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Abstract—Orthogonal Frequency Division Multiplexing (OFDM) is sen-
sitive to the carrier frequency offset (CFO) and phase noise, which de-
stroys orthogonality and causes intercarrier interference (ICI). Previously,
two methods were available for the analysis of the resultant degradation
in performance. Firstly, the statistical average of the ICI could be used as
a performance measure. Secondly, the bit error rate (BER) could be ap-
proximated by assuming the ICI to be Gaussian. However, a more precise
analysis of the performance (i.e. BER or SER) degradation is desirable. In
this paper, we propose a precise numerical technique for calculating the ef-
fect of the CFO and phase noise on the BER or symbol error rate (SER)
in an OFDM system. In particular, closed form expressions for SER are
derived using a Beaulieu series.
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I. INTRODUCTION

OFDM has been accepted for several wireless LAN standards,
as well as mobile multimedia applications [1]. It is, however,
sensitive to CFO and phase noise. For a large number of subcar-
riers, these imperfections will destroy subcarrier orthogonality
and introduce ICI. The CFO is caused by misalignment in car-
rier frequencies and/or Doppler shift [1-3] where as phase noise
is due to instability of an oscillator [1,2,4-6]. Several methods
have been developed to reduce these impairments [3, 6].

In these studies, the effect of these impairments are calculated
in two ways. It may be approximately derived as a degradation
in signal-to-noise ratio or the statistical average of the carrier-
to-interference ratio [2-4]. Secondly, the bit error rate (BER)
could be approximated by assuming the ICI to be Gaussian [5].
Alternatively, computer simulations may be used to obtain the
performance degradation caused by the ICI. However, it is also
both interesting and useful to know the precise correlation be-
tween the BER or SER and these impairments.

In this paper, we propose a precise technique for calcu-
lating the effect of the CFO and phase noise on the BER
or SER in an OFDM system. The subcarriers are modu-
lated with binary phase shift keying (BPSK), quaternary phase
shift keying (QPSK) and 16-ary quadrature amplitude modu-
lation (16QAM), which are common modulation formats used
in OFDM applications. The BPSK case is solved using a se-
ries from Beaulieu. For the QPSK and 16QAM cases, we use
an infinite series expression for the error function (again from
Beaulieu) to express the average probability of error in terms of
the 2D characteristic function (CHF) of the ICI. The technique
readily achieves an accuracy in the region of 12 significant fig-
ures.

This paper is organized as follows. OFDM signalling, CFO

and phase noise models are presented in Section II. Exact ex-
pressions for the probability of error are presented in Section
1II. Numerical Results are reported in Section IV and the con-
cluding remarks are in Section V.

II. OFDM SIGNALLING
The complex baseband OFDM signal may be represented as

N-1
sit) = Y X BH for0 <t < T, N
k=0
where j2 = —1, N is the total number of subcarriers, Xy is

the data symbol for the k-th subcarrier. The frequency separa-
tion between any two adjacent subcarriers is 1/T, where T, is
the OFDM symbol duration. For simplicity, we will not con-
sider the cyclic prefix (so called guard interval) since it is elimi-
nated in the receiver. However, we assume that there is no over-
lap between different OFDM symbols. In practice filtering can
cause some degree of intersymbol interference, which will be
neglected here.

We assume that s(¢) is transmitted on an additive white Gaus-
sian noise channel, and so the received signal is only affected by
either CFO or phase noise. The received signal is expressed as

r(t) = s(t).e7*®) + n(t) )

where n(t) is the Gaussian noise and 6(t) is the time varying
phase caused by either CFO or phase noise. We analyze these
two impairments separately. In the first case, 8(t) = 2rAft
where A f denotes the CFO [2,3]. In the second case, 6(¢) is
modelled as a Wiener process with zero mean and variance of
21 B|t|, where (3 represents the two sided 3-dB line width of
Lorentzian power density spectrum of the oscillator [2, 5].

