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Abstract—1In this paper, we derive closed-form symbol error
rate (SER) expressions for orthogonal frequency division multi-
plexing (OFDM) systems with residual carrier frequency offset
(CFO). We treat CFO/residual CFO as a random parameter
in this study. In particular, we consider channel-independent as
well as channel-dependent random residual CFOs. We derive
SER expressions for 4-quadrature amplitude modulation (4-
QAM) OFDM systems in the cases of additive white Gaussian
noise (AWGN) and frequency flat Rayleigh fading channels. The
simulation results are provided to verify the accuracy of the new
SER expressions.

I. INTRODUCTION

In the performance analysis of OFDM systems, one ap-
proach is to treat inrer carrier interference (ICI) as a Gaussian
process based on the central limit theorem [1] which does
not yield satisfactory results at high signal to noise ratios
(SNR) [2]. In contrast, the approach followed in [3] uses
the characteristic function and Beaulieu series to derive exact
BER expressions for AWGN channel in the presence of ICI
where the probability of error is expressed conditioned on the
normalized frequency offset. In [4], the authors have derived
exact BER/SER expressions for AWGN, frequency-flat and
frequency-selective channels with fixed CFO error. Recently,
[5] analyzed error performance of BPSK OFDM systems with
a uniform CFO which is assumed to be independent of the
channel. Generally, after CFO estimation and compensation,
the residual CFO becomes channel-dependent. Hence, error
performance of OFDM systems with channel-dependent ran-
dom residual CFO is of practical interest.

In this paper we present an approach for SER analysis
of 4-QAM OFDM systems with a random (residual) CFO.
Procedures discussed in [6] for M-QAM are adapted accord-
ingly for our derivations discussed here. We consider both
scenarios where the (residual) CFO is independent of the
channel and dependent on the channel. The technical contents
and the structure of this paper are as follows. In Section
IT we present the system model. In Section III we derive
closed-form SER expressions for AWGN and frequency-
flat Rayleigh fading channels with a channel-independent
uniformly-distributed (residual) CFO. Section IV addresses
the channel-dependent CFO case where we obtain the SER
expression for a frequency-flat Rayleigh fading channel with
a random residual CFO which, conditioned on the channel,
is Gaussian-distributed. The SER analyses in Section III and
IV assume that the perfect channel knowledge is available at
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the receiver. Section V provides simulation results to verify
our theoretical results. Maximum likelihood CFO estimators
are included in our simulation to evaluate the applicability of
our analytical results to practical systems. Finally, Section VI
concludes the paper.

II. SYSTEM MODEL AND ANALYSIS

We assume quasi-static frequency selective fading channels.
We use the following notations. (.)? and (.)7 denote the
Hermitian transpose and transpose operations respectively.
Further |z|, Zz, R(z) and (z) denote the absolute value,
angle, real and imaginary components of the complex quantity
z, respectively. In the presence of normalized (by the sub-
carrier spacing) CFO v, the received signal vector r is given
by [7]

r=T(v)Sh+w=VNI'(v)F'Hec+w (1)

where » = [rg 1 -+ ry_1]T, ¢ = [co 1 -+ en_1]T,
h = [ho M th71]T, w = [wy w wy-1]7,
T'(v) = diag[l e?™/N e2r(N=Dv/N] and H =
diag {FLh} = diag[Hy H; Hy_4])T. The N-

point unitary discrete Fourier transform (DFT) matrix
is denoted by F = [fof,...fn_1] where f, =
[1,e=927R/N ... =32r(N=D/N|T /\/N We define F =
[fof1 - fr_1]- Here {h,} denote the channel impulse re-
sponse (CIR) coefficients and L is the number of CIR taps.
{w,} are independent and identically-distributed (i.i.d.) zero-
mean circularly-symmetric complex Gaussian noise samples
each having a variance of o2 per dimension. {c,} are inde-
pendent equi-probable frequency domain transmit symbols and
the correspondingT time-domain signal vector is given by s=
[so 81 --+ sn—1]” = FH¢. The time-domain signal matrix in
(1) is defined by [S]x n=5k—n, 0 <k < N—-1,0<n < L-1
with sp=—to 53070 ened >N for k=L —1,--- N — 1,

