
Multiple-Symbol Differential Sphere Decoding Aided
Amplify-and-Forward Differential Space-Time Modulation

Chao Xu, Cong Liu, Soon Xin Ng and Lajos Hanzo
School of ECS, University of Southampton, SO17 1BJ, United Kingdom.

Email: {cx1g08,sxn,lh}@ecs.soton.ac.uk, http://www-mobile.ecs.soton.ac.uk

Abstract—Differential Space-Time Modulation (DSTM) employing
multiple antennas provides a diversity advantage in rich scattering envi-
ronments, whilst the excessive complexity of MIMO channel estimation
is avoided. However, due to size, cost or other hardware limitations,
the multiple antennas may be in deep fade simultaneously and hence
experience spatially correlated fading, which leads to a loss of diversity
gain. Hence in this paper, we design an Amplify-and-Forward (AF)
relaying aided DSTM scheme, which is capable of attaining a diversity
gain even when the source node is in deep fade. Furthermore, Multiple-
Symbol Differential Sphere Decoding (MSDSD) is developed for the
proposed scheme to avoid the potential performance degradation of the
noncoherent receiver in fast fading channels.

I. INTRODUCTION

Multiple-Input Multiple-Output (MIMO) systems, whose trans-
mitters and receivers are equipped with multiple antennas, provide
a potentially improved transmission reliability [1] and/or higher
capacity [2]. The class of Space-Time Block Codes (STBCs) was
proposed for achieving diversity gain [3], [4], where the multiple
antennas were employed to transmit redundant information, so that
the receiver would be able to have more than a single signal replica,
which are unlikely to be faded at the same time. The price paid
is that the achievable transmission rate remains the same as that
of a single antenna. Hence Linear Dispersion Codes (LDCs) were
proposed in [5] in order to strike a flexible trade-off between the
achievable throughput and diversity gain. In the LDCs, Q transmitted
symbols are dispersed to M -spatial and T -temporal dimensions, and
as a result they exhibit a high design flexibility, which is a benefit
of appropriately configuring Q, M and T . Due to the fact that the
signal processing of MIMO techniques typically involves both the
spatial and temporal dimensions, the modulation schemes designed
for MIMO systems may be summarized as Space-Time Modulation
(STM), which includes both STBCs and LDCs.

However, due to the hardware limitations of shirt-pocket-sized
handheld devices, there is often insufficient spacing between the
antennas, which leads to spatially correlated fading and as a result,
the diversity gain is eroded. To circumvent this problem, cooperative
diversity was proposed in [6], [7], where multiple single-element
relays may share their antennas to form a Virtual Antenna Array
(VAA). Hence it is beneficial for the Base Station (BS) to activate
relays, which are sufficiently far apart, so that they may experience
independent fading.

Classic coherent receivers require accurate Channel State Informa-
tion (CSI), but in practice it becomes unrealistic for the relays and the
destination to estimate the Channel Impulse Response (CIR) of all
the VAA links, especially when the fading channels fluctuate rapidly.
As a result, CSI estimation errors may erode the 3 dB performance
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advantage of coherent MIMO schemes over their noncoherent coun-
terparts. Hence Differential STM (DSTM) schemes including Dif-
ferential STBCs (DSTBCs) [8], [9] and Differential LDCs (DLDCs)
[10], which eliminates the potentially high Doppler-dependent pilot
overhead and high-complexity MIMO channel estimation may be
preferred in distributed MIMO systems. This is particular so in the
context of the relay.

However, the classic Conventional Differential Detection (CDD)
based noncoherent schemes generally suffer a 3dB performance
penalty in the absence of CSI estimation, even when the fading
channels do not fluctuate rapidly. Upon increasing the Doppler
frequency, a pronounced irreducible error floor is formed. To mit-
igate this problem, Multiple-Symbol Differential Detecting (MSDD)
was proposed for Differential PSK (DPSK) in [11], [12], where
a longer detection window Nw > 2 is employed in order to
make a joint decision based on multiple received symbols/blocks.
However, the detection complexity increases exponentially as Nw

increases. Hence, as a remedy, Multiple-Symbol Differential Sphere
Detection (MSDSD) was introduced for DPSK and DSTM in [13],
[14] in order to limit the escalating complexity of MSDD by the
employment of sphere decoding. As a further advance, a MSDSD
aided cooperative Amplify-and-Forward (AF) scheme using DPSK
signalling was proposed in [15].

