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Abstract— Design of low-complexity detection schemes that can ap-
proach near-optimum bit error rate (BER) performance in multiuser or
other multiple-input multiple-output (MIMO) systems has always been
highly challenging. In this paper we propose and investigate a so-called re-
ceiver multiuser diversity aided multi-stage minimum mean-square error
multiuser detection (RMD/MS-MMSE MUD) scheme operated in the prin-
ciples of successive interference cancellation (SIC). The BER performance
of the RMD/MS-MMSE MUD is investigated in association with both
the direct-sequence code-division multiple-access (DS-CDMA) communi-
cating over both Gaussian and Rayleigh fading channels, and the space-
division multiple-access (SDMA) communicating over Rayleigh fading
channels. Furthermore, we assume that the DS-CDMA and SDMA systems
are either full-load or overload. Our studies show that the RMD/MS-
MMSE MUD in full-load cases is capable of converging to the optimum
BER performance of the maximum likelihood (ML) multiuser detector
(MUD). For the overload systems, the RMD/MS-MMSE MUD can make
a DS-CDMA or SDMA system support X = 2N users, but still achieve
much better BER performance than a corresponding DS-CDMA or SDMA
system using the conventional MMSE-MUD to support X' = N users,
where N denotes the spreading factor of DS-CDMA or the number of
receive antennas of SDMA.

I. INTRODUCTION

In multiuser detection the optimum maximum a-posteriori (MAP)
and ML MUDs [1-3] are capable of achieving the optimum BER
performance that is close to the single-user BER bound. However,
the complexity of these optimum MUDs is exponentially proportional
to the number of users supported, which becomes extreme even
when a moderate number of users are considered. Consequently, the
application of the optimum MUDs in practice is limited. For this sake,
research efforts have been put on finding the suboptimum solutions
with practical complexity for the MAP or ML MUD problems, since
the invention of the optimum MUDs [1, 2]. In general, the suboptimum
MUDs towards the optimum MUD problems can be divided into two
classes. The first class aim at designing efficient search or non-search
algorithms, such as those summarized in [4] and [5], in order to find
approximate solutions for the optimum MUDs. Despite significant
complexity reduction, however, these suboptimum algorithms either
are still too complex to be implemented or achieve much worse BER
performance than the optimum MUDs [5].

The second class of suboptimum MUDs do not solve directly the
optimum MUD problems. Instead, they approximate the optimum
MUD problems by some suboptimum MUD problems that can be
solved with lower complexity. This second class of suboptimum
MUD:s include typically the various types of decision feedback or
interference cancellation (IC) assisted MUDs, such as those studied in
[4,6-9]. The BER performance of the conventional IC-aided MUDs is
usually much worse than that of the optimum MUDs, as shown, e.g.,
in [3, 4, 6], due to the severe error propagation. In comparison with the
conventional IC-based MUDs, the IC-based V-BLAST systems [7-9]
are capable of achieving much better BER performance. However, as
the studies in [10] shown, the V-BLAST schemes become less efficient
as the system size increases, where the system size is reflected by
the spreading factor N of DS-CDMA systems, the number of receive
antennas N of SDMA systems, etc. Furthermore, the studies in the
context of the V-BLAST systems have so far been constrained mainly

on the under-load or full-load multiantenna systems with the number
of transmit antennas not exceeding the number of receive antennas.