Let ¥ be the estimated frequency offset, where 0=v+uva. We
denote the residual CFO as va. So we can write the received
symbol for the kth sub-carrier with the transmitted symbol cy,
as [5]

Ry = \/NC]CH;CI(/) + \/NZl]\igll;ﬁk ClHlIl/,k + 7”[,;C

2
k=0,1,...,N—1 @

where {nj} are i.i.d. random variables having the same
statistical properties as {w,} and
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III. PERFORMANCE ANALYSIS WITH
CHANNEL-INDEPENDENT RESIDUAL CFO/CFO

For the channel-independent (residual) CFO case, SER on
a particular (say Oth) sub-carier of the ith OFDM symbol
conditioned on the other N —1 sub-carrier symbols is obtained
by solving the following

(gla) = [ [

where f,(va) and f(h) are pdfs of residual CFO/CFO
and channel respectively, and P ({|va,h,a;) represents
the SER conditioned on va, h and a;. Here a; =
[c1,: c2, cn-14)T. In the following sections A and
B, we consider the uniformly distributed CFO, while in the
section C we address a Gaussian-distributed CFO. A square
M-QAM modulation can be considered as a combination of
two quadrature (say I and Q) v/M-PAM (pulse amplitude
modulaion) schemes, each with half the total power. Since a
correct QAM decision is made only when a correct decision
is independently made on each of these PAM modulations,
then the symbol error probability for a square QAM can be
expressed as [6]

(lva, h,a;) fo(va) f(h)duadh (4)

P, (error)|M,QAM,ES :PI\/M,% +PQ\/M,%

_ 4)
Pryar g X Povar g

where Pryrp, = [Ps(error)|y—pan,p,];, and Pp =
[Ps (error)|p—pam,B.] o This holds true even for the case
when the symbol error probability is conditioned on some
random parameters. Writing the equation (2) with some slight
modifications to the symbols cj’s, we can express the received
symbol on the kth sub-carrier for M-PAM OFDM as

Ri = Ve NAHI)+VeN Y oh AL, ©
+1); k=0,1,...,N—1,
where €, = 35, A, € {—(M —1)..—1,1..(M —1)}

and E, is the symbol energy. Now consider the M-QAM
OFDM signal with the signal points ¢, = ¢y + jecg, with
crg,cQy € {—(M —1).. —1,1..(M — 1)}. Thus we can write
the equivalent two quadrature components of M-QAM signal
on the I and @-axis of the complex plane for the zeroth sub-
carrier as

Y = &laoR(coll) + Ve N Sy R(CaHI) +ny

Yo = yalaolS(eolh) +vVeN Y S(CaHI) + ng,
@)

where Y7 = R(Ry), Yo = S(Ry), oo = VNHy, ( = e=3Lao

and ny, ng are i.i.d. real Gaussian random variables with zero

mean and variance 2.

A. AWGN Channel with Uniformly Distributed CFO
For the AWGN channel, (7) reduces to

Vi = aR(ely) + e S Ral)

- 8
Yo =vaS(ely)+ ey, Sal)+ng.
For an M-QAM OFDM system with M = 4 and a

particular symbol ¢ on the zero-th sub-carrier, we have
is UA, o= is UA and PQ]M,EJai,UA,CS
= PQM’ES‘G,7;7UA. Then we can derive Pry g |a;,va and
PQM’EJaZ-,vA using (8) as follows [6, eq.(8.3)]:

IUA = M— 1Q (\/—[8‘&(0O A N
+ULQ (e ek >+;”A LTS
PQM,EJaz',vA = M= IQ(\FMC"

+ULQ (/e B SA SN
(10)

Here X;=31 ' eri[— cot(%E) + j]. Without loss of gen-
erality, for the 4-QAM case ¢ is taken to be equal to
(14 7). Using (5), (9) and (10), we can derive the conditional
SER for 4- QAM OFDM as given in (11) where aj; =

