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Spatio-Temporal Analysis of SINR Meta

Distribution for mmWave Heterogeneous Networks

Under Geo/G/1 Queues

Le Yang, Fu-Chun Zheng and Shi Jin

Abstract—A fine-grained analysis of network performance is
crucial for system design. In this paper, we focus on the meta
distribution of the signal-to-interference-plus-noise-ratio (SINR)
in the mmWave heterogeneous networks where the base stations
(BS) in each tier are modeled as a Poisson point process (PPP).
By utilizing stochastic geometry and queueing theory, we char-
acterize the spatial and temporal randomness while the special
characteristics of mmWave communications, including different
path loss laws for line-of-sight and non-line-of-sight links and
directional beamforming, are incorporated into the analysis. We
derive the moments of the conditional successful transmission
probability (STP). By taking the temporal random arrival of
traffic into consideration, an equation is formulated to derive
the meta distribution and the meta distribution can be obtained
in a recursive manner. The numerical results reveal the impact
of the key network parameters, such as the SINR threshold and
the blockage parameter, on the network performance.

Index Terms—Stochastic geometry, queueing theory, heteroge-
neous networks, millimeter wave, meta distribution.

I. INTRODUCTION

A. Motivation

With the rapid proliferation of the communications and elec-

tronic technologies, various new applications have emerged,

such as autonomous vehicles, virtual reality and augmented

reality. As a result, the fifth generation (5G) and beyond

5G networks are anticipated to provide massive connectivity

for massive amount of services [1]. Specifically, the data

rate demand of virtual and augmented reality can reach the

order of several gigabits-per-second or higher [2]. Under this

circumstance, millimeter wave (mmWave) communications

stands out as a promising approach to meet the increasing

data rate demand [3].

The performance of the mmWave networks has been studied

by a variety of research works. In [4], the authors pro-

posed a generalized mathematical framework for the analysis

of the mmWave heterogeneous networks and the coverage

probability and the average rate were obtained. In [5], a

distance-dependent line-of-sight (LOS) probability function

was utilized in cellular networks where the LOS and non-line-

of-sight (NLOS) Base Stations (BSs) were distributed as two

independent non-homogeneous Poisson point processes (PPP).

In [6], the authors obtained the expressions of the coverage

probability and energy efficiency in the mmWave heteroge-

neous networks by utilizing the multi-ball approximation for

the blockage model.

However, each link is assumed to have a full buffer in the

above works [7], i.e., there is always a packet to be transmitted.

This assumption restricts the application of these works under

various traffic conditions. To overcome this drawback, an

additional dimension of randomness is introduced by consid-

ering the temporal domain, i.e., the arrival and service of the

packets at a user is considered as a queueing process [8]-[10].

However, the effect of queue status cannot be characterized

explicitly in these works. Fortunately, the notion of meta

distribution is introduced in [11] and can serve as a powerful

tool to characterize the service intensity for each individual

queue. The conditional STP is defined as the probability of

the signal-to-interference-plus-noise-ratio (SINR) exceeding

a pre-defined threshold θ, i.e., P(SINR > θ|Φ), given a

spatial realization of BSs and users. The STP is obtained

by averaging the conditional STP (a random variable) over

the BS distributions and channel fading, and therefore cannot

reflect the SINR variation among the individual links. In other

words, the STP only answers the question of “On average

what fraction of users experiences successful transmission

(i.e., SINR > θ)?”. To overcome this drawback and obtain a

fine-grained analysis on the SINR distribution of the mmWave

heterogeneous networks and inspired by [11], we adopt the

meta distribution of the SINR as the performance metric,

which is defined as the complementary cumulative distribution

function (CCDF) of the conditional STP and answers the

question “What fraction of users can achieve the conditional

STP value of at least y (an arbitrary percentage value)?”

Recent works have focused on performance evaluation under

the meta distribution framework in various wireless systems,

including the heterogeneous networks [12], D2D communica-

tions [13][14], coexisting sub-6GHz and mmWave networks

[15], coordinated multipoint transmission [16], non-orthogonal

multi-access [17] and fractional power control [18].

In this paper, we develop a meta distribution-based frame-

work for spatio-temporal analysis of the mmWave heteroge-

neous networks by utilizing stochastic geometry and queueing

theory. This paper’s contributions are summarized as follows.

