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Abstract—This paper considers hybrid beamforming consisting
of analog beamforming (ABF) coupled with digital baseband
beamforming (DBF) which is designed for multi-user (MU) mul-
tiple input multiple output (MIMO) millimeter-wave (mmWave)
communications. ABF uses a limited number of radio frequency
(RF) chains and finite-resolution phase-shifters to alleviate the
power consumption at the base station (BS), while DBF us-
es either zero-forcing beamforming (ZFB) or regularized zero
forcing beamforming (RZFB) to restrain MU interference. The
joint design of ABF and DBF constitutes a computationally
challenging mixed discrete continuous optimization problem. The
paper develops efficient algorithms for its solution, which iterate
scalable-complex expressions. Furthermore, we conceive a new
class of MU RZFB for attaining higher rates. Simulations are
provided to demonstrate the viability of the proposed algorithms
and the advantages of the conceived RZFB.

Index  Terms—Multi-user  multiple-input-multiple-output
millimeter-wave communications, hybrid beamforming, analog
beamforming with b-bit resolution, zero-forcing beamforming,
regularized zero-forcing beamforming, Brunn-Minkowski
geometry, mixed discrete continuous optimization, scalable
complexity

I. INTRODUCTION

Millimeter-wave (mmWave) communication relies on the
frequency range spanning from 30 GHz to 300 GHz to deliver
gigabit/s rates [1]-[4]. Since the path-loss at these frequencies
tends to be high [5], [6], mitigating the power consumption
becomes a critical issue for mmWave communication [7]-[9].
Hybrid beamforming (HBF) consisting of analog beamforming
(ABF) using a limited number of radio frequency (RF) chains
coupled with digital baseband beamfoming (DBF) has been
proposed for addressing this issue [10], [11]. However, the
design of HBF is challenging, not only because the entries
of the ABF matrix are subject to the unit modulus constraint
but also because the matrix is also of a large scale, which

This work was supported in part by Technology Key Project of Guangdong
Province, China (HZJBGS-2021001), in part by the Australian Research
Council’s Discovery Projects under Grant DP190102501, in part by the U.S.
National Science Foundation under Grant CNS-2128448, and in part by the
Engineering and Physical Sciences Research Council projects EP/W016605/1
and EP/P003990/1 (COALESCE), and the European Research Council’s
Advanced Fellow Grant QuantCom (Grant No. 789028).

1 Shanghai Institute for Advanced Communication and Data Science,
Key Laboratory of Specialty Fiber Optics and Optical Access Networks,
Shanghai University, 200444 Shanghai, China (email:hw_yu@shu.edu.cn);
2School of Electrical and Data Engineering, University of Technology Sydney,
Broadway, NSW 2007, Australia (email:Hongwen. Yu@student.uts.edu.au, Tu-
an.Hoang@uts.edu.au, Eryk.Dutkiewicz@uts.edu.au); 3Department of Electri-
cal and Computer Engineering, Princeton University, Princeton, NJ 08544,
USA (email: poor@princeton.edu); *School of Electronics and Computer
Science, University of Southampton, Southampton, SO17 1BJ, UK (email:
lh@ecs.soton.ac.uk)

imposes high-dimensional nonlinear constraints on the joint
ABF and DBF matrix optimization. In single-user mmWave
systems, the HBF design tends to rely on the product of ABF
and DBF matrices to approximate a fully digital beamforming
matrix [12]-[16].

As a further development, multi-user (MU) mmWave HBF
has been considered in [17]-[24], for example. More par-
ticularly, the problem of sum-rate (SR) maximization was
addressed both in [23] and [24] by invoking computationally
tractable iterative processes, which avoid convex solvers. The
MU interference was not considered in [20] in the alternat-
ing optimization of the ABF matrix. To elaborate a little
further, SR maximization has the weakness that it assigns
high rates/powers to a few selected users having the best
channel conditions and thus leaving other users with near-
to-zero rates. Unfortunately, this impediment cannot be elimi-
nated by imposing a specific minimum user-rate constraint for
ensuring fair rate distributions, because this potentially makes
the optimization problems computationally intractable.

Both zero forcing beamforming (ZFB) and regularized
zero forcing beamforming (RZFB) are suitable for orthogonal
or quasi-orthogonal massive multiple input multiple output
(MIMO) systems [25]-[27]. MmWave communication also
benefits from massive antenna-array, but having a limited
number of RF chains for ABF destroys the orthogonality.'
Hence the design of ZFB and RZFB in HBF is much more
challenging than its spatial multiplexing based massive MIMO
counterpart hence requiring more research [28]-[31]. As the
effective mmWave channels are dependent on the ABF matri-
ces, the works [29]-[31] aim for designing the ABF and DBF
separately. The ABF design of [29], [30] aims for maximizing
the so-called sum signal-to-leakage-plus-noise-ratio (SLNR)
based on the channel covariance under identical fixed-power
transmission, which is not directly related to the users’ rate.
Moreover, this problem is quite complex and is thus simplified
by setting equal SLNRs. The ABF design of [31], which
matches the ABF to the phase of the channel, results in RZFB
that approaches the performance of the optimal fully digital
ZFB in terms of the user’s worst (minimal) rate as long as the
number of RF chains is not lower than the number of users.
All results in [28]-[31] are applicable to single-antenna users
only, who are served by single information streams.

Against the above background, this paper offers the follow-

'Given a limited number of RFs chains, the dimension of the effective
channel vectors of the links spanning from the BS to the users is small.



ing contributions:

o The joint design of finite resolution ABF and MIMO ZFB
to improve the users’ rates via maximizing their geomet-
ric mean (GM-rate) is proposed. The users are equipped
with multiple antennas to receive multiple information
streams. In contrast to conventional SR maximization,
GM-rate maximization is capable of improving the users’
rate-fairness without explicitly imposing rate constraints.”
The design problem of maximizing the users’ worst rate
is also addressed;

o Based on the Brunn-Minkowski geometry of positive
definite matrices, the joint design of finite resolution ABF
and MIMO RZFB to improve the GM-rate is also devel-
oped. A new MIMO RZFB is proposed for improving the
GM-rate and thus the users’ rates;

o Computationally efficient algorithms, which iterate
scalable-complex expressions, are developed for solving
the resultant problems of mixed discrete continuous op-
timization. The discrete constraints imposed on finite-
resolution ABF are also efficiently dealt with.