=T R(X0))]

i)l

N—1 S = m‘:(x) ap; = N-1 _
thfy it vl ea ol
] 61_ [N + ]andQV No — No*

Eb and E represent bit energy and symbol energy, respec-
tively, and the complex noise variance is denoted by Ny =
202, Now we define I;(u,\) = [Q (u+ Mva) fo(va)dva,
Io(p, A1y A2) JQ 1+ Mwva) Q (1 + Xava) folva)dva
and I3(p, N\, wi,ws) = fw Q (1 + Az)e " /2dx where
fu(va) is considered to be a uniform distribution over [—b,b]
and p is non-zero. Then we can derive

Q(w) ifA=0
_1
L) = B[ A)Q (u + A) (12)
_ (ptAz) .
—L B }_ if A0
b
[912 (Iv 1y )\1, /\2)] —b
Ly(p, A1, M) = 475 if A, Ag #0
(g, A1) I (py Ao)  else
(13)
where 7y = l&%;lt;)[?’(ugi\:m’ Soob = At p Alb)

[g(x)}b_b = g(b) — g(—b) and ¢ is any arbitrary function

P, (flai,va) = 3Q (VI + arval)
1Q (V29[ + aral)
—31Q (V[ + Brival) -

+%Q(\/ﬂl+5nm) 10 (v2y
-Q (V21 — agival) — 3Q
Q (V271 — agival) — 3@

V29[l = agival) + 3Q (V23[1 — Bgival)
(\/71+041sz ) Q( 2’)/ 17ﬂQ7’UA])
(V29[1 + Brival) - Q (vV29[1 — Boival)

(an



defined over [—b,b]. g1, (x, 4, A1, A2) is given by (14). Using
(12) and (13), we can obtain the SER conditioned on a; as
given in (15). Averaging over all a; combinations leads to the
SER

Py (€) = soov=ry 22 Ps (Elai) (16)

where » 3, = Y0 cadccaDen ea and A = {1+
j71 _j7_1+.ja_1 _.]}

B. Frequency-Flat Rayleigh Fading Channel with Uniformly
Distributed CFO

When the frequency flat Raleigh fading is concerned, the
equivalent quadrature components in (7) reduce to

Vi = ValaoRleols) + Valaol Y R(Caly) +ns
Yo = valaolS(eolt) +vlaol Ty S(Cal)) +ng. |

Following the same set of arguments we can easily de-
rive the conditional SER, Ps ({|a;,va, |ag|), replacing /2y
in (11) with /29|ag|. Here we use the distribution of
Jao(Jaol) = la”‘exp( — |2a;|) where o is a
Zero-mean Complex GauRssmn random variable with a vari-

ance of O‘R per dimension. Now we define the integrals
= f fO ( ﬁvUA)|a0|)fao(laOva(UA)d‘O‘OW'UA
and T2 (a @UA = ;7 Q(ala,va)lao])Q(a(B,va)laol) x

foo (lao])d|ag| where a(B,va) = /27(1 + Bva). Then we
can solve the above integrations to obtain

lvo ],

1 _V2yor if 3=0
2 2\/14+2v03

1+
[\/1-"—270?31'2]17&!7 i 0
T 4/:Borb if 5 #

Tp) = (18)

N|—=

and Tz(avﬂﬂ ,UA)
m(a,va) = \/ﬁ

is given by (19) with the function
Now we want to find T5(«, )

which is given by Ty(a,8) = [, To(er, B, va) fulva)dva.
For notational simplicity, we denote T5(«, 3) as

To(er, B) = 0.25 — T (@) — T (B) + To (v, B) + T (B, @)
(20)

where Ty (a) = [0, davaymava) g, T (a,B) =

—b 8b
ffb %ﬁ)(amcot 1 [m]dvA and f,(va) =
2t va € [=b,b]. After some mathematical manipulations it
can be easily shown that Ty (o) = 1 — % and
(911, (2, v, B)] 1+ZI; fa#0
Ty (a,B) = (921, (2, 0 ﬁ)]b_b ifa=0,#0
ﬁcot‘ (p) ifa=0,=0

2n

where g17,, (z,«, 3) and g17,, (v, 3) are defined in (22)

and (23), respectively, n = g N = \2v0R, p = ﬂ

Q= S_nn and R = VIR0 No we have derlved

1 2
the expressions for 77 () a(n:l— nT)g(a,ﬁ), and using (18) and
(20) we can easily write the SER conditioned on a;, Ps (¢|a;),
as given in (24). Averaging over all a; combinations leads to
the SER which is given in (16).