In this paper we propose and investigate a so-called RMD/MS-
MMSE MUD, which belongs to the family of SIC operated in the
principles similar to that of the V-BLAST [7-9]. We motivate to reveal
the fact that a low-complexity SIC scheme is capable of achieving the
BER performance approaching that of the optimum MUDs, provided
that the following two conditions are satisfied. First, the reliabilities
of different users can be measured in an optimum way near
independently; the more independent the measurements are, the
closer the BER is to that of the optimum MUDs. Second, the real-
time reliabilities are highly sparse, revealing that some users are
much more reliable than some others. Fortunately, as shown in
this contribution, the above-mentioned two conditions in the multiuser
systems using MMSE-MUD can usually be satisfied approximately,
especially when relatively large multiuser systems are considered, or
if noise dominates the achievable BER performance. Therefore, in this
paper we first introduce a concept of RMD, in order to illustrate the
sparsity of reliabilities in multiuser systems. Our studies show that,
when measured in MAP sense, the reliabilities of different users are
usually highly diverse, when communicating over either Gaussian or
Rayleigh fading channels. Hence, a MAP-based reliability measure-
ment scheme is then proposed for ordering the users to be detected
by the RMD/MS-MMSE MUD. The proposed reliability measurement
scheme can jointly take account of the effects from fading and real-
time Gaussian noise, and it converges to the optimum as the size of the
multiuser systems increases. Finally, in this contribution we investigate
the BER performance of the RMD/MS-MMSE MUD in the context of
both the DS-CDMA and SDMA systems, when they are either full-
load or overload. Our studies and performance results show that the
RMD/MS-MMSE MUD converges the optimum as the size of the DS-
CDMA or SDMA systems increases. It is high-efficiency even when
the DS-CDMA or SDMA systems are heavily loaded. For example,
even supporting K = 2N number of users, the DS-CDMA or SDMA
systems using the RMD/MS-MMSE MUD still achieve better BER
performance than the corresponding DS-CDMA or SDMA systems
using the conventional MMSE-MUD to support only K = N users.

II. PRINCIPLES OF RECEIVER MULTIUSER DIVERSITY

Consider a base-station (BS) detecting simultaneously K number of
binary phase-shift keying (BPSK) user signals based on the decision
variables

Yy =br +nk, k=1,2,.. ., K (@))]

where b, € {+1,—1} is assumed to be an independently identically
distributed (iid) random variable with P(by = +1) = P(b, = —1) =
0.5 and ny, obeys Gaussian distribution with mean zero and a variance
of 02 = 1/2;, where v, = aj~, denotes the instantaneous signal-
to-noise ratio (SNR) per bit, while ~, denotes the average SNR per bit.
Furthermore, a, = 1 corresponds to the Gaussian channel scenarios,
while vy obeys the iid Rayleigh distribution associated with E[a;] =
1 when communicating over Rayleigh fading channels.
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Below we investigate the reliabilities for detection of {bx} and
the BER performance of the bits at the K different reliability levels,
without minding which bit is received from which user. Our results
show that the BER performance corresponding to the K different
reliability levels is highly diverse, when communicating over either
Gaussian or Rayleigh fading channels. Hence, we refer to this type of
diversity as the receiver multiuser diversity (RMD), since the diversity
is provided by multiusers. Furthermore, ‘receiver’ is explicitly used
to indicate that the diversity does not invoke any assistance from the
transmitters.

The reliability of detecting by, can be measured in an optimum way
by the magnitude of the posteriori log-likelihood ratio (LLR) [11],
which, when by, is an iid random variable, is expressed as

b= o [ =S50 | o[ =20 ]| @

Applying the Gaussian probability density function (PDF) of y;, into
the above equation yields

Li = [4ykye| = yelyel, k=1,2,... K 3)
Let us order in ascent the reliabilities of K bits as

< Lk “

Lay<Lle<--

where L(;), @ = 1,..., K, represents the reliability of the ith most
unreliable in {L1,L2,..., Lk}, L1y and Lk correspond to the
most unreliable bit and the most reliable bit, respectively.

After some derivations, it can be shown that the BER of the bits
at the «th reliability level for communications over Gaussian channels
can be expressed as

Hﬂﬂ:K(f_l>¢ }Ymp(i)

<[1-ew-Q(t-2vam)|"

X [Q(t)+Q(t—2 2%)} dt,
i=1,2,... K )

By contrast, when communicating over Rayleigh fading channels, it
can be shown that the BER of the bits at the ¢th reliability level can be
formulated as

i—1 K—itm . .
o5 E () ()

K (6)

,i=1,...

where, by definition,

A=Y [,
2 1+

C=2vvw(l+)—2v%—1,
1
2(v/ (L + )+ +1)

