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Abstract

Active reconfigurable intelligent surfaces (RISs) have recently been proposed to compensate for the severe
multiplicative fading effect of conventional passive RIS-aided systems. Each reflecting element of active RISs
is assisted by an amplifier such that the incident signal can be reflected and amplified instead of only being
reflected as in passive RIS-aided systems. This work addresses the practical challenge that, on the one hand,
in active RIS-aided systems the perfect individual CSI of the RIS-aided channels cannot be acquired due to
the lack of signal processing power at the active RISs, but, on the other hand, this CSI is required to calculate
the expected system data rate and RIS transmit power needed for transceiver design. To address this issue,
we first derive closed-form expressions for the average achievable rate and the average RIS transmit power
based on partial CSI of the RIS-aided channels. Then, we formulate an average achievable rate maximization
problem for jointly optimizing the active beamforming at both the base station (BS) and the RIS. This problem
is then tackled using the majorization—minimization (MM) algorithm framework, and, for each iteration, semi-
closed-form solutions for the BS and RIS beamforming are derived based on the Karush-Kuhn-Tucker (KKT)
conditions. To ensure the quality of service (QoS) of each user, we further formulate a rate outage constrained
beamforming problem, which is solved using the Bernstein-Type inequality (BTI) and semidefinite relaxation
(SDR) techniques. Numerical results show that the proposed algorithms can efficiently overcome the challenges

imposed by imperfect CSI in active RIS-aided wireless systems.
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I. INTRODUCTION

Reconfigurable intelligent surfaces (RISs) have attracted extensive research attention from both
academia and industry thanks to their appealing features of low cost, low power consumption, pro-
grammability, and easy deployment [2]], [3]]. In fact, they are envisioned to be one of the key candidate
technologies of sixth generation (6G) mobile communication systems [4]], [5]. The existing literature has
mainly focused on the investigation of passive RISs, where each reflecting element can only reflect the
incident signals. However, passive RISs have an inherent disadvantage: the signals reflected by the RISs
suffer from multiplicative fading, which causes the received signal to be extremely weak. Multiplicative
fading implies that the equivalent pathloss of the transmitter-RIS-receiver link is the product of the
transmitter-RIS link pathloss and the RIS-receiver link pathloss, which is typically thousands of times
higher than that of the unobstructed direct BS-receiver link [6]. Most of the existing works on passive
RISs bypass this issue by assuming a much larger pathloss exponent for the direct link than for the
reflected links [[7]], [8]].

To overcome the multiplicative fading effect, the authors of [9] and recently proposed a new
active RIS architecture. Unlike passive RISs, active RISs are additionally equipped with active reflective
amplifiers. Therefore, active RISs can not only adjust the phase of the reflected signal, but also amplify
the reflected signal. The authors of showed that in an application scenario with direct links, passive
RISs can only obtain a 3% data rate gain, while active RISs can obtain a 108% gain. In addition, they
also presented a hardware platform for active RISs.

Different from traditional active antenna arrays, active RISs do not require radio frequency (RF)
chains and digital signal processing circuits, such that active RISs can be relatively thin, which facilitates
deployment. Since active RISs comprise amplifiers, their hardware power consumption is increased
compared to passive RISs. However, the authors of [11] recently compared the performances of passive
RISs and active RISs for the same total power consumption (including hardware power consumption),
and showed that active RISs outperform passive RISs when the number of reflecting elements is small
and the system power budget is sufficiently large. Therefore, active RISs can mitigate the multiplicative
fading effect while retaining the benefits of passive RISs.

Due to the above advantages, active RISs have attracted significant research interest recently. The
authors of [[12]] compared the performances of passive RISs and active RISs, and optimized the RIS
location and number of reflecting elements. The authors of investigated the resource allocation
design for active RIS-aided multiuser systems. Furthermore, active RISs have been considered for

wireless powered communications to enhance throughput and energy efficiency [14]].



It is widely known that, for passive RIS-aided systems, only the cascaded channel state informa-
tion (CSI) of the transmitter-RIS-receiver link is needed for transceiver design. However, due to the
introduction of amplifiers, for active RIS-aided systems, the RIS transmit power and the thermal noise
amplified by the RISs need to be taken into account for transceiver design, which requires the individual
CSI of the transmitter-RIS link and the RIS-receiver link. However, active RISs cannot estimate the two
individual channels as they are not equipped with an RF chain. To the best of the authors’ knowledge,
all existing works on active RISs assume the availability of perfect CSI of the transmitter-RIS and
RIS-receiver links, respectively, which is challenging to obtain in practice. Therefore, it is imperative
to study the system design for the case, where only partial CSI of the individual active RIS-aided
channels is available.

Against this background, in this work, average achievable rate maximization and average power
consumption minimization are addressed, respectively, if only partial CSI of the individual RIS-aided
channels is available. To this end, we assume that the RIS-aided channels are Rician distributed.
Although the perfect CSI of the individual RIS-aided channels is not available, knowledge of the
deterministic light-of-sight (LoS) components and the statistics of the Gaussian distribution of the
non-LoS (NLoS) components can be acquired. In particular, the angle and distance information of the
LoS links can be determined via localization techniques [15]. Based on this partial CSI, we derive
analytical expressions for the average achievable rate and the average RIS transmit power. Then, the
average achievable rate is maximized by jointly optimizing the active beamforming at the BS and RIS
under an RIS average transmit power constraint. Since system designs based on average achievable
rate maximization cannot guarantee the QoS of each user, we further study designs based on a rate
outage constrained power minimization problem.

The main contributions of this work can be summarized as follows:

o To the best of the authors’ knowledge, this is the first work on active RIS-aided systems that
investigates the practical issue of partial CSI knowledge. Based on the distributions of the indi-
vidual RIS-aided channels, we propose a joint active beamforming design at the BS and the RIS
for maximization of the average achievable rate for partial CSI. In addition, we also study the
robust active beamforming design to minimize the average total power consumption under rate
outage probability constraints.

» Closed-form expressions for the average achievable rate and the average RIS transmit power in the
presence of partial CSI are derived. Furthermore, the average achievable rate maximization problem

is efficiently solved in an iterative manner exploiting the majorization—-minimization (MM) concept.



Specifically, a surrogate quadratic function for active beamforming is constructed to minorize
the original non-concave objective function. Then, alternating optimization (AO) is employed to
decouple the BS and RIS beamforming vectors. For each subproblem, a semi-closed-form solution
is obtained based on the Karush—-Kuhn-Tucker (KKT) conditions.

o To guarantee a predefined outage probability, we develop an outage constrained beamforming
design that minimizes the average transmit power subject to constraints on the RIS amplification
gain and the rate outage probability, respectively. The Bernstein-type inequality (BTI) is applied to
safely approximate the outage probability constraints such that the non-convexity of the constraints
is mitigated. Then, the beamforming vectors at both the BS and the RIS are updated by using
semidefinite relaxation (SDR) in an iterative manner.

o Our simulation results demonstrate that active RISs can effectively overcome the negative impact
of the multiplicative fading effect and perform much better than the conventional passive RISs.
Furthermore, since the RIS amplifier circuits consume power, there exists an optimal number of

RIS reflecting elements.