C. AWGN and Frequency-Flat Rayleigh Fading Channels with
Perfect Power Control

To evaluate (4), we should know the pdf of va. As far as
maximum likelihood (ML) estimators are concerned, we can
observe the nature of the pdf of va conditioned on the channel.
Asymptotic properties of the maximum likelihood estimate
(MLE) indicate that if the regularity conditions are satisfied,
then the MLE of the unknown parameter € is asymptotically
Gaussian-distributed as 8 ~ N(0,171(0)) where I(8) is

ar, (T, 1, A\, Ao) = ﬁ (1t + Az)Q (1 + Xoz)Q (1 + Miz) — m@(u + A\iz) exp (W)

(14)
__ 1 —(utXez)? (A1+A2) —p2(A1—X9)? p(A14A2) p) 2
\/g/\le(M + )\Qx) exp < 2 ) + V/ET(AZ+AZ) A1 A2b xp ( 2(A3+123) >Q< NYEY + \/mff)
P (¢la;) 21511(\/2 V2yar) + 50(V2 ,\/12Vﬁ1i)+%f1(\/2 ,—\/270@1‘)41-%]1(\/2 s =V2706q:)
—%12(\/2% V2vari, —/2v0qi) — 1 12(V27,V2vari, —276qi) — 112(V27, V2761, —v/270q4) (15)
—112(V27, V27 B1i, —/278qi)-
_ (a,va)m(ava) [ o - Byva)mBva) [ = -
To(a, Byva) = 3 — BOPagmars (2 —cot™* |:a(,6’,vA)'1m(a,vA):|) — SERa e (2 —cot™! [a(a,vA)}v@(ﬁ,vA):|)
(19)
VI | /TR 1 [a
91Ty ('T’O"ﬁ) = 47rocb’y 1 +Fy xQ cot™ ! |: 7]90+’Y1 wﬁ):| 47r(1y7b’7(¥+(772)77) tan ' [ JIF%Q] (22)
+ iy In [\/'y A+ 22—z + 720 -2 + 1}
921, (2,0, 0) = 15 (-r cot ™! [Jﬁx} — gl { (1+ fz)? + /ﬂ] + 5 tan™! {”,,"D (23)
Py (¢la;) = 3iTi(an) + 3T0(Bn) + 3T (—aq) + 3T (—Bgi) — 3 Ta(an, —ag:) — To(ari, —Bai) 24)

—2To(Bri, —agi) — 1T2(Bri, —Bqi)



the Fisher information matrix evaluated at the true value of
the unknown parameter [8]. Hence, it is reasonable to use
the conditional pdf of va as f(valh) = N(0,17(8)) =
N(0,CRB|p) where CRBY|p, is the Cramer-Rao lower bound
conditioned on the CIR. If we assume perfect power control,
we can say h'’ S Sh is constant and hence for a receiver
with a CFO estimator, the pdf of the residual CFO can be
considered as a Gaussian pdf independent of the channel
resulting simply f(valh) = f(va). If we consider arbitrary
training signal samples {s;}, the CRB for v derived for the
ML joint estlmatlon of v and h is given by [9] CRB|; =
TS A ByAsE Where B=S(S"5)71S" and A =
diag{0,1,..., N —1}. We use this CRB|p, in our subsequent
derivations for flat fading Raleigh fading channel.

1) AWGN Channel: For the AWGN channel, (4) simply
reduces to a single integral evaluation and the signal model for
AWGN channel can be obtained from (1) as, » = I'(v)s + w
where s = [sgs1...snx_1]T is the training signal vector. The
CRB of the CFO estimation for the aforementioned signal
model is given by [10], CRB = % = (). Hence using
the definition of I3 (u, ) we can easily show that I (u, A) =
Q(i6x2) as fu(va) = N(0,9), [11, eq 3.66] and

I(p, A1, A2) = 5 fo o €xp <M>d¢

1 5—%2
+ﬁ f02 €xp (21)2 sin? ¢>d¢

I5(p, A1, A2) cannot be evaluated in closed-form and it shows
similarities to the well known Craig’s formula. For sim-
plicity, define \jq = fAl and )\29 = vVQ)s. So that

\/)\%Q‘Fl, b2 = \/Ag ¢1 = tan™ (albl),

— —>\19)\29+1
= tan"(agbs), a1 = 19 and ay =
¢z (a2be). 1 = S T gD ?
Agmxmmﬂ

VoL D 0t ) . Then with some mathematical manip-
2Q 1Q 2Q

ulations we obtain the SER conditioned on a;, P (¢|a;) as
given in (15). Averaging over all a; combinations gives the
SER which is given by (16).