Figs. 1 and 2 illustrate the BER evaluated by (5) and (6) for the
case of K = 8. In both figures the conventional BPSK scheme’s BER,
which is in fact the average BER or unordered BER, is also depicted.
Furthermore, in Fig. 2 considering the Rayleigh fading channels, the
BER of the BPSK communicating over Gaussian channels is also
provided. From the results of Figs. 1 and 2 we can observe that the
BER at different reliability levels is highly diverse for communications
over either Gaussian or Rayleigh fading channels. This observation
implies that RMD exists in both Gaussian and fading channels,
in contrast to the other type of diversity, such as frequency-diversity,
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Fig. 1. BER versus SNR per bit (v3) for the bits at different reliability levels
when communicating over Gaussian channels.
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Fig. 2. BER versus average SNR per bit () for the bits at different reliability
levels when communicating over Rayleigh fading channels.

spatial-diversity, etc., which only exist when communicating over fad-
ing channels. As shown in Figs. 1 and 2, the average BER, i.e, the BER
of BPSK, is generally dominated by the several most unreliable bits,
and is mainly dominated by the two most unreliable bits, provided that
the SNR ~; is sufficiently high. Furthermore, when communicating
over Rayleigh fading channels, as seen in Fig. 2, the BER of the bits
at relatively high reliability levels can be lower than the BER of the
BPSK over Gaussian channels, if the value of K is sufficiently high.

III. MMSE DETECTION AND RELIABILITY MEASUREMENT
A. MIMO Model and MMSE Detection

In both DS-CDMA and SDMA systems using BPSK baseband mod-
ulation and supporting K number of synchronous users, the MIMO
model describing the output-input relationship can be formulated by
the MIMO equation as

y=Hb+n ®)

where y and n are N- length comglex valued observation vector and
noise vector, b = [b1,be, -+ ,bx]  contains the binary bits transmit-
ted by the K users and H = [hl,hg, -+ hg]isan (N x K) matrix.
For DS-CDMA systems, the matrix H can be further written as H =



CA, where C is the (N x K) spreading matrix with the kth column
representing the kth user’s DS spreading sequence, while the matrix

A = diag{ai,az2, - ,ax} is an (K x K) diagonal matrix, where
ar = €% for Gaussian channels and obeys iid complex Gaussian
distribution with mean zero and E[|ax|?] = 1 for Rayleigh fading

channels. For both DS-CDMA and SDMA, we assume that the matrix
H is normalized to E[H" H] = I. Correspondingly, we assume that
n is a multivariate complex-valued Gaussian noise vector distributed
with mean zero and a covariance matrix £ ['n,nH ] = 2021 . For the
DS-CDMA, ¢ = 1/(2v) with ~ representing the average signal-to-
noise ratio (SNR) per symbol. By contrast, for the SDMA, we have
0% = 1/(2N~), where v denotes the average SNR per symbol per
receive antenna.

In this contribution we explore mainly the achievable BER perfor-
mance of the DS-CDMA and SDMA systems using RMD/MS-MMSE
MUD, when these systems are heavily loaded. A system is referred
to as a full-load system when X' = N and as an overload system if
K > N.

When MMSE-MUD is employed, the decision variables for the /&
users can be expressed as

z2=R{W"y}, orzx = R{wfy}, k=1,2,.... K (9

where z = [z1,22, - , 2 K]T is an K-length decision variable vector,
W = [wy,ws,...,wxk]is an (N x K) weight matrix, while wy, is
an N-length weight vector. When the MMSE-MUD is employed, we
have [3, 4],

R, 'hy,

W =R;'H, S -
v B TR T T R R Thy,

(10)
where R, and Ry, denote, respectively, the autocorrelation matrix of
y and the autocorrelation matrix of the interference-plus-noise, which
are given by

K
R, =HH" +0°Ix =Y hhi' +0°In an
=1
K
Ry =) hh{ +0°In =R, — hihi (12)
1#k

Upon substituting (8) and wy, from (10) into (9), one can express zx
as
hiR; !

