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Sum-Rate Maximization of RIS-Aided
Multi-User MIMO Systems With Statistical
CSI

Huan Zhang, Shaodan Ma, Zheng Shi, Xin Zhao, and Guanghua Yang

Abstract

This paper investigates a reconfigurable intelligent surface (RIS)-aided multi-user multiple-input
multiple-output (MIMO) system by considering only the statistical channel state information (CSI) at
the base station (BS). We aim to maximize its sum-rate via the joint optimization of beamforming
at the BS and phase shifts at the RIS. However, the multi-user MIMO transmissions and the spatial
correlations make the optimization cumbersome. For tractability, a deterministic approximation is derived
for the sum-rate under a large number of the reflecting elements. By adopting the approximate sum-
rate for maximization, the optimal designs of the transmit beamforming and the phase shifts can
be decoupled and solved in closed-forms individually. More specifically, the global optimality of the
transmit beamforming can be guaranteed by using water-filling algorithm and a sub-optimal solution
of phase shifts can be obtained by using projected gradient ascent (PGA) algorithm. By comparing to
the case of the instantaneous CSI assumed at the BS, the proposed algorithm based on statistical CSI
can achieve comparable performance but with much lower complexity and signaling overhead, which
is more affordable and appealing for practical applications. Moreover, the impact of spatial correlation

is thoroughly examined by using majorization theory.
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I. INTRODUCTION
A. Background

Massive multiple-input multiple-output (MIMO), millimeter wave (mmWave) communications,
ultra-dense networks (UDN), and non-orthogonal multiple access (NOMA) have been recognized
as the key enabling techniques to achieve higher spectral efficiency and massive machine-type
communications (mMTCs) for the next generation mobile cellular systems [1]-[4]. Particularly,
by deploying a massive number of antennas over 30-300 GHz bands, the mmWave massive
MIMO communication paradigm has shown its great potentials for providing ultra-high data-
rate transmission as well as massive device connectivity in the upcoming 5G systems [5].
Although the mmWave massive MIMO has attracted numerous interests from both the academic
and industry communities, the confronted challenges span the broad fields of communication
engineering and allied disciplines, such as escalating signal processing complexity, short-range
communications, increasing hardware costs, high power consumption, etc. Moreover, the UDN
and NOMA techniques also bring the additional deployment costs and imperfect successive
interference cancellation (SIC) bottleneck, respectively. To meet the need for economic and
sustainable future cellular networks, more efficient techniques have been proposed to address
the spectrum shortage problem and improve the system performance.

With the development of radio frequency (RF) micro electromechanical systems (MEMS)
and metamaterial (e.g., metasurface), reconfigurable intelligent surfaces (RIS) is a brand-new
technology which has gained significant momentum [6]. Specifically, RIS is an artificial meta-
material, which is composed of a large number of low-cost, passive and reflective elements with
reconfigurable parameters. It is capable of digitally manipulating electromagnetic waves and
intelligently adjusting the reflecting signal phase to achieve certain communication objectives,
e.g., enhancing the received signal energy, expanding the coverage region, alleviating interference,
etc. [7]. By comparing with conventional cooperative communication systems, i.e., amplify-and-
forward (AF), decode-and-forward (DF), and compress-and-forward (CF) relaying schemes, RIS
assisted wireless communications can obtain preferable electromagnetic propagation environment

with limited power consumption.



B. Related Works

By properly adjusting the phase shifts to improve the electromagnetic propagation environment
with a low cost and energy consumption, the RIS has attracted tremendous attention from both
industry and academics, recently [6]—[29]. The authors in [8] proposed RIS-aided multiple-input
single-output (MISO) system communications by jointly optimizing the transmit beamforming
at the base station (BS) and reflect beamforming at the RIS to minimize the total transmit
power consumption. Numerical results showed that the RIS not only achieves the comparable
performance to the conventional massive MIMO or multi-antenna AF relay, but also is more
cost efficient. Similar conclusions were drawn in [9] by extending the continuous phase shifts
to discrete phase shifts due to the hardware limitation at reflecting elements. In [10] and [11],
the authors considered the sum-rate maximization problem for RIS-assisted multi-group multi-
cast MISO and multi-user MISO systems to find the optimal solution for the precoding matrix
at the BS and the reflection coefficients at the RIS under both the power and unit-modulus
constraints. In order to reap the benefit of diversity gain at user sides, the symbol error rate
(SER) minimization problem for the RIS-assisted MIMO systems and the sum-rate maximization
problem for the RIS-assisted multi-user MIMO systems also have been investigated in [12]
and [13], respectively. Furthermore, the RIS-assisted user cooperation has been extended to
the wireless powered communications, NOMA network, backscatter communications, physical
layer security, unmanned aerial vehicle (UAV) communications, millimeter wave networks, etc.
[15]-[21].

Although the wireless communication systems can be significantly improved with the help of
the RIS, the aforementioned works for RIS-aided communication systems design, i.e., [8]-[21],
are all based on instantaneous channel state information (CSI) available at BS. As opposed to
the traditional wireless systems where channel acquisition is a straightforward matter, due to the
passive nature of RIS, the low-cost reflecting elements can not possess any active RF chains
to facilitate channel estimation. In [22], the authors estimated the reflecting cascaded channel
via element-wise on-off operation at each reflecting element. Another alternative approach to
estimate the channel coefficients is leveraging compressive sensing and deep learning tools by
proposing a novel RIS architecture, where sparse channel sensors are assumed and a few number
of elements are connected to the baseband of the RIS controller [23]. However, the channel

training overhead becomes excessively high as the number of RIS reflecting elements and/or RIS-



aided users increases. So the authors studied the RIS-aided communication systems design basing
on statistical CSI in [24]-[26], by considering the practical CSI acquisition. Furthermore, another
difficulty for RIS-aided wireless communication systems is the joint design of the transmit
precoding and the phase shift (active and passive beamforming) design at BS and RIS. Since
the optimization problems are usually non-convex, the alternating algorithms have been widely
adopted for sub-optimal solutions in [8]—[21], [24]-[26] with high computational complexity.
Meanwhile, the spatial correlation between antenna or reflecting elements for RIS-aided sys-
tem always exist in realistic propagation environments due to mutual antenna coupling, space
limitations for adjacent antenna or reflecting elements, and non-rich scattering environments, etc.
[26]-[30]. However, for analytical simplicity, the RIS-aided MISO/MIMO systems for multi-user
case in existing works, i.e., [6]-[25], assumed the independence among antenna and reflecting
elements. Even though the spatial correlation has been taken into account for RIS in [27]-[29],
those works only considered single-side spatial correlation on RIS (from RIS to users link) for

single-input single-output (SISO) or MISO communication systems.