Against this background, the novel contributions of this paper are:

1) we propose an AF relaying scheme employing DSTM, which
attains its diversity gain even when the multiple antennas
employed at the source node are spatially correlated and even
if they are in a deep fade at the same time.

2) we develop the MSDSD for the proposed cooperative system in
order to mitigate the potential performance degradation of the
noncoherent receiver, especially in rapidly fading channels.

The proposed system model is portrayed in Section II, while our
simulation results are given in Section III, and our conclusions are
offered in Section IV.

II. SYSTEM OVERVIEW

The schematic of the proposed system is shown in Fig. 1. For the
co-located DSTM scheme operating without relaying, the transmitter
and the receiver are equipped with M and N antennas, respectively.
For the proposed AF relaying aided DSTM, R single-element relays
are activated, and every set of M relays forms a VAA in order to
forward the DSTM symbols of the source node.

More specifically, the source node operating in coalition with the R
relays form U = 1+R/M Antenna Arrays (AAs). In the first DSTM
transmission block period, which is referred to as the broadcast
interval, the source node transmits DSTM symbols to both the relays
and to the destination. In the following (U − 1) transmission block
periods, which constitute the cooperation interval, the (U − 1) VAAs
amplify the power of the signal received from the source node and
then forward them in the classic AF mode to the destination.
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Fig. 1. Block diagram of the proposed amplify-and-forward differetial space
time modulation.

We assume that there is no communications among the relays. We
also note that a single relay equipped with M antenna elements is
capable of replacing a VAA. However, it is unusual to have relays
equipped with M antennas, especially when the value of M is high.

In this section, we first portray our system model conceived for
the AF relaying aided DSTM scheme, and then develop the MSDSD
for the proposed scheme.

A. The AF Relaying Aided DSTM

1) Broadcast Phase: At the source node, differential encoding is
invoked for the DSTM scheme, which is conducted in a way similar
to classic DPSK, expressed as [16]:

Sn =

{
S1 n = 1
Xn−1Sn−1 n > 1

, (1)

where the (T ×T )-element unitary matrix Xn maps the information
bits to the (T ×M )-element DSTM transmit matrix Sn. The transmit
power at the source node is set to PS , while all the M relays of the
u-th VAA have a transmit power of PRu . The total power shared by
the source and the relays should be normalized, i.e. we have PS +∑U

u=2 PRu = 1.
Then the signal received at the m-th relay of the u-th VAA may

be formulated as:

Y
SRm

u
n =

√
PSSnH

SRm
u

n + V
SRm

u
n , (2)

where we have 1 ≤ m ≤ M and 2 ≤ u ≤ U , since the first of
the U AAs is the source node. The (T × 1)-element matrix Y

SRm
u

n

in Eq. (2) models the signal received from the source at the single-
element relay. The fading channel matrix H

SRm
u

n of Eq. (2) has (M×
1) elements, which obey the Rayleigh distribution, while the Additive
White Gaussian Noise (AWGN) matrix V

SRm
u

n has (T ×1) elements
with a zero mean and a variance of NRu

0 in each dimension.
For the u-th VAA, the signal received at all the M relays may be

formulated as:

YSRu
n =

√
PSSnHSRu

n + VSRu
n , (3)

where YSRu
n = [Y

SR1
u

n , · · · ,Y
SRM

u
n ] has (T × M ) elements.

Furthermore, the equivalent fading channel matrix of HSRu
n =

[H
SR1

u
n , · · · ,H

SRM
u

n ] characterizes the links between the source node
and the u-th VAA, which has (M ×M ) elements. The power of the
u-th Source-Relay (SR) link is represented by σ2

SRu
. The equivalent

AWGN matrix at the M relays VSRu
n = [V

SR1
u

n , · · · ,V
SRM

u
n ] is of

size (T × M ).

Similarly, the destination node also receives signal from the source
during the broadcast interval, which is given by:

YSD
n =

√
PSSnHSD

n + VSD
n , (4)

where the (T ×N )-element matrix YSD
n models the signal received

from the source. The Rayleigh fading channel matrix HSD
n in Eq. (4)

has (M ×N ) elements and the power of the Source-Destination (SD)
link is σ2

SD . The AWGN matrix VSD
n has (T ×N ) elements with a

zero mean and a variance of ND
0 in each dimension.