hIR A
2K = il K+ {711 —
1+h{'R, "hy

= el B Hb — hyb ,
1+ hI R, hy ( o +n)}

13)

which according to [12] can be closely approximated as a Gaussian
random variable with its PDF given by

1 (Zk — mk)2:|
2ilbe) = ——— exp | — ok TR) (14)
e e
associated with the mean and variance given by
T 2 Ve

myp = ——by, Op = 5 15
k T+ k, Ok 20+ 70)° (15)
In (15) % = h{ R; 'hy represents the instantaneous signal-to-

interference-plus-noise ratio (SINR) for detection of user k. Further-
more, the decision variables z1, z2, - - - , zx become more indepen-
dent, as the value of IV increases.

B. Reliability Measurement in MMSE Detection

Given the decision variable vector z as shown in (9) for the MMSE-
MUD, the reliability of detecting by, can be measured in an optimum

way by the magnitude of the posteriori LLR [11]

_ flor =+1]2) ]| _ f(z, b = +1)
b= o[ = 53| = [Fer =]
1 |:be6{+1,1}K f(z7b;:):|

Zb; c{+1,-1}K f(zvb;)

where bz and b, are K-length binary vectors with their kth entries
being 41 and —1, respectively.

From (16) and the principles of the MAP algorithm [11], we can
have the following two observations. First, if 2 can be divided into two
independent vectors 2, related to K users and 2, related to the rest
(K — K1) users, then, when assuming that by, is associated with 24,
the reliability of detecting by can be evaluated as

|:zb+€{+1,—l}Kl f(zmbz—)] '
In k

L k=1,...,K (16)

Ly = 17)

zb;e{+1,—1}K1 f(zavbk )

which explains that the detection of by, or the reliability measurement
of detecting by, is optimum without considering the bits in z;. Hence,
the reliabilities of the users with independent sets of decision variables
can be measured independently. Second, if the mth, m # k, user has
been correctly detected, then (16) is reduced to

sz—me‘{"'l’_l}K f(z7 b;m)

Lk = |In —
Do, ctrr-nx [(2 b

(18)

, k#m

where b;m andb, ,, are K-length binary vectors with their kth entries
being +1 and —1, while with their mth entries replaced by b Of
the estimate to b,,. Equation (18) implies that, once a user has been
correctly detected, then cancellation of this detected user is optimum
to the other not yet detected users.

Explicitly, the complexity for finding the optimum reliability Ly
based on (16) is O(2%), which is extreme when the value of K is
high. Hence, according to (17), we approximate the decision variables
z1, %2,...,%zK in z as iid random variables obeying the Gaussian
distribution as shown in (14). In this case, by assuming P(b, = +1) =
P(by, = —1), the reliability of (16) can be simplified to

= i [ LG be =D f(oelbe = +1)
M_h{ﬂ%%:—nﬂ‘bﬂﬂmm:—n

Furthermore, when applying the PDF of (14) into (19), the reliability
for detecting user k in MAP sense can be expressed as'

L =41+ 3|2k 2 U4+ 30)|2), k=1,2,... K

|

(20)

Note that, according to the random matrix theory [13], the decision
variables z1, 22,...,2zx become more independent, satisfying more
the condition for (17), as the size N of the DS-CDMA or SDMA
systems increases. Hence, the reliability measurement based on (20)
converges to the optimum of that based on (16), as the size of the DS-
CDMA or SDMA systems increases. This in turn implies that even the
conventional MMSE-MUD converges (but not fast) to the optimum, as
the size of the DS-CDMA or SDMA systems increases.

Upon using the matrix inverse lemma [4] for R, = R, — hihf, we
can obtain

- _1 | R,/'mhi’R)!
Ry' =R, + v ko @n
1—hIRy hy
'If the source symbols do not satisfy P(by = +1) = P(by = —1),

the reliability in MAP sense can be derived by the first equation in (19),
resulting in Ly, = [4(1 + )z + Lo|, k = 1,2,..., K, where Lo =
In [P(bg, = +1)/P(by = —1)] denotes the a-priori information of bg. In this
case, (20) is the reliability measured in the sense of ML.
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Fig. 3. BER versus SNR per bit (v3) for the bits at different reliability levels
detected by the MMSE-MUD in a DS-CDMA system using BPSK modulation,
when communicating over Gaussian channels.