In a nutshell, we boldly contrast our novel contributions to the
related literature in Table I.

The paper is organized as follows. Section II is devoted
to the joint design of ABF and MIMO ZFB, while Section
Il is dedicated to the joint design of ABF and MIMO
RZFB. Section IV proposes a new MIMO RZFB solution for
improving all users’ rates. The performance of the proposed
designs is evaluated by simulations in Section V, while Section
VI concludes the paper.

Notation. Only the optimization variables are boldfaced.
The inner product between vectors x and y is defined as
(x,y) = zfy. Analogously, (X,Y) = trace(X”Y) for
matrices X and Y. We also use (X) for the trace of X
when X is a square matrix. ||X|| is the Frobenius norm
of the matrix X, which is defined by \/trace(X” X). [X]?
stands for X X so || X|]?2 = ([X]?). X = 0 (X = 0, resp.)
means that X is Hermitian symmetric (X = X) and positive
semi-definite (definite, resp.). Denote by Ay .x its maximal
eigenvalue. Accordingly, X >= Y (X > Y, resp.) means
X-Y»0(X-Y >0, resp.). diag[Ay]rei is the diagonal
matrix with the matrices A, kK € K on its diagonal. I, is
the identity matrix of size n X n. For a complex number z,
we denote the argument by Zz. CN x(0) is the set of proper
(circular) Gaussian variables in CV having zero means. Note
that E(ss”) = 0 Vs € CN'x(0).

The following matrix inequalities [34], [35], which hold for
all matrices V. € C™ ™, V € C™*™, and positive definite
matrices Y € C™*" and Y € C"*", are frequently used in
the paper:

VY-V = VHEY IV 4 VEY -y —yHY - lyy Y,
(1

and
In|L, + [VI*Y Y > In|L, + VY — ([V]*Y 1)
RR{VAY IV — (V= ([V]247) 7 [VIP+Y)2)

2The GM-rate based fairness has also been interpreted as a manifestation
of proportional fairness (see e.g. [32], [33] and references therein).

One can see that the left hand side (LHS) of the matrix
inequality (1) is a nonlinear form of (V,Y) while the right
hand side (RHS) is a linear form of (V,Y), and they match
at (V,Y). The LHS of (2) is a log-determinant function of
(V,Y) while the RHS of (2) is a concave quadratic function
of (V,Y), and they match at (V,Y). Thus, according to [36]
the RHS of (2) provides a tight concave quadratic minorant
for the LHS of (2).

II. JOINT DESIGN OF ABF AND ZFB

Consider a mmWave communication network of a single
base station (BS) serving K downlink users (UEs) having
indices as k € K £ {1,..., K}, Ky UEs are located near
the BS with indices ky € Ky = {1,...,Kx}, and the
remaining UEs are located far from the BS with indices kp,
krp € Kp 2 {Ky +1,...,K}. The BS is equipped with a
massive [V-antenna array and Nppr RF chains. As such

N > Ngr. 3)

Each UE £k is equipped with a moderate Np-antenna array.
Let H, € CNe*N be the channel’s impulse response (CIR)
spanning from the BS to UE k£, which is modelled by [12],
[37]

Nc Nsc
/1n— H
Hy =7v10 Pi/10 Z Z Ak, c 0Qr ((bz,c,@) ay ((b};,c,é? otk,c,é)
c=1/¢=1
4
where T = %, N, and N, respectively are the number

of scattering clusters and that of scatterers within each cluster.
Furthermore, oy, ¢ is the complex gain of the /th path in the
cth cluster between the BS and UE £k, ‘15270,@ and 02701 are
the azimuth angle and elevation angle of departure for the
(th path in the cth cluster arriving from the BS at the UE £,
respectively, ¢} . , is the azimuth angle of arrival for the (th
path in the cth cluster from the BS to UE k, and py, is the path-
loss (in dB) experienced by UE k. Under a uniform planar
array antenna configuration having half wavelength antenna
spacing with N7 and N, elements in horizon and vertical,
respectively, the normalized transmit and receive antenna array
response vectors a; (d);@,cl’ 9,2’6’8) and a, (gb’,;’c’e) are defined
as [12]

Qg (¢7lfc,c,£’ GZ,C,K)

_ 1 [17 i@ sin(@] o) sin(O0f . )+ycos(0) )

(=D 1,) O M (Na =) x| "5

and
7 sin(dy, ¢.0) j(Nr=1)7 sin(¢y .. o)
Sin . Sin .
1,¢’ k) L€l ’“'Z} )

(6)
where we have 0 < 2 < (N; — 1) and 0 < y < (N3 — 1).
Similar to the HBF design of [14], [15], [38], in this paper,
it is assumed that perfect channel state information (CSI) is
available at both the transmitter and receiver and that there
is perfect synchronization between them. The CIR can be

1
ar(Oh.er) = NATS {



TABLE I: Contrasting our novel contributions to the related literature.

Contonts Literature This work | [20], [23], [24] | [28] | [29], [30] | [31]
MIMO mmWave v

finite resolution ABF N IV

digital ZFB IV v v

digital RZFB N v
SR maximization N v v

max-min rate optimization V4
GM-rate maximization N

Zero rate issue v N

computational tractability in finite resolution ABF N

computational tractability for massive antenna-arrays N v/ N

readily estimated by exploiting the sparsity of the channel in
the angular domain [39]-[41]. Its knowledge is assumed in the
paper.

For N £ {1,...,N} and Ngr £ {1,...,Ngp}, 0 =
1655 n.5yen s nmp € [0,2m)V¥NRF, let

A 0, ; NXNpg
© =[], jyeN xNpe € CH7NRE

represent the phase shift based ABF matrix. Since having an
infinite resolution for @,, ; is not practical for the implementa-
tion of mmWave communications [42], we focus our attention
on finite resolution, 3which is represented by the constraint:

2

an,jEBé{LQbM:

0,1,...,2° =1}, n e N;j € Nrp.
)

In what follows, for € [0, 27), its projection into B denoted
by |x|p is termed as its b-bit rounded value, i.e. we have:

27
lz]o = tagy (8)
in conjunction with
2T
A .
= — — 9
TR e | T 2

which can be readily found as ¢, € {¢,0+1} forz € [L2F, (1+

1)Z%]. For b = oo, we have
2= 2. (10)

Upon denoting the baseband signal by z € CV%7, the received
signal of at UE k becomes

yr = Hp,©x + vy, (11)

where v, is noise having the covariance of o, which incorpo-
rates both the background noise and other uncertainties, such
as the channel estimation error. The development of robust
designs that rely on imperfect channel state estimation is an
interesting topic for future research.