2) Cooperation Phase: During the cooperation interval, the relays
normalize the power of the received signal, and then forward it to the
destination. The amplification factor at the u-th VAA is given by:

fAMu =

√
PRu

PS · σ2
SRu

+ NRu
0

, (5)

Then, the signal received from the u-th VAA at the destination node,
may be expressed as:

YRDu
n =

M∑
m=1

(fAMuY
SRm

u
n H

RDm
u

n ) + VRDu
n

= fAMuYSRu
n HRDu

n + VRDu
n

=
√

PSfAMuSnHSRu
n HRDu

n + fAMuVSRu
n HRDu

n + VRDu
n ,
(6)

where YSRu
n is given by Eq. (3), and the AWGN matrix VRDu

n has a
size of (T×N ) elements with a zero mean and a variance of ND

0 . The

(M ×N )-element matrix HRDu
n =

[
(H

RD1
u

n )
T

, · · · , (H
RDM

u
n )

T
]T

in

Eq. (6) models the fading channel of the u-th Relay-Destination (RD)
link, which has a power of σ2

RDu
.

Upon combining Eq. (4) and Eq. (6), a universal model for the
received signal at the destination during both the broadcast interval
and during the cooperation interval may be formulated as:⎡⎢⎢⎢⎢⎣

YSD
n

YRD2
n

...
Y

RDU
n

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
Sn 0 · 0
0 Sn · 0
...

...
. . .

...
0 0 · · · Sn

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

√
PSHSD

n√
PSfAM2H

SR2
n HRD2

n

...√
PSfAMU

H
SRU
n H

RDU
n

⎤⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎣
VSD

n

fAM2V
SR2
n HRD2

n + VRD2
n

...
fAMU

V
SRU
n H

RDU
n + V

RDU
n

⎤⎥⎥⎥⎥⎦ ,

(7)

which may be modelled as:

Yn = ŜnHn + Vn. (8)

If the VAA links fade slowly, then we may assume that the channel
envelope and phase are nearly time-invariant over two consecutive
blocks durations, i.e. we have Hn+1 ≈ Hn. Then the next received
signal block may be expressed as:

Yn+1 = Ŝn+1Hn + Vn+1

= X̂nŜnHn + Vn+1

= X̂n(Yn − Vn) + Vn+1

= X̂nYn + Ṽn+1,

(9)

where the noise term Ṽn+1 = −X̂nVn +Vn+1 may be minimized
by the CDD as:

X̂n = arg min
X̂n

‖ Yn+1 − X̂nYn ‖2
, (10)
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Fig. 2. The distribution of the noise term Vn in Eq. (8) at SNR = 0 dB
and SNR = 10 dB.

where X̂n = diag{Xn, · · · ,Xn} has (UT×UT ) elements. Eq. (10)
shows that the CDD observes two received signal blocks and then
makes a decision concerning a single X̂n, again, under the assump-
tion of a slowly faded channel.

B. The MSDD/MSDSD

In order to mitigate the potential performance degradation of
CDD in fast fading channels, our MSDD/MSDSD observes Nw

received signal blocks and makes a joint decision based on the
(Nw − 1) information matrices {Xi}Nw−1

i=1 . Therefore, the received
signal model of Eq. (8) may be written as:

Y = SH + V, (11)

where the Nw-block based received signal matrix Y =[
YT

n−Nw+1, · · · ,YT
n

]T
=

[
YT

1 , · · · ,YT
Nw

]T
has (UTNw ×

N ) elements. The accumulated fading channel matrix H =[
HT

n−Nw+1, · · · ,HT
n

]T
and the accumulated noise matrix V =[

VT
n−Nw+1, · · · ,VT

n

]T
in Eq. (11) have the sizes of (UMNw ×N )

and (UTNw × N ), respectively. The Nw-block transmit signal
matrix S = diag{Ŝn−Nw+1, · · · , Ŝn} = diag{Ŝ1, · · · , ŜNw} has
(UTNw × UMNw) elements.

The MSDD/MSDSD aims for maximizing the a posteriori proba-
bility of [11], [12]:

Pr (Y | S) ∝ exp
(
−Tr

{
YHR−1

YYY
})

, (12)

which is based on the assumption that the noise term V of Eq. (11)
obeys the Gaussian distribution. In the received signal model of
Eq. (7), the noise term V 1

n = V SD
n of the SD links is an AWGN

process having a zero mean and a variance of NND
0 IT, while the

equivalent noise term V 2
n = fAM2V

SR2
n HRD2

n + VRD2
n of the RD

links may be considered as being near-Gaussian distributed with a
zero mean and a variance of N(ND

0 + f2
AM2σ2

RD2MNR2
0 )IT [15].