Substituting it into 7, = hil R,:lh;C and then applying the result to
(20), we have

>|zk\,k:1,27...,K 22)

1
b (1 —hIR, hy
The above equation shows that the reliabilities can be directly evalu-
ated based on the auto-correlation matrix R,,, which in practice can be
readily estimated from the observations obtained at receiver.

The ordered BER performance for the DS-CDMA systems employ-
ing the MMSE-MUD is shown in Fig. 3. An example showing the
ordered BER performance of the SDMA systems in Rayleigh fading
channels can be found in Fig. 1 of [10]. Note that, in order to avoid that
one user’s spreading sequence is the linear combination of some other
users’ spreading sequences (the probability of this event is very high
for N = 8), in our simulations for Fig. 3, we chose a spreading matrix
C, which yielded a determinant of det(CTC’) = 0.219727. Hence,
the user sequences used are highly correlated.

Fig. 3 and Fig.1 of [10] shows explicitly that, after the MMSE-
MUD, the BER of the users at different reliability levels is highly
diverse, as that observed in Figs. 1 and 2. Hence, there exists significant
RMD in both the DS-CDMA and SDMA systems using MMSE-
MUD, when communicating over either Gaussian or Rayleigh fading
channels.

Note that, when comparing Fig. 3 with Fig. 1, we can see that
the ordered BER performance shown in both figures is very similar,
except the slight shift on the SNR axis. Hence, we can be implied
that the decision variables provided by the MMSE-MUD are highly
independent. Furthermore, we can deduce that the SNR shift is the
result of the correlation existing among the decision variables.

IV. RECEIVER MULTIUSER DIVERSITY AIDED MULTI-STAGE
MMSE DETECTION

From (16) - (18) we can gain insight that, in order for a low-
complexity IC-based MUD scheme to achieve the close to optimum
BER performance, the signals to be detected need to have the following
two properties. First, the reliabilities of these signals can be detected in
an optimum way near independently. Second, the reliabilities present
that some signals are much more reliable than some other signals, so
as to be beneficial to use IC. Fortunately, as shown in the last section,
the user signals provided by the MMSE-MUD have these properties:
the reliabilities can be measured near independently based on (20),
and they are highly diverse, generating significant RMD as shown

in Figs. 3 and Fig.1 in [10]. Hence, this RMD can be exploited to
determine a detection order for the RMD/MS-MMSE MUD. As the
detection in V-BLAST systems [7-9], the RMD/MS-MMSE MUD is
divided into K detection stages, each stage detects one user that is
assumed to be the most reliable of the users having not been detected
yet, determined by the reliabilities measured according to (20).

Let R = R, express the autocorrelation matrix of y @ =y,
while R§S> express the autocorrelation matrix of y<s), which is the
output generated by the sth detection stage under the assumption that
the previous (s — 1) stages of detection are correct. Let the signature
of the user detected at the sth stage be denoted by h(*®). Furthermore,
let after the sth detection stage the signatures of the users having

not been detected be collected in H <S), where H © _ H. Then, the
detection procedure of RMD/MS-MMSE MUD can be described as
follows:

Initialization: y(© =y, RIE,O) =R,, H ©
Detection: for s = 1,2, ..., K, compute

H
1) Decision variables: z*) = %{(W(3_1)> y(s_”}, where

=H W =R,'H;

1 (s—
H(« 1);

we—1 — <R?(/s_1))7
2) Determining the most reliable user: For the users ki, kb, ...,
K _ .41 that have not been detected, compute their reliabilities
according to (20), and find the most reliable user of k) =
arg maxk;{Lkzl Ly, L’f%_s“ IS
3) Decision making: b'®) = sgn (zi&) where ZE:()) is the k&(*)th
entry of 2(%);

4) Interference cancellation: y'* =y~ — h(s)5(5>(; :
~ (s—1

5) Update: W  — w6, {fI(S) — (H R,
R = R{™) — ) (w)*’}.
In the above algorithm H ) is obtained from H (=1 by deleting the

column of A corresponding to the user detected at the sth detection
~ (s ~ (s—1 .

stage. It can be shown that H( - H( )P(s), where P is a

permutation matrix obtained from Ix by removing the s columns

corresponding to the users having been detected.