Let s € CNn,(0) with E([sx]?) = In, be the infor-
mation intended for UE k, which is processed by a MIMO
beamformer VP € CNrr*Nr before the BS’s transmission.

For s = (sT,...,s%)T and
VB =[VE ... VE]ecNwx®ENm) (1)

3The following comment of an anonymous reviewer is gratefully acknowl-
edged: The phase shifter’s power consumption is determined by that of the
input voltage biasing network as well as by the bandwidth over which the
phase shift is desired.

which is termed as the baseband beamformer, the baseband

signal = in (11) becomes x = VPBs. Based on (11), the
corresponding MIMO equation becomes:
y=HOVBs 4y, (13)
where we have:
Y1 Hy
y2 ... | ecENr g2 | | e CENRXN,
YK Hy
2
vE .| eCENr,
VK

This section deals with the scenario of Ngp > K Npg, under
which ZFB exists:

VB = e gt ([He)*) diag[Pi]rek, Pr € CNrXNr

(14
leading from (13) to
y = diag[Prsk|rex + v. (15)
For P £ diag[P]rex. the rate of UE k is
1
rr(Pr) = In| I, + —[Py]?|, (16)

while the transmit power is
m(6,P) £ [|OVE|? (17)
— (Hee" 06" H [([H6]?) 'diag[Pilrex]”). (18)
Given the power budget P, the power constraint is
m(0,P) < P. (19)

We consider the following problems:

1K
max rau(P) 2 (H rk(Pk)> s.t. (7),(19), (20)

kek
and

A .
nyl)?gi rum(P) = min re(Pr) st (7),(19), 1)
where (20) is a geometric mean rate (GM-rate) optimization
problem having an objective function given by the GM of user-
s’ rates, while (21) is a max-min rate optimization problem.
Our recent result [43] shows that GM-rate optimization helps
to improve all users’ rates in a very fair manner. This feature of



GM-rate maximization will be underlined in the simulations in
Section V. Both (20) and (21) are computationally challenging
optimization problems of mixed discrete continuous nature
[36].

The next two subsections are devoted to the computational
solution of the GM-rate maximization problem (20), while
the last subsection dedicated to that of the max-min rate
optimization problem (21).

A. ABF design by joint optimization

To address the problem (20), we first approximate the
function 7 (@, p) in (17) as follows:

Q

7(0,P) N(Hee" " [(([He]*) 'diag[P

N(([HO]*)", diag [[P4]*], 1)
where for the approximation (22) we used [12] 670 =~

NIy,,. The power constraint (19) is thus approximated by
the following constraint

k]keK]QXZZ)
(23)

(([HO]*)™", diag [[P4]*], k) < P/N. (24)

We thus consider the following approximation problem for
(21):

max ram(P) st (7),(24). (25)
To minimize the nonlinearity of the objective function in
(25) as the GM of nonlinear functions, we use the following

equivalent formulation of the max-min optimization*

> yr(Pr)] st (7). (24).

kex

(26)

max min
PO [licxve=17:>0

In what follows, for nonnegative integer ;‘(ﬁ‘, )we use the notations
A p(k) A 0"
9(,{) = [en’jj](n,j)ENXNRF’ e(fi) = [ej n‘J}(n,j)ENXNRF’ and

P®) = diag[P\"™|pex.
After initialization by (P, 0(©), for k = 0,1,..., we
optimize vy to have
. e , P(/’”V)
) = DA%k ’CT(’;)( i) fe k. 27)
T (Py)

We then iterate (P(*+1) #(++1)) at the s-th round by solving
the following problem

(7),(24). (28

max r('ﬁ) r s.t
P6 Gl ’Yk ko ( L
ke

1) Alternating optimization in P: We will seek P(#+1)
such that

rga (PUHD) > ) (PO), (29)
Applying the inequality (2) yields
r(Pr) > Y (Py) (30)
2 a4 2R{ATPY} — (B, [PY),6D)
= [ pex kTR (Pr)] > MTeex vere(Pe)]Y/ X

Mrex 7% (Pi)]Y/K with the equality sign at yi171(Ps) =
Yx i (Px) according to Cauchy’s inequality.

for

(k) a

= Tk(Pign)) -
B £ L,

(r)
||Pk0 H2 _ O'<Bl(cn)>7Al(:) % é(P(“))

- ([P;EH)]Q + UINR)

(32)
Therefore, we have:
ren(P) > U (P) (33)
2 Yo,
ke
= a2 R4 PL)
kGIC
S B, Py, (34)
ke

with (%) £ Zk%,c Al ak () Note that we have r(), (P()) =

~(“) ( P(K
[36]

We solve the following convex problem of minorant maxi-
mization to generate P(+t1):

((HOW]?)

, 80 72 (P) provides a tight minorant for ré K{ (P)

max P& (P) st LIP?) < P/N. (35)
Assuming that R,(:") are diagonal blocks of size Ny x Ngr of
the positive definite matrix ([O()]?)~!, which are positive
definite too [44]. Then (35) admits the following closed-form

solution

BUOV—1( 4\ H

(B,)H(A4y)

it Ypen lRE)V2(B) (A |2 < PN,
( () g(s) | R(»e))*l () ( A0V H otherwi

Ve D WRy, Vi k otherwise,

where > 0 is found by bisection
Zke)c H(R(K))l/Q ( )B(H) + ,LLR(K)) ](:)(AI(:))HHZ
P/N.

