. Extensions to include soft-input information, imperfect channel estimation
effects, and correlated channels are directly applicable based on [18]. Finally, a scheme similar

to [31] can be used for analyzing the diversity gain.

VI. AIR-OPTIMALITY OF THE AWLD DETECTOR
Instead of working with Euclidean-distance based metrics as in (3), the authors in [17] propose
replacing Ny, H, H'H in (4) with mismatched parameters N, F,, G, that are subject to AIR
optimization. Hence, instead of the true metric in (5) and true probability in (2), the mismatched
model of [17] is

w(y|x) = 2R{y'F.x} — x'G.x, (75)
pe(y[x) = exp 2R{y'F.x} — x'G.x), (76)
where N, is absorbed into F, and G,. It is shown in [17] that detectors limited to the Euclidean-
based model in (5), where G, admits a Cholesky factorization proportional to H'H, are not
optimal from a mutual information perspective because the resulting optimal matrix G, to use
in (76) may not be positive semidefinite, and hence no such factorization exists. The optimal F,
and G, are derived by maximizing the lower bound on the AIR in two steps, assuming G, is
Hermitian (and hence has real eigenvalues). First, an explicit expression for F, is derived, having
the form F™ = (HH' +aI)"'H(G, +1); this is the MMSE filter compensated by the receiver
tree processing through G,+1 (rather than G,). Next, the corresponding AIR bound with F™
substituted, depends on G, through the factor (G,+1I). An assumption on the matrix G, is imposed
to have all its eigenvalues strictly larger than —1, so that G,+I becomes positive semidefinite and
hence admits a Cholesky factorization of the form LIL,. Accordingly, the AIR bound depends
solely on the lower-triangular matrix L,. By maximizing this bound, the optimal L, is derived,

having a shortened (punctured) structure analogous to that of the WLD scheme [15].

In this work, we propose the following modified model

pn(y %) = 28{y'Fx} — x'Gx + 5x'x, (77)
and p.,(y|x) =exp(u(y|x)), where tree processing is split into an explicit term ELSXTX separate

from x'Gx for which G is subject to optimization. The reason is that the optimal F in this



case, as will be shown, takes the form F* = [HH' + o] '"HG, and the resulting AIR lower
bound depends on G directly and not through the term G + I, as is the case with [17]. Hence,
the assumption on G to have all its eigenvalues strictly larger than —1 is dropped. We directly
require that G be positive semidefinite having a Cholesky factorization J'J, where J has the
desired punctured lower-triangular form. Under such formulation, we show that the optimal F

and G coincide exactly with those of the AWLD detector in (65).

Theorem 3: Under the same assumptions as Theorem 1, the optimal F' and G that maximize
I s =Ey x[In(pu(y|x))] —Ey[In(p.(y))], such that G is positive semidefinite with factor matrices
having a punctured structure of order v, are

F”"=M'G™ and G™ = J™J" (78)

where M is the standard NxM MMSE filter matrix in (54), and J*" is the punctured augmented
WLD matrix L., given in (58). Accordingly, the lower bound attained by the AWLD detector
in (67) is optimal.

Proof: Let I} =maxg g.qyo e and (F™', G™) =argmaxg q.qyo [us- The expectations in
the I, expression with p.(y|x) =exp(pu(y|x)) and pu(y)= [ pu(y|x)p(x) dx are

Ey x[In(pu(y|x))] = N — E,Te(G) + 2ER{Tr(F'H)},
—Ey[In(pu(y))] = NIn E, + Indet(G) — Tr(F'[E;HH' + N,JJFG ).

To determine F' that maximizes I;;, we set the derivative of the terms in the sum of the two

expectations involving F to 0,

a%(2E59%{Tr(F*H)}—Tr(FT[ESHHHNOI]FG_l)) =0,

from which it follows, after some tedious steps, that

F"=[HH +0l ' HG=MG, o=

Substituting F™ back in I, 5, and noting that F”""H =G (MH) is the product of two Hermitian
matrices and hence has real trace, we obtain, after further simplifications

I = NInE, + Indet(G) — E,Tr((I-MH)G) + N. (79)
Using (71), it follows that E,(I-MH) = E,alaly + HH] ' =(H/H,)"', where H, is defined

in (47). Then

I% = Nln E, + Indet(J7) — Tr((L'L,)"J7) + N, (80)
where H, = Q,L, is the QL decomposition of H,, and G =J'J such that J is a punctured lower

triangular matrix of order v. We next determine J that maximizes fprt:

g argmax ™. (81)



Assume J and L, are conformally partitioned as

J, P,
J= and L. = , (82)
B PR R. S.

where J,, P, are vxv lower triangular, J; is (N—v)x(/N—v) real diagonal, S, is (N—v)x(N—v)
lower triangular, and J,, R, are (N—v)xv matrices. Note that J; is constrained to be a diagonal
matrix, not just lower-triangular®. Then the trace Tr((L!L,)'J'J) =Tr((JL,")(JL)") = |JL.'|>
in (80) can be computed using JL_" as follows:

J, P’

J, J;| |[-S.'R.P,' S’

a

I e = 132, e+ 1 (T =TS, Ra)P, e+ 35S, [

JL'=

a

Since the Indet(J'J) term in (80) involves the diagonal terms of J; and J; only, then I} can

be optimized for J, and (J,,J;) independently.
Starting with J,, we set 3 a3, e [P = 2Tr((LLLa)_lJTJ )=0, to obtain J;"'=J;S;'R.. Substituting
back in (80), we get

I[M'=NIn E, + Indet(J1J,) + Indet(I1T5) + N — [T, P[5 — | TS| (83)
Moving to J;, we set %I " = 0. Noting that J; is real and diagonal, we obtain 2J;' —

2J3diag(S,'S,") = 0, from which it follows that J; = diag(S,'S,") /> = €2,. Substituting back
in (83), we get
I = NIn B, + Indet(€2) — [0S, + N + Indet(J1J) — Te(3.P,)(J.P)).  (84)
Finally, using Lemma 5 below, the optimal J; that maximizes % with P, being lower triangular
s J? =P,. The resulting J*', with J?, J%*, J?" in place, is
| B : (85)
Q.S,'R. Q.
which coincides with L,, as given in (58). The optimal lower bound I} attained in (84) is
I = Nln Ey+1n det(Q2) — .8, '|:+ N +In det(P/P,) —v = Nln E,+In det(J™"J™), (86)
since ||€2,S;"[> = N —v, which equals IAV"" in (67). u
Lemma 5: Let U and V be two non-singular square matrices in CV*V, Let f(U,V) =
Indet(UU")~Tr((UV)(UV)") be a real-valued function of complex-valued matrices. Then the
optimal U that maximizes f for a given V is

U™ = argmax f(U, V)=V
U

*Hence Lemma (5) is not directly applicable to derive the optimal J that minimizes (80) at this point.
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and f(U™ V)= — Z,ivzl Inv?, — N, where Uy, is the kth diagonal element of the Cholesky

factor of VV'.
Proof: See Supplement 1. [ ]

Discussion: We conclude that punctured augmented channel matrices processed by the AWLD
detector are optimal in maximizing the lower bound on the achievable information rate. Their
structure matches exactly that of the AIR-PM detector, but most importantly, they can be
computed using simple QL decomposition followed by Gaussian elimination, resulting in a

significant complexity reduction compared to [18].