The rest of this paper is organized as follows. In Section II, we introduce the considered system model.
The average achievable rate maximization problem and the average power minimization problem are
respectively revealed in Sections III and IV. Finally, Sections V and VI report numerical results and
conclusions, respectively.

Notations: The following mathematical notations and symbols are used throughout this paper.
Vectors and matrices are denoted by boldface lowercase letters and boldface uppercase letters, re-
spectively. X*, XT, X", and ||X||r denote the conjugate, transpose, Hermitian (conjugate transpose),
and Frobenius norm of matrix X, respectively. vec(X) denotes the vectorization of matrix X. ||x||s
denotes the L2-norm of vector x. Operations Tr{-}, Re{-}, ||, A(:), and / (-) denote the trace, real
part, modulus, eigenvalue, and angle of a complex number, respectively. Diag(x) is a diagonal matrix
with the entries of x on its main diagonal. Furthermore, diag(X) is a vector whose entries are the
main diagonal elements of matrix X. [x],, denotes the m-th element of vector x. [X],,.;, ;4 1S @ matrix
consisting of the m-th to the n-th rows and the p-th to the ¢-th columns of matrix X. The Kronecker
product, Hadamard product, and Khatri-Rao product between two matrices X and Y are respectively
denoted by X®Y, X©®Y, and X¢oY. X >Y means that X —Y is positive semidefinite. C denotes
the complex field, R denotes the real field, and j £ \/—1 is the imaginary unit. CN(u, X) represents
the distribution of a circularly symmetric complex Gaussian random vector with mean vector g and

covariance matrix ..
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Fig. 1: Active and passive RIS-aided communication system, respectively.

II. SYSTEM MODEL
A. Signal Transmission Model

As shown in Fig.[Il we consider an RIS-aided downlink multiple-input single-output (MISO) system,
where an N-antenna BS communicates with K single-antenna users. The RIS is assumed to be equipped
with M reflecting elements, and its reflection coefficient matrix is given by Ay, = Diag(wy, -, wy) €
CMxM  Here, /w,, and |w,,| denote the phase shift and the reflection gain of the m-th RIS element,
respectively. For passive RISs, each RIS element comprises an impedance adjustable circuit to vary the
phase shift [16]. Thus, passive RISs are capable of reflecting the incident signa without consuming
direct-current (DC) power, which leads to a reflection gain of |w,,|?= 1 and negligible thermal noise.
However, the multiplicative fading effect results in a weak received signal power for the passive RIS
reflection link. To address this issue, the authors of [9] and [[10] proposed a new active RIS architecture,
where each active RIS element includes an active reflection-type amplifier to also amplify the incident
signals. Therefore, the reflection gain is given by 1 < |w,,[*< Gyae, Where @, is the maximum
amplification gain.

The BS transmits K data symbols collected in vector s = [s1,---,sx|T € CE*! to the users
by applying precoder matrix F =[f},---,fx] € CV*X. By assuming independent complex Gaussian

signals with E[ss!!] = Iy, the BS transmit power is given by E{||Fs||3} = |[|F||%< Py, where Py is

"Here, we assume an ideal reflective material without reflection loss. If reflection loss is considered, then |w,,|*< 1.



the BS transmit power budget. Denote by Hg, € CM*¥ the channel from the BS to the RIS, and by
h;, € CV*! and h,; € CM*! the channels from user & to the BS and to the RIS, respectively. Then,

the signal received by user £ is given by
Y = hEFS + hEkAw(HdrFS + Z) + N
= (b + b}, A Hy)Fs + hi, Az + ny, (1)
where n, and z are the zero-mean additive white Gaussian noise (AWGN) at the user and the RIS,
respectively, which follow distributions n;, ~ CN(0,0%) and z ~ CN(0,0%I,;) with noise powers
o? and o2, respectively. Notice that the thermal noise z, which can be ignored in passive RIS-aided

systems, has to be considered in active RIS-aided systems because of the amplification. The transmit

power of the active RIS is given by
E{l|Aw(Ha:Fs + 2)| 3} = [[AwHaF|[p+|w|[20?, 2)

where w = [wy, - - -, wy,|. Furthermore, the achievable rate of user k is given by

|(hIk{ + hEkAWHdr)ka )
> (0 + B AGHG)E 2407 + [ [ Ay [[302

Ry(F,w) = log, (1 + 3)

B. Channel Model

In practice, not all of the channels connecting the BS and the users can be individually estimated.
Specifically, the direct BS-user channels {h;}¥ | can be estimated by turning off the RIS [17]. Thus,
it is reasonable to assume that perfect CSI of the direct BS-user channels is available at the BS.
However, for the passive/active RIS-aided channels, we can only estimate the cascaded BS-RIS-user
channel Gy, which is the product of the BS-RIS channel Hy, and the RIS-user channel h,, i.e.,
G, = diag(hgk)Hdr. As a result, we cannot estimate Hg, and h, ; individually due to the lack of
signal processing capability at the passive/active RIS [18]. There is an extensive literature on cascaded
CSI estimation in RIS-aided communication systems [[17], [19]-[21]. Thus, in this work, we also
assume that {G}1 | is perfectly known at the BS. In passive RIS-aided communication systems,
knowledge of the CSI of the cascaded channels is typically sufficient for transceiver and RIS reflection
phase shift design [8]], [22]-[24]]. However, in active RIS-aided systems, the instantaneous RIS transmit
power in (2)) and the instantaneous achievable rate in (3) depend on the individual instantaneous CSI
of Hy, and h, ;, respectively, and this CSI is impossible to obtain. To address this issue, in this work,
we focus on the investigation of the average achievable rate and the average RIS transmit power based

on statistical CSI of Hg, and h, j.



In particular, Hg, and h, ; are modelled as correlated Rician fading channels as follows

Ha = /Bo/ (6 + 1)(v/3oHae + Hay), (4)
hex = /Bi/(6k + 1)(v/0khyy + by ), VE, (5)

where {0;}5  are the Rician factors, and {3}/, are the distance-dependent large-scale pathloss
coefficients. The LoS components Hg, and {Er,k}szl are determined by the angles-of-arrival (AoAs)
and the angles-of-departure (AoDs) [23]]. The physical positions of the BS and the RIS are generally
fixed and known in advance, and the users’ locations can be determined by GPS positioning [26] or
pilot-based positioning algorithms [27]. Thus, the communication distance and LoS angle information
can be assumed to be known by the BS. The NLoS components are distributed as Hy, ~ CN(0, 2R ®
3p) and flnk ~ CN(0,X, ), where ¥ > O is the spatial correlation matrix with unit diagonal
elements at the BS for channel ICIdr, and Xy = 0 and 3, ; = O are the spatial correlation matrices
with unit diagonal elements at the RIS for channels H,, and ﬁnk, respectively. The spatial covariance
matrices can be estimated with the method proposed in [28]] or the model proposed in [29]. Thus,
in the following, we model Hy, and flr,k as Hy, = 211{2EE]13/2 with vec(E) ~ CN(0,I); ® Iy) and
ﬂnk = Eifenk with e, . ~ CN(0,1I,,), respectively.

Since the communication distances between the BS and the users are generally long and the

electromagnetic environment is complex, we assume channels {h;}/ | to be Rayleigh distributed.