It follows from (33) that r(),(P(:+1D)) > %) (plr+1)y
and then 7{f), (P(+1) > 75} (P()) = r{), (P()) because
PU+1) and P(%) are the optimal solution and a feasible point
for the problem (35). Therefore, (29) is verified, provided that
réa (PUHD) 2 (5 (P),

2) Alternating optimization in 6: Note that the objective
function in (28) is independent of 6, hence the alternating
optimization in § aims for minimizing the power consumption
defined by the right hand side (RHS) of the power constraint

(24):
(7),

which is a complex problem of discrete optimization. We
elaborate further as follows:
([PUD]2, ((HOJ) ™)
= o([8]) — (a([8]) — ([PU"TV]?, ([HO]*)7"))
= aNNRF — @(0),

where o > 0 is chosen for ensuring that the function ¢ () =
a([0)%) — ([P"+1D]2 ([HO]?)~!) is convex in © [36, Prop.
4.2]. The problem (36) is equivalent to the following problem

(7). (37)

P]Efi-‘rl) _

such that

min ([PCTUP2, ((HO])7) st (36)

max v(0) st



‘We now derive a closed-form for the Frank-and-Wolf iteration
(FWI) for concave programming [45]-[47]. In Appendix A,
we show that

p® > 2 > PO, —a®  (38)
(n,j)ENXNRF
2 ), (39)

for

al®) £ aNNgp + 3([PTV]2, ((HOW]2)~1),
BU) & (00 HH([HO ) [P ((HOW) L
B(n) c CNRFXN’
(40)
and
<p§fj) 0,.5) £ cos (4 (ae—ﬁfﬂ + B (4, n)) + O,LJ)

()
‘oze_ﬁw +BY(j,n)|,e N x Nrp.

Moreover, gp(“) is a tight minorant [36] of ¢ because
P(0)) = (6,

The FWI generates #(*1) by solving the following problem
of discrete optimization

max o (@) st (7), 1)
which is losslessly decomposed into NNpgpr independent
subproblems

max goff) (0,;) st (42)

) 5J
n,J

(7),

Each subproblem (42) admits the following closed-form solu-
tion

n,j
43)
For 9(x+1) & [Gfl'ffl)](n,j)e/\/x/\/m, it follows from (39) that
(D) > ) (9-HD)) and moreover () (1)) >
e (0)) = p(r) (%), because the former and the latter
are the optimal value and a feasible value for (41). We thus
have

p(00HD) > o(6),

whenever (1)) #£ p(0*)), i.e. 1) is a better feasible
point than 6(%) for the problem (37). As such, Algorithm 1
generates a sequence {#(%)} of improved feasible points for the
discrete set defined by (7) and converges after a finite number
of iterations. As the computational complexity of (36) and
(43) increases linearly with K and Ngp, Algorithm 1 provides
scalable-complex iterations for the computational solution of
(25).

(44)

Algorithm 1 Scalable-complex iterations for AFB

1: Initialization: Initialize a feasible (P(?), (%)), Set x = 0.

2: Repeat until convergence of #(*): Generate P("+1) by
(36) and 6(*t1) by FWI (43). Reset x :=  + 1.

3: Output Pt = §(*) and P(%),

0 = (27— | £ (ae_]‘gi:])' +BX(j, n))JbL (1, 1) EN' XN

B. MIMO ZFB design for GM-rate maximization

As stated above, the problem (25) is only an approximation
of the problem (20), where the power constraint (19) in (20)
is approximated by the constraint (24). Of course, we can
scale the DBF solution of (25) to satisfy the constraint (19).
Following [48], we can achieve a much better GM-rate by
solving the following optimal baseband beamformers problem

max ey (P) st S (R, [Pe?) <P, (49)

kek
where 6°P' is found from Algorithm 1, while R
are diagonal blocks of size Np of the matrix

[((HOP!2) "L HOP'(©°P)H]* 1t should be noted that
unlike (24), which is an approximated power constraint, (45)
provides the exact power constraint.

Let P(%) be a feasible point for (45) that is found from the
(k—1)-st iteration and then r,(f) (Py) and F(Cf &(P) are defined
from (31) and (33). We solve the following convex problem
to generate P("+1):

max 778334 (P) st

> (Ri,[Pi]?) < P,

ke

(46)

which admits the closed-form solution of
(BYY)~H (A
it Sper I(R)V2(BY) AL H |2 < P,

Pty =
(5™ 4R ) T 4 (AP Hotherwi
v By URE ) v . ) otherwise,

where © > 0 is found by bisection such that

-1
ke |1(Ri) 2 Qw,i“B,i“) + /ﬂek) WAL = P.
The computational complexity of (47) is linear in K. More-
over, it can be readily shown that (29) holds, so Algorithm 2
below provides scalable-complex iterations for designing ZFB
by maximizing the GM-rate.

Algorithm 2 Scalable-complex iterations for MIMO ZFB for
maximizing the GM-rate.

1: Initialization: Scale P(*) found by Algorithm 1 to satisfy
the power constraint in (45) and reset it as the initial point
PO Set k= 0.

2: Repeat until convergence of P(*): Generate P("t1) by
(47). Reset k := Kk + 1.

3: Output PPt = P,

In summary, the joint design of ABF and DBF to maximize

the GM-rate in (20) consists of two steps:

o Step 1: implement Algorithm 1 for solving the approx-
imation problem (25) to decide the optimal ABF. Also
use its optimal ZFB to generate an initial point for Step
2.

e Step 2: implement Algorithm 2 for solving the problem
(45) to decide the optimal ZFB.

C. Max-min rate MIMO ZFB

The two previous subsections have addressed the problem
(20) of GM-rate maximization. By contrast, this subsection



addresses the problem (21) of max-min rate optimization.
It is plausible that the objective function in (21) is max-
imized at Py = poln,, £ € K so all users’ rates are
NrIn(1 + p?/c). The approximated power constraint (24)
becomes p3(([HO]?)~!) < P/N. The users’ rates are all
equal, which are explicitly expressed as

r
Maximizing (47) is losslessly reduced to
min (([HO]*)™") st (7), 48)

which is a particular case of (36) for P"*1) = [y, and it
is equivalent to

max o (0) & a0 — ([HB]*) ™) st (7), (49)

where a > 0 is chosen such that ¢rp/(0) is convex. Similar
to (39), we have:

ovm(0) > <P§\;)M(0)
2 ap{(©O)H)} —a) 2R{(BMO)}50)
for

a®) 2 aNNgp + 3(([HO™]2)~1),
B(n) L (@(n))HHH([Hg(K)}2)72H c CNrrPXN

Initialized by 60 feasible for (7), the FWI at the x-th iteration
for kK = 0,1,..., generates #**t1) by solving the following
problem of discrete optimization:

max @%Z)M @) st

61y

(7)a

which like (41) admits the closed-form solution

00D = [2r — £ (ae ™ + BU(G,m)) ) mgyenxhrnr-

(53)
Similarly to (44), it can be shown that (D) >
era(0)) as far as oarar (00TD) # oar(00)), so Al-
gorithm 3 provides scalable-complex ascent iterations for
maximizing the users’ rate defined by (47).