2) Frequency-Flat Rayleigh Fading Channel: When the
frequency-flat fading channel is considered, the C' RB|p, which
was mentic;ned previoZusly can be reduced to CRB|,, =

2N o
(s72s"A(In—B)As) lool”
complex Gaussian random variable with a variance of 0%
per dimension. Under the perfect power control, we can
consider that |ag|? is constant while fixing s. Here A was
introduced for simplicity. Thus we have the pdf of residual
CFO f(valag) = fulva) = N(0,A). So that using the

(25)

Taol? where oo is a zero-mean
0

conditional SER P; (¢|a;,va,|ag|) derived in section B,
CRB|y,, aforementioned f,(va) and (4), we can derive the
SER, following almost the same set of arguments which were
used in the derivation of SER in Section C-1. The following
parameter changes should be noticed carefully: I7(u, \) =
Q(HA/\Q) and parameters in Ig(u,)\l, A2); by = /A2, +1,

b2 = \/)\%A ¢1 = tan™ (albl), ¢2 2: tan_l(agbg),

a 1A—/\1A>\2A+1 as Aspa—A1adon+1
VLD A3, +1)° VSO, A3, +1)
where Ao = V/A)\; and A\yp = v/A)y. Hence the SER and
the corresponding conditional SER are given by (16) and (15)
respectively.

IV. PERFORMANCE ANALYSIS WITH
CHANNEL-DEPENDENT RESIDUAL CFO

For the channel-dependent residual CFO scenario, the sym-
bol error probability can be expressed as

§) = [ [ Ps(&lva, k) fo(valh) f(R)dvadh.  (26)

The closed-form solution to (26) for the frequency-flat
Rayleigh fading channel is presented in the following. How-
ever, solving the above problem for the frequency-selective
case appears to be intractable. The variance of the condi-
tional Gaussian random variable va | for the frequency-flat
Rayleigh fading channel is given by CRB|,, = ﬁ for the
MLE estimator [9] as mentioned before. Then averaging the
conditional SER P; ({]a;,va, |ag|) using f,(valh) we can
obtain P (¢|a;, |ap]) which is given in (27) where E{.} is
the statistical expectation with respect to the random variable
X = % and X ~ N(0,1). It is obvious that by observing
the functions I7(u, \) and Is(u, A1, A2) in Section C-2, we
can write

P (¢lai, |aol) = 311(v/27]aol, v2y0usi) + ...
. — 1L (V2y|aol, V2761, *\/275@()2-8)
Next, after integrating P; (£|a;,|ao]) with fo,(Jao])

remove the dependency of |ag|, we obtain the condi-
tional SER P ({|la;) as given in (29). We will de-
fine now Il (to,tl fO 11 f0|040| tl)fa0(|a0|)d|a0| and

IQ to,tl,tg f IQ t0|Cl{0‘ t17t2)fa0(|040‘)d|040| It can be
shown that If(to,t1) = [1/2 — toogr/ 1+t00R+At2
and with, ¢; = fobﬂR, g9 = tOJR , P = tan™ (albl) o
= tan"!(aghy), by = \/t1A L by = V5 41 a1 =

tlA—tlAtzA+1
VEAADE L+, +1)

2A—t1At2A+1

where ¢
VRS GRERD) “

a2

P, (€lai, o)) = %E{Q (\/ﬂ[\ad + \/Kaﬁx]) } +1E

Q (vZillaol + VABX]) b

27
........ ~ 182{Q (V& [laol + VAALX]) @ (Vo] ~ VAGaiX]) } 7

Pl = M2 vZan) + L1 (VI yBBr) + 411 (VB —VTiagi) + B (VI —/BB0:)
—VFag) = A5 (VE. Fan, —v/2i8ai) — 1 (V2 VI B —vFag)  (29)

Iék(\ﬁ \/751%

%Iék(\ﬁ \/70‘1“
-7 —/276qi)-



= /Aty and top = V/Aty, Ii(to,t1,t2) given in (30). Sub-
stituting the conditional SER in (29) into (16) will give the
corresponding SER.