C. Average Achievable Rate and Average RIS Transmit Power

Since perfect instantaneous CSI of Hy, and {hnk}fz1 is not available, in this work, we consider the
average achievable rate and average RIS transmit power, denoted as Ey, , g, {x(F, w)} for all £ and
Eu, e, {||AwHaF||[3+||w||702}, respectively. Here, the average rate and average RIS transmit power
are short-term (instantaneous) measures that capture the expected performance over the distributions
of {h,;}% , and Hy, for given {G;}£ .

First, we derive an analytical expression for the average achievable rate. With the definitions w =
[w, 1] and H;, = [G}, hk}H such that w"H,, = h)! +h{’, A Hy,, (@) can be reformulated as follows

W, £, |2 >

K ~
2 ic i WHHE P02 | by A3+ o

Ry (F,w) =log, (1 + (6)

Since the function f(x) = log,(1 + %) is convex in x, by using Jensen’s inequality, we can obtain a

lower bound for Ey, ,|q, {R:(F,w)} as follows

Ehr,k|Gk {Rk(Fv W>}



~HI_I f 2
:log2 <1+ - 2|W2 kk| I 2)
Zz 1z;£k|w H,fi[?+o Ehrk|Gk{||h Aw||2}+0k

|WHH, £, |2
=logy | 1 + =% —
Zz:L#k‘WHkaiP"‘UzTY {AWEhr,k|Gk {hr,khgk} Aglv} + UI%

|WHH,f,.|?
Z£17i¢k|v~vHkai|2+a§Tr {A (aﬁkiklhr sl + aﬁk % ) A&} + 0o}
® log, | 1+ ‘WHkak‘z
o2 K R 5
S i WHHLE 2402 (22 Diag(hy ) w3+ 52 |[w]3) + o7

~HI_I f 2
=log, | 1+ [ Hcfi|
Zz 12¢k‘WHka|2+WH\IlkW+O'k

(7)

where W, = ?‘“ oo (5kDiag(hr,k © hjk) + I) and I denotes the identity matrix. Equality (a) in (@) is

obtained due 10 by ~ EN (v/Fd/ Gk + Db, 2% Ter ) and Bn, i, {Beghfl} = S0 0, b, +
6k+12r x- Equality (b) in (@) is due to Tr {A hr kh AH} = ||D1ag( k)W |2 and (Sfil Tr {AWEMAW}

= 5T {AVAL} =

5 +1||w||2, as X, ; has unit diagonal elements.
Next, to derive an analytical expression for the average RIS transmit power, we provide a useful

lemma, as follows.

Lemma 1 Let H € CM*N = H + 5/ 2H“’Eé/ ? represent a random matrix following distribution
H ~ GN(}_I, 3, ® X) with mean H and covariance ¥, @ ¥, where HY is a complex Gaussian
random matrix with independent and identically distributed (i.i.d.) entries of zero mean and unit

(CNXN

variance. Given matrix X € , we have

Eg {HXH"} = HXH" + Tr {X%,} 3,.

Proof: Please refer to the proof of Lemma 2 in [30]. [ ]

By using Hy, ~ CN ( g)ofolH drs m (Xr ® EB)) and Lemma [I] the average RIS transmit power

P(F,w) can be obtained as
P(F,w) = En, g, {||AwHaF|[E+|lwl[307}
= Tr {AwEn, {HaFF Hg } ALY+ (w502

= Tr {A%sQ} + [[w]|307, ()

where Q = (5050 H, FFUH! + 22 Tr (FFIS,) 2R> and A% = AUA,.



III. AVERAGE ACHIEVABLE RATE MAXIMIZATION

In this section, we maximize the average achievable rate under a constraint on the average RIS
transmit power. To this end, a concave lower bound of the non-concave objective function is constructed,

and a KKT-based AO algorithm is developed.

A. Problem Formulation

The proposed problem can be formulated as follows

K
max ;Ewgk {Ri(F,w)} (9a)
s.t. ||F||%< Py, (9b)
En,,icy {|[AwHaF|[7+|[W][E0?} < Pa, (%)
1 < |wm|*< tma, Y, (9d)

where P, is the maximum average RIS transmit power.
Since By, ,\c, {Ri(F,w)} and Eq, |, {||[AwHaF||5+||w||%02} are not analyticaly tractable, Prob-
lem (9) cannot be solved directly. Thus, based on (8] and (Z), Problem (9) is lower bounded as follows

K
max ;Rk (F,w) (10a)
s.t. [|F||%< Py, (10b)
P(F,w) < Py, (10¢)
1 < Jwm|*< @maz, Y. (10d)

Problem (10) is still difficult to solve due to the non-concave objective function in (I0a)), the non-convex

amplification gain constraints in (I0d), and the coupling of variables F and w.

B. Problem Reformulation

In the following, we propose an AO algorithm to solve Problem (I0) based on the MM algorithm
(see, e.g., [31l], for tutorial introductions to MM algorithms). Specifically, the key idea of MM
algorithms is to construct an easy-to-solve surrogate problem by deriving a minorizer of the original

non-convex objective function, which is then used for optimization. Specifically, assuming that f(x)
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is the original objective function which needs to be maximized over a convex set §,, its minorizers

(denoted by f(x|x™)) at a given point x" should satisfy the following conditions [32]:

(A1) :f(x"[x") = f(x"), VX" € 8y

(A2) :f(x|x") < f(x),Vx,x" € 8;
(A3) :f (x|x™ d)|xexn= f (x";d),Vd with x" +d € 8,

(A4) :f(x|x™) is continuous in x and x",

where f'(x";d), defined as the direction derivative of f(x") in direction d, is given by

f’(xn, d) —lim f(Xn + Kd) - f(xn) )

r—0 K

Based on the MM framework, we derive a quadratic lower bound of R}, (F, w) shown in the following

lemma, the proof of which is similar to the proof in [22, Appendix Al].

Lemma 2 For a fixed point {F",w"}, Ry (F,w) is minorized by the concave surrogate function

Ry (F,w|F™, w") given by

ék (F, W|Fn, Wn) = consty, + 2Re {ak\?vHkak} - bk(HWHHkFHg‘l'WH‘I’kW)» (11)
where
ap = nLnZ k= % const, = Ry, (F", w") = by (0 + 1),
e — [t re(rg = 16 ?)
K

p= (WORHLED, =) (W) THGE P (W) w4 o
i=1
Function (LI is biconcave in F and w, which motivates us to update F and w in an iterative
manner. In particular, in the proposed AO algorithm, we first update F' based on the concave function

Ry, (F|F") = R, (F, w|F", w") for a given w, and then we update w based on the concave function

Ry, (w|w") = Ry, (F, w|F", w") for a given F.

C. Optimization of Precoding Matrix F

By using Lemma 2] a lower bound of the objective function in (I0a) with respect to F, denoted by
Esum(F), is obtained as

=

Roum(F) =Y Ry (F,w|F", w")
k=1

= constr + 2Re {Tr {CJF}} — Tr {F"AzF}, (12)
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where consty = "1 const,—w (30 b ®)w, Cp = S0 afHIWt, Ap = 3% b HIWW!H,,
and t;, € R¥*! is a selection vector in which the k-th element is equal to one and all the other elements
are equal to zero.