V. PERFORMANCE RESULTS

The BER performance results for the SDMA systems are shown
in Fig. 4, while for the DS-CDMA systems are shown in Fig. 5 for
Gaussian channels and Fig. 6 for Rayleigh fading channels. In our
simulations the DS-CDMA systems were assumed to employ random
spreading sequences.

From the BER performance results shown in Figs. 4 - 6, we can
have the following observations. First, the RMD/MS-MMSE MUD is
a highly efficient MUD scheme that is suitable for diverse commu-
nications scenarios. It is highly efficient for both the DS-CDMA and
SDMA systems. It is suitable for both Gaussian and fading channels.
Furthermore, it can be applied for detection in the multiuser systems
that are under-load, full-load or overload. Second, when the DS-
CDMA or SDMA systems are full-load, i.e., when K = N, the
RMD/MS-MMSE MUD is generally capable of achieving the near-
optimum BER performance. Third, for all the scenarios considered,
at a BER of 1072, which is often the BER interested in practical
systems before applying error-control decoding, the BER performance
of the RMD/MS-MMSE MUD for the DS-CDMA or SDMA systems
supporting K = 2N users is much better than that of the MMSE-
MUD for the DS-CDMA or SDMA systems supporting only KX = N
users. Finally, at a BER of 1072, as shown in Fig. 4 for the SDMA
systems and Fig. 5 for the DS-CDMA systems communicating over
Gaussian channels, the number of users supported can be doubled from
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K = N to K = 2N by increasing the SNR per bit less than 3 dB.
‘When communicating over Rayleigh fading channels, as seen in Fig. 6,
the BER performance achieved by the RMD/MS-MMSE MUD for the
DS-CDMA systems supporting either K = N or K = 2N users
is still similar as the single-user BER bound, provided that the SNR
per bit is higher than 13 dB, which results in a BER around 1072
Therefore, with the RMD/MS-MMSE MUD, the throughput of DS-
CDMA or SDMA systems increases at least linearly with the SNR per
bit invested.

Note that, in Fig. 5 BER floors are observed for both the ML-MUD
(K = 16) and our RMD/MS-MMSE MUD. This is because random
spreading sequences were assumed, which result in that the probability
of two or more users having linearly dependent spreading sequences is
higher than 1 — (1 — 1/2V"1)% =1 = 4.6 x 107*, when N = 16.

In conclusions, we have shown that the MMSE-MUD for a suffi-
ciently large multiuser system is capable of providing approximately
independent detection and generating significant RMD, when mea-
sured in the MAP sense. Consequently, the RMD/MS-MMSE MUD
designed by making use of these properties is highly efficient for
operation in either full-load or overload scenarios, over either Gaussian
or fading channels. A full-load DS-CDMA or SDMA system of

: Rayleigh fading, random sequences: N=16

x K=16
o K=25
o K=32

RMID/MS-MMSE

©

(S

Bit Error Rate

=

6 8 10 12 14 16 18 20
SNR per bit (dB)

Fig. 6. BER versus average SNR per bit performance of the DS-CDMA
systems communicating over flat Rayleigh fading channels.

moderate size is generally capable of achieving the BER performance
close to the optimum. Within the BER range of interest, an overload
DS-CDMA or SDMA system using the RMD/MS-MMSE MUD to
support K = 2N users still significantly outperform a corresponding
DS-CDMA or SDMA system using MMSE-MUD to support K = N
users. Furthermore, the proposed RMD/MS-MMSE MUD is low-
complexity, which is at the similar level as a conventional MMSE-SIC
or a V-BLAST detector.
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