1) The moments and the variance of the conditional

STP are derived when the user is associated with a

LOS/NLOS BS in each tier by taking the queue status

into consideration. In addition, an equation is formulated

to derive the analytical expressions of the meta distri-

butions and a recursive approach is adopted to obtain a

tight approximation of the meta distribution. The upper

and lower bounds of the meta distribution are obtained
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in the second-degree dominant and favorable systems.

2) The numerical results show the effect of the key net-

work parameters, i.e., blockage parameter, bias factor,

number of antenna elements and density, on the network

performance. The effect of the bernoulli rate on the

active probability of the BSs under different blockage

parameters is presented.

II. SYSTEM MODEL

We consider a downlink scenario in the mmWave het-

erogeneous networks consisting of K tiers. Denote K ,

{1, 2, · · · ,K}. The BSs in each tier k ∈ K are assumed to

be distributed as a homogeneous PPP Φk with density λk.

The BSs in the kth tier transmit with power Pk . Φk, k ∈ K
are assumed to be independent and we denote by Φ the

superposition of Φk, k ∈ K as follows:

Φ , ∪Φk, k ∈ K. (1)

We assume that the BSs in all tiers operate over the same

mmWave frequency band and the bandwidth is W . Without

loss of generality, according to Slivnyak’s theorem [19], we

study the performance of the typical user u0 located at the

origin.

The time is divided into discrete time slots with equal

durations. For each user located within the Voronoi cell of

its associated BS in Φ, the arrival process of the packets is

modeled as an independent Bernoulli process with parameter

ξ ∈ [0, 1], which indicates that the packets for an arbitrary

user arrive with probability ξ in any time slot. Therefore, the

queueing system for each user is considered as a Geo/G/1

queue. The sizes of all packets are assumed to be equal and

one time slot is required to transmit a packet. In addition,

an infinite-size buffer is allocated by each BS to store the

incoming packets for each user located within its coverage.

Note that multiple users can be served by a BS. In order to

avoid contention between different users served by the same

BS, we adopt the random scheduling scheme. Specifically, the

BS randomly chooses a target user whose queue is non-empty

in each time slot and transmits the 1st packet in the buffer to

the corresponding user.

The wireless channel in the mmWave heterogeneous net-

works is characterized by the large-scale and small-scale

fading. The BSs can be LOS or NLOS based on whether

there is blockage intercepting the link between u0 and the

BS. The probability of a link between u0 and a BS located at

distance x in the kth tier being LOS is determined by the LOS

probability function pL(x) = e−βkx, where βk is the blockage

parameter for the kth tier and determined by the average size

and density of the blockages. To distinguish the LOS/NLOS

state of an arbitrary link, different path loss laws are employed

for the LOS and NLOS links [6]:

L(x) =

{

κLx
αL with probability pL(x)

κNxαN with probability pN (x),
(2)

where κL and κN are the intercepts for the LOS and NLOS

link at 1 meter, while αL and αN the path loss exponents for

the LOS and NLOS links.

For the small-scale fading, we denote by hk,i the small-

scale fading term of link i in the kth tier and assume

Nakagami fading with the probability density function (PDF)

f(h) = 2m
mρ
ρ h2mρ−1e−mρh

2

/Γ(mρ), ρ ∈ {L,N} for each

link. Specifically, the Nakagami fadings with parameters ML

and MN are applied to the LOS and NLOS links, respectively.

Therefore, |hk,i|2 is a Gamma distributed random variable. For

analytical tractability, we utilize a sector model to approximate

the array antenna pattern as in [14]. The beam direction of

the interfering BSs is uniformly distributed over [0, 2π]. The

antenna array gain between u0 and an interfering BS is given

by

G =

{

Gmax, if |ϕ| ≤ δ
2

Gmin, otherwise,
(3)

where Gmax denotes the main lobe gain, Gmin the side

lobe gain, ϕ ∈ [−π, π) the angle of boresight direction and

δ the half power beamwidth. We consider a
√
N ×

√
N

uniform planar array with N elements, where Gmax = N ,

Gmin = 1/ sin2
(

3π/2
√
N
)

, and δ =
√
3/

√
N [14]. A

perfect alignment is assumed between u0 and its serving BS

and the maximum array gain Gmax can be achieved for the

link between u0 and its serving BS.