C. Motivation and Contributions

Motivated by the above challenges and issues, we focus on the maximization of the sum-
rate of an RIS-assisted multi-user MIMO systems by leveraging only statistical CSI, in which
the spatially correlated channels are considered. The main contributions of this paper can be
summarized as follows.

« To reap the benefit of diversity gain from MIMO and RIS, we consider an RIS-aided multi-
user MIMO system. Unlike the aforementioned works, the spatial correlations at BS, RIS
and users are considered in the paper. Based on this practical system model, the random
matrix theory is invoked to derive the deterministic equivalent approximation for the sum-
rate.

o Thanks to the deterministic equivalent results, the impacts of the spatial correlation on each
terminal are thoroughly investigated with the help of majorization theory. It is obtained
that the approximation sum-rate is irrelevant to the antenna correlation at the BS, while
it significantly depends on the spatial correlation at user and the transceiver sides at RIS
as the number of reflecting elements increases. More specifically, the spatial correlation at
user has a negative impact on sum-rate, but the sum-rate benefits from the transceiver sides’

correlation at RIS.



o In contrast to [6]-[25] that assumed instantaneous CSI, the statistical CSI is exploited
to maximize the sum-rate in this paper, including the path-loss coefficients, the second-
order statistics of small-scale fading, i.e., spatial correlation matrices. By comparing with
the assumption of the instantaneous CSI, the statistical CSI changes slowly and does not
require high signaling overhead.

o As opposed to [26] where the joint design of the transmit beamforming and the phase
shifts are highly coupled and a sub-optimal solution was obtained by using the alternative
algorithm, we resort to the deterministic approximation to decouple the joint optimiza-
tion problem into two sub-problems, i.e., the transmit beamforming design and the phase
shifts optimization. The two sub-problems can be solved in closed-forms with two efficient
algorithms, respectively, i.e., water filling algorithm and projected gradient ascent (PGA)
algorithm. Since the proposed algorithms don’t require the knowledge of instantaneous CSI,
it is more practical especially for the case of time-varying channels, where the instantaneous
channel state estimation is hardly impossible for passive reflecting elements. Moreover, the

global optimality of the proposed transmit beamforming design is guaranteed.

D. Structure of the Paper

The rest of the paper is organized as follows. In Section II, the system model of RIS aided
multi-user MIMO communication under spatial correlation is presented. Section III derives the
deterministic equivalent results for sum-rate, with which the impact of spatial correlation is
thoroughly studied. In section IV, the asymptotic sum-rate is maximized by jointly optimizing
the transmit beamforming matrix and phase shift vector. In Section V, we present and discuss
the numerical results and the Monte-Carlo simulations. Finally, Section VI concludes the paper.

Notations: The following notations are used throughout this paper. We use lower-case and
upper-case letters to indicate column vectors and matrices, respectively. Iy denotes an N x N
identity matrix. The superscripts (-)T and (-)" denote the transpose and the transpose-conjugate
operations, respectively. The notations (-)%, Tr(-) and det(-) represent the matrix principal square
root, trace and determinant of matrices, respectively. (-)* denotes complex conjugate. C stands
for the set of complex numbers. A(i, j) refers to the (7, j)-th element of matrix A. We denote

A > 0 if A is positive semidefinite. E(-) is the statistical expectation operator.



II. SYSTEM MODEL AND PROBLEM FORMULATION

A. Transmission Model

BS

Fig. 1. An RIS-aided multi-user MIMO downlink communication system.

This paper investigates an RIS-aided multi-user MIMO communication systems as shown in
Fig. 1, where a multi-antenna BS serves K users with the help of a multi-reflecting element RIS.
We assume that the BS and each user are equipped with M and L antennas, respectively, and
the users are located in the vicinity of the RIS. To enhance the system performance, a uniform
planar array (UPA) RIS composed of a large number of passive and low-cost reflecting elements
is mounted on the wall of a surrounding high-rise building to assist the BS in communicating
with the users, and the massive number of reflecting elements at the RIS is NV, ie., N > M > L.
Similarly to [26] and [29], we assume that the direct links from the BS to users are unavailable
due to the obstacles, such as buildings. The channel matrices from the BS to the RIS and from
the RIS to the k-th user are denoted by Hp; € CN*M and H;py, € CL*V, respectively, where
ke {1,---,K}. We denote the diagonal reflection matrix of RIS as ® = diag(e’?,- . , /),
the phase shift vector by 8 = [0, - ,0y]", where 0, € [0,2n] represents phase shift after

reflecting by the nth element. Accordingly, the received signal at user £ is given by
yr = Hiy, OHprWs + 1y, (1)

where

e s=[sf, - s}, -+, skt € CK¥1 s, € C¥*! denotes the transmit symbol vector of user

k with d data steams and satisfying 1 < Kd < min(M, KL). Further, it is assumed that
E(ss;') = Iy, and E(s;sl') = 0, for i # j.



e« W=[Wy -+ W, - Wglis the M x Kd transmit beamforming matrix at the BS, in
which W, € CM*4 is the linear precoding matrix for the kth user and with total transmit
power constraint Tr(WWH) = i Tr(W, W) < Poz.

e 1, ~ CN(0,071}) represents thl:a:éomplex Gaussian noises at user k.