VII. EFFICIENT MATRIX DECOMPOSITION ALGORITHMS

A. Matrix-Inverse-Free Puncturing via Gaussian Elimination

Directly inverting S in (24) can be avoided if we apply Gaussian elimination to null the
elements below the main diagonal of S={s;;| in (18). Let

E,=Iy_, — 1, € CN7xN=), (87)

be a Gauss transformation [21], where e, is the jth column of Iy_,, and 7, is the Gauss vector

T Skj ;
7-]:[0’ 7O’Tj+1"” 7TN—1/]’ Ti:£7 k:]ﬁ*lN*V
\ J/ 17

J
Then the operation E;S nulls all the entries below the jth diagonal element in S. Applying this

operation repeatedly for j=1,--- | N—v—1 would null all entries in S below the main diagonal.
Grouping these row operations into Nt
E=E, ,, EE =[] E, (88)
results in ES=diag(S), or S~ =diag(S)"'E (note that Eji?non—unitary). Setting
Qp = diag(EE') ", (89)
gives the required product QS in (24) inverse-free as
QS = QE. (90)

B. Eliminating Square-Roots via QDL Decomposition

In forming the QL decomposition H = QL, the jth column q; of Q = [g] is obtained by
subtracting from the jth column h; of H the orthogonal projection of all other columns of H
(denoted as H) onto h, i.e., q;=h,—(H!h,)H.. The jth diagonal element ;; of L is set to the
norm of q;, [;;=|q,|. Finally, q; is normalized as q,=q,/|q,].

The square-root operation required to compute |q,| = V'3, |g|* can be eliminated by
working with squared-norms d;;= | q,|” instead, and storing them in a diagonal normalizer matrix

D =[d;;]€C"", apart from the factors Q, L. The modified ‘QDL’ decomposition becomes
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H = QL = (QD )D(D ’L) = QDL, 91)
where Q=QD *eC"™" is an unnormalized matrix with orthogonal columns Q'Q=D" #+1y,
D =diag(L)’, and L=D "L eC"*" is an unnormalized unit lower-triangular matrix. Observe
now that the column vectors q; of Q and the diagonal entries l~j]. of L both do not involve
square-roots also because &, =q,/|q,|* and I, =|q,|/|q,| =1.

The pseudo-codes of the standard (unnormalized) QL algorithm and QDL algorithm are shown
in Algs. 1 and 2, respectively. The codes are optimized to produce ¥ =Q'y and y = Q'y indirectly

as well by augmenting y to H and performing modified Gram-Schmidt operations on [y H].

C. Combined Inverse-Free and Square-Root-Free WLD

The puncturing matrix W, and the punctured lower-triangular matrix L, can now be expressed

in terms of the QDL factors of H:QDi as follows. Starting with

Q=QD "’ D=diag(L), L=D "L, (92)
and forming the conformal partitions as in (18),
P O . |DYF0 R B
L: s D = 19 5 L: - ~ , (93)
R S 0 D) R S

we have P =D, "*P with diag(P)=I, R=D,"’R, and S=D,"’S with diag(S)=1I. However,
the true W, €2, and L,,

I O de—tre1/2 P 0

W, = , Q=diag(S S') ", L,= ,

0 QS™ QS 'R Q
in (24)-(25) require the inverse of S, when only the submatrix S is computed in (93) via the
QDL scheme. In addition, €2 involves square-root operations. We first expand L, as follows
e (I 0 [ DY 0 [P O
L=WL=WD"L = [
0 QS'|| o DY*||R S

Substituting S'=S"'D, ", we obtain

—1/2
w,—wpio PO (94)
0 QS'D)
L DP 0
L,=WL=WDL=|"" " . (95)
QSR Q

Similarly, we can express € in terms of S as follows
Q = diag(S'D,'S7) . (96)
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We next eliminate computing the inverse S™' in the above equations. Using Gaussian elimination,
we apply a sequence of Gauss transformations E to invert S similar to (87). Since S has unit

diagonal, we obtain E S =diag(S)=1I_,, from which it follows that the inverse of S is simply

S"T=E. (97)
Substituting E for S in the equations of VVP (94), © (96), and L, (95), we get:
N D> 0 i D/’P 0

W, = - | Q=diag(ED, E") ", L,= . ) (98)
0 QED, QER Q

Note now that the above equations do not involve matrix inversion (D, D, are diagonal matrices).
Moving to the square-roots in (98), we show that these operations also are not needed by the

detector when computing squared-distances. Since VVPQT:V~V},DQT and WPL:VVPDL then

[Wo(Q'y—Lx)[ = [W,D(Q'y -Lx)[* = (Q'y ~Lx) D'W,W,D(Q'y — Lx). (99)
The quantities Q',L are square-root free, and so is the product
Ry TAR T I 0
D'W,W,D = s (100)
0 E'QE

since £2° and E do not involve square-roots.

The pseudo-code of the optimized WDL decomposition algorithm is shown in Alg. 4. It first
performs QDL decomposition on H, followed by Gaussian elimination. The code is further
optimized to eliminate computing the matrix products W,DQ'y and W,DL = L, in (99)
explicitly. The QDL procedure first generates y = Q'y as a byproduct to computing L, D,
and Q. Next, starting with W =Q, the Gaussian elimination loop then immediately applies the
same operations to null the entries in L on y, as well as on the corresponding columns of W,
and updates their resulting squared-norms in D. The generated w' equals DV *W,DQ', and
the required outputs are formed as VNVTH:I:p and VNVTy:&p with an extra scaling factor D'~
Note that W' operates on H directly, rather than on DL like W, in (95) to form L,=W,DL.
The output quantities L,,V,,D,W from the algorithm are then used to compute the metrics
in (99) and (37) as follows

IW(Q'y —Lx)|” = [W,Q(y —Hx)|’ = |D"*W(y - Hx)|
— D5, ~ L[ = (5~ Lox) D (5, ~ Lyx),
e (y1%) = =55 (% —Lox) D(§, ~ Lx). (101)
For reference, an optimized version of the standard (unnormalized) WL algorithm of [32] is

listed in Alg. 3. The outputs L,,y,, W from this algorithm compute (99) as follows
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[Wo(Q'y —Lx) "= [W,Q'(y —Hx)['= W (y - Hx)|".

D. Eliminating Explicit Computation of MMSE Filter Matrix

For the AWLD detector, the MMSE filter matrix M in (54) is needed to compute the metrics
in (63)-(64). This M is to be pre-multiplied with W,,L,=L,, and applied to y in (63), or pre-
multiplied with szLap and then applied to y in (64). In either case, working with the quantity
W,,L.M suffices. However, (56) shows that IM can be obtained from the QL decomposition of
H, in (47) as /FQ..Q!, without explicitly inverting H,. But L,Q..= \/LE*SI ~ from (52), so that
W,,L.My actually reduces to LNO .»QLy. The product FQ .y can be obtained indirectly
from the QL decomposition procedure (Alg. 1) when applied to H, and y. = \/LNfo[y; Onxi]

as Qly, = 2 [ QLI 1= Fley, in addition to generating L,. Finally, applying W,, to
puncture L, can be done using Gaussian elimination as before, with the elimination operations
simultaneously applied to y,= FQaly to generate the product y., = }Vo W.,Q! y. Therefore,
the WL algorithm in Alg. 3, when applied to H, and y,, produces the necessary quantities to

compute the metrics in (62)-(63), without any matrix inversion, as

|L.(My )| = | &= Qliy —Lox|* = [ §a—Lax]’ (102)
pap(¥1%) = 7 %] = | Wy LMy —x) | (103)

= 2 IxI" = [Wap (5. —Lx) | (104)

= 2 I%[" = Iy — Lpx]". (105)

Similarly, the WDL procedure in Alg. 4 generates these quantities without any square-root
operations (assuming +/Fj, /N, are available at the input to form H,,y,). The output quantities
from the algorithm, now labeled as I:ap, D, y.., W, are used to compute the above metrics as
[ Wen (5 “y Lx)[" = [D""W'( - —Hx)[" = [D"* (0~ Lox) [
= (Fup— LX) 'D(Fop — LX), (106)
= W Quy —Lux)[* = 2 [%[° = (% = LpX) D (30— Lipx).  (107)

E. Combined Two-Sided QLZ and WLZ Decompositions

The reduction and elimination operations for two-sided decompositions of Sec. III-B can be

Hap(Y]X) = £

combined efficiently as shown in Alg. 6. The code starts with QL decomposition, and then
performs right reduction followed immediately by left elimination operations, analogous to (26)-
(27). The matrix Z and its inverse are updated with every right operation, the matrix W and
output vector y, are updated with every left operation, while L, is updated after each of these
operations. For reference, Alg. 5 shows the code for QLZ decomposition with right reduction but

without elimination. Note again that the generated W is related to W, in (31) as W' =W, Q'.
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Table TI in the supplement summarizes all algorithms presented in this section, and highlights

their main features.