V. SIMULATION RESULTS AND DISCUSSION

SER curves when the normalized (residual) CFO is uni-
formly distributed over [—b, b] with b = 0.05 and b = 0.1 are
shown in Fig. 1 for both AWGN and frequency-flat Rayleigh
fading channels. The simulation results for b = 0.05 case
match well with those calculated in (15)and (16), but there
is a slight discrepancy for b = 0.1 case especially at low SER
values. This discrepancy is simply due to the fact that the
small (residual) CFO assumption in the analytical development
is not closely matched by the uniform (residual) CFO with
b = 0.1, and at these low SER values CFO has a more
dominant effect on SER than the noise does. Note that at high
SNR, residual CFO would typically be quite small and hence
the above discrepancy is less likely to happen in practice. As
long as the (residual) CFO is considerably small, our analytical
expressions yield highly accurate results. For flat-fading case,
simulation results agree well with our analytical results for
both b = 0.05 and b = 0.1.

We apply CFO estimation and compensation at the receiver
to show the accuracy of our analytical results for practical
systems. For AWGN channel, we can derive the ML CFO
estimator based on the signal model in [10, eq. 1] and the
ML CFO estimator based on this signal model is used in
the simulation. We use an OFDM system with N = 16
in a quasi-static channel. In our simulation we have one
OFDM preamble/training symbol followed by only one OFDM
data symbol. In our analytical derivation we did not con-
sider the CFO-induced, symbol-index-dependent phase shift of
exp(j2rvAm(N 4+ Ny)/N) where m is the OFDM symbol
index and N, is the number of guard samples. We simply
assume that every symbol is phase synchronized so that we
can neglect the above phase shift. The simulation results are
shown in the same Fig. 1 and we observe an excellent match
between the analytical and simulation results.

The results for the frequency-flat Rayleigh fading channel
are shown in Fig. 3 for both channel-independent and channel-
dependent residual CFO cases. We use the CFO estimator
(MLE1) from [9] in this case. The analytical results match
very well with the simulation results.

VI. CONCLUSION

In this paper we have presented SER expressions for 4-
QAM OFDM systems with random (residual) CFO. We have
derived SER expressions of OFDM systems over AWGN and
frequency-flat Rayleigh fading channels for both cases of
channel-independent and channel-dependent random (residual)
CFO. Simulations show how close our analytical results with
the exact results.

§ ~ - Analytical Curve, b=0.05 (AWGN)
o Simulation Points, b=0.05 (AWGN)

107 Analytical Curve, b=0.05 (Rayleigh)

v Simulated Points, b=0.05 (Rayleigh)

- - - Analytical Curve, b=0.1 (AWGN)
| = Simulation Points, b=0.1 (AWGN)

Analytical Curve, b=0.1 (Rayleigh)
© Simulated Points, b=0.1 (Rayleigh)
Analytical Curve (AWGN power controlled)

5| Simulation Points (AWGN power controlled)
0 1 2 3 4

5
E, /N, (dB)

Fig. 1.  SER curves for AWGN/frequency-flat Rayleigh fading channel:
subcarriers (N)=8, b=0.1, b=0.05 and SER curves for AWGN channel with
channel-independent (power controlled) residual CFO/CFO: N=16.

10°*[——Analytical Curve (Power Control)

4 Simulated Points (Power Control)
—— Analytical Curve (No Power Control)
5o Simulated Points (No Power Control) | i .
0 1 2 3

5
E, /N, (dB)

Fig. 2. SER curves for the frequency-flat Rayleigh fading channel with
channel-independent (power controlled) residual CFO/CFO: N=52, and
channel-dependent (no power controlled) residual CFO/CFO: N=32.
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