The sampled signal for the k-th subchannel after the receiver
fast Fourier transform processing can be written as

N-1
L T
m=0
N-1 N-1
= e?olm] X HURm gy
m=0 1=
N-1 N-1 (3)
— X, Z ej&[m]ej?,v"(l—k)m + ng
=0 m=0
N-1
= X181k + ng
=0
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where n is a complex Gaussian noise sample (with its real and
imaginary components being independent and identically dis-
tributed with variance o2). The sequence Sy (the ICI coeffi-
cients) is given by

N-1
Sp= Y erflml e %km, )

m=0
The Eq. (3) can be rearranged as

N-1
ye = X So+ Z Si_xXi+n fork=0,1,...,
1=0, 1k

N-1. (5

The second right term in (5) is the ICI term attributable to either
CFO or phase noise. When there is neither CFO nor phase noise
in the channel, S, reduces to the unit impulse sequence.

We assume the data symbols X s are independent and identi-
cally distributed random variables (RV’s). For M-ary signaling,
Xy, is equally likely to assume one out of M levels. Without
any loss in generality, we will consider the error rate for the 0-th
subcarrier (i.e. k = 0). So the problem at hand is to determine,
for a given symbol sent on the 0-th subcarrier, the probability
that an incorrect decision will be made.

III. EXACT CALCULATION OF PROBABILITY OF ERROR

The techniques for exact calculation of SER for BPSK, QPSK
and 16QAM schemes are presented in [7]. Interestingly, these
techniques do not make any assumption on the statistics of Sk,
although they are derived for CFO errors. Therefore, they can
be used for exact calculation of SER considering the statistical
nature of Si. We briefly summarize the derivation for BPSK
and refer the reader [7] for more detail.

A. BPSK Modulation

For BPSK modulation, X; € {1, —1} and without incurring
a loss in generality, it will be sufficient to consider the real part
of Eq. (5). The CHF of R (yx) can be expressed as

N-1

H cos(wR{S;—k}).

1=0, I3k

d(w) = eI Xk R{So

©

where R{z} denotes the real part of 2. From the Bullied Series
[8, 9], the cumulative distribution function (CDF) of an RV can
be expressed using its CHF, i.e.,

Pr(X <z)= %’ > il Gl L0 %

nm
neN,

e(z,wo) (7)

where ${z} denotes the imaginary part of 2, wo = 2n/T, T
is a parameter governing the sampling rate in the frequency do-
main, and ¢(z,wp) is an error term. Note that the error term
depends on both « and T'. For a given z, the error can be arbi-
trarily reduced by increasing T'. In practice, once a suitable T
is selected, it is used for all possible values of z. The index set
No = {1,3,...} is the set of all positive odd integers. Without
loss of generality, we consider the first subcarrier and the trans-
mitted symbol Xy = 1. Now, a decision error occurs if the real

part of yo (5) is less than zero. Thus, the probability of a bit
error is

o0 N-1
1 ~ sin [nwoR{So}|e~¥won’e’
P, = 3~ Zd e H cos(nwoR{S:})
n€EN, =1
+ f(O,UJQ).

®

Here, the error term can be made negligibly small by selecting
a sufficiently large T. The numerical evaluation of (8) gives the
exact probability of a bit error.

A.1 QPSK Modulation
The average probability of correct decision may be expressed

as [7]

1 1 & exp(—m2wi/2)3{¢ e 0
Peav =Z+— Z p(— 6/2)S{e( )}
T m
meEN,

L 1§ explon 260,20

Tl’ neEN, (9)
2 & = exp(— (n + mz)wz/’)
+ Z 2
neN, meN,
nw mwy Nw
R{$(——2, =0) - ¢(7=2, =)
where
d(wr,wo) —ed W1 (R{So}~F{So})+wa(I{So}HR{Su})]
N-1
H (cos(wR{S:} + woS{S:}) (10)
=1
cos(wr{Si1} — woR{S:})).
Subsequently, the probability of symbol error is given by,
Pe=1_Pc,av- (11)
A.2 16QAM Modulation
The probability of a correct decision can be given by [7]
1 1 X exp(—miwd/2)I{p(me,0
Py =k L e/ (6(2,0)
16 4nm m
meN,
LS exp(ntu 23080, %))
4m n
neN, 12)