VIII. (A)WLD-BASED MIMO DETECTION ALGORITHMS

In this section, we present computationally-efficient soft-output MIMO detection algorithms
based on the AWLD, WLD, and WLZ puncturing schemes, and compare them with the LORD
algorithm [14]. Supplement Table TII summarizes all the algorithms discussed and their features
in terms of decomposition and puncturing schemes, metric used for LLR computation, marginal-
ization on child layers, single-tree versus multi-tree, as well as local versus global metric update.
The pseudo-codes of all algorithms are available in the supplement.

In general, MLM bit LLLRs are computed using (7) as Max-Log approximations of the exact
ML LLRs in (6), with the true metric p(y|x)=u(y|x)= —]\,LOHSI—LXH2 as defined in (3). For an
arbitrary L partitioned into v parent layers and N—v child layers, the exact maximizations in (7)
are expressed as in (12)-(13), and approximated using ZF-DF on child symbols using (16)-(17).
For a punctured L, alternative metrics (,(¥|x) and p.,(¥|x) to u(y|x) are derived in (101)
and (107) under the optimized WLD and AWLD models. When 1,(y|x) and ., (y|x) are used
in (7) instead of u(y|x), and with L being punctured, then all child symbols become leaves,
decision feedback disappears, and the ZF-DF approximations in (14)-(15) turn into exact LS

estimates as required to satisfy (12)-(13).

A. AWDL MIMO Detection Algorithm
An augmented channel is first formed as in (47), and then punctured using Alg. 4 for a given
v, to yield L,,, ¥.,, D, with the following structure: L,, = [g %1, Yoo =1[y1; ¥2), and D= [%1 D, } .

With x=[x;; X, the bit LLRs are computed as
Nap(Tnply) = max p,(y[x)— max ju,(y[x),
X:Ty p="+1 X:Ty p=—1

Hap (Y|X) = ELS ”X”2 - (S’ap - f‘apX)TD(S’ap - iapx) = :ul(yl |X1) + ,u2(5’2 |X17 X2)7

i =151~ P[5, and u(§a/xi, %) = 2 % [~ [§2— R — s[5, Next, for

where 1,3 1)) =

any x,, the leaf symbols x, that maximize y. are obtained through LS by setting the derivative

of u, with respect x, to 0. We obtain Eisx§+(§fg—f{x1—xg)TD2:O, from which it follows that
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D P T = et 1)+ e T, 2§
:Xll.glabxzs{ﬂ1(}~’1|xl>+ﬂz (¥elx1, %)}, (108)
)ACQ = L(DQ — ELSIN_V>71D2 (S’Q - Rxl)-‘x[\ffy s

max iy (¥%) =max{pu(3ix)+ max pu(3:[xi, %)}

XiTn,b=S$S
= mais {u(Fi )+ s, %)} (109
%0y 2 (D2 = £ In-) Da(ya—Roa) | o,
for 3::|:]., where Aiii:{['rl/-i-la SEENY SR 7J;N]T€XN—V : Z’n,bZS}.

The pseudo-code of the multi-tree version of the AWDL algorithm is shown in Alg. 9. It
performs multiple runs, each time grouping a new set of v layers as parents to generate bit
LLRs using (108) only. The multi-tree WLD algorithm that implements (108) but using the
metric u, in (101) is shown in Alg. 7. For reference, the pseudo-code of the multi-tree LORD
algorithm that implements (16) with the true metric (3) is shown in Alg. 11. Because its channel
L is full lower-triangular, LORD applies ZF-DF rather than LS to estimate the child symbols,
resulting in a significant increase in computational complexity compared to WLD/AWDL. Note
that for all three algorithms, the multiple runs are independent and the metrics computed are
used to update just the tracked maxima of the parent layer bits only, and are not globally shared
to update the maxima for other bits.

The search space of |X'|” parent symbol vectors of the AWDL algorithm can be reduced to
v -|X| by enumerating only over the root and applying ZF-DF on the other v—1 parents. Using
Lemma 3, for a given choice of v layers as parents and N —v layers as leaves, the metric of a
given symbol vector does not change if the parent layers are permuted and the leaf layers are
permuted. Hence, doing v runs over the parent layers, each time with a different layer as root,
would improve the estimates by updating the maxima being tracked for the bits on all v parents
in each run, and not just those bits of the current root symbol. For the case v =2, the search
on layer 2 can be limited to a small window of 7 symbols around the ZF solution. Empirical
simulations demonstrate that 7=4 is sufficient to achieve the accuracy of enumerating all |X’ |2
parent symbol vectors. The pseudo-code of the windowed-AWDL algorithm is shown in Alg. 10.

Finally, the LORD algorithm can be similarly optimized to update the tracked maxima for
each bit hypothesis on all layers in each run as shown on Alg. 12. This is possible in this
case because Euclidean distances do not change under column permutation of H: |y —Hx| =

ly—HJJ x| =|y—LJ x| for any permutation J, where HJ =QL and y=Q'y.
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B. WLZ-Based MIMO Detection Algorithm
While the metrics of the WLD and AWDL algorithms are not preserved under arbitrary

layer permutation as they are for LORD, they are approximately preserved under 2-sided WLZ

decomposition (Section III-B, Alg. 6). The pseudo-code of the multi-tree version of the WLZ

algorithm shown in Alg. 8 implements (108) similar to the WLD detection algorithm of Alg. 7,

but with p, in (101) being based on the 2-sided WLZ rather than the 1-sided WL decomposition.
IX. SIMULATION RESULTS

A library of MIMO detection algorithms have been implemented and characterized for both
algorithmic performance and computational complexity. Fast-fading Rayleigh complex MIMO
channels are assumed. In Fig. 4a, we compare the achievable rates of the proposed WLZ and
AWLD detectors against the AIR-PM detector [18], as well as the ZF, MMSE, and WLD [15] for
8x8 MIMO channels, assuming Gaussian inputs and with parent layers selected so as to maximize
I in (41). The AWLD and WLD are simulated for both =1 and v =2 configurations, while
WLZ is simulated for v and c=1,2. WLZ attains the closest rate to capacity with reduction
parameter c=2, followed by AWLD/AIR-PM (which attain the same rate), followed by WLD.
This is because as p = 1/2°t1/2 decreases by increasing c, then from Lemma 1 and (33), W,
gets closer to I and L, approaches the true unpunctured L. Hence from Theorem 1, the lower
bound on the achievable rate I\}"" approaches the capacity of the channel.

On the other hand, Fig. 4b plots the AIR of AWLD and WLD with v =1 for finite con-
stellations. The AWLD achieves higher rates than WLD, especially for 64QAM. Parent layers
are selected to maximize I}\" in (41) if Gaussian inputs were used. For the AWLD scheme at
very low SNR regimes, it attains higher rates for low-order constellations compared to denser
constellations. For SNRs beyond ~ 10dB, the trend gets reversed, with the AWLD scheme
attaining higher rates for denser constellations. Similarly for the WLD scheme. However, the
SNRs for which denser constellations start to outperform low-order constellations are much
higher than those of the AWLD case; the rate for which 16QAM becomes better than that for
QPSK is roughly 20dB for the WLD case, while for the AWLD case, it is roughly 6 dB. The
same applies between 64QAM and 16QAM, but at an impractically very high SNR value (range
not shown in the figure). The reason is that the WLD scheme is not optimal, and misses the ML
decision for denser constellations at low SNRs more often compared to the AWLD scheme.