Then, the instantaneous achievable rate for the k£ user is given by

K -1
Ry =logy det I + \pk< > w4 aZIL> , )
i=1,i#k

where \Ilj = H[UkGHB]Wj(H]Uk@HB[Wj)H,j c {k,l}

B. Spatially Correlated Channels

Due to multiple antennas and multiple reflecting elements mounted at users, BS and RIS, the
close spacing among antennas/reflecting elements will result in the spatial correlation in realistic
propagation environments. The spatial correlation significantly affects the achievable rate, which
cannot be ignored especially for limited size of RIS and terminals [29]-[31]. To account for the
impact of spatial correlation, the channel matrices Hp; and Hjy, are modeled by the widely

used Kronecker correlation channel model as [30]
11~ 1 ~ ~ -
C = BERECTY, for (C,C) € {(Hpr,Hpr), Hy, ,Hp,)} 3)

where the channel model in (3) is composed of four independent components, including (¢,
(~], Rc and T¢. Specifically, B¢ accounts for the (long-term) path loss effect. C is a random
matrix with independent identically distributed (i.i.d.) Gaussian random entries of zero mean and
unity variance, i.e., vec(C) ~ CN(0,I1®I), Hg; € CN*M | and ﬁmk € C*N, T¢ and Re
are respectively termed as the transmit/reflect and receive correlation matrices, Tc € {Tp, T;}
and Rc € {R;, Ry, }, where Tp € CM*M and T; € CN*¥ stand for the transmit correlation
matrix at the BS and transmit side correlation matrix at RIS, respectively, and R; € CY*¥
and Ry, € CLxL represent the correlation matrix at the receive side of RIS and the kth user,
respectively. In addition, all the correlation matrices are positive semi-definite Hermitian matrices

[32]. For analytical simplicity, we assume those correlation matrices are normalized such that

!Although we assume that all users have the common channel correlation matrices at RIS for notational simplicity, i.e., T
and Ry, the analytical result can be easily extended to the case of the users with different correlation matrices by replacing

Tr, and Ry, with Tr and Ry, respectively.



Tr(Tp) = M, Tr(T;) = Tr(R;) = N and Tr(Ry,) = L. Moreover, it is worth noting that
all the mentioned spatial correlated matrices can be assumed to be time-invariant, because the

antenna array response in dense scattering environments changes slowly [32].

C. Problem Formulation

In this paper, we focus on the optimal design of transmit beamforming matrix W* at BS and
phase shift vector 8 at RIS by maximizing the sum-rate as

K
P : max ZR’“
k=1

W.0

st. (C1):Tr(WWH) < P, .., @

(C2):0<6,<2m,n=1,--- N,
where (C1) and (C2) represent the transmit power constraint and phase shift range constraint,
respectively.

It is obviously found that problem P is difficult to solve, due to the coupling relationship
between the precoding matrix W and phase shift vector 8, and non-convexity of the phase shift
constraint. To tackle this challenging problem, most of works resort to an alternating way to
optimize the transmit beamforming and phase shift until the convergence is reached, e.g. [8]-[15].
Although the optimization variables can be decoupled with the help of alternating optimization
and the subproblem at the ¢-th iteration can be efficiently solved, the objective functions in [8]—
[15] are derived under the requirement of instantaneous CSI at both the BS and RIS. However,
this assumption is impractical for a large scale number of antennas and reflecting elements. In
practice, since the CSI is usually estimated with the aid of pilot sequences, the passive RIS
hardware constraint entails prohibitively high channel estimation accuracy and frequent signal
exchange overhead between BS and RIS [22], [23]. Hence, the prior alternating optimization
algorithms relying on instantaneous CSI have to face the critical issue of channel estimation
and high phase adjustment costs for RIS-assisted systems. Besides, it is more intractable to
maximize the instantaneous achievable rate in (4), by comparing to RIS-assisted systems with
single antenna receiver or single user in [8]-[12], [14], [15], [27]-[29], due to the involvement
of multi-data streams, multi-antenna transceivers and multiple users.

To overcome the above issues, we assume that the RIS is equipped with a large number of

reflecting elements (N — o0) to exploit the channel hardening property for RIS. Thanks to the



low energy cost features of RIS-assisted system, hundreds of reflecting elements for RIS are
more affordable by comparing to hundreds of antennas equipped in massive MIMO systems
in practice [33]. In such circumstance, we derive a deterministic equivalent expression for the
sum-rate by using random matrix theory tools. The analytical result enables us to reformulate a

new optimization problem by exploiting statistical CSI as well as gain some meaningful insights.

III. ANALYSIS OF ACHIEVABLE RATE
A. Deterministic Equivalent Analysis

Since the multi-user MIMO, multi-data streams and RIS cascaded channel are considered, the
instantaneous sum-rate expression involves complicated matrix operations such as matrix inverse,
determinant, and matrix chain products, which significant challenges on the jointly optimization
design and mathematical analysis. In order to obtain a tractable optimization problem and gain
more insights, prior to designing the transmit beamforming matrix and the phase shifts vector,
we first derive the deterministic sum-rate for the RIS-assisted multi-user MIMO systems. The

deterministic approximation sum-rate states in Theorem 1.

Theorem 1. As the number of reflecting elements at the RIS increases, i.e. N — 0o, a deter-

ministic approximation of the sum-rate is given by

-1

K K 9
a.s. o
R -5 S log, det |1, + @k( ®, + k IL>
N—soo ; 2 lzlzl;k o Tr (T/OROH) )
L Rasy’
where ®; = %Tr (TBWjW?) Ry,.j € {k,i} and o, = N By, o,
Proof. See Appendix A. [

By considering a large number of reflecting elements in RIS-assisted systems, it is worth noting
that the instantaneous sum-rate converges to a deterministic equivalent which only depends on
the statistical CSI, including path-loss coefficients and the spatial correlation matrices. Similar to
the massive MIMO systems, the deterministic property for the large scale RIS-assisted wireless
communication systems is due to the channel hardening effect, in which the channel variations
become small and the fading channels turn to be deterministic with the increase of the number

of reflecting elements on the RIS [34].