(52)

Algorithm 3 Max-min rate MIMO ZFB scalable algorithm

1: Initialization: Initialize 6(°). Set x = 0.

2: Repeat until convergence of 6("): Generate #(**1) by
FWI (53). Reset k := k + 1.

3: Output  §°Pt =

VP/HeW @I [(HEwW ) ), ke K.
verifying the power constraint (19).

opt

6")  and Dy =

III. THE BRUNN-MINKOWSKI GEOMETRY FOR THE JOINT
DESIGN OF ABF AND MIMO RZFB

When KNp > Nrp the matrix [HO]? is singular, so the
ZFB defined by (14) does not exist. We thus use the RZFB
formulated as

VE =07 0" ([HO) + alkn,)” " diag[Pilrex,

SIn many existing contributions such as [49] ZFB was used for K Np =
NgF, but that is not correct because in fact [HO)]? is often singular.

P, € CNrxNr_ (54)

in (12), for « = Nrpo /P, leading the MIMO equation (13)
to

HOOTH (HOP +alkn,) Y. Prsp+n(55)

y =
ke
= V()Y Prsi+n, (56)
kel
for .
U(0) £ Ixn, — o ([HOP + algn,) - (57)

It is important to observe that [HO)?+alx N, = alxn, = 0,
so ([HOB)? + ozIKNR)_1 > 0 [44], and consequently

\I/(O) =< IKNR. (58)

The performance of RZFB is thus critically dependent on the
matrix U(@) in (56): the closer and sparser ¥(f) approaches
to the identity matrix Ixny,, the more efficiently RZFB
regularizes the multi-user interference. Moreover, ¥(6) > 0
and ®(0) £ Ik, — ¥(0) = 0, so we can explore the Brunn-
Minkowski geometry [50] of positive definite matrices for
gauging the closeness of U () to I, and its sparseness via
the closeness of ®(6) to the zero matrix and its sparseness.
Thanks to the matrix inequality (58), both the ¢;-distance and
the Bures-Wasserstein distance [51] between ¥(0) and Ik n,,
is the ¢1-norm of ®(@), which is simply denoted by (®(8)).
Accordingly, we consider either the problem of minimizing
the ¢;-distance/Bures-Wasserstein distance between ¥(@) and
I KNg-:

min(®(6)) ¢ min f(0) £ (([HO +alxn,) ). (59)
or the problem of minimizing the volume of ®(8) [50]:
moin|<I>(0)| <:>mgxf(0) 21n IKNR—i—é[He]Q ,  (60)

subject to the constraint (7) of b-bit resolution, both of which
also automatically promote the sparseness of ®(6) (and ¥ (8)).

The next two subsections are devoted to the computation of
(59) and (60).

A. Inverse matrix trace minimization based ABF design

Let us now aim for computing (59) subject to (7), which is
equivalent to

max f,(6) = ([0]) — ([HO) + alkn,) ") st (7),
(61)
where t > 0 is chosen such that f;(f) is convex. Similar to

39):
1:(0) ()

AR{(OO)H)) — %) 1 2R{(BHO))62)

> 1V

for
AW 2 [HOW)? + alxn,)™?,
a®) 2 tNNgp + 3(AW) — 2a([A)]?),
B(K) AL (@(n))H[HHA(R)]Q c CNrEXN

(63)



Initialized by 0©) feasible for (7), the FWI generates 6(+1)
by solving the following problem of discrete optimization

(),
which like (41) admits the closed form solution

Q(HJFI) = [27T - Lé (tefjei,g + B(K) (.77 n))Jb}(n,j)ENXNRF'

(65)
The computational complexity of (65) is on the order of
O(NNgp), ie. it is linearly scalable in NNgp. Like (44),
it can be shown that

FOUTD) < f(0W),

as far as f(0"+t1)) = £(9(%)). Algorithm 4 provides scalable-
complex iterations for computing (59).

max t(K) @) st (64)

(66)

Algorithm 4 Inverse matrix trace minimization scalable-
complex FWI

1: Initialization: Initialize a feasible #(®) for (7). Set k = 0.

2: Repeat until convergence of #(*): Generate 6(*t1) by
FWI (65). Reset k := x + 1.

3: Output 9Pt = §(%),

B. Log determinant maximization based ABF design

Let us now aim for computing (60) subject to (7). In
Appendix B, we show that

f(0)

Vv

a1~ [2R{{AI0)} + 2R{(CI0))]67)
2 (), (68)

>

for
@ 2 f(0W) — L(HOW]2) — (L[HOW? 4 Iy, k) ),
A(’*) £ (@(”))HHHH c (CNRFXN’
B(N) = HH |:INRK - (é[H@(K)]Q +INRK)71:| Ha
(69)

bR =

and

a(®) 2 gx) _ i(QAmax(B(“))NNRF — (B [0)]?),
C) & (@U)H)H (/\max(B(“))IN — B(”)) .
(70)
The FWI generates flrt1) by solving the following problem
of discrete optimization

max @) st (7),

which like (41) admits the following closed-form solution

00D = [2m— | £ (A (j,n) + €@ ,m)) Il inyensne-

(72)
The computational complexity of (72) is O(NNgp), i.e. it
is also linearly scalable in N Ngrpr. Similarly to (44), we can
show (66) as far as f(9(<+1)) £ f(0(*)). Algorithm 5 provides
scalable-complex iterations for computing (60) subject to (7).

(71)

Algorithm 5 Log determinant maximization scalable-complex
FWI

1: Initialization: Initialize a feasible () for (7). Set x = 0.

2: Repeat until convergence of #(*): Generate 6(*t1) by
FWI (72). Reset & := £ + 1.