In Figs. 5-6, we compare the frame error rate (FER) of the proposed WLZ and AWLD
detectors against the Max-Log ML (MLM) sphere decoder with optimized pruning [6], ZF, K-
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Fig. 4. Comparison of AIRs for 8 x8 MIMO channels with (a) Gaussian inputs, and (b) finite QAM constellations.

best [10], LORD [14], WLD [15], and AIR-PM [18] detectors for various MIMO dimensions,
QAM constellations, and puncturing orders. Max-log approximations for exponential sums are
used. An LTE rate-1/2 punctured turbo code of length 1024 is used, and 8 turbo decoder iterations
are performed. For K-best, sorted-QRD [33] is used, and the /K best competing paths are retained.
Counter hypotheses are formed relative to the best survivor path. Counter hypotheses of all leaf
bits are updated using the optimization in [6]. Un-updated LLR values are replaced with the
minimum LLR in the corresponding symbol.

For LORD, both v=1, 2 are simulated using the multi-tree approach; N/v rounds of v-layer
parent selections, QLDs, and ZF-DF steps on the N —v child layers are performed. LORD-Lv1
and LORD-Lv2 perform local (within-tree) metric updates only (Alg. 11), while LORD-Gv1 and
LORD-Gvr2 perform global (across all trees) metric updates (Alg. 12). For v = 2, consecutive
layer pairing is done.

For WLD, WLD-Lv1 and WLD-Lv2 perform local metric updates only (Alg. 7). WLD-
Xv2n1 enumerates on parent 1, does ZF on parent 2, and ZF-DF on child nodes. WLD-Xv2n4
enumerates on parent 1, then enumerates over a window of 4 symbols around the ZF solution (ZF-
W) on parent 2, and does ZF-DF on child nodes. Both WLD-X algorithms update metrics across
tree pairs. Similarly for AWLD; AWLD-Lv1 and AWLD-Lv2 apply Alg. 9 using augmented
channel puncturing with local metric updates, while AWLD-Xv1nl and AWLD-Xv2n4 are
similar to their WLD counter parts but apply augmented puncturing (Alg. 10).

For AIR-PM, the single-tree approach is used. AIRr-Sv1 randomly selects a parent and
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orders the other child layers, while AIRo-Sv1 does optimal layer ordering to maximize the
AIR assuming Gaussian inputs. AIRr-Sv2 uses two parents with random layer ordering.

For WLZ, 2-sided puncturing and reduction are applied using Alg. 8. WLZ-Lv1c2 does local
metric updates with one parent and ¢ = 2. Similarly, WLZ-Gr1c2 and WLZ-Gr1c3 perform
global metric updates with c=2, 3, respectively.

Several observations can be made: 1) Multi-tree approaches are superior to single-tree ap-
proaches, and are less sensitive to layer ordering. 2) Global metric updates across trees signifi-
cantly improves performance compared to local within-tree only updates. 3) For trees with more
than one parent, there is no need to enumerate across all |X|” parent combinations. Running
v trees instead, each time enumerating on one parent and doing ZF-W only on parent 2 is as
good. 4) Augmented-WLD based algorithms consistently perform better than their WLD counter
parts. 5) Two-sided WLZ based algorithms perform better than AWLD and WLD, and almost
match the performance of LORD with global metric updates (LORD has dense L, while WLZ
has punctured L). 6) Puncturing remains very effective even for large MIMO dimensions.

Figure 7 plots the LLR distributions of bits 1 and 3 of one symbol in a 4x4, 16QAM MIMO
system at SNR=20dB. As shown, AWLD and WLZ track the optimal LLRs very closely.

The complexity of various algorithms is benchmarked and compared in Fig. 8 for an 8 x 8
MIMO system and 64QAM. The figure plots the SNR required to achieve a target FER of
0.1% versus normalized complexity. All algorithms (matrix decomposition, filtering, MMSE,
MIMO detection) are first implemented using fixed-point arithmetic, and then profiled in terms
of memory storage requirements and kernel mathematical operations. These operations include
(both for real and complex quantities, where applicable): multiplication, division, multiply-
accumulate, squaring, addition/subtraction, inversion, (inverse) square-root, slicing, look-up table
(LUT) operations, comparison operations, vector norm and norm-square, multiplexing, sorting,
and permutation. The gate-count complexity of these operations is evaluated by mapping them
to a library of pre-characterized logic gates that includes basic adders/subtractors, multipliers,
squarers, dividers, multiplexers, memory elements, comparators, slicers, and (inverse) square-
rooters. As a result, each operation is characterized with a gate complexity value.

Parallel architectures for all algorithms are developed, and their gate-count complexity is
plotted in Fig. 8. For the MLM algorithm, a serial depth-first tree traversal architecture is
developed, and its complexity is reported as gate-count per tree node, multiplied by the number

of nodes visited. Since the latter is non-deterministic, the value reported is averaged over 1000
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detection trials. For the K-best algorithm, a K'-wide parallel architecture is developed.

As expected, the ZF and MLM algorithms lie at opposite extremes in the performance-
complexity space. The proposed WLZ algorithm offers the best performance-complexity tradeoff
among all algorithms. It matches the performance of LORD at roughly 20x less complexity. The
savings are primarily due to the eliminated complex multiplications in L as a result of the

puncturing and reduction operations.
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X. CONCLUSIONS

Channel puncturing in augmented and two-sided forms has been investigated in this work as an
effective means to reduce computational complexity of tree-based soft-output MIMO detectors.
It has been shown that punctured augmented channel matrices processed by the AWLD detector
are optimal in maximizing the lower bound on the achievable information rate. Their structure
matches exactly that of AIR-PM, but most importantly, they can be derived using simple QL
decomposition followed by Gaussian elimination. When used in multi-tree mode with local
metric updates, AWLD beats LORD both performance-wise and complexity-wise. However,
LORD, when optimized to operate with global across-tree metric updates, attains a significant
performance gain that AWLD cannot match because its puncturing matrix is non-unitary, and
hence Euclidean-distance based metrics are not preserved under column permutations in multiple
trees. This shortcoming is mitigated by employing two-sided puncturing based on right-sided
integer reduction and left-sided elimination. The resulting puncturing matrices processed by WLZ
are almost unitary, and hence the global across-tree metric update property of LORD is retained.
The result is that the proposed WLZ scheme offers the best performance-complexity tradeoff
among tree-based detectors. Finally, extensions to include soft-input information, imperfect

channel estimation effects, and correlated channels are directly applicable based on [18].
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SUPPLEMENT S1

PROOF OF LEMMA 5

First, we can assume without any loss of generality that both U and V are lower-triangular
matrices with real and positive diagonal entries. Otherwise, let U =Q,L,, be the QL decom-
position of U and VV' =L L be the Cholesky factorization of VV', where L, and L, are

lower-triangular matrices with real and positive diagonal entries. Then

f(U, V)=Indet(UUY—Tr((UV)(UV))
=Indet (QuLuLLQD -Tr(Q,L,) (LULD (LLQD)

:f(Lu7 Lv)

Henceforth, we assume that both U =[u;;| and V =[vy;] are lower-triangular matrices with real
and positive diagonal entries. Let @, = [u;; uy, - - - U] denote the row vector consisting of
the first £ — 1 elements of the kth row of U, and u, = [0, u,]. Let U, denote the leading
principal matrix of U of order k, and let ka:Uk_l. The vectors v, v,, and matrices V,, Vk
are similarly defined for V. Let ¢(U)£Indet(UU") and A(U, V)£ Tr((UV)(UV)h).

To determine U™, we compute % f(U, V) and set it to 0. We start by computing the trace
Tr((UV)(UV)T) first,
] ' vl vl |al

[ﬁk Ugk | |
Vi Uk Uk | | Ukk

M- 1=

{aViVial+2u, m{m Va4, (o, +vev))}

el
Il
—

The problem then boils down to determining the unknowns u; and uyg; that satisfy the required
derivative condition. Since In det(UU") = Zgil Inu?, involves the diagonal elements wuy,;, only,
we can start by determining u; by setting the derivative of the trace term only 6% to 0. We

obtain

Vk\?};ﬁ}; + ukk(/k\?,i = O,



and hence
~opt

~ x7—1
u, = —ukkkak .