The probability density functions (PDFs) of the noise terms V1
n and

V2
n are portrayed in Fig. 2, which verifies that the noise term V of

Eq. (11) exhibits a Gaussian-like distribution.
The autocorrelation matrix RYY in Eq. (12) is given by:

RYY = ε{YYH}
= SRHHSH + RVV,

(13)

where the first transmit matrix Ŝ1 in S is a common multiplier for all
the following transmit matrices {Ŝn}Nw

n=2, hence fixing Ŝ1 or fixing
the last one of the set, namely ŜNw does not affect the search result of
the MSDD/MSDSD. Therefore the accumulated differential matrices
may be formulated as:

Ân = ŜnŜH
Nw

=

{ ∏Nw−1
i=n X̂H

i 1 � n < Nw

IUT n = Nw.
(14)

Then Eq. (13) may be rewritten as:

RYY = ARHHAH + RVV

= ACAH ,
(15)

where A = diag{Â1, · · · , ÂNw} is a unitary matrix, and the
channel’s correlation matrix is defined as C = RHH + RVV.
According to Clarke’s fading model, the correlation factors of the flat
Rayleigh fading channels are determined by ϕ(i) = ε{hnh∗

n+i} =
J0(2πifd), where J0 and fd denote the zero-order Bessel function
of the first kind and the normalized Doppler frequency, respectively
[12]. Therefore, the flat fading channel’s autocorrelation matrix RHH

in Eq. (15) is given by:

RHH =

⎡⎢⎢⎢⎣
Γ0 Γ1 . . . ΓNw−1

Γ1 Γ0 . . . ΓNw−2

...
...

. . .
...

ΓNw−1 ΓNw−2 . . . Γ0

⎤⎥⎥⎥⎦ , (16)

where each component is defined as Γi =
diag{ΓSD

i ,ΓRD
i } ⊗ IT with ΓSD

i = NPSσ2
SDϕSD(i)

and ΓRD
i = diag{MNPSf2

AM2σ2
SR2σ2

RD2ϕSR2(i)ϕRD2(i),
· · · , MNPSf2

AMU
σ2

SRU
σ2

RDU
ϕSRU (i)ϕRDU (i)}. Furthermore,

the noise correlation matrix RVV in Eq. (15) is formulated as:

RVV =INw⊗
[diag{NND

0 , (NND
0 + f2

AM2σ2
RD2MNNR2

0 ), · · · ,

(NND
0 + f2

AMU
σ2

RDU
MNNRU

0 )} ⊗ IT].

(17)

According to Eq. (12), the MSDD is formulated as:

A = arg min
A

Tr

{
YH

(
ACAH

)−1

Y

}
= arg min

A
Tr

{
YHAC−1AHY

}
= arg min

A
‖ FAHY ‖2

,

(18)

where the upper triangular matrix F is generated from the decompo-
sition of C−1 = FHF, which may be defined as:

F =

⎡⎢⎢⎢⎣
F1,1 F1,2 . . . F1,Nw

0 F2,2 . . . F2,Nw

...
...

. . .
...

0 0 . . . FNw,Nw

⎤⎥⎥⎥⎦ . (19)

Thus, the decision metric in Eq. (18) may be decomposed as:

‖ FAHY ‖2
=

Nw∑
i=1

‖
Nw∑
j=i

Fi,jÂ
H
j Yj ‖2, (20)

which becomes a shortest vector problem for MSDSD [13]. More
explicitly, the Partial Euclidean Distance (PED) from the received
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signal is expressed as:

d2
i =

Nw∑
t=i

‖
Nw∑
j=t

Ft,jÂ
H
j Yj ‖2

= d2
i+1+ ‖ Fi,iÂ

H
i Yi +

Nw∑
j=i+1

Fi,jÂ
H
j Yj ‖2,

(21)

with i = 1, 2, ..., (Nw − 1). Assuming that the DSTM scheme has L
legitimate codewords, each time when sphere decoding is performed,
L codewords corresponding to Xi are checked for minimizing
Δi = Fi,iÂ

H
i Yi in Eq. (21). Note that the MSDD in Eq. (18)

has to check all the LNw−1 possible combinations for A, which
results in an exponentially increasing complexity as Nw increases.
By contrast, the MSDSD characterized in Eq. (21) only has to
check L legitimate codewords for each individual {Xi}Nw−1

i=1 , which
sums to L × (Nw − 1) codewords in total. It can be seen that
MSDSD substantially reduces the decoding complexity of MSDD.
The detailed sphere decoding algorithm may be found in [13].