After some manipulations, the average RIS transmit power in (8) can be rewritten as a quadratic

function of F as follows

)
P(F) 5?‘) e {FUEY AL AL F) + i Tr {A%Sr} Tr {FISF} + ||w|30
o 5050 HygH A a 5 H 2 2
0
=Tr {FHDFF} + ||w][302, (13)

5 _
where we have Tr {A% 3R} = ||w]||3 and Dy = Z°+§H§IrA“RISHdr + 5O+1||W||§EB
Combining (I2)) with (13)), and ignoring irrelevant constant terms, the surrogate subproblem of (10)

with respect to F for a given w is formulated as follows

max 2Re {Tr {CyF}} — Tr {F"ApF} (14a)
s.t. [|F||%< Py, (14b)
Tr {F'DsF} + ||w|[302 < Pu. (14c)

Problem (I4) is a standard second-order cone programming (SOCP) problem and can be solved with
CVX. However, the computational complexity of SOCP-based algorithms is high. In the following, we
solve Problem (I4) by exploiting the standard dual decomposition method. In particular, the Lagrange

function of Problem (I4) is given by

L(F, VF, ,UF)

=Tr {F"ApF} — 2Re {Tr {C}F} } + v¢(||[F||7—Pn) + pr(Tr {F'DpF} + ||w|[307 — Pur),

where Lagrange multipliers v > 0 and pup > 0 are associated with constraints (I4b) and (14d),
respectively. The dual function d(7yg, ur) is given by

d(vr, pr) = mP?XL(F77F7/~LF)- (15)
Thus, the dual problem of Problem (I4]) can be formulated as follows

min  d(yp, pr). (16)

YF20,up2>0
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Firstly, by exploiting the first-order KKT necessary and sufficient condition of the problem in (13),
ie., M(I‘:{)’% = (AF +APT 4+ uP'D F) Foot — Cr = 0, we obtain the optimal solution of F for
[v]  [v]

fixed dual variables (v, juj) in iteration v as follows
-1
P i) = (Ar+ 201+ 1Dr)  Cre (17)

Then, the dual problem (I6]) can be solved by the gradient projection algorithm, i.e., the dual variables

are updated as follows

+
At = [+ v ] (184)

+
up ™ = [+ d o i) (18b)

where
Vord(i i) = [[F (v i)l [5 =Py (192)
V(i i) = Tr QB i) D (o i)+ w302 = P (19b)
pr @\ VE s B r Vrs Mp FEYE S B Wil20, M-

The initialization points can be set as 71[2] = 0 and u[O} = 0. Then, (I7) and (19) are updated in an

alternating manner until ||(y [UH], /J,%H_H) (7][;’], i )H—> 0. Note that although the algorithm proposed
for solving Problem (I4) requires iterations, the computational complexity is comparatively low due

to closed-form expressions employed in each iteration, see Section [II-Fl

D. Optimization of Reflection Vector w

In order to facilitate the subsequent derivations, we convert the surrogate objective function

Zszl Ry (F,w|F", w™) and average RIS transmit power in (8] into quadratic functions of w as follows

K
Roun(W) =Y Ry (F,w|F", w")

k=1

= const, + 2Re {Wch} — WHAwW, (20)

with const,, = 215:1 consty, + QRe{fo:1 aphi'f,} — 22{21 bh'FFih,, ¢, = 215:1 ar G, —
S Gy FFhy, and A, = Y1 0.G FFIGE + (31, by Wy,), and

P(w) = w'D,w, (21)

. o ﬁ ) . . e o B
with D,, = £22% Diag (diag (HFF"H")) + Z2Tr {F'SpF} T+ 2L
Exploiting Q) and @2I), we formulate a surrogate subproblem for (I0) with respect to w for a

given F as follows

max 2Re {Wch} —wilA,w (22a)
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s.t. wiD,w < Py, (22b)

1 < |wml*< @maz, Y. (22¢)

Problem ([22)) can be transformed into an SOCP by relaxing the non-convex constraint 1 < |w,,|* in

n‘Z

(22¢) via a linear approximate constraint 1 < 2Re{(w?. )*w,,} — |w?,

by using the first-order Taylor

approximation at fixed point w;,. The resulting approximate SOCP problem is given by

max 2Re {Wch} —wilA,w (23a)
s.t. wiD,w < Py, (23b)
1 < 2Re{(wy,) wpn} — [wyp,[*, ¥, (23¢)

W |2 < gz, Y. (23d)

To find a low-complexity solution for (23]), we adopt the alternating direction method of multipliers
(ADMM) [33]. In particular, we introduce auxiliary variable u = [uy, - - -, up/]” such that u = w and

1 < |um]?*< @maz, Ym. The augmented Lagrangian of the optimization problem is given by
Le(w,u,m) = w'A,w —2Re {w'c, } + (|lw —u+n|]3,

where ¢ > 0 is a penalty parameter. The benefit of including the penalty term is to make the dual

function differentiable. The ADMM method comprises the following steps L:

[i+1] _ : [i] il

w = ar min Le(w,ut, , 24
gWE{WHDWWSPM} §( n ) ( )

ul*l = arg min Lg(w[”l], u, nl’), (25)

ue{l<|um|?<amaz,Vm}

it = plil 4wl _ gl (26)

e Updating w: wl*! can be obtained using the KKT conditions. We form the Lagrangian function
of Problem (24) with Lagrange multiplier v, as £(w,7,) = wHA,w — 2Re {w'¢c, } + ¢([|lw — ull +
|2+~ (WHD,,w — Py;), and obtain the first-order KKT necessary condition for the optimal w{*!!

s LA (A, +P'D,, + (D) wlitl — ¢, + ¢(nl! — ul?) = 0. Then, wi*! is given by

ow*
i o o -1 i i
w9 = (Ay + 9Dy +CI) 7 (ew — (0 — ul?). @7)
Function ¢, (7,) = (wiU(y,)FD,wl*l(v,) is a monotonically decreasing function of 7. If

9w(0) < Py, then wit = (A, +¢I)™" (¢, — ¢(n? — ull)). Otherwise, g,(0) > P,. Based

2Please note that w?, in Problem (23) is the updated value in each iteration of the MM algorithm, while w{'™! in Problem @4) is

the updated value in each iteration of the ADMM method.
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on the complementary condition of v, (g.(7w) — Pr) = 0, we need to find a positive v, such

that gw(fyw) — PM = 0. Deﬁning Vw1 = \/(Cw—C(W[i]—u[i]))H}];);El(cw—cm[i]—u[i]))’ we have gw(fyw,l) <

(Y1) (¢ — (1 —u!)TD (e, — ¢(n!? —ull)) = Py;. Then, a unique 72" € (0, 7,,1) must exist

w

such that g,,(7°P*) = Py, and thus 7°P* can be found by using a one-dimensional search.

w

e Updating u: The optimization problem in (23)) is equivalent to

min [[w—u+n[5 st 1< |un)?< amae, Ym. (28)
Its solution is given by ul™! = [|wl*t 4 nlid[]y*"* exp(j/(wli+l + nll)), where operator |-| returns

the elementwise absolute value and operator [x];; maps x elementwise onto the interval [u, ].