With the help of random matrix theory, the sum-rate for RIS-aided multi-user MIMO scenarios
can be represented by tractable deterministic equivalent as (5). Section V will verify that the
approximate result matches well with Monte Carlo simulations if the RIS equips with more
than 200 reflecting elements.> However, a large number of reflecting elements on RIS will cause
serious spatial correlation. Hence, it is necessary and interesting to investigate the impact of

spatial correlation for RIS-aided MIMO systems, and some meaningful insights will be provided.

B. Impact of Spatial Correlation

From the deterministic equivalent of the sum-rate in (5), the asymptotic sum-rate is irrelevant to
the transmit antenna correlation at BS Tz, but depends heavily on the antenna correlation at the
RIS and user sides through Tr(-) and det(-), respectively. However, the transmit beamforming
matrix W and diagonal reflection matrix ® in these matrix operations cause difficulties to
investigate the impact of spatial correlation analytical. To thoroughly investigate the impact of
spatial correlation, we assume equal power allocation (EPA) at the BS and identity reflection

matrix, i.e., @ = Iy, to ease the analysis. Accordingly, the asymptotic sum-rate can be simplified

as
K 0_2 —1
RY =Y log, det |1 R K — 1)eR — k1 6
R Z ogydet |1z 4 Ry, (( )eRy, + AT (TR L) ; (6)
k=1

p— Pmaz

where ¢ = KN -
Furthermore, to provide qualitative conclusion on the impact of the spatial correlation, some
basic concepts are introduced to facilitate our analysis, including majorization, Schur-convexity,

and Schur-concavity.

Definition 1. (Majorization [38]) For two positive semi-definite matrices A, and Ay with
identical dimension N x N, the descending order vector Ay = (Ay1,- - ,Al,N)T and Ay =

(A21,+ -+, Aan) T represent the vectors of the eigenvalues for Ay and As, respectively. If

k k
SAL > Y hoas k=1,2,...,N—1
=1 =1

N N ’ (7)
DAL =D Ao
=1 =1

It is worth noticing that the deterministic equivalent conclusions for massive MIMO systems have been investigated in [35]-
[37]. Although the channel hardening property is also applicable to massive MIMO systems, the deployment costs for hundreds
of antenna array are very high. Comparing with Massive MIMO, the large scale RIS with hundreds of passive reflecting element

requirements are more affordable and its prototype has already been designed in [33].



we say A1 = A9 and the matrix Ay is more correlated than the matrix Ay [39]. Therefore,

the eigenvalue vector [N,0,--- 0" and [1,1,--- ,1]T correspond to full- and independent-

N N
correlated channel models w.r.t. matrix A;.
Definition 2. (Schur-Convexity and Schur-Concavity [38]) For any two arbitrary vectors X,y €
R"™ and real valued function f : R" — R, if x »= 'y, f is said to be Schur-Convexity for
f(x) > f(y). Conversely, f is said to be Schur-Concavity for f(x) < f(y).

In what follows, the impacts of spatial correlations at the k-th user and the RIS on the
asymptotic sum-rate will be examined individually.

1) Impact of Ry, : By capitalizing on eigenvalue decomposition (EVD) of Ry, = Uy, Ay, ng
into (6), where Uy, € C"** is a unitary matrix and Ay, = diag(Ay, -, Ay, ) denotes a
diagonal matrix and its diagonal elements are the eigenvalues of Ry, . Then, for deterministic

matrices T; and R, the asymptotic sum-rate w.r.t. Ry, is re-expressed as

Dasy _ e Ck -1
R*™(Ry,) =S 1og2[1+(K—1+ ) } 8)
1 l

k=1 l=

2
ag
— k
where (;, = TR

and % > 0. Since the function f(Ay, ) = log, [1 + (K -1+ %)\l}; )*1]
l

is concave and twice differentiable w.r.t. )‘Ukz’ by using [38, Proposition 3.C.1], we have the

asymptotic sum-rate is Schur-concave w.r.t. Ay, = [Ay, -+, Ay, ' With the help of Defini-

tions 1 and 2, we directly have the following theorem.

Theorem 2. If RUkl is more correlated than RUkz, ie., }‘Ukl = )\ng. We have
Rasy(RUkl) < R“Sy(RUkQ). 9

With Theorem 2, it can be found that the spatial correlation at the k-th user has a negative
impact on the deterministic equivalent of sum-rate.

2) Impact of T; and R;: From (6), both T; and R; are in trace operation, i.e., Tr(T;R;),
and it is hard to investigate the impact of T; or R; even when the corresponding matrix (R; or
T)) is deterministic, since the trace function Tr(+) is both Schur-concave and Schur-convex w.r.t.
the eigenvalue vector of T;R;. For analytical simplicity, we assume R; = T; and Tr(T,;R;) =
Tr(T?). Evidently from Property 5 in [36], we obtain that Tr(T%) is Schur-convex w.r.t. Ar,.
By using the monotonically increasing property of R%¥(T;) w.r.t. Tr(T2), the impact of reflect-

correlated matrix T; on the asymptotic sum-rate can be revealed in the following theorem.



Theorem 3. If T, is more correlated than Ty, i.e., >‘T11 > )‘TIQ- We have
R™Y(Ty,) > R*Y(Ty,). (10)

Hence, it can be found that the spatial correlation at the RIS has a positive impact on the
deterministic equivalent of the sum-rate for R; = T;. This is due to the fact that the RIS can
be regarded as a mirror for identical reflection matrix, and higher spatial correlation empowers
more power focusing at receiver sides.