3: Output 9Pt = §(%),

Initial #(©) for Algorithms 4 and 5 when Nz =1 and K =
Npgp is chosen according to [31], [52] extended to b-bit as

0° = [2m — | ZH; (1) 6] (n.j) N < N>

where H; is the channel defined from (4) and H;(n) is its n-th
entry. The rationale of this choice is to maximize |H;0. ;|.

(73)

C. MIMO RZFB design

Based on the ABF designed in the previous subsections, this
subsection addresses the design of RZFB. Having obtained
6°Pt by Algorithm 4 or Algorithm 5, for 8, £ ||H,O°||?,
and then HP £ H,,©0°P!/\/B), € CNrXNer | | € IC, and

Hp
Hp=|... | e CWrEK)xNrr
Hy
we re-write (13) as
y = diag[y/BeInglkex Hp Vs + v.
1

We the equality HE ([Hp]* +alxny) =
(HE?? + alng,) ~" HH  and employ the RZF beamformers
formulated as:

(74)
use

—1 .
Ve 2 (HEP + alng.) (Hp)"Prkek, (75

to write equation (55) of the signal received at UE k in the

form of:
Uk =B Y EkiPose + vk, (76)
rek
for
—_ ; -1
Eie £ Hy ([HE ] + alng,)  (Hp)" € CVR*Ne(77)
The rate of UE k is formulated as:
re(P) =In |In, + [EexPr]’T, ' (P)] (78)
where we have
Te(P) 2 Y [ExiPd® + (0/Bi) v, (19)

LekK\{k}

The transmit power E(|| >, cc ©P'VE si|[?) is expressed as

Z|\@Optvf||2 = Z<Rk,[Pk}2>,

ke keK

(80)

with

Rie 2 [Hy (HE? + aln,,)” VER0P))? = 0,k € K.
(81)



The problem of designing RZFB to maximize the GM-rate
subject to transmit power constraints is formulated as

1/K

max fou(P) £ (H rk(P)> (82a)
ke

st Y (Ry, [Py]?) < P. (82b)

kex

Similarly to (28), a specific initialized by P(®) which is
feasible for (82), for k = 0,1,..., we iterate P"t1) by
solving the optimization problem

max P Z'y st (82b), (83)
ke
associated with
(K) maxg/exc ’I’k/(P(K)) k
= Jkek. 84
Upon exploiting using the inequality (2), we arrive at:
() > @ + 2R Py}
(B (Z[EMPAQ + (a/ﬁmNR) )(85)
e
= o+ 2%{(A(“)Pk>}
- Z BB ](:)uk o, [Pd?)
ek
£ (), (86)
with
a7 £ re(P0) — ([Ees BOPTL ! (P)),
A& (PHEL TN (PY) g,
2 k. E ; &7)

B £ 1P = (1) 4 B F)
ar? £ — (0/B)(B).

Therefore,

FP) FO®)

>

keK

a® +2 37 R APy

ke

SN =

keK e

= ™ 423 R{(HVAPPY}

ke

—- S Py

kex

> 1V

H,BMZ, 0, [Pd?)

(88)

for

(89)

a® 23 o) £ 3 WZH Bz,

keKx ek

We solve the following problem of minorant maximization to
generate P11

max fEP)2 st (82b), (90)

which admits the following closed-form solution
Q) (A

SR ()~

keKx

(Q,(f) T uRk)_17£

pletD) _ AP < P
k
~) (Af:’) )H otherwise,
€29
where £ > 0 is chosen for ensuring that Z ||Rl/2 (H) +
kek
1R~ (A2 = P,

Similarly to (29), we can show that f (P ’**1)) >
f)(P*), provided that f()(P+1)) £ f(=)(P())  Algo-
rithm 6 provides scalable-complex iterations for solving the
optimization the problem (82).

Algorithm 6 GM-rate maximization based MIMO RZFB
scalable algorithm

1: Initialization: Initialize a feasible P,g“) for the constraint
(82b). Set k = 0.

2: Repeat until convergence of the objective function
given by (82a): Define fy,g <) according to (84) and then
generate P(”H) by (91). Reset k 1=k + 1.

3: Output Popt pirty,

IV. NEW STRUCTURED MIMO RZFB

Under using the RZFB solution of (75), the transmit signal
T = >, OP'VEs, is proper Gaussian, since we have
E(xzT) = 0. In this section, we propose the following new
RZFB solution:

([Hg]Q + alng,) (HE)H (Prask +Prost),  (92)

with Py € CNrXNr and Ppo € CNrXNE I € K. As a
result, the transmit signal

= 0% ([HEP +aly,,)
ke

T (HB)™ (Prisk + Prosy)
(93)
is improper Gaussian, because we have E(zz?) # 0 [53].
The reader is referred e.g. to [43], [54]-[57] and references
therein for characterizing the efficiency of improper Gaussian
signaling in interference-limited networks.
Instead of (76), the signal received at UE k£ now becomes:

Uk = VB Y Zke (Poase + Prosy) + v, (94)
leKc

where 5y, ¢ is defined in (77).
For

e 2 [%{yk}] 5, 2 P?{Sk}} o A P?{Vk}}
S{yr}t]’ S{sk}]’ S{vi}]’
2,2 [%{uk o) —\f{:k,e}}
TSRS R{Eke)
the equivalent real composite form of (94) becomes (95). By
making the variable change (96), we can represent (95) by

Uk = V/Br Y Eke X o850 + i 97)

Lekk



o = [®{Pri} +R{Pr2} —S{Pe1}+3{Ps2}
= = ’ ’ 95
= PtV D B ism,l} +9{Pa}  R(Pui} - R(PL) | ©
X X R{Pp1}+ R{Pr2t —S{Pii}+S{Pr2} (2NR) % (2NR)
Xi = {Xﬂ X2 T [3{Pra} + S{Pra} R{Pri} - R(Pra} | <8 kek, ©6)
For X £ { X,k € K}, the UE k’s rate is 0.5p5(X) [58] in  Therefore, we have:
conjunction with " Sk
! ] ) f&x) > X
pe(X) £ In|Iony, + Sk e X362 T (X)), (98) Y 7P (X
where T'j, & ZZEK\{,C} [Eke X o)+ (0/8rk) ang- ek
Under the variable change (96), the real composite form = a® 42 Z §R{<7;(CK)A;(:)X k) }
of the transmit signal x defined in (93) becomes (99). By kel
noting that E(5;57) = 0.5Iyn,, we have E(||5k]|?) SIS ELL B R X0
0.5((RY¥ Ry),[X ]?) and so the power constraint is formulated kek lex
= a4 23 RV A X))
S E(|lzk|?) < P e > ((RERk),[X]?) < 2P. (101) kek
kek kek =30 (X4, (107)
The problem of GM-rate maximization under RZFB (92) can kek
be formulated by® for
) 1/K o™ 23" o ol &N AWET, BIVE, . (108)
max e (X) = (H pk(X)> st (101). (102) kek tex
kek