Assume that u0 is associated with the BS providing the

strongest signal power among the BSs of all tiers. In addition,

cell range expansion (CRE) may be adopted to offload some

users from the Macro BSs (MBSs) to the small BSs (SBSs)

in order to alleviate the burden of the MBSs and enhance

the overall performance of the heterogeneous networks [6].

Therefore, u0 should be associated with a BS based on

the maximum biased received signal strength, which can be

mathematically described

PkBkGkLk(x)
−1 > PjBjGjLj,min(x)

−1, (4)

where Bk denotes the bias factor of the kth tier, Lk,min(x) the

minimum path loss between u0 and the BSs in the kth tier.

A transmission is considered to be successful if the SINR

at u0 exceeds a predefined threshold θ and the feedback of

the transmission, i.e., success or failure, can be detected by

the BS immediately. If the transmission succeeds, the packet

will be removed from the queue. Otherwise, the packet will

be kept at the head of the corresponding queue and wait to be

retransmitted. Therefore, whether a BS is transmitting or not

depends on the queue status and the scheduling scheme at time

slot t. Let ζx,t,k ∈ {0, 1} be the indicator showing whether

the BS at x ∈ Φk is transmitting a packet (ζx,t,k = 1) or not

(ζx,t,k = 0) at time slot t. The SINR at u0 is given by

SINR =
PkG0|hk,0|2Lk(x)

−1

σ2 +
∑K

j=1

∑

i∈Φj\Bk,0
ζx,t,jPjGj,i|hj,i|2L−1

j,i (x)
,

(5)

where Gj,i, hj,i and Lj,i and σ2 denote array gain, small-

scale fading and the path loss for the interfering link, and the



thermal noise power, respectively.

In order to shed light on the effect of the queue status on

the network performance, we first assume that

P (ζx,t,k = 1) = qa,k, (6)

and then obtain the analytical expression of the meta distribu-

tion by taking into account the temporal randomness of traffic.

Denoting the conditional STP

P(θ|Φ) = P(SINR > θ|Φ), (7)

which is conditioned on the realization of Φ, the SINR meta

distribution is defined as the CCDF of P(θ|Φ):

F̄P (y) , P(P(θ|Φ) > y), y ∈ [0, 1]. (8)

Due to the ergodicity of the point processes, the meta

distribution can be regarded as the fraction of active links with

their conditional STP greater than y.

III. AUXILIARY RESULTS

In this section, we first provide the characteristics of the

path loss, i.e., the PDF and the complementary cumulative

distribution function (CCDF) of the path loss, then provide the

expression of the association probability. Without considering

the LOS/NLOS state of the links, the CCDF and PDF of the

path loss between u0 and its serving BS are given in the

following lemma.

Lemma 1: The CCDF of the path loss between u0 and its

serving LOS/NLOS BS in the kth tier is given by

F̄Lk,ρ
(x) = exp(−Λk,ρ([0, x))), k ∈ K, ρ ∈ {L,N}, (9)

where

Λk,L([0, x))

= 2πλkβ
−2
k

(

1− e−βk(x/κL)1/αL
(

1 + βk(x/κL)
1/αL

))

,

(10)

Λk,N ([0, x)) = πλk(x/κN )2/αN

− 2πλkβ
−2
k

(

1− e−βk(x/κN )1/αN
(

1 + βk(x/κN )1/αN

))

.

(11)

Proof: Please refer to [21].

Next, we obtain the expression of the association probability

in the following lemma.

Lemma 2: The probability that u0 is associated with the BS

in the kth tier is given by

Ak =

∫ ∞

0

Λ′
k([0, lk))e

∑K
j=1

Λj

(

[0,
PjBJGj
PkBkGk

lk)
)

dlk, (12)

where Λ′
k([0, lk)) is the derivative of Λk([0, lk)).

Proof: Please refer to [21].

From Lemma 2, we observe that the association probability

is dependent on three sets of network parameters, i.e., the

deployment parameters, the antenna array parameters and the

mmWave environment parameters. The deployment parame-

ters include the transmit power P and the BS density λk . The

antenna array parameters consist of the main lobe gain Gmax,

the side lobe gain Gmin and the half power beamwidth δ.