With the help of the deterministic equivalent conclusion in (5), the impacts of the spatial
correlations at different sides can be quantified. The spatial correlations at the users and RIS have
opposite impacts. More specifically, on the one hand, increasing spatial correlation on the user
side reduces the effective dimensionality of the receiver. On the other hand, increasing spatial
correlation on the RIS side also enables focusing power. Those results for spatial correlation
impacts are consistent with [40]. In the next section, we reformulate the optimization problem

by using the deterministic approximation of the sum-rate.

IV. SUM-RATE MAXIMIZATION

Although one joint optimization for the RIS-aided multi-user MIMO system has been pro-
posed in [13], the high signaling overhead of instantaneous CSI acquisition and computational
complexity of alternating optimization algorithm hinder its application in practice. To overcome
these issues, we resort to maximize the approximate sum-rate (5) instead. By comparing with
previous works that maximized the sum-rate based on instantaneous CSI [10], [11], [13], the
approximate sum-rate in (5) only relies on statistical CSI. Accordingly, the reformulated problem

is given as
K K 52 -1

. , k
P mag; g log, det |1 + i’k< E b, + )IL> ,

w k=1 i=1,i#k o Tr (T OR,OH

(In
s.t. (Cl) TI‘(WWH) < Pmama

(C2):0<0,<2m,n=1,---,N.
By observing the objective function in (11), we can find that the transmit beamforming matrix
W and phase shift vector 6 are only related to ®;,5 € {1,--- , K} and Tr (T I@R[@H), respec-
tively. Besides, (C1) and (C2) are the constraints for two optimization variables, respectively.

Unlike the previous works [8]—[21], [24]-[29], it can be found that the designs of transmit



beamforming matrix W and RIS phase shift vector 8 can be decoupled in the reformulated

problem. In what follows, the optimizations of W and 6 are tackled one by one.

A. Optimization of Phase Shifts

Noticing that € is only related to the trace term Tr (T 1OR; @H) in the denominator of the in-
verse matrix in (11), and the objective function is monotonically increasing w.r.t. Tr (T 1OR; @H) ,
the optimal phase shift design can be transformed to the maximization of the trace term Tr (T 1OR; @H)

under the constraint of (C2). Then the corresponding optimization problem w.r.t. 8 can be casted

as
Pl : max Tr (TIGRIGH),
’ (12)
st. (C2):0<60,<2mn=1,---,N.
Let v = [/, ... el ... ¢I%]T together with the matrix identity of [41, Lemma 7.5.2],
problem (12) can be reduced to
Pl :max tr(EV),
%
st. Vpop=1n=1--- N, (13)

V = 0&rank(V) =1,
where £ = T;OR}, V = vvtl and T;©OR} denotes the Hadamard product of T; and R;. Since
both T; and R; are positive semi-definite Hermitian matrices, = is also a positive semi-definite
Hermitian matrix [41, P477].

It is well known that (13) is a NP-hard quadratically constrained quadratic programs(QCQP)
problem due to the rank-one constraint. There are some popular tools that can deal with this
problem, such as semi-definite relaxation (SDR) algorithm [8], majorization-minimization (MM)
algorithm [13], the iterative algorithm for continuous phase case (IA-CPC) [42], wideband
beampattern formation via iterative techniques (WBFIT) [43], etc. Although, the SDR algorithm
has been widely adopted to solve the NP-hard QCQP problem with rank one constraint, it relies
on the convex optimization solvers such as CVX, and requires a sufficiently large number of
randomizations to guarantee the approximation with high computational complexity [44].

In order to reduce the computational complexity for large phase shift elements, we apply
the PGA algorithm to obtain a sub-optimal solution 8* in this work. The main idea of PGA
algorithm is similar to the concept of gradient descent technique by employing gradient ascent

to monotonically increase the objective function of (12). However, at each iteration, the solution



should project onto the closest feasible point that satisfies the unit-modulus constraint. The main
steps of PGA algorithm in each iteration (¢) is given as following.
Firstly, we have to compute the gradient ascent direction. By taking the first-order derivative

of p = Tr (T;OR,;0") w.rt. v, = ¢/, we have

8_90 = Tr(TI(EnnRIGH - U;1®R1Enn))’ (14)

Un,

where E,,, denotes the all-zero N x N matrix except that the (n,n)-th element is 1.

We denote v(¥) = [UY), e ,v](é)], where ]vff)| = 1,n € {1,---,N}. Then, the new vector
v+ is updated by setting p() = [ng, e a%i,] as ascent direction,

where « is the step size of gradient ascent.
It is obviously found that the update vector v(**1) does not satisfy the unit-modulus constraint
in (13). Hence, it has to be projected onto the closest feasible point that satisfies the constraint,

and the corresponding phase shift vector is given as

t41)

v = exp(jarg(vIEHD)). (16)

Since gradient ascent is along the monotonically increasing direction of ¢ at each iteration
and tr (Ev(t)v(t)H) is upper bounded, the convergence of the PGA algorithm is therefore
guaranteed. When the algorithm converges, we can obtain the sub-optimal phase shift vector
as 0% = arg(v(®). It is worth emphasizing that global optimality of the phase shifts cannot be

guaranteed since the problem (12) is not convex w.r.t. 6.

B. Optimization of Transmit beamforming Matrix W

Next, the transmit beamforming matrix W at the BS will be optimally designed to maximize
the approximate sum-rate of RIS-aided multi-user systems. Since the phase shifts are independent
of W and have been designed in Section IV-A, the optimization problem for W can be simplified

as
-1

K K
P2 max > logydet |1 + Tr(TBWkWI,f> Rox | Y T (TBWZ»WZ.H)RU,C + el
k=1 i=1,i#k
sit. (C1) Tr(WWH) < P,
(17)

I



where f{Uk =Ry, /N and ¢, = o (TIZ)’% R,607) is deterministic for a given optimal phase shift
vector 8*, as shown in Section IV-A.