We next determine uy;. Substituting back in the trace equation, we get

N

_ 2,2

h‘ﬁk:ﬁzp° = E Ugk Uik
k=1

Now taking derivative with respect to g, including the Indet term, we have

af o

6ukk 8ukk

{hl(uzk) _uikvik} = ﬁ —2upy vy =0,

implying that uj>" = o Therefore,

e = [ ] = oVt vl

Next note that if we multiply u®* by V, for any k& we obtain

~ k
optys __ 1~ ~x7—1 -1 _
u, V,= U, ViEVy Ve || —[le(k,l) 1},
Vi Ukk
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which implies that U°**V = I. Hence the optimal U is the inverse of V, U°' = V~! and

fUP, V) == 3 Inv, — N.



SUPPLEMENT TABLE TI

SUMMARY OF DECOMPOSITION AND PUNCTURING ALGORITHMS

Algorithm Scheme

Functionality

Properties

Alg. 1

QL

Decompose H as H = QL; generate y = Q'y

Q'Q=TI; L lower-triangular, L(k, k) € R*

Alg. 2

QDL

Decompose H as H = QDL; generate y = Q'y

Square-root free QL decomposition
Q'Q = D'; L unit lower-triangular

Alg. 3

WL

Puncture H using W as W H=L,; generate y,=W'y

One-sided puncturing algorithm
W non-unitary but diag(W W) =1
L, punctured lower-triangular, L, (k, k) € R*

Alg. 4

WDL

Puncture H using W as VVTH:]ZP; generate Sfp:VNVTy

One-sided square-root free puncturing algorithm
W non-unitary but diag(W'W)=D""

L, punctured unit lower-triangular

Alg. 5

QLZy

Decompose H as H = QLZ'; generate ¥ = Q'y

QL decomposition with right reduction
Q'Q=TI; L lower-triangular, L(k, k) € R*
Z unimodular with detZ =1

Alg. 6

WLZ

Puncture H using W,Z as W'HZ=L,; generate y,=W'y

Two-sided puncturing algorithm

W non-unitary but diag(W'W) =1

L, punctured lower-triangular, L,(k, k) € R*
Z unimodular with detZ =1




SUPPLEMENT S2

QL DECOMPOSITION ALGORITHM

Alg. 1 Optimized thin QL decomposition algorithm

> Decompose H as H = QL and generate y = Q'y
> H: Complex M x N matrix, M >N
> y: Complex M x1 column vector
> Q: M x N matrix with orthonormal columns; Q'Q = Iy
> L: N xN lower-triangular matrix s.t. L(k, k) € R™
> y: Nx1 such that y = Q'y
function [Q,L,y]=QLy(H,y)
Q« [y H]
L+ Oy, (vs)
for k=N+1:-1:2 do

L(k—1,k) + /Q(:, k)TQ(:, k)
Q(:’k)%Q(:vk)/L(k_Lk)
for j=k—1:-1:1 do
L(k*l,])%Q(,k)TQ(,])
Q(a])%Q(’])_L(k_]-v])Q(’k)
end for
end for
Q+Q(:,2: N+1)
v+ L(1)
L+L(:2:N+1)
end function

>augment y to H

> index of current column
> diagonal element
>normalize

>all other cols to its left

>last N cols of augmented Q
> first col of augmented L
>last N cols of augmented L




SUPPLEMENT S3

QDL DECOMPOSITION ALGORITHM

Alg. 2 Optimized QDL decomposition algorithm

> Decompose H as H = QDI: and generate y = QTy.

> If [Q,L,§]=QLy(H,y), then )

> Q=QD ", L=D"’L, y=D "*y.
> H: Complex M x N matrix, M >N

> y: Complex M X1 column vector

> Q: M x N matrix with orthogonal columns s.t. QQ=D"

> D: N xN diagonal matrix with real positive entries such that
> D = diag(L)*

> L: NxN unit lower-triangular matrix; L(k, k) = 1

>y: Nx1 such thaty = Q'y = D ’Q'ly = D '’y

function [Q, D, L,y]=QDLy(H,y)

Q« [y H]

D+ O0yyn

L < [0y, Iy]

for k=N+1:-1:2 do_
D(k—1,k=1) < |Q(, k)|’
for j=k—1:—1:1do

>augment y to H
>normalizer diagonal matrix
>normalized augmented matrix
> index of current col

> diagonal element

>all other cols to its left

L(k—1,7) = Q(, 1), j)/D(k—1, k1)
Q- j) Q- f) (k-1 AL k)

end for

Q(vk)%Q(vk)/D(k_lak_l)
end for
Q(—Q(:,Q:N—l—l) >last N cols of augmented Q
y<L(:1) > first col of augmented L
L«L(:,2:N+1) >last N cols of augmented L

end function
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WL DECOMPOSITION ALGORITHM

Alg. 3 Optimized WL decomposition algorithm

> Generate W  s.t. WTH:LP, WTy:yp, diag(WTW):IN

> H: Complex M x N matrix, M > N

> y: Complex M x 1 column vector

> v: puncturing order

> Ly: N x N punctured lower-triangular matrix; L,(k, k) € R"
> y,: Nx1 such that y, = W'y

> W: M x N puncturing matrix such that diag(W'W) = Iy

>
> Note: W' punctures H; in manuscript, W, punctures L.

> The two schemes are related as follows:

> W!(y—Hx) =W, Q' (y —Hx) = W, (7 - Lx)

> W =W,Q. W,=W'Q

> Also, W' QQ'=W' even though QQ' =1 for M > N. This is because the rows of Q' and the cols of (QQth)
are orthogonal so that Q?(QQTfI) =0. Hence any matrix right-multiplied by Q' would have rows orthogonal

10 (QQ'~1). Thus W'QQ'~W'=W'(QQ' ~I)=W,Q'(QQ' ~I)=0.

>
function [L,,y,, W|=WL(H,y,v)
[Q.L.y] « QLy(H,y) >QL dec.; here y=Q'y, QQ=1Iy
W<+ Q, L, + [y L] >Augment y to L
for k=v+2:N do > Gaussian elimination
for j=v+1:k—1 do > col index to puncture

oLy (k, j+1)/Ly (4, j+1)
W, k)« W(, k) —atW(., )
Lo(k,1:j+1)«Ly(k,1:5+1)—aL,(j,1:5+1)
end for
L,(k, 1:k+1)«L,(k, 1:k+1)/|W(, k)|
W(, k)« W(, k) /[W( k)|

end for
Yo < Lp(:,1) > first col of augmented L,
L,«<L,(;,2:N+1) >last N cols of augmented L,

end function >W,=W'Q




SUPPLEMENT S5

WDL DECOMPOSITION ALGORITHM

Alg. 4 Square-root-free WDL decomposition algorithm
> Square-root free version of WL() in Alg. 3
> Generate D and W such that V~VTH:I~JP, V~VTy:§f},, and
> diag(W'W)=D"",
> H: Complex M x N matrix, M > N
> y: Complex M x1 column vector
> v: puncturing order
> L,: N x N punctured unit lower-triangular matrix; f;p(k, k)=1
> y,: Nx1 such that y, = V~VTy
> D: N XN diagonal matrix with real positive entries such that
> D = diag(L,)
> W: M x N puncturing matrix such that diag(WTW) =D
>
> Note: W' punctures H to form flp:VVTH. In manuscript, VVP punctures DL=D""L o form Lp:V~VpDI:.
These quantities are related as follows:
> If [Q,D,L,y]=QDLy(H.y), then:

> Q= QD71/2’ L - D71/2L’ }z] _ Dfl/zy

> If [Ly,y,, W]=WL(H, y,v), then:

> L,=W'H y,=W'y

> W=WD ", L,=D "’L,, D=diag(L,)’, ;=D "y,

> W'=W,Q'=W,DQ', W=D "W, DQ'

>

function [L,,¥,,D, W]|=WDL(H,y, v)
[Q,D,L,y] + QDLy(H,y) >QDL dec.; here y=Q'y
W« Q >copy in case Q is needed
L, « [y L] >Augment § to L
for k=v+2:N do > Gaussian elimination

for j=v+1:k—1 do > col index to puncture

a+Ly(k,j+1) i
W(:,k)eW(:,kN)—aTW(:,j) 3
Ly(k,1:5+1)«Ly(k,1:5+1)—aL,(j,1:5+1)

end for ~

Dk, k) 1/|W(:, k)
end for .
Yo < Ly(:,1) > first col of augmented L,
L,«L,(:,2: N+1) >last N cols of augmented L,

end function
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QLZ DECOMPOSITION ALGORITHM

Alg. 5 QLZ decomposition algorithm with right reduction

> Decompose H as HZ = QL or H= QLZ™"

> H: Complex M x N matrix, M > N

> y: Complex M x1 column vector

> c: reduction control parameter

> Q: M x N matrix with orthonormal columns; Q'Q = Iy

> L: N XN lower-triangular matrix satisfying reduction conditions
> 1) [R{L(k,j)}| < 2= CHVDL(k, k) forall 5,k 5 <k

> 2) |3{L(k, )} <27 YD L(k k) for all jk:j<k

> Note: L(k, k) € RT

>y =Q'y
> Z: N x N unimodular matrix with detZ = 1
> Z7 ' inverse of Z; N x N unimodular matrix with det Z'=1
function [Q,L,y,Z,Z '|=QLZy(H,y, ¢)
Z 1y, VA Iy > Gauss matrix and its inverse
[Q,L,y] + QLy(H,y) > QL-decompose
for k=2:N do > row index
for j=1:k—1 do > col index
C+ 27 LQ“ Lék H > Reduction factor
if ¢ # 0 then
L(k:N,j) < L(k:N,j)—C- L(k: N, k)
Z(kNaj) ( ij)_c (k N7k)
Z7(k,1:5) = Z7(ky 1:)+C - Z7(5,1:5)
end if
end for
end for

end function
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OPTIMIZED TWO-SIDED WLZ DECOMPOSITION ALGORITHM

Alg. 6 Two-sided WLZ decomposition algorithm

> Generate W, Z such that L, = WHZ

> If H=QL, then L, = LZ satisfies the reduction conditions

> 1) [R{L,(k,j)}| <2tV (k, k) for all j,k:v<j<k
> 2) |3{L,(k,j)}| <27 CTVDIL,(k, k) for all j,k:v<j<k
> H: Complex M x N matrix, M >N
> y: Complex M x1 column vector

> v: puncturing order

> c: reduction control parameter
> L,: N x N punctured lower-triangular matrix; L,(k, k) €R™

>y, =W'y

> W: M x N matrix such that diag(W'W) = Iy
> Z: N x N unimodular matrix with detZ = 1

> Z ' inverse of Z; N x N unimodular matrix with det Z™"

=1

>

> Note: W' punctures H; in manuscript,

>

W, in (31) punctures L.

function [L,,y,, W, Z,Z ']
(W, L,,y,] + QLy(H

for k=v+2:N do

y)

for j=v+1:k—1 do
> Reduction step

¢+ 27¢|2° D]

L(k
if ¢ # 0 then

L(k:N,j) + L(k

Z(k:N,j) +
Z ' (k,1:5) <

end if

> Elimination step
W Lp(kaj)/Lp(jvj)

W(, k)« W(, k) —wl - W(:

(
Z(k:
Z(k,

',
N

J
) J
1:

) -
)=

J

¢
¢
_|_

)+C-Z7 (4,

7j)

=WLZ(H,y,v,c)

L(
Z(

k:
k:

N
N

)

)

Lp(ka 1:j) — Lp(kvl:j) —Ww- Lp(ja l:j)
Yo(k) < yo(k) —w -y, (4)

end for

L,(k, 1:k) < Ly(k, 1:k)/|W
Yo(k) < ¥ (k) /W, K|

W(: k)« W(,
end for
end function

k)/ITWG,

al

&

2l

k
k

= —

)

The two matrices are related as W' =W, Q'.

> QL-decompose; y,= W'y
> Reduction-elimination loop
> col index

> Reduction factor

>update 'y,

>normalize




SUPPLEMENT TABLE TII
SUMMARY OF DETECTION ALGORITHMS

Algorithm Decomp. Scheme  Channel Metric Marginalization Tree Metric Update
Alg. 7 1-sided WL 1 2 multi-tree: N/v trees local within tree only
left- tured |, = — 5~ | yo —Lpx LS on 1
WlLldetector |v parents ett-punctured] fe No Iy = L] on feaves all child nodes are leaves|metrics not preserved with col permutations
Alg. 8 2-sided WLZ left-punctured multi-tree: N/v trees global across all trees
WLZdetector |v parents right-reduced upzz—N%)Hyp—LpZAxH2 LS on leaves all child nodes are leaves |metrics almost preserved with col
reduction param. ¢ permutations as c increases
Alg. 9 1-sided WDL augmented — LixP—[5 i %[, ILS on leaves multi-tree: N/v trees local within tree only
AWDLdetector |v parents left-punctured Her =, Yop ~ HarX]p all child nodes are leaves | metrics not preserved with col permutations
Alg. 10 1-sided WDL augmented enumerate on parent 1 |multi-tree: 2x N/2 trees |global between parent tree pairs
AWDL Xdetector|fixed v =2 parents |left-punctured | fta, = ELHX”Z— |90 — LapX |3, | ZF+window on parent 2|2 trees per parent pair  |metrics not preserved across tree pairs
window size 7 ZF-DF on leaves all child nodes are leaves
Alg. 11 1-sided QL - . . i
L ORngetector 3 i)la:entf y true p= *N%]”nyxH ZF-DF on child nodes |multi-tree: N/v trees local within tree only
Alg. 12 1-si L . . . lobal
g sided QLy true B=— NL |y —Lx| ZF-DF on child nodes |multi-tree: N/v trees & Ob? across trees i i
LORDXdetector | parents 0 metrics preserved with col permutations
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WLD-BASED MIMO DETECTION ALGORITHM

Alg. 7 One-sided WLD MIMO detection algorithm

el e e i
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> Perform soft-output MIMO detection by puncturing H using 1-sided WL() decomposition scheme of Alg. 3.
Process v parent layers at a time. In each run, layers are permuted so that a new group of v symbols are
chosen as parent symbols. N/v independent runs are performed. Metrics of parent layer symbols only are
updated in each run. This is because, for every layer ordering of H, Vfo changes and is not unitary. Hence
Euclidean distance metrics of the form |W/(y —Hx)|= |y, —L,x| are not preserved when the columns of H
are permuted.

> H: Complex M x N matrix, M > N

> y: Complex M x1 column vector

> Ng: noise variance

> X' set of Q modulation constellation symbols; |X|=Q =24

> v: puncturing order (assume N is a multiple of v)

> A: gN x 1 bit LLR vector

> Note: Distance computation on line 14 is expressed in this form for brevity. It can be simplified since L, is
punctured and sparse.