Similarly to (28), starting from a specific X(® which is
feasible for (101), for k = 0,1,..., we iterate X (51 by
addressing the problem

max f(X) 23" APpu(X) st (101),  (103)
keK
for ( ())
(k) a MaxXgrerc prr (X7 1
2 keK. (104)
K pr(X (%))
Upon exploiting the inequality (2) we arrive at:
pe(X) >l + 2R{(AL X )}
,<B,<:) (Z[Ek,eXeF + <a/5k>1w3>>
tex
= a4+ 2R{(APV X))}
—Z (=h fB,i e [X o))
ek
2 (X)), (105)
with
a1 2 o (X)) — (S X7 PTTH (X)),
Ai) (X(K))THT F 1 (X( ))Hkk
B 2T (x() (m(x(@) + EraX7P)
ol 24 — (o/B)(B).
(106)

5The result must be divided by 2.

We thus solve the following problem of minorant maximiza-
tion for (103) to generate X (#+1)

max fENX) st (101), (109)

which admits the following closed-form solution
(H)(Q(N))— (A(N))
if ZHR Q(H) -1 (K( ("ﬂ)) ||2<2P
kek
5(x) NN OO, :
Q. + R Ri) v, (Ay”7)" otherwise,
51)10)

P

X]£K+1) _

where 1 > 0 is chosen for ensuring that >, . || Rx(Q
PR Ry) =17 (AP T2 = 2P,

Similarly to (29), we can show that f(9)(X(+1)) >
FU) (X)) provided that () (X (s+1)y £ f(=) (X (8))  Algo-
rithm 7 provides scalable-complex iterations for computing the
problem (102). Then the optimal matrices Poqt and P"’;t used
for determing the RZFB (92) are recovered from the optlmal

Xll opt X12 opt
solution X,':pt = X21 Jopt X’ég opt | Oof (102) as (111).
k k

V. NUMERICAL RESULTS

This section evaluates the numerical efficiency of the pro-
posed algorithms. With the K users randomly located within
the cell radius of 50 meters, where the links between the BS
and UEs are assumed to be LOS channels, the path-loss of
UE ky, ky € Ky = {1,..., Kn} experienced at a distance
dy, from the BS is set to p, = 44.84 +211og 10(dk, ) dB,
which takes into account a 16.5 dB gain due to beamforming-
aided mmWave transmission [3], [6], [59], and the complex



o [ggﬂ =Y Rp X5, (99)
ke
for 1 -1
Ry & | RO ((HE? +aln,,) " (HE)T) {07 ((HE* +aly,,) <H§>H}1 | (100
S{O7 ([HE? + alng,,.) — (Hp)"} RO ([HF]® + aly,,)  (Hp)"}
%{Pzﬁt} %{P,Sﬁt} B 1 |:X;1,opt +X]§2,opt X]fl,opt _X;Q,opt] L ek am
%{ngt} %{ngt} ) X;l,opt_Xiz,opt X]zl,opt_’_X;Zopt ) .

Algorithm 7 New structured MIMO RZFB optimization al-
gorithm

)

1: Initialization: Initialize a feasible X ,EK for the constraint

(101). Set x = 0.

2: Repeat until convergence of the objective function
given by (102): Define %(j) according to (84) and then
generate X,EK'H) by (110). Reset k := k + 1.

3 Output X7 = X"V | e K.

gain ay, ¢ follows the Ricean distribution with a K-factor of
10dB [60], [61]. Similarity, with K users randomly located
between 50 and 200 meters radius having NLOS environment,
the path-loss of UE kp, kr € Kp = {Ky +1,...,K}
is set to pg, = 36.72 + 35.3log10(dk,) dB, and the
complex gain ay, ¢ follows Rayleigh fading. The azimuth
angle of departure (arrival, resp.) le;,c,z (@ 0» Tesp.) and the
elevation angle of departure 6} _, are generated according to
the Laplacian distribution in cbﬁjunction with random mean
cluster angles in the interval [0,27) and with spreads of 10
degrees within each cluster, while N, = 2 and N,. = 3 [59].
The carrier frequency is set to 28 GHz, the noise power density
is set to —174 dBm/Hz, while the bandwidth is set to B = 100
MHz.

Unless otherwise stated, we have K =8, Ky = 3, Ngp =
8, N =64 (N, =8, Ny =8), P=20dBm, and b = 3. The
results are multiplied by log, e to convert the unit nats/sec into
the unit bps/Hz. The convergence threshold of the proposed
algorithms is set to 1073,

Below, we use the following legends to specify the proposed
implementations:

e ”ZF GM” and ”3-bit ZF GM” refer to the performance of
the alternating optimization Algorithm 1 and Algorithm
2 for b = oo and b = 3, respectively;

e ”ZF MM” and ”3-bit ZF MM” refer to the performance
of Algorithm 3 employed for for b = oo and b = 3,
respectively;

o “Sohrabi-Yu”/’Sohrabi-Yu MM” and 73-bit Sohrabi-
Yu”/”3-bit Sohrabi-Yu MM” refer to the performance of
generating P(*+t1) by (36)/P("*+1) = Iy, but generating
0(++1) according to [28] by addressing (36) by alternating
optimization in each @, ; with other 8, ; held fixed,
which needs the exhaustive search over B for b = 3. The
final P(*) must be scaled to satisfy the power constraint

in (45);

e “Trace-Max” and “3-bit Trace-Max” refer to the results of
the trace maximization based Algorithm 4 for for b = co
and b = 3, respectively, and then implementing the RZFB
Algorithm 6;

o “Log-det-Max” and “’3-bit Log-det-Max” refer to the per-
formance of the log-det maximization based Algorithm 5
for b = oo and b = 3, respectively, and then harnessing
the RZFB Algorithm 6;

o “Nasir et al.” and ”3-bit Nasir et al.” refer to the results
based on (73) for b = oo and b = 3, respectively, and
then implementing the RZFB Algorithm 6;

e "IGS Trace-Max” and ”3-bit IGS Trace-Max” refer to the
results of the trace maximization based Algorithm 4 for
b = oo and b = 3, respectively, and then implementing
the new structured RZFB optimization Algorithm 7;

e "IGS Log-det-Max” and ”3-bit IGS Log-det-Max” refer
to the results of the trace maximization based Algorithm
5 for b = oo and b = 3, respectively, and then implement-
ing the new structured RZFB optimization Algorithm 7.