The mmWave environment parameters consist of the blockage

parameters βk and the path loss exponent αρ, ρ ∈ {L,N}.

IV. ANALYSIS OF META DISTRIBUTION

In this section, we first provide the analytical expression of

the moments of the conditional STP. Then the expression of

the meta distribution of the SINR distribution is provided. In

addition, the approximation of the moments of the conditional

STP is derived.

Theorem 1: Given that u0 is associated with a LOS/NLOS

BS in the kth tier, the b-th moment of the conditional STP is

given by

Mb,k,ρ =
1

Ak,ρ

∫ ∞

0

fLk,ρ
(lk,ρ)

(

∞
∑

τ1=0

mρτ1
∑

τ2=0

(

b

τ1

)(

mρτ1
τ2

)

(−1)τ1+τ2e−sσ2ζρτ2

K
∏

j=1

LIj,L(sζρτ2)LIj,N (sζρτ2)



 dlk,ρ,

(13)

where ζρ = (mρ!)
−1/mρ , LIj,υ (sζρτ2), υ ∈ {L,N} is given

by

LIj,υ (sζρτ2) = exp

(

∫ ∞

PjBj
PkBk

lk,ρ

(

1−
(

1 +
θLk,ρmρPjζρτ2

xPkG0Mυ

)−Mυ
)

qa,kΛj,υ(dx)

)

.

(14)

Proof: See Appendix A.

By utilizing the law of total probability, the b-th moment of

the conditional STP for the K-tier networks is given by

Mb =
K
∑

k=1

∑

ρ∈{L,N}

Ak,ρMb,k,ρ. (15)

By applying the Gil-Pelaez theorem [20], the meta distribu-

tion of the SINR is given by

F̄P(y) =
1

2
+

1

π

∫ ∞

0

J
(

e−jt log yMjt

)

t
dt, (16)

where J (z) is the imaginary part of z. Since the numerical

evaluation of (16) is cumbersome and it is difficult to obtain

further insight, we utilize a beta distribution to approximate the

meta distribution by matching the first and second moments,

which can be easily obtained from the result in (13).

By matching the variance and mean of the beta distribution,

i.e., M2−M2
1 and M1, the approximated meta distribution of

the SINR can be given by

F̄Pk,ρ
≈ 1− Iy

(

M1β

1−M1
, β

)

, y ∈ [0, 1], (17)

where

β =
(M1 −M2)(1 −M1)

M2 −M2
1

, (18)



and Iy(a, b) is the regularized incomplete beta function

Iy(a, b) ,

∫ y

0
ta−1(1− t)b−1dt

B(a, b)
. (19)

Note that the randomness of the networks is from two

components, i.e., the random locations of the BSs and the

corresponding active states. In practice, qa,k is closely related

to the queue status, which is jointly affected by the conditional

STP for the kth tier and the arrival rate. We denote by νk the

number of users served by each BS in the kth tier. Given that

u0 is associated with the BS in the kth tier, the probability

that the packet is successfully transmitted from the BS in

the kth tier to u0 in a time slot equals the product of the

conditional STP for the kth tier and the probability that u0 is

scheduled, i.e., Pk(θ|Φ)/νk, which is also named the service

rate. Therefore, the active probability of the BS is

qa,k =

{

1, if Pk(θ|Φ) ≤ νkξ
νkξ

Pk(θ|Φ) , if Pk(θ|Φ) > νkξ
(20)

Remark 1: Recall that the queueing process for the typical

user is considered as a Geo/G/1 process. According to whether

the conditional STP of the corresponding link is larger than

the arrival rate, we can divide the BS into two sets, i.e., the

first set with the conditional STP larger than the arrival rate

and the second set with the conditional STP lower than the

arrival rate. By utilizing the meta distribution of the SINR,

the fractions of two sets can be characterized, i.e., the first set

accounts for F̄Pk
(ξ) and the second set accounts for FPk

(νξ)
of all BSs with users located in their coverage. For the queues

with the service rate larger than the arrival rate, the non-empty

probability equals the utilization of the queue ξ/Pk(θ|Φ).
Therefore, the active probability for the BSs in the first set

of the kth tier is ξ/Pk(θ|Φ). For the queues with the service

rate lower than the arrival rate, the non-empty probability is 1

since the corresponding queues are backlogged and will never

be empty. In other words, the BSs in the second set will always

be active.