: function A =WlLdetector(H,y, Ny, X, v)

Q<_ |X|aq<_10g2Q
X < all vx1 vectors in X” >v X Q" symbol matrix
X Onx1 > N x1 column symbol vector
1, fho $— —OQgNx1 >qN x 1 metric vec. initialized to —o0
for t=1:N/v do > process v parent layers at a time
w4 [wiE—=1)+1:N,1:v(t—1)] > col permutation
Ly, ¥o, ~] <~ WLH(:, 7),y,v) > permuted cols
for j=1:Q" do >loop over all vx1 vectors in X*
x(1:v)«X(1:v,7) > v parent layer symbols
for i=v+1:N do > N —v child layer symbols
x(1) {yp(i)foﬁ’;;;)x(lw)-‘ > slice

end for

h— —Hyp—LpXH2 > metric using punctured L,
b < binary(x(1:v)) >qu x1 binary representation
for k=1:qv do > metrics for qu parent symbol bits

if b(k) =1 then
p(qu(t—1)+k) < max{m (qv(t—1)+k), u}

else
pro(qu(t—1)+k) <= max{po(qu(t—1)+k), u}
end if
end for >k loop
end for > 7 loop
end for >t loop
A (1 — po)/No >qN x 1 vector of LLRs

end function
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WLZ-BASED MIMO DETECTION ALGORITHM

Alg. 8 Two-sided WLZ MIMO detection algorithm
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> Perform soft-output MIMO detection by puncturing H using 2-sided WLZ() decomposition scheme of Alg. 6.
Process v parent layers at a time. Each run detects a new group of v symbols chosen as parent symbols. N /v
runs are performed. Metrics of all layer symbols are updated in each run. This approximation is possible in
this case because of the right reduction step by Z. For large c, VVapVVJp =~ I (i.e., almost unitary), and hence
distance metrics of the form |W. (y.—H.x)|* o< [W/! L.(My —x)|* are almost preserved when the columns
of H are permuted.

> H: Complex M x N matrix, M >N

> y: Complex M x1 column vector

> Ng: noise variance

> X set of QQ modulation constellation symbols; |X|=Q =24

> v: puncturing order (assume N is a multiple of v)

> c: reduction control parameter

> A: qN x 1 bit LLR vector

> Note: Operation L,Z"" on line 9 is simply integer addition and scaling operations by powers-of-2. Also,
distance computation on line 15 is expressed in this form for brevity. It can be simplified since L, is punctured
and sparse.

function A =WLZdetector(H,y, Ny, X, v, )
Q <+ |X],q < log, Q
X < all vx1 vectors in X” >v X Q" symbol matrix
X < Onx1 >N x1 column symbol vector
Ly flo — —OOgnx1 >qN x 1 metric vec. initialized to —oo
for t=1:N/v do > process v parent layers at a time
w4 [wiE—1)+1:N,1:v(t—1)] > col permutation
Ly, Yo, ~ ~, Z |« WLZ(H(:, 7), ¥y, v, ¢)
L, < L,Z" > Integer addition/scaling operations
for j=1:Q" do >loop over all vx1 vectors in X*
x(1:v)«X(1:v,7) > v parent layer symbols
for i=v+1:N do > N —v child layer symbols
x(1) [yp(i)fo‘z(é’i%;V)x(lzy)—‘ > slice
end for
= —|yo —Lx| > metric using punctured L,
b+ binary(x) >qN x 1 binary rep. of all x
for k=1:qN do >update metrics for all symbol bits

if b(k) = 1 then
pir (k) < max{yu (k), pu}
else
pio(k) <~ max{yio(k), pu}
end if
end for >k loop
end for > 7 loop
end for >t loop
A< (g1 — po)/No >qN x 1 vector of LLRs

end function
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Alg. 9 AWDL MIMO detection algorithm
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> Perform soft-output MIMO detection by puncturing the augmented matrix H, using I-sided square-root-free
WDL() decomposition scheme of Alg. 4. Process v parent layers at a time. In each run, layers are permuted
so that a new group of v symbols are chosen as parent symbols. N /v independent runs are performed. Metrics
of parent layer symbols only are updated in each run. This is because, for every layer ordering of H,, the
puncturing matrix changes and is not unitary. Hence the required metrics are not preserved when the columns
of H are permuted.

> H: Complex M x N matrix, M > N

> y: Complex M x 1 column vector

> Nq: noise variance

> X' set of Q modulation constellation symbols; |X|=Q =24

> v: puncturing order (assume N is a multiple of v)

> A: qN x 1 bit LLR vector

> Note: Metric computation on line 16 is expressed in this form for brevity. It can be simplified since I:ap is
punctured and sparse.

: function A =AWDLdetector(H,y, Ny, X,v)
Q<_ |X|v q<—10g22Q
Ey +— % dowex 1Tl >Avg. symbol energy
X < all vx1 vectors in X" > v x Q" matrix of symbols
X ¢+ Onx1 >N x 1 column symbol vector
L1y fho 1_00 Nx1 >qN x 1 metric vec. initialized to —o0
H,«+ ‘/f\TOIH , Yat \/;N—[ Y ] > augmented H,,y.
VE. N 0 0N><1
for t=1:N/v do > process v parent layers at a time
w4 [wiE—1)+1:N,1:v(t—1)] > column permutation
[Lap, Yap, D] <~ WDL(HL, (:, 7), ya, ) > permuted cols
for j=1:Q" do >loop over all vx 1 vectors in X*
x(1:v)+X(1:v,j) > v parent layer symbols
for i=v+1:N do_ >N —v child layer symbols
x(i) - | Eel=Tanli)xt) | > slice
end for
e 2 [ = (Fop— Fap) D (Fop—Ta) > metric
b <+ binary(x(1:v)) >qu x 1 binary representation
for k=1:qv do > metrics for qu parent symbol bits

if b(k) =1 then

p(qr(t—1)+k) < max{p (qu(t—1)+k), u}
else
pro(qu(t—1)+k) < max{uo(qu(t—1)+k), u}
end if
end for >k loop
end for > 7 loop
end for >t loop
Ay — po >gN x 1 vector of LLRs

end function




SUPPLEMENT S11
AWDL-BOX MIMO DETECTION ALGORITHMS

Alg. 10 AWDL-BOX MIMO detection algorithm
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> Optimized version of AWDLdetector for v=2. Process 2 parent layers at a time, by enumerating over parent
1 and doing ZF-DF for parent 2. The search for parent 2 is expanded to a window of size 1 around the ZF
solution. The parents are switched and the process is repeated for a second run. In each pair of runs, a new
pair symbols is chosen as parents. N/2 pairs of runs are performed. Metrics of all symbols are updated in
each pair of runs. This is because metrics are preserved if parent layers are permuted and child layers are
permuted independently, but metrics are not preserved for col arbitrary permutations.

> H: Complex M x N matrix, M >N

> y: Complex M x 1 column vector

> Ng: noise variance

> X' set of Q modulation constellation symbols;
> n: window size around ZF solution for parent 2
> A: qN x 1 bit LLR vector

> Note: WDL decomposition on line 9 can be optimized for each pair of runs since right-most N —2 cols of

L., do not change.

> Note: Metric computation on line 18 is expressed in this form for brevity. It can be simplified since tap is
punctured and sparse.

X|=Q=21

: function A =AWDLXdetector(H,y, No, X,n)
2
Q < |X|v q — 10g2 Qv ES <~ % ZwEX |£ZI|
X ¢+ Onx1 >N x 1 column symbol vector
M1y fo 4= —O0gvs >qN x 1 metric vec. initialized to —o0
1
—H
VNo 1|y
S o R AT o))
for t=1:N/2 do > process 2 parent layers at a time
for p=1:2 do > parent layers order: [1,2] or [2,1]
T [2t—2+4p,2t—p+1,2t+1:N,1:2t 2]
[Liap, Yo, D] <~ WDL(H.(:, ), ¥a, 2) >y=2
for j=1:Q do >loop over all symbols in X
x(1)+X(j) > parent layer symbol
Sap (2) — Loap (2,1)x(1) .
Z4 )”)1—1/(E+D(2,2))—‘ > slice layer 2
W(z) + n closest symbols in X to z
for all weW(z) do >1 closest symbols to z
x(2) +w >set as layer 2 symbol
for i=3:Ndo > N —2 child layer symbols
(i) - | EpLop 2t | > slice
e 2 [l = [5p— Ll > metric
b+« binary(x(1:2,1)) > binary repres.
for k=1:2q do > parent bits metrics
r+(k—1+(p—1)q)%(2¢)+1 > index

if b(k) =1 then
pi(2q(t—1)+r)
max{n (2q(t—1)+r), u}
else )

to(2q(t—1)+r
max{fo(2q(t—1)+r), u}
end if

end for >k loop

end for >1 loop

end for >w loop

end for >j loop

end for >p loop

end for >t loop

ANy — o >qN x 1 vector of LLRs
end function
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Alg. 11 LORD MIMO detection algorithm
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> LORD soft-output MIMO detection using QLy() decomposition scheme of Alg. 1. Process v parent layers at
a time. In each run, layers are permuted so that a new group of v symbols are chosen as parent symbols. N /v
independent runs are performed. Metrics of parent layer symbols only are updated in each run.