III. SIMULATION RESULTS AND DISCUSSION

In this section, we provide our simulation results for the proposed
MSDSD aided AF relaying DSTM system. Without loss of generality,
we consider the case of using a single VAA to assist the AF relaying
system, i.e. we have U = 2. Furthermore, we focus our attention on
the DSTM scheme associated with M = 2 transmit antennas at the
source and N = 1 receive antenna at the destination. We assume that
the noise power imposed at the relay and at the destination are the
same, since it was explored in [17] that the attainable performance
of AF relaying schemes becomes better, when the relays are placed
close to the destination.

Fig. 3 portrays the performance of the CDD aided AF relaying
based Differential G2 (DG2) STBC employing QPSK modulation for
transmission over slow fading channels associated with a normalized
Doppler frequency of fd = fSD

d = fSR
d = fRD

d = 0.001, where
fSD

d , fSR
d and fRD

d denote the normalized Doppler frequencies of
SD, SR and RD links, respectively. It can be seen that the cooperative
scheme not only provides a higher diversity order, but also has a
significant advantage over its co-located counterpart, when the power
of the direct SD link is reduced. It is shown in Fig. 3 that each time
the power of the SD link is reduced by 3 dB, the overall performance
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of the proposed AF scheme degrades only by about 1.5 dB, since the
SD link only contributes half of the overall diversity order.

Furthermore, when the SD link is in a deep shadow fade, spatial
correlation is introduced between the co-located antenna elements at
the source node. Fig. 4 characterizes the effect of spatial antenna
correlation, where the spatial correlation model of [18] was adopted.
Observe in Fig. 4 that the DG2 STBC employing QPSK modulation
gradually loses its diversity gain over the single-input DQPSK
scheme, as the spatial correlation ρ between the two transmit antennas
increases. By contrast, as a benefit of activating two extra relays
experiencing independent fading, a diversity order of three is attained
by the proposed AF relaying scheme, when the spatial correlation of
the two transmit antennas at the source becomes ρ = 1.

Fig. 5 compares our cooperative DG2 STBC employing QPSK
modulation and its coherent counterpart. As the number of AA links
increases, the estimation of CSI becomes more difficult, especially
for the mobile-to-mobile channels. Fig. 5 demonstrates that when the
CSI estimation is contaminated by the additive Gaussian noise of
CN(0, ω), the 3 dB performance advantage of the coherent scheme
was eroded. By contrast, our cooperative DSTM scheme does not
require channel estimation for the distributed links.
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However, the CDD of our cooperative DSTM proposed in Sec-
tion II-A operates under the assumption that the fading channel
fluctuates slowly. Upon increasing the Doppler frequency, an irre-
ducible error floor may form, which is portrayed by Fig. 6. It can
be seen that the CDD aided AF relaying associated DG2 STBC has
a lower error floor in rapidly fading channels than the co-located
DG2 STBC operating without relays. Furthermore, if the SR link
is in slow fading, i.e. we have fSR

d = 0.001, then the error floor is
further reduced. Hence it is beneficial for the BS to aim for activating
relays, which are not moving rapidly. In Fig. 7, we apply the MSDSD
proposed in Section II-B at a normalized Doppler frequency of
fd = fSD

d = fSR
d = fRD

d = 0.03. It can be seen that the
irreducible error floor of the CDD recorded in rapidly fading channels
is successfully mitigated by our proposed MSDSD. Furthermore, the
MSDSD aided AF relaying associated DG2 scheme outperforms its
non-cooperative counterpart by 3 dB in conjunction with an MSDSD
window length of Nw = 11 at the BER level of 10−5, since the
cooperative diversity order is doubled with the aided of a single VAA
in comparison to the co-located DSTM.

IV. CONCLUSIONS

In this paper, we proposed an AF relaying aided DSTM scheme,
which outperforms its co-located counterpart, especially when the
source node is subjected to deep shadow fades and hence the signals
of the different transmit antennas become spatially correlated. Our
simulation results demonstrated that the coherent counterpart of our
cooperative DSTM scheme suffers from CSI estimation errors, which
erodes its 3 dB performance advantage. Furthermore, we developed
a MSDSD for the proposed cooperative scheme in order to mitigate
the typical irreducible error floor of noncoherent receivers operating
in fast fading channels.
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