Fig. 1 plots the achievable GM rate and max-min rate
versus the number Ngrp in the ZFB based maximization,
which shows that all the ZFB based algorithms outperfor-
m their 3-bit resolution counterpart. As expected, the ZFB
maximization based algorithms achieve better GM rates, while
ZFB max-min rate based algorithms achieve better max-min
rates. Increasing the number of RF chains does not lead to a
significant improvement, which is not unexpected for multi-
user communications. Furthermore, all the algorithms benefit
from the improved spatial diversity due to increasing the
number of receive antennas.

Fig. 2 plots GM versus the number of RF chains at the
UE, attained by RZFB based maximization. For Np = 1,
”IGS Trace-Max” is the best performer and “Trace-Max”
performs better than “Log-det-Max” does. Furthermore, "IGS
Log-det-Max” has better performance than “Log-det-max”,
but the gap becomes smaller with the increasing number of
RF chains. For Ny = 2, ”IGS Trace-Max”, "IGS Log-det-
Max”, 3 bit IGS Trace-Max” and 3 bit IGS Log-det-Max”
perform similarly, and their PGS based algorithms also have
similar performance. Moreover, 3-bit resolution algorithms
benefit a greater extend from the increasing number of UEs’
receive antennas than their infinite-bit resolution counterparts.
Fig. 2 also shows that the performance of “Trace-Max” and
”IGS Trace-Max” degrade upon increasing the number of the
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Fig. 1: (a) Achievable GM rate vs the number Npr of RF
chains; (b) Achievable max-min rate vs the number Nirp of
RF chains;

receiver antennas at the UEs for Ngr > 7, which underlines
that "Trace-Max” and ”IGS Trace-Max” are poor at processing
multiple information streams. As expected, all the algorithms
benefit from increasing the number of RF chains. However, in
contrast to the ZF based algorithms, RZF trace maximization
based algorithms benefit to a greater extent than their 3-
bit resolution counterparts for Np = 1. Furthermore, all
the IGS based algorithms outperform their proper Gaussian
counterparts, confirming the advantage of employing IGS.

Fig. 3 and Fig. 4 portray the min-rate/max-rate ratio (MMR)
and the rate variance/mean rate (RV) parameterized by Nrp.
Fig. 3 shows that IGS trace based maximization algorithms
have best MMR, and that ”IGS Trace-Max” and ”IGS Log-
det-Max” have better MMR than that of their "Trace-Max” and
”Log-det-Max” counterparts under Ny = 2, respectively. Fig.
4 shows that “’3-bit Trace-Max” has the best RV for Ng =1,
while ”IGS Trace-Max” and “3-bit IGS Trace-Max” have the
best RV for Np = 2. Furthermore, ”IGS Log-det-Max” and
”3-bit IGS Log-det-Max” have better rate distribution with the
increasing number of UEs’ receive antennas.

Fig. 5 plots the sum rates (SRs) achieved by the proposed
algorithms. Observe that the SR achieved follows the GM
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Fig. 2: Achievable GM rate vs the number N of RF chains:
(@ Nr=1;(b) Np =2

rate trend of Fig. 2. Explicitly, IGS Trace-Max” achieves the
overall best SR for Ny = 1, ”3-bit IGS Log-det-Max” has the
best SR among all the 3-bit resolution algorithms, and all the
algorithms benefit from increasing the number of RF chains.
Fig. 5 also confirms the advantage of employing IGS.

Fig. 6 plots the achievable GM rate versus the number of BS
transmit antennas N. ”IGS Trace-Max” is the overall best per-
former, while the 3-bit resolution log-det based maximization
algorithms have better performance than that of trace based
maximization algorithms. Upon increasing the number of BS
transmit antennas, all the proposed algorithms achieve better
GM rates. Furthermore, trace based maximization algorithms
benefit a greater extent from the spatial diversity attained by
increasing the number of BS transmit antennas.

We also examine the achievable GM rate under varying
power budgets P in Fig. 7. As expected, the achievable GM
rate is monotonically increasing. Fig. 7 also shows that all the
trace maximization based algorithms degrade upon increasing
the number of the receiver antennas at the UEs, confirming that
trace maximization based algorithms are poor at processing
multiple information streams.
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Fig. 3: MMR vs the number Nip of RF chains: (a) Ngp = 1;
(b) Np =2

Furthermore, Fig. 8 allows us to compare the performance
achieved by the b-bit solution for different values of b. Observe
that unlike trace maximization base b-bit solution algorithms
can benefit the increasing b, the performance of b-bit solutions
for log-det maximization is similar with their infinite-solution
algorithms.

VI. CONCLUSIONS

A multi-user mmWave network was designed, where a
base station uses hybrid beamforming consisting of finite-
resolution analog beamforming coupled with digital zero-
forcing or regularized zero forcing beamforming. We have
proposed several novel algorithms, which iterate by relying
on scalable-complex expressions for determining the hybrid
beamformer weights maximizing the geometric means of the
users’ rates. Our extensive simulations have showed that our
hybrid beamformers achieve fair user-rate distributions without
unduly eroding the overall sum rates.
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Fig. 4: RV vs the number Ny of RF chains: (a) Np = 1;
(b) Np =2

APPENDICES
Appendix A: the proof for (38)

One has (112) with a(®) and B defined from (40), which
is the RHS of (39). Note that the RHS of (112) is the linearized
function at ©(%) of the convex function in the LHS so the later
is lower bounded by the former [36].

Appendix B: the proof for (67)

By using the inequality (2), we obtain (113) with a(*), A(),
and B defined from (69). Then the RHS of (113) is the same
as the RHS of (67) with ) and C'*) defined from (69).
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