This problem is also non-convex since the source transmit beamformer W appears in both
the numerator and the denominator of the approximate sum-rate. In the following we provide
a globally optimal solution for transmit beamforming matrix by using the water-filling tech-
nique and Lagrangian multiplier method. At first, by introducing auxiliary variables P and
n=1[m, x5, (0 < <1, f nk = 1), where P = Tr(TsWWH), and ) denotes the
power weight vector for each use];:;l)recoder after multiplying by the BS antenna correlation
matrix Tp, ie., g P = Tr (T W, W}), the optimization problem P, can be reformulated as

max Z log, det [IL + PRy, ((1 — ) PRy, + ekIL) _1} ,

P.n,W

k=1
st. (C1):Tr(WWH) < Pae, (18)
(C3) : P=Tr(TpgWWH),
K
(C4) 3" me = 1,m > 0.
k=1
The objective function in (18) can be rewritten as
_ K . _ -1
f(P,m) = Zlog2 det [(ekIL + PRUk> X [(1 —nx) PRy, + ekIL} ]
(19)

gl
7
&
e
+
E
‘“:U

where 71, = )\U’w /N is the [-th eigenvalue of matrix RUk. It is readily found from (19) that
f(P,n) is a monotonically increasing function of P, because the first derivative of logQ%
w.r.t. P is always greater than 0. Therefore, W should be optimally chosen to maximize P, such
that
P3 : max Tr(TsWWH),
sit. (C1):Tr(WWH) < P, (20)
(C5) :Rank(W) = Kd.

where the constraint (C5) denotes the Kd data steams at BS. It is easily observed that the
above problem is equivalent to Rayleigh quotient problem [45]. As such, we present the optimal

structure of W to maximize P in the following theorem.



Theorem 4. Assuming that the EVD of T is Tp = Ur X1 UL, where {Ug, Xp} € CM*M 34
denotes a diagonal matrix and its diagonal elements are the eigenvalues of T g with descending
ordered, i.e., Xp(1,1) > X1 (2,2) > X (M, M). The singular value decomposition (SVD) of
Wis W = UWE%,VV%,, where Uy € CM*XM Eév € CMxKd V%IV € CKIXKd We can obtain

that the optimal solution for W is the one which satisfies
W* =UrX?,. Vi, (21)

where 3w+ denotes the all-zero M x Kd matrix except that the entry of the (1,1)-th element

is Pz ng is the arbitrary unitary matrix.

By substituting (21) into (20), we can obtain the maximum P as P* = tyu0 Prass Where ta.
is the maximum eigenvalue of T'z.

We then put our focus on optimizing the power weight vector 7). By substituting P* into (18)
and ignoring the constant terms, the asymptotic sum-rate maximization w.r.t. 17 is reformulated

as
K

mlen det [ekIL +(1- nk)P*RUk] ,
k=1 (22)

K
st. (C4):> m=1,m >0.
k=1

We can find that (22) is a water-filling problem, and the corresponding Lagrangian function is

given by
K L
Ln,7) =YY nfe+ (1 —m)rs P +T<Z77k_1> (23)
k=1 I=1 k=1
K
where 7 is the lagrange multipliers associated with constraint ) 1, = 1. Due to complementary

k=1
slackness, the optimal lagrange multipliers are zeros in constraints 7; > 0.

By taking the derivative of £(n, 7) w.r.t. 1, we have

LM, 7) _
(M Zl_ﬂlﬁ’%/ ?"kzP*))

(24)

Note that by setting dﬁ(" ) = (), we can obtain the optimal solution of 7. However, according

9L(n,T)

e = 0 w.rt.

to the Galois theory [46], there is no closed-from solution for the equation
n, if L > 5. To deal with this issue, we have one proposition for the optimal solution n* as

follows.



Proposition 1. By setting (24) equal to zero, the optimal solution n* can be obtained by using

a nested bisection method, with which the globally optimal solution can be obtained.

Proof. Since n;, € [0, 1], we can easily obtain the upper and lower bounds of 7, which are

respectively given by

2 o, (25)

and

" £ min <T. (26)

Given an initial value 7(%), we can always obtain a solutions for each 7],(:) by using nested

bisection method, where i is the number of the iterations and k € {1,--- , K}. We set 7% = 7°
if YK 9 < 1, and 7% = 7' otherwise. Then 7(*) is updated as 7() = TIPJFTTW With the
updated T, 77,(:+1) is recalculated. This process is repeated until Eszl 7],(:“) — 1 less than the

. . . . oL . . .
error tolerance <. Since the first-order derivative function % is a monotonically decreasing

and increasing w.r.t. 7, and 7, respectively, we can guarantee that the nested bisection method
converges to the unique globally optimal solution. The nested bisection method is summarized
in Algorithm 1 in next subsection.

O

Based on the optimal solution P* = t,,,,, Pynaz and the optimal power weight vector n*, we

can obtain the optimal solution for Wy, k € [1,--- | K] as
1
Wi = UpX2 ;V%‘vk, 27)

where sz denotes the all-zero M x d matrix except that the (1,1)-th element is 7} Paz»
Vw, € C™ is an arbitrary unitary matrix.

Finally, the optimal design method for W, can be summarized as follows. One one hand, the
left-singular vectors of W} should be consistent with eigenvectors of T, and the maximum
singular value of W}, corresponds to the dominant eigenvalue of T 5 to maximize Tr(TpWWH),
On the other hand, the power allocation among {W, - - - , W} for each user should be designed
on the basis of the statistical CSI Ry, , including path-loss for cascaded channel, the second-
order statistics of small-scale fading for each channel, and the spatial correlation matrix at each

user, which can be solved by applying the bisection search.