E. Algorithm Development

Under the MM framework, the solution F of Problem (14} and the solution w of Problem (23)) in each
AO iteration can be obtained with low complexity using the proposed KKT-based and ADMM methods,
respectively. The convergence speed of the MM algorithm will be affected by the tightness of the
lower bound of the original objective function given in Lemma 2l Thus, an acceleration method, called
SQUAREM [34], is adopted to accelerate the MM-based algorithm, as is summarized in Algorithm
0 Fr(F") in Step 9 and F,, (w") in Step 20 represent the objective function values of Problem (14)
and Problem (23)) in the n-th iteration, respectively.

Pr(-) in Step 8 and P, (-) in Step 19 are projection operations onto the nonlinear constraint sets of
F and w, respectively, which ensure the feasibility of the updated solutions. The projection operation
is defined as P(x) = argminges||z — x||3, where § is the constraint set of z [35, Equ. (4.4.13)].

Therefore, for the power constraint set of F, Pr(-) is obtained as follows

Pr(X) = arngin |IF — X]||rp s.t. (140), ([49). (29)

and for the power and amplification gain constraints of w, P, (-) is obtained as follows

Pu(x) = argmin ||w — x|z s.t. ([220), (22d). (30)

Steps 9 to 12 and Steps 20 to 23 are used to maintain the monotonicity of the objective function

values.

F. Complexity Analysis

Algorithm [Tl requires solving Problem (I4) and Problem @23)). In the following complexity analysis,

we neglect terms with low-order complexity. To solve Problem (I4)), we first need to calculate Ay and



Algorithm 1 Low-complexity MM algorithm

Initialize: Initialize F° and w®. Set n = 1
1: repeat
2. Setw=w"!
3. Obtain F; from Problem (14) based on F"~!
4:  Obtain Fy from Problem (I4) based on F,
ss. Ri=F —F!
6 Ro=F,—F, —R4

|RillF
[[R2|[r

8: F" = —TF(Fn_l —2wrR; + W%Rg)
o  while Fr(F") < Fr(F"!) do

7: Wp = —

10: wr = (wp —1)/2

11: F* = —Pp(F"! — 2wrR; + wiRy)

12 end while

13 Set F =F"

14:  Obtain w; from Problem (23) based on w" !
15:  Obtain wo from Problem (23]) based on w'
16: 11 =wW —w"!

17: o = W9 —W; — I

18wy, = — il
[[ra2
19: W= =P (W' — 2w,r; + wiry)
20.  while F, (w") < F,,(w"1)| do
21: Wy = (W —1)/2
22: w = =P, (W' — 2w,r; + w2ry)

23: end while
24: n=n-++1

25: until |Fp (F") — Fp (F"!) |— 0 and |E, (W") — F, (Ww""1)|— 0
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D, which have computational complexity orders of O(M?*NK+MNK) and O(M?N K), respectively.
The calculation of Cp is similar to that of Ap. Then, the inverse operation in (I7) has complexity
O(M?3). Therefore, the approximate computational complexity of solving Problem (I4) is O(M? +
M?NK + MNK), where constant coefficients are ignored. The computational complexity of the
ADMM algorithm used for solving Problem (23)) is mainly determined by the calculation of A,
D,,, and the inverse operation in (27), which have complexities of O(MNK? + M*NK), O(MNK),
and O(M?3), respectively. Also, computing c,, involves similar steps as computing A,,. Neglecting
the constant coefficients, the approximate complexity of the ADMM algorithm is given by O(M? +
MNK?+M?NK+MNK). Thus, the approximate complexity of Algorithm [ per iteration is O (M3 +
MNK? + M?NK + MNK).

G. Convergence Analysis

Next, we analyze the convergence of the proposed algorithm. The monotonic convergence of the MM
algorithm has been proved in [32] and [36]]. In the following, we prove the monotonic convergence
of Algorithm [l Let f(F,w) = .0 Ry (F,w) denote the objective value of Problem (I0) and

F(F.w) = SE R, (F,w) represent its minorizer. In the n® iteration, given w", we have
" w") = f(E"F") < f(E™F") < f(E™ W),

where the first equality follows from condition (A1), the first inequality is due to the optimal solution
of Problem (I4)), and the second inequality follows from condition (A2). Subsequently, given F™*1, it

is straightforward to show that

FE™L W) = f(w"w") < f(w"Hw") < fE™ wH,

Therefore, the sequence of objective values { f(F"™!, w"t!)} generated by the AO algorithm is mono-
tonically non-decreasing. Since F belongs to a convex set, every limit point of F" is a d-stationay
point of Problem (I0) [22]. Furthermore, since w belongs to a non-convex set, every limit point of

w" is a B-stationay point of Problem (1Q) [22].

IV. OUTAGE CONSTRAINED AVERAGE POWER MINIMIZATION

In the previous section, we have investigated the average rate maximization problem for the practical
case where only partial CSI of the RIS-aided channels is available. However, this problem formulation
cannot guarantee the QoS of the individual users and outages may occur in an uncontrolled manner.

Thus, in order to ensure the QoS of the individual users, in this section, we jointly optimize the
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beamforming matrices at both the BS and the RIS to guarantee that the probability that the instantaneous
achievable rate of each user exceeds a target rate is larger than a predefined value, while minimizing
the total transmit power consumption comprising the BS transmit power and the average RIS transmit
power. To obtain a tractable problem formulation, the outage probability constraint is approximated by

the BTI, and then an SDR-based AO algorithm is proposed to optimize the beamforming matrices.

A. Problem Formulation

The proposed optimization problem is formulated as follows

win [[F|[3+ B, 6, {AVHLFI} + [|Aw20? (31a)
S.t. Pr{Rk(F,W) > ’/’k} >1-— pk,Vk, (31b)
1 < |wn|*< @maz, Y, (3lc)

where (31D) ensures that the probability that each user can successfully decode its message for a data
rate of r is no less than 1 — pg, where py,---, px € (0, 1] are the corresponding maximum outage

probabilities.

B. Problem Reformulation

Problem (3I)) is computationally intractable since outage probability constraint (31b) does not have
a analytical expression. Therefore, we safely approximate (31b) by some easy-to-handle constraints by

exploiting the following lemma.

Lemma 3 (Bernstein-Type Inequality: Lemma 1 in [37]) Assume f(x) = x"Ux + 2Re{u'x} + u,
where U € H™", u € C*}, u € R, and x € C™! ~ €N(0,1). Then, for any p € [0, 1], the following

approximation holds:

Pr{x"Ux + 2Re{ux} + u <0} > 1—p (32a)
=Tr{U} +/2In(1/p)x — In(p)\.  (U) +u < 0 (32b)

Tr{U} + /2In(1/p)z —In(p)y + u <0
= VIIUIE+2[[u]lf < 2 (32¢)

where \T . (U) = max(Anax(U), 0) and \uax(U) denotes the maximum eigenvalue of U. x and y are

max

slack variables.