1 &= o —(n? + m?)wi/2
+5 D Z(exp( (nnmm Jwo/?)

nEN, meN,

X§R{¢( mwo nwo

mwo nwo

- (T2, oy

where ¢(wy,wq) is defined as in (10). The probability of error
can now be obtained using (11).
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IV. NUMERICAL RESULTS
A. Carrier Frequency Offset

When there exists a frequency offset A f between the trans-
mitter and receiver, 6(t) is deterministic and equals to 27 A ft.
Then, the sequence Sk depends on the CFO and is given by [3]

sinw(k + ¢)

~ Neing(k+o) =

‘ exp |jn(1 - )k +¢)

where ¢ is the normalized frequency offset which is the ratio
between the carrier frequency offset and the adjacent subcarrier

spacing. Since Si’s are deterministic, we use the formulas in
Section III to calculate the SER.
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Fig. 1. Probability of Symbol Error for BPSK and QPSK, Normalized fre-
quency Offset= 0.1
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Fig. 2. Probability of Symbo!l Error with Normalized Frequency Offset,
SNR = 8dB for BPSK and SN R = 10dB for QPSK

In Fig. 1 and Fig. 2, error rates are shown for an OFDM sys-
tem with V = 128 for BPSK, and QPSK modulation schemes.
In the simulation results which follow, 107 random OFDM
frames were generated to obtain each error rate point. The sim-
ulation results agree with those calculated using (8) and (11).
Fig. 3 shows results for I6QAM OFDM. Again, our technique
is precise.
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Fig. 3. Probability of Symbol Error for 16QAM, Normalized frequency Offset=
0.05

B. Phase Noise

In the case of phase noise, §(t) is modelled as a Wiener pro-
cess, a continuous-path Brownian motion with zero mean and
variance of 273t. Therefore, A(¢) is non-stationary. Conse-
quently, Si’s are random and the calculation of SER based on
(8) and (11) are conditional probabilities of symbol error. There-
fore, averaging (8) and (11) over Sy will give the exact SER.
However, we need to derive the probability density function of
Sk, which is rather difficult. The statistical properties of phase
noise have been studied by several authors [10-12]. It is a com-
plex problem and different approaches such as simulation tech-

_niques, characterization through moments and recursive method

are reported in these studies.

We use a simple Monte Carlo method to calculate the ex-
act SER. We generate S;, randomly (4) and calculate the corre-
sponding SER using (8) and (11). This sample SER’s are aver-
aged to get the exact SER. These exact SERs are verified below
by simulation. Note that we are interested in exact calculation
of SER and thus, we avoid the use of probability density func-
tion of Sk, which can be approximately calculated as in [10-12].
However, exact formulas in (8) and (11) are not close-form so-
lutions in the case of phase noise.
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Fig. 4. Probability of Symbol Error for BPSK and QPSK, v = 0.1
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Fig. 5. Probability of Symbol Error with v, SNR = 8dB

Fig. 4 shows the error rates of an OFDM system with N =
128 for BPSK, and QPSK modulation schemes for v = 0.1
where v = 2nf3T,. The simulation results agree with those
calculated using (8) and (11). Fig. S also confirms the agree-
ment between the simulation and exact calculation results when
¥ varies.

V. CONCLUSION

In this paper, we have extended the numerical technique pro-
posed in [7] to calculate the effect of phase noise on the BER
or SER in an OFDM system. We considered BPSK, QPSK and
16QAM, which are common modulation formats used in OFDM
applications. The proposed technique for exact calculation of
SERis independent of the statistic of interference coefficients
(Sk). We analyzed this technique with deterministic coefficients
for CFO and with random coefficients for phase noise. In both
cases, this technique readily achieves high degree of accuracy.
The accuracy does not depend on the amount of impairments or
any other parameter.
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