Next, we derive the mean active probability of each tier

in the mmWave heterogeneous networks. In the mmWave

heterogeneous networks, some BSs may have no users to serve

and the active probability of the corresponding link is zero.

According to [23], the distribution of the number of users

within the coverage of each BS in the kth tier is provided in

the following lemma.

Lemma 3: The probability mass function (PMF) of the

number of the users served by the BS in the kth tier is

Uk(ν) (21)

,
1

Γ(ν)

(

λuAkx

3.5λk

)ν−1
Γ(3.5 + ν)

Γ(4.5)

(

1 +
λuAkx

3.5λk

)−3.5−ν

.

(22)

Due to the ergodicity of the PPP, since the probability of a

user being associated with the BS in the kth tier is Ak, the

average fraction of the users served by the BSs in the kth tier

is also Ak. Therefore, the density of users being associated

with the BSs in the kth tier is λuAk. By replacing λu with

λuAk, we can obtain the result in (21).

The mean active probability for the BSs can be derived as

E[qa,k] =

∞
∑

ν=1

Uk(ν)

1− Uk(0)

(

1− F̄Pk
(νξ)−

∫ 1

νξ

νξ

s
F̄Pk

(νξ)

)

.

(23)

Based on the above analysis, to obtain the meta distribution,

we have the following lemma.

Lemma 4: The meta distribution of the SINR for the kth

tier of the mmWave heterogeneous networks is

F̄Pk
=

1

2
+

1

π

∫ ∞

0

1

t
J



e−jt log x
K
∑

k=1

∑

ρ∈{L,N}

∫ ∞

0

fLk,ρ
(lk,ρ)

(

∞
∑

τ1=0

mρτ1
∑

τ2=0

Γ(jt+ 1)

Γ(τ1 + 1)Γ(jt− τ1 + 1)

(

mρτ1
τ2

)

(−1)τ1+τ2

e−sσ2ζρτ2

K
∏

j=1

LIj,L(sζρτ2)LIj,N (sζρτ2)



 dlk,ρ



 dt

(24)

where LIj,υ (sζρτ2), υ ∈ {L,N} is given by

LIj,υ (sζρτ2) = exp

(

∞
∑

ν=1

Uk(ν)

1− Uk(0)

∫ ∞

PjBj
PkBk

lk,ρ

(1− (1+

θLk,ρmρPjζρτ2
xPkG0Mυ

)−Mυ
)

(

1− F̄Pk
(νξ)−

∫ 1

νξ

νξ

s
F̄Pk

(νξ)

)

Λj,υ(dx)) .
(25)

The solution of the equation (24) is the SINR meta distri-

bution of the mmWave heterogeneous networks. A recursive

approach is proposed to obtain a tight approximation of

the meta distribution. Since we temporal correlation of the

transmission success events among different time slots can

be reduced significantly with random scheduling, we assume

that the transmission success events among different time

slots are independent. With the recursive approach, the meta

distribution is

F̄Pk
(x) = lim

t→∞
F̄Pk,t

(x), k ∈ K. (26)

In the recursive process, the active probability for each tier

is obtained iteratively until a stationary solution is reached.

When the active probability of the BSs in all tiers other

than k is fixed, we use the meta distribution of the SINR

for the kth tier at time slot t − 1 to characterize the active

probability of the BSs in the kth tier at time slot t. Since all

the queues are empty at time slot 0, the probability of the

corresponding queues being non-empty is equal to the arrival

rate νξ. Therefore, the initial value of the active probability is

νξ. A tight approximation can be obtained when t → ∞.
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Figure 1. The impact of SINR threshold θ on the per-tier STP.

V. NUMERICAL RESULTS

In this section, we consider a two-tier mmWave heteroge-

neous network, where the SBS (Tier k = 2) is overlaid with the

MBSs (Tier k = 1). We first present the comparison between

the impact of the SINR threshold on the STP with/without

queueing, and then present the relationship between the SBS

active probability and the Bernoulli parameter. Unless other-

wise stated, the parameters are set as listed in the following

table.