Please refer to for a proof of Lemma 3
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To utilize Lemma [3 the outage probability in (BIb) is firstly reformulated into the form of (32a):

Pr{Ry(F,w) > r;,} = Pr{w"H,®,H;'W — || h{} Ay|[307 — 0 >0},
where
&), = f.f' /(2" — 1) — F_,F",,
F_p=[f1, ... 6 far, o fi.
Substituting (@) and flr,k = Eifenk into (33), we have

Pr{R(F,w) >} = Pr{e, Use, + 2Re{u}'e,; } + u, <0},

where
Uk 5 5 23/162‘/&?{1823/]@27
kT
BV Ok <1/2 v a
up = 5k+12r/kA IShrk’
w = O i pe b L — (WH @, HW — o7) .
50+ 1 .k RIS o2 k O

Furthermore, the following theorem is provided to facilitate the subsequent derivations.

Theorem 1 Given matrices A € CV*N b € CV, and C € CN*N, we have
Tr {ADiag(b)CDiag(b)} = bT(AT ©® C)b.

Proof: Please refer to Appendix [Al

Then, we establish the following identities:

ﬁk

Tr{Ux} = Tr{A 21t

2
U2 = ) T {2 0 Al S Al

) Prus( erErk)pRISa

) r khr kARISEr kARIS}

) Prus((hfhl) © 3. 4)pris,

1/2 1/2
r/k RISE/)

(&
(i3
el = (5%
(0%

AU

(e

(33)

(34a)

(34b)

(35a)

(35b)

(35¢)

(36)

(37a)

(37b)

(37¢)
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_ b
O +1

where pris = diag(A%;s). Equations (37b) and (37d) are obtained based on Theorem [Il

Ak Ais)s (37d)

Therefore, applying Lemma [3] constraint (31D) can be approximated as follows

5 Tr{ARIS}+«/21n (1/px) xk—ln (ok )y + £

WHC /mes||< xk,wf (38)
ykI — mznkARIS t 07 Vl{:,
yr > 0,VE,

T, kA IShr k

\
where C;, = (Eer + 25k(l_1§7kl_1rT7k)) Ok and x = [z1,- -, 2x]T and y = [y1, - -+, yx]T are auxiliary
variables.

Using P(F, w), defined in (8], and the analytical constraints in (38), Problem (3I)) can be equivalently

transformed into

min_[[F| |%+P(F,w) (39a)
7W7x7y

s.t. (39),

1 < Jwn*< @maz, Y. (39b)

To overcome the coupling of variables F and w, we employ AO to solve Problem (39). The resulting
non-convex subproblems for F and w are separately relaxed by using SDR [38]] and then solved with

CVX in an iterative manner.

C. Optimization of Precoding Matrix F

Given w, we define new variables I'), = fkf,i{ constrained by I’y > 0 and rank(I'y) = 1, Vk.
Correspondingly, ®;, in (34a) can be rewritten as ®; = T',/(2" — 1) — S 1.iz L'i» and the objective

function in (394) can be re-expressed as
K

|F|[3+P(F) :Tr{(I+DF>ZFk} + 02T {Afus}- (40)

k=1

Since constraint rank(T'y) = 1 is non-convex and hard to be tackled directly. We adopt the SDR
technique, that is, we first obtain an intermediate solution by dropping the rank-one constraint, and
then construct a rank-one optimal solution from the intermediate solution. Specifically, by removing
the rank-one constraints, the relaxed subproblem for T' = [T'y, - - -, T'x| of Problem (39) is given by

K
min Tr{ I+ Dy) Zrk} (41a)

1
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s.t. (38),
r, = 0,Vk, (41b)
where we have omitted all irrelative constant terms that do not depend on I". Problem (1)) is a standard

SDP and can be solved using CVX. The following theorem further reveals the tightness of SDR for
Problem (1)), the proof of which can be found in Appendix C].

Theorem 2 Assuming that the relaxed Problem (41) is feasible, there always exists a feasible solution

{T3 5| satisfying rank(T}) = 1, Vk.

Based on Theorem [2] the optimal BS beamforming vectors {f;}/ | can be obtained from {I';}X |

via eigenvalue decomposition.

D. Optimization of Reflection Vector w

Next, we consider the subproblem of solving w for a given F. We introduce auxiliary variable
W = ww! with constraints W = 0 and rank(W) =1, thus Afy defined in (8) and prjs defined in

@B7) can be expressed as A = Diag(diag([W]i.a1::)) and pris = diag([W]i.az.1.01), respectively.

Correspondingly, the objective function in (2I)) and the constraints in (38)) are equivalent to
P(W) = w'D,w = Tt { D, Diag(diag([W]1.11,10)) } 42)

and

BTy {Diag(diag([W]LM,hM))} 21 o) — In(pe)y
& (1 {HeHIW ) - 0?) < 0.k,
2|y P diag (W nar )| < i, Wk, (43)
yrl — %Er,kDiag(diag([W]LM,LM)) = 0, Vk,

\

Adopting again the SDR technique and removing non-convex constraint rank(W) = 1, we obtain the

rank-relaxed subproblem for W of Problem (39) by ignoring irrelevant constants as follows

min  P(W) (44a)
W.x,y
s.t. (3),
1 < [diag(W)]m < umaz, 1 <m < M, (44b)

[diag(W)]ars1 = 1, (44c)



21

W =0, (444)

which is a standard SDP and can be solved using CVX. Since the diagonal elements of W are
independently constrained in (@4b) and (44d), the optimal solution, W*, of (@4) may not be rank-one.
Therefore, only a suboptimal w* can be constructed from W* by using the Gaussian decomposition
technique. Specifically, we consider the eigenvalue decomposition of W*, W* = EYE"Y, where
the columns of E are the eigenvectors of W*, and diagonal matrix Y contains the corresponding
eigenvalues. Then, we compute 1000 candidate vectors, {v; = EYX2e;/[EY'2e;]5r41}1% with
e; ~ CN(0,I,/41), such that each v; satisfies the QoS constraints. Then, the v; that minimizes the total
power consumption is selected as the optimal w*. In order to ensure convergence of the proposed AO
algorithm, in each iteration, we need to find a w* that decreases the objective function value compared
with the previous iteration, see Section [V-Fl This can always be achieved empirically by generating

a sufficient number of trial vectors for Gaussian randomization.

E. Computational Complexity

As CVX employs the interior point method, the computational complexity of solving Problems (1)

and (44)) is given by [40]

J

Zc +20)Y2n(n —|—an +Zc +nz

Jj=1

J/

H,_/
due to LMI due to SOC

where n is the number of variables, J is the number of linear matrix inequalities (LMIs) of size c;,
and [ is the number of second-order cone (SOC) constraints of size v;. For Problem (41)), the number
of variables is ny = NK, (38) only contains linear contraints, and (41bl) contains KX LMIs of size N.
Therefore, the approximate complexity of Problem @) is op = O([K N]*/?n1[n? + ni KN? + K N3)).
For Problem (44)), there are ny, = M variables, K LMIs of size M and K SOC of size M in (43),
and one LMI of size M + 1 in (@4d). The remaining constraints are linear. Therefore, the approximate
complexity of Problem @) is 0, = O([K M + 2K]/?ny[n3 + 2no K M? + K M?]) by neglecting terms

with low-order complexity. Finally, the approximate complexity per iteration is op + 0.
FE. Convergence Analysis

Finally, we analyze the convergence behavior obtained by alternately solving Problems (1)) and (@4)
for solving Problem (39). Let g(F,w) denote the objective value of Problem (39). Given w” in the
h-jteration, we have

g(F",w") = g(F"", w"),
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y(m) (¥ris, 10)

_________ @ .
/\ /:\Users

BS = {‘jﬂ—’
(0,0) (100,0) N2 x(m)

Fig. 2: The simulation system setup.

as we can find the global optimal solution for Problem (#I)) based on Theorem 2l Then, given F"*1,

we can always find a w”*! for Problem (@4) satisfying
g<]:—‘wn—i-17 Wn) Z g<]:—‘m+17 Wn+1)

by using the Gaussian decomposition technique. Therefore, the sequence of objective values
{g(F"™! w"1)} generated in an alternating manner is monotonically non-increasing. Thus, the ob-

tained solutions are stationary points of Problem (39).