> H: Complex M x N matrix, M > N

> y: Complex M x1 column vector

> Ng: noise variance

> X' set of Q modulation constellation symbols; |X|=Q =24

> v: puncturing order (assume N is a multiple of v)

> A: qN x 1 bit LLR vector

> Note: Distance computation on line 14 is expressed in this form for brevity. It can be simplified since L is
lower-triangular.

function A =LORDdetector(H,y, Ny, X, v)

Q + |X|,q < log, Q
X < all vx1 vectors in X” >v X Q" matrix of symbols
X+ Onx1 > N x1 column symbol vector
M1, fho $— —OQgNx1 >qN x 1 metric vec. initialized to —oo
for t=1:N/v do > process v parent layers at a time
w4 [v(t—=1)+1:N,1:v(t—1)] > column permutation
[~,L,y]« QLy(H(:, 7),y,v) > permuted cols
for j=1:Q" do >loop over all vx 1 vectors in X*
x(1:v)«X(1:v,7) > v parent layer symbols
for i=v+1:N do > N —v child layer symbols
x(1) {W—‘ > slice

end for

p——|y—Lx|’ >metric using full L
b < binary(x(1:v)) >qu x 1 binary representation
for k=1:qv do > metrics for qu parent symbol bits

if b(k) =1 then
p(qu(t—1)+k) < max{m (qv(t—1)+k), u}

else
pro(qu(t—1)+k) <= max{po(qu(t—1)+k), u}
end if
end for >k loop
end for > 7 loop
end for >t loop
A< (1 — po)/No >qN x 1 vector of LLRs

end function
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Alg. 12 Optimized LORD MIMO detection algorithm
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> Optimized version of LORDdetector in Alg. 11 to globally update metrics in each run. Process v parent
layers at a time. In each run, layers are permuted so that a new group of v symbols are chosen as parent
symbols. N /v independent runs are performed. Metrics of all layer symbols are updated in each run. This is
possible because Euclidean distance metrics do not change under column permutation of H.

> H: Complex M x N matrix, M >N

> y: Complex M x1 column vector

> Ny: noise variance

> X' set of Q modulation constellation symbols; |X|=Q =21

> v: puncturing order (assume N is a multiple of v)

> A: qN x 1 bit LLR vector

> Note: Distance computation on line 14 is expressed in this form for brevity. It can be simplified since L is
lower-triangular.

: function A=LORDXdetector(H,y, Ny, X, v)

Q + |X|,q < log, Q
X < all vx1 vectors in X >vx Q" matrix of symbols
X ¢+ Onx1 >N x 1 column symbol vector
L1y fho — —OONx1 >qN x 1 metric vec. initialized to —o0
for t=1:N/v do > process v parent layers at a time
w4 [v({t—1)+1:N,1:v(t—1)] > column permutation
[~, L,y QLy(H(:, 7),y,v) > permuted cols
for j=1:Q" do >loop over all vx1 vectors in X*
x(1:v)+X(1:v,7) > v parent layer symbols
for i=v+1:N do > N —v child layer symbols
x (1) + [—S’(i)_l‘l(f(’il’g)x(l:”)—‘ > slice

end for

p——y —Lx|’ > metric using full L
b+ binary(x) >gN x 1 binary rep. of all x
for k=1:qN do > update metrics for all symbol bits

if b(k) = 1 then
pia (k) <= max{yu (k), p}

else
tio(k) = max{yio(k), pu}
end if
end for >k loop
end for >j loop
end for >t loop
A< (1 — po)/No >gN x 1 vector of LLRs

end function
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Supplement Figure F9. Comparison of AIRs for 8x8 MIMO channels with Gaussian inputs.

parent layers are optimally selected so as to maximize 7" in (41).
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8 x 8 complex MIMO channel (Gaussian inputs)
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Supplement Figure F10. Comparison of AIRs for 8 x8 MIMO channels with Gaussian inputs. The AIRs for the AWLD, WLD, and
WLZ algorithms are averaged over all possible parent layer selections.



8 x 8 complex MIMO channel (finite inputs)
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Supplement Figure F11. Comparison of AIRs for 8x8 MIMO channels with finite inputs. For the AWLD, WLD, and WLZ algorithms
with QPSK, 16QAM, and 64QAM inputs, parent layers are selected so as to maximize /\\" in (41) if Gaussian inputs were assumed.



8 x 8 complex MIMO channel (finite inputs)
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Supplement Figure F12. Comparison of AIRs for 8 x8 MIMO channels with finite inputs. The AIRs for the AWLD, WLD, and WLZ
algorithms are averaged over all possible parent layer selections.



4 x 4 complex MIMO, 16QAM
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Supplement Figure F13. Frame error-rate of 4 x4 complex MIMO channels, 16QAM



0 4 x 4 complex MIMO, 64QAM
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Supplement Figure F14. Frame error-rate of 4 x4 complex MIMO channels, 64QAM
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4 x 4 complex MIMO, 256QAM
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Supplement Figure F15. Frame error-rate of 4 x4 complex MIMO channels, 256QAM



6 x 6 complex MIMO, 16QAM

—
1072
L
)
=
©
T 3
o 10
S
=
L
) I
& 4 —<—7F WLD-Xv2n1
® 10" | —0— Kbest-K8 —A— WLD-Xv2n4
LL [| —O—— Kbest-K16 ——— WLZ-Grlc2

[| —%— MLM —p— AIRr-Svl

| —o0— LORD-Lvl —f>—— AIRo-Svl

105 H—°— LORD-Lv2 —p—— AIRr-Sv2

F| —o0— LORD-Gvl —o— AWLD-Lv1

- LORD-Gv2 —o—— AWLD-Lv2

| —A— WLD-Lvl —o— AWLD-Xv2n1

— A WLD-Lv2 AWLD-Xv2n4
-6 : : . |
10
14 15 16 17 18 19 20

SNR per antenna [dB]

Supplement Figure F16. Frame error-rate of 6 x6 complex MIMO channels, 16QAM



6 x 6 complex MIMO, 64QAM
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Supplement Figure F17. Frame error-rate of 6 x6 complex MIMO channels, 64QAM
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Supplement Figure F18. Frame error-rate of 8 x8 complex MIMO channels, 16QAM
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8 x 8 complex MIMO, 64QAM
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12 x 12 complex MIMO, 64QAM
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Supplement Figure F21. Frame error-rate of 12x 12 complex MIMO channels, 64QAM



16 x 16 complex MIMO, 16QAM
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Supplement Figure F22. Frame error-rate of 16 x 16 complex MIMO channels, 16QAM
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16 x 16 complex MIMO, 64QAM
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Supplement Figure F23. Frame error-rate of 16 x16 complex MIMO channels, 64QAM
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Supplement Figure F24. Frame error-rate of 32x 32 complex MIMO channels, 16QAM
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Supplement Figure F25. Distribution of bit LLLRs of one symbol: 4 x4 complex MIMO channel, 16QAM, SNR=20dB.



8 x 8 complex MIMO, 64QAM
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Supplement Figure F26. SNR to meet target FER of 0.1% versus complexity.
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