Table I
SYSTEM PARAMETERS

Parameters Values

Bernoulli parameter ξ = 0.3

Transmit power P1 = 43dBm, P2 = 23dBm

Bias factor B1 = 1, B2 = 1
Path loss exponent αL = 2, αN = 4

Density λ1 = 5/(5002π), λ2 = 10/(5002π)

Blockage parameter β1 = 0.006, β2 = 0.024

Nakagami parameter mL = 3, mN = 2

Bandwidth W = 1G

Carrier frequency 28GHz

Path loss intercept κL = κN = (Fc/4π)
2

Fig. 1 plots the STP as the function of the SINR threshold

θ. The simulation results match the theoretical analysis well.

The performance fluctuation can be reflected by the variance

of the conditional STP. A large variance corresponds to a large

performance fluctuation and vice versa [22]. From Fig. 1, it

can be observed that the STP decreases with the SINR. In

addition, the STP for the networks with queueing is larger

than that for the network with a full buffer assumption.

Fig. 2 illustrates the impact of the arrival rate on the BS

active probability. It is observed that the BS active prob-

ability increases monotonically when increasing the arrival

0 0.1 0.2 0.3 0.4 0.5 0.6

Bernoulli Parameter

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

S
B

S
 A

ct
iv

e 
P

ro
ba

bi
lit

y

1
=0.006

2
=0.01

Figure 2. SBS Active probability as the function of Bernoulli parameter under
different blockage parameters.

rate. In addition, the BS active probability increases when

the blockage parameter becomes larger. This phenomenon

indicates that the BSs in the high blockage parameter regime

are more likely to be affected by the traffic. This is because

the STP decreases when the blockage parameter increases and

the packets cannot be served in a timely fashion. As such, the

queues are more likely to be backlogged and thus the active

probability becomes larger.

VI. CONCLUSION

We have focused on the meta distribution of the SINR in the

mmWave heterogeneous networks. By utilizing stochastic ge-

ometry and queueing theory, an equation has been formulated

to derive the meta distribution and the meta distribution can

obtained in a recursive manner. Two tight bounds of the meta

distribution, i.e., the second-degree dominant and favorable

system, have been provided. In addition, the key performance

metrics, i.e., the STP, the variance of the conditional STP and

the mean delay, have been obtained. Finally, the numerical re-

sults have revealed the impact of the key network parameters,

such as the blockage parameter and the SINR threshold, on

the network performance.

VII. APPENDIX

A. Proof of Theorem 1

Given that u0 is associated with a LOS/NLOS BS in the kth

tier, the b-th moment of the conditional STP can be expressed



as

Mb,k,ρ = P

(

PkG0hk,0L
−1
k (x)

σ2 + I
> θ

)b

(a)
= EI,s

[

(

1− γ(mρ, s(σ
2 + I))

Γ(mρ)

)b
]

(b)
≈ EI,s

[

(

1−
(

1− e−s(σ2+I)ζρ
)mρ

)b
]

(c)
= EI,s

[

∞
∑

τ1=0

(

b

τ1

)

(

−
(

1− e−s(σ2+I)ζρ
)mρ

)τ1
]

(d)
= EI,s

[

∞
∑

τ1=0

mρτ1
∑

τ2=0

(

b

τ1

)(

mρτ1
τ2

)

(−1)τ1+τ2 exp(−sσ2ζρτ2)

K
∏

j=1

LIj,L(sζρτ2)LIj,N (sζρτ2)



 ,

(27)

where (a) follows from Γ(s) = γ(s, x) + Γ(s, x), (b) is from

that the CDF of a Gamma random variable can be tightly upper

bounded by γ
(

mρ, s(I + σ2)
)

/Γ(mρ) < [1 − e−s(I+σ2)ζρ ],
(c) and (d) follows from the binomial expansion theorem, the

definition of the Laplace transform of the interference plus

noise and L(s) = exp(−sσ2)
∏K

j=1 LIj,L(s)LIj,N (s). Then

the proof of Theorem 1 can be completed by averaging over

Lk,ρ.
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