V. NUMERICAL RESULTS

In this section, we provide numerical results to evaluate the performance of an active RIS-aided
system, where the BS and an active or passive RIS are located at (0 m, 0 m) and (xgis m, 10 m), as
shown in Fig. 2l K users are randomly and uniformly distributed in a circle with a radius of 5 m and
centered at (100 m, 0 m). The large-scale pathloss coefficients are modelled as 5 = —PLy—10clog;(d)
dB, where d is the link distance in meters and « is the pathloss exponent which is set to 3.5 and 2 for
the BS-user and the RIS-aided links, respectively. PL, = 40 dB denotes the pathloss at a distance of 1
meter, i.e., we assume a carrier frequency of 3.5 GHz [41]]. Unless specified otherwise, the BS and the
RIS are equipped with N = 8 antennas and M = 32 reflecting elements, respectively, the maximum
amplification gain of the RIS is assumed to be a,,,, = 40 dB, the Rician factors are jy = ... = o =
§ = 10, and the noise power at the RIS and the users are set to 02 = 0% = ... = 0% = —80 dBm,

Compared with passive RISs, the power comsumed by active RISs also includes the transmit power
and the circuit power for amplification. Thus, the maximum total RIS power consumption is given by
Pris = Py + P Here, the circuit power P.;, = M (P.+ Ppc) comprises the power consumed by the
phase shifters and the control circuits of the RIS elements, P, and the DC biasing power, Ppc, used
to drive the amplifies of the active RIS elements. For consistency, the circuit power of each RF chain,
Pgy, is also accounted for in the maximum BS power comsumption, denoted by Pgs = Py + N Pgry.

According to [9], we set Ppc = —5 dBm, P. = —10 dBm, and Py = 23 dBm.
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Fig. 3: The convergence behaviour of different algorithms for 1 randomly generated channel realization, when N = 8§,

M = 32, and a,,,, = 40 dB.

A. Maximum Achievable Rate

In this subsection, we evaluate the ergodic achievable rate of the active RIS-aided system as discussed
in Section [ for 500 independent realizations of {hy, G4}, except for the convergence analysis in
Fig. 3l We denote the ergodic achievable rate obtained by averaging the lower bound on the average
achievable rate in (@) B and the corresponding instantaneous achievable rate in (6) over all channel
realizations as “Act. RIS-LB” and “Act. RIS”, respectively. For comparison, we also consider an upper
bound for “Act. RIS”, denoted as “Act. RIS-perfect”, for which we assume the availability of perfect
CSI, and a corresponding lower bound, denoted as “Act. RIS-non-robust”, for which we ignore the
NLoS components of the RIS-aided channels in (6) for beamformer design. In addition, systems with
passive RIS and without RIS are also considered as performance benchmarks, and are denoted as “Pas.
RIS” and “No RIS”, respectively. We determine the total power consumption of the active RIS-aided
system as Pgs + Pgris, that of the passive RIS-aided system as Pgs + M P., and that of the system
without RIS as Pgg. For a fair comparison, the maximum total power consumption is set to the same
value for all considered schemes.

Fig. [3 illustrates the convergence and complexity of the proposed Algorithm [I, denoted as “Pro.
Alg. 17, where the RIS is located at (80 m, 10 m). An SOCP-based algorithm is considered as a

*The ergodic achievable rate and the average achievable rate should not be confused: the latter is given by En, .Gy, {Rr(F,w)} in

(@, while the former is given by En,,c, {Rr(F, W)} = En, . {En, |a, {R:(F,w)}}.
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benchmark algorithm, denoted as “SOCP Alg.”. For the “SOCP Alg.”, auxiliary variables are introduced
to transfer the non-concave rate expression in the objective function to the constraints, and then SCA
is used to handle the non-convex constraints. The resulting SOCP problem with multiple constraints
can be directly solved using CVX. An SOCP based algorithms can handle optimization problems with
multiple and complex constraints, but for a large number of variables, their complexity becomes high.
As can be seen in Fig. B(a), “SOCP Alg.” converges faster than “Pro. Alg. 1” if the number of users
is small (K = 1,2), while it loses its advantage for large numbers of users (K = 3,4, 5). Fig. B(b)
shows that the CPU time consumed by “Pro. Alg. 17 is significantly smaller than that of “SOCP Alg.”,
especially when the number of users is large. This is because the number of variables in multi-user
systems is high, which causes a high computational complexity per interation in “SOCP Alg.”, while
the complexity per iteration of Algorithm [Il benefiting from semi-closed-form solutions, is low and

not sensitive to the number of variables.

| |—o— Act. RIS-LB, § =0

—e—Act. RIS, § =0 6=0

—o— Act. RIS-non-robust, § =0 \
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Fig. 4: Achievable rate versus number of users, when N = Fig. 5: Achievable rate versus the number of RIS elements,
8, M = 32, and a4, = 40 dB. when N = 8 and K = 4.

Fig. 4 investigates the ergodic achievable rate for RIS-aided systems as a function of the number
of users. Here, Pgg and Pgis are set to 2.6 W and 0.1 W, respectively. First, as can be observed,
the ergodic achievable rate of “Act. RIS-LB” is only slightly lower than that of “Act. RIS”, when the
RIS-aided channels follow a Rayleigh distribution (0 = 0). When the Rician factor increases to 10,
which means a reduction of the uncertain NLoS components, the ergodic achievable rate of “Act. RIS-
LB” is almost equal to that of “Act. RIS”. This confirms the tightness of the proposed lower bound
expression in (7). Furthermore, the ergodic achievable rates for “Act. RIS” and “Act. RIS-perfect”

are almost the same in the single-user case, and the gap between them increases with the number of
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users. This is because the negative impact of partial CSI becomes more significant as the number of
users increases. Finally, the proposed “Act. RIS” always outperforms “Act. RIS-non-robust”, which
reveals that a robust design is needed and that the proposed problem formulation and the corresponding
algorithm can efficiently mitigate the performance loss caused by partial CSI.