C. Summary and Disscussion

In Sections IV-A and IV-B, we solve the optimization problem by decoupling it into two
sub-problems for the RIS-aided multi-user MIMO system. Clearly from (27), the direction of
the optimal transmit beamforming Wy, is designed to be aligned with the transmit correlation
Ty at the BS, while the power allocation for each user is determined by the receive correlation
at the user itself. Meanwhile, it is shown in (12) that the phase shifts 0 are designed purely by
the spatial correlations at the RIS. The pseudo-code of the joint optimization of the precoding
matrix W and RIS phase shift vector 8 is provided in Algorithm 1.

Next, we investigate the computational complexity of Algorithm 1. The main complexity
of Algorithm 1 originates from Steps 3 and 9. Specifically, in Step 3, the complexity of the
gradient calculation is given by O(tN?), where ¢ denotes the iteration number required until
converge. In Step 9, the complexity of the EVD is in the order of O(M?). Therefore, the overall
complexity of Algorithm 1 is O(maz[tN?, M3]). By employing the BCD algorithm in [13],
the overall computational complexity for the sum-rate maximization based on instantaneous
CSI is O(tgop(max[K M3, LM?, N3+t N?])), where tgcp and £y, represent the number
of iterations required until convergence for the BCD algorithm and Majorization-Minimization
(MM) algorithm for phase shift design, respectively. Since the number of RIS elements N
is usually much larger than the number of BS antennas M, the complexity of the proposed
algorithm is much lower than that of [13]. Moreover, the communications overhead in the
proposed algorithm is also lower due to the avoidance of frequent channel estimation and frequent

adjustments of transmit beamforming and phase shifts based on statistical CSI.

V. SIMULATION RESULTS

In this section, numerical results are presented to validate our foregoing analysis and examine
the sum-rate performance achieved by our proposed algorithm. For illustrative purpose, we adopt
the exponential correlation model to characterize the spatial correlation among antennas and
reflecting elements, and the (i, j)-th element of correlation matrix A is A(i,j) = p‘jjj |, A €
{Ts,R;, T;,Ry,}, where 0 < ps < 1 denotes the correlation coefficient between any two
adjacent antenna elements [35], [36]. Furthermore, the large-scale path loss is modeled as Sc =
(dc/dy)~“c, where d¢ and ac denote the communication distance and path loss exponent of link

C, respectively. dy = 10m stands for a reference distance [39]. Unless otherwise mentioned,



Algorithm 1 : Joint optimization of the precoding matrix W and RIS phase shift vector 0

1:

10:

11:
12:
13:
14:
15:
16:
17:
18:

19:

20:

Ensure: The optimal phase shift vector * = arg(v(")) and the precoder W*

Initalize
« The feasible solution 8);
o The iteration number ¢ = 1, and the accuracy ¢;

Calculate the value of the OF in (13) as p(v(®);

: repeat

0 [2l%)

Calculate the gradient p) = [22 ... 22 where 22 is given in (14);

ovy? ’ Qv Ovn,

Calculate v+D = v(® + ap® for gradient ascent direction;
Update v = exp(jarg(v®));
Calculate the value of the OF in (13) as p(v(+Y);

:until |o(vEHD) — p(v®)| < g

Calculate Ut according to eigenvalue descending order, given Tp;

Initalize

« The upper and lower bounds on 7, 7% in (25) and 7 in (26);

« The upper and lower bounds on 7, ! = 0 and 7* = 1 (k € {0,--- , K});

o The user index k = 0;
repeat
= (7" + 7%)/2;
repeat
k=k+1,;
Calculate 7; with bisection search method basing on (24);
until £ = K
if Zle m, — 1 <0 then 7% = T
else 7 = 1;

K
until | Y 7 — 1] < ¢
k=1

Calculate Wi = UrXy, Viy,. Zw; (1, 1) = 1} P,

[W*, ...

, W]
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the system setup parameters are set as M = 10, K = 2, d = 3, L = 3, du,, = 10m,

dHIU1 = dHIU2 =30 m, Hg, = 22, aHIUl = OéHIU2 = 3, Pmax = 40dBmW.

A. Verifications
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Fig. 2. The sum-rate versus the number of reflecting elements /N under different number of antennas at the user side.

Fig. 2 depicts the simulated (labeled as “Sim.”) and asymptotic (labeled as “Asy.”) sum-
rate under different number of user antennas L as the reflecting elements number N increases,
wherein EPA precoder and exponential correlation model are employed by setting po = 0.2. The
phase shift for each element is set as 6, = %. It can be seen from this figure that the simulation
result approaches to the asymptotic sum-rate as the number of reflecting element increases, and
coincides well with the asymptotic sum-rate for over 200 reflecting elements when L = 3. This
confirms the correctness of the deterministic equivalent analysis in Section III. Fig. 2 also shows
that the asymptotic sum-rate increases with L due to the benefit of spatial diversity gain for
multi-antenna receiver. In the meantime, it can be observed from this figure that the sum-rate for

RIS-aided MIMO system is upper bounded. The upper bound of the sum-rate can be determined
by combining (5) and [37, Lemma 2].

B. Impacts of Spatial Correlation

The effect of spatial correlation on each terminal is examined in Fig. 3. It is worth mentioning

that all the exponential correlation coefficients are set as 0.1 unless otherwise noticed. Notice
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(a). Impact of Tp (b). Impact of Ry,

W~ g o

[bps/Hz]

P

Fig. 3. The sum-rate versus the number of reflecting elements /N and correlation coefficient pa.

that in Fig. 3(b), we set du,,, = du,,, = 40m to study the impact of spatial correlation on
user sides, in Fig. 3(c) we set pp, = pr, to verify the impact of spatial correlation on RIS.
It can be observed from Figs. 3(a)-(c) that the increase of the number of reflecting elements
causes the enhancement of the system sum-rate. We can see from Fig. 3(a) that the antenna
correlation at the BS sides T is irrelevant to the asymptotic sum-rate. However, the spatial
correlation at user Ry, negatively influences the sum-rate as observed in Fig. 3(b). In contrast
to the spatial correlation at user side, it is readily seen in Fig. 3(c) that the spatial correlation at
RIS has a positive effect on the asymptotic sum-rate. The numerical results are consistent with

the analytical results in Section III-B.