The ergodic achievable rate as a function of the number of RIS elements is shown in Fig. [3 for
K = 4 users and with a passive or active RIS fixed at (80 m, 10 m). It is observed that the improvement
in ergodic achievable rate provided by the active RIS is affected by the amplification gain ., and
the RIS power consumption FPgis. First, for a,,,, = 40 dB, increasing Pgris from 0.0316 W to 1 W
yields little performance improvement, which means that each reflecting element is operating with the
maximum amplification gain in this scenario, i.e., G4, = 40 dB limits the RIS power consumption
even for Pris = 0.0316 W. For a,,,, = 60 dB, increasing FPris to 1 W yields a further improvement
in the ergodic achievable rate. Next, for Pris = 0.0316 W, more RIS reflecting elements may actualy
reduce the ergodic achievable rate. This is because the RIS circuit power consumption increases with
the number of RIS elements, and as a result, the available RIS transmit power decreases and leads to
a performance loss for Prig = 0.0316 W. Although the available RIS transmit power is also reduced
for Pris = 1 W, the remaining transmit power is sufficient to support the additional RIS elements to
achieve a performance improvement due to the resulting increased beamforming gain. Furthermore,
for Pris = 0.1 W, the performance gap between “Act. RIS and “Act. RIS-perfect” increases with the
number of RIS reflecting elements, which reveals a higher performance loss for RIS-aided channels
with more coefficients due to the higher impact of the imperfection caused by partial CSI. Nevertheless,
compared to “Act. RIS-non-robust”, the proposed “Act. RIS” can still efficiently mitigate the uncertainty
of the partical CSI. Finally, for M = 64 and a total power consumption of 2.7 W, compared with the
No RIS scenario, the passive RIS yields a maximum performance gain of 59.96%, while the active
RIS with a4, = 40 dB and a,,,, = 60 dB achieves performance gains of 543.27% and 688.57%,

respectively.
B. Minimum Average Power

The minimum average power consumption investigated in Section [[V]is evaluated in this subsection.
Each point in the following figures is obtained by averaging over 500 independent channel realiza-
tions. The maximum outage probabilities and target rates of all users are respectively assumed to be
identical, i.e., py = ... = pg = p = 0.05 and r;, = ... = rg = r. For a fair comparison, the total
achievable power consumption including the total transmit power and the circuit power consumption,

ie., ||F||%+P(F,w)+ M(P.+ Ppc) + N Prr, is adopted as performance metric. For the benchmark
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Fig. 6: Total power consumption and outage probability versus the number of RIS elements, when N = 8, K =4, p = 0.95,
and r = 5 bps/Hz.

“Act. RIS-non-robust”, the beamformer in Problem (39) is obtained by ignoring the NLoS components
of the RIS-aided channels.

Fig. |6l shows the minimum total power consumption and the outage probability versus the number
of RIS elements for a multi-user system (K = 4), wherein the target rate of each user is r = 5
bps/Hz. The other parameters are set to the same values as for Fig. Bl First, as can be observed in Fig.
[6la), an RIS equipped with only 16 active elements can reduce the total power consumption by 90%
compared to the “No RIS scenario, while an RIS with 16 passive elements can reduce the total power
consumption by only 33%. Increasing the number of active reflecting elements further to M = 64 can
reduce the total power consumption by 92%, compared to the case without RIS. Second, the “Act.
RIS-non-robust” scheme consumes the least power as the NLoS components of RIS-user links are
ignored for beamformer design. However, this comes at the expense of a high outage probability, cf.
Fig. [6(b).

To further demonstrate the effectiveness of the proposed “Act. RIS”, Fig. [6(b) compares the outage
probabilites of “Act. RIS” and “Act. RIS-non-robust”. In particular, the outage probability for each
channel realization {hy, G4}, is calculated as follows: For a given channel realization {hy, G;}~_,,
1000 conditional channel realizations {(Hyg,, {h, 4}/ ,)®}19 are drawn from their distributions. Then,
the outage probability is defined as the ratio of the number of outage conditional channel realizations

to the total number of conditional channel realizations, where an outage is declared when the target
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Fig. 7: Average power consumption versus RIS location, when N =8, M =8, K =1, p = 0.95, and r = 10 bps/Hz.

rate of at least one user cannot be satisfied. Fig. [6(b) reveals that system outages occur frequently with
“Act. RIS-non-robust”, especially for low values of M (M < 48) due to low spatial diversity gain.
However, the proposed “Act. RIS” scheme can effectively control the system outage probability to a
very low level and meets the required outage probability, i.e., p = 0.05, for M > 16. This illustrates
the ability of the proposed scheme to mitigate the uncertainties of partial CSI.

To investigate the impact of the location of the RIS on the total power consumption and the outage
probability, Fig. [7] considers only a single user located at (100 m, 0 m), cf. Fig. Bl First, compared
with the “No RIS” scenario, the “Pas. RIS” system can reduce the total power consumption by 31% ~
55.47%, while the total power consumption reduction in the “Act. RIS” system is considerably higher
and reaches 92%, as shown in Fig. [/(a). Second, the “Pas. RIS” system has the worst performance
if it is placed in the middle of the BS-user link due to the severe multiplicative fading. On the other
hand, “Act. RIS” can siginificantly mitigate the impact of multiplicative fading in the middle of the
BS-user link and yields a better performance. Finally, the total power consumption of the proposed
“Act. RIS” scheme and “Act. RIS-non-robust” are almost the same, cf. Fig.[/(a), but, “Act. RIS” yields
zero outage probability, cf. Fig. [(b), which again underscores the benefit of the proposed scheme in

mitigating the uncertainties introduced by CSI.

VI. CONCLUSIONS

In this work, we have addressed the practical problem that perfect individual CSI knowledge of the

RIS-aided channels in active RIS systems is not available. Considering this limitation, we have derived



28

analytical expressions for the average achievable rate and the average RIS transmit power taking into
account the partial CSI knowledge of the individual RIS-aided channels. To address the uncertainty
caused by the partial CSI, we formulated joint BS and RIS beamforming optimization problems to
respectively maximize the average sum achievable rate and minimize the average total transmit power
subject to rate outage probability constraints. For the average sum achievable rate maximization prob-
lem, a computationally efficient AO algorithm exploiting closed-form expressions in every iteration has
been proposed under the MM framework. Furthermore, to facilitate the beamforming design for average
transmit power minimization, we adopted the BTI to bound the rate outage probability constraints.
Subsequently, an AO algorithm with guaranteed convergence was developed by exploiting SDR. Our
simulation results confirmed that the proposed design for average achievable rate maximization closely
approaches the performance obtained for perfect CSI. Moreover, our results revealed that compared to
the non-robust scheme ignoring the unknown NLoS components, the proposed rate outage constrained

design guarantees the QoS of each user.

APPENDIX A

THE PROOF OF THEOREM [I]
To prove Property [I, we exploit vec(ADiag(b)C) = (CTo A)b [33] Equ. (1.11.21)]. Then, we have
Tr { ADiag(b)CDiag(b)} = (vec(CTDiag(b)AT))T vec(Diag(b))
— (Ao CT)b) " vec(Diag(b)) (45)
= b"(A o C")"vec(Diag(b))
= b (AT ® C)b, (46)

where (@3) is due to property vec(ADiag(b)C) = (C* o A)b, and @8) is due to

(a1 ®cy)t
(Ao CT)vec(Ding(b)) = | ™ @j )" | ee(Ding(b))

| (av®cn)T

(a1 ®cy)t
(ag ® Cz)T

| (ay @)t

= (AT C)b,
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where A= | a; a, --- aN]andCTz[cl C2 - Cn

Thus, Theorem [I] is proved.
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