C. Optimal System Design

In this subsection, we present numerical results to examine the sum-rate achieved by our
proposed algorithm. We compare the performance of the proposed algorithm with other bench-
marking schemes.

Fig. 4 investigates the sum-rate of different transmit schemes by utilizing “random phase shift
and EPA” for benchmarking scheme, where the exponential correlation model is adopted. It is
readily found that the “6* & G*” scheme performs the best among all the transmit schemes and
the benchmarking scheme shows the worst performance, which justifies the significance of joint

phase shift and precoding design. Besides, it can be seen from Fig. 4 that the “random phase shift
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Fig. 4. The sum-rate versus the BS transmit power for different transmit schemes with N = 80, pr, = PRy, = 0.2, and

pr; = pr; = 0.4.

& G*” scheme provides superior performance over the “6* & EGA” scheme. The results reveal
that the transmit beamforming (digital beamforming) at the BS is more effective than phase shift
design (analog beamforming) at the RIS. Moreover, it can be seen from Fig. 4 that approximate
sum-rate can achieve 60% improvement for lower transmit power (P, = 25 dBmW), but only
achieve 4% improvement for higher transmit power (P, = 40dBmW) by adopting jointly
optimization design. This is due to the fact that the optimization improvement by (12) and (17)
is limited by comparing with transmit power increasing.

In Fig. 5, we compare the sum-rate of RIS-aided multi-user MIMO systems by considering
three different CSI conditions, including, perfect CSI, statistical CSI and without CSI. For perfect
CSI, we employ the block coordinate descent (BCD) algorithm as [13], where the precoding
matrices and phase shifts are alternately optimized based on instantaneous CSI, and the sum-rate
is obtained by averaging over 200 channel realizations. In the case statistical CSI, the proposed
algorithm in Section IV is adopted. In the case without CSI at the transmitter, the EPA precoding
and random phase shift scheme are employed as in [47]. It can be observed from Fig. 5 that the
perfect CSI performs the best among the three schemes at the cost of frequent CSI reportings and
high signaling overhead. However, with the increase of the reflecting elements, the gap between
the perfect CSI and the statistical CSI decreases due to the channel hardening effect. Although

the scheme without CSI is the simplest one for implementation, it shows the worst performance.
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Fig. 5. The sum-rate versus the number of reflecting elements N with M = 8 and Pr,q. = 30dBmW for various schemes.

To strike a balanced trade-off between computational complexity and performance, the proposed

algorithm is very appealing particularly for the large scale of RIS-aided systems.

VI. CONCLUSION

This paper aimed to enhance the RIS-aided multi-user MIMO system via the joint design of
transmit beamforming and phase shifts. However, the spatial correlation has been considered
in this paper, which significantly distinguish our analysis and optimal design from the prior
ones. To address the above issues, the deterministic equivalent expression of sum-rate was
derived by capitalizing on random matrix theory. Thanks to the tractable expression of the
approximate sum-rate, some meaningful insights into the impacts of the spatial correlation on
RIS-aided multi-user MIMO systems were gained with the aid of majorization theory. Besides,
the deterministic equivalent not only enables the accurate evaluation of the sum-rate for a large
number of reflecting elements, but also decouples the transmit beamforming matrix and RIS
phase shift vector. This motivated us to formulate a new optimization problem by using the
asymptotic sum-rate and exploiting statistical CSI. An efficient algorithm was proposed based
on water-filling and PGA method. Comparing with the designs requiring instantaneous CSI in
the literature, our proposed algorithm is more attractive with comparable performance but much

lower complexity and communication overhead.
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APPENDIX A

PROOF OF THEOREM 1

In order to derive the asymptotic achievable rate of user k, the following lemma regarding

the deterministic equivalent of the random matrix chain products is given below.

Lemma 1. Assume two random matrix with the form H, = Rlé ﬁlT% and Hy = RQ% ﬁgTz%,
where T, € CM*M R, € CV*N, T, € CV*V, and Ry, € CI*L are Hermitian positive
deterministic matrices with bounded spectral norm, i.e., max{||Ty||, ||R1ll, | T2/, ||R2||} < o0
and diagonal elements being one. ﬁl € CNxM ﬁz € CHN are two mutually independent
random matrices each having i.i.d. entries such that V€C(ﬁ1> ~ CN (Onxar, 03y @ Iy) and
vec(Hy) ~ CN(0Lyn, 021y @ 1,). Given a deterministic matrix W with compatible dimension,

then we have the matrix chain products deterministically approaches to

1 as 2 .2
S HH WHIHY =2 7192 1y (T,Ry) Tt (T, W) Ro. (28)
5—00

Proof. Lemma 1 can be obtained by directly replacing H; and Hy in [37, Theorem 1], The

detailed proof are omitted here to avoid redundancy. 0

By dividing both the numerator and denominator terms of (2) by 1/N, the method of determin-
istic equivalent is then applied to derive compact expressions for ¥, /N and W;/N. Specifically,

by using Lemma 1, it yields a deterministic approximation of W, /N as

v, 1
~ = Hm OHp Wi (Hyy, OHp W)™
1 1 ~ 1 1~ 1 1~ 1 1~ 1
= R6Hiw, T} OR; Hp T3 W, W, T;H; R;O"T;H), R (29)

Tr (T;0R,0")
N
Similarly, the derivation of ¥, /N can be obtained by following the same method. If the number

Tr (TsWiW) Ry,

a.s.
} BHIU,C BHBI
N—o00

of the reflecting elements is very large, i.e., N — oo, the achievable sum-rate approaches to a
deterministic equivalent as (5) by substituting approximation of ¥, /N and ¥;/N into (2). We

thus complete the proof.
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