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Abstract – A new multilevel coding (MLC) scheme in-
voking sphere packing (SP) modulation is proposed, where
the SP arrangement is jointly designed with a space time
block code (STBC) for the sake of attaining an additional
space diversity gain. An iterative multistage decoding (MSD)
aided multilevel sphere packing demodulator is proposed
for attaining a high decoding performance at a low decod-
ing complexity, when communicating over a correlated Ray-
leigh channel. The appropriate design of a 4-dimensional
(4D) sphere packing bit-to-SP-symbol mapping scheme and
the beneficial choice of the individual coding rates of the
MLC scheme allows us to provide an unequal error protec-
tion capability, which is often required for efficient audio or
video transmissions.

1. INTRODUCTION

The philosophy of Multilevel Coding (MLC) was first pro-
posed by Imai and Hirawaki [1] for protecting each bit of non-
binary modulated signals with the aid of potentially different-
rate binary codes. However, their decoding using a full maxi-
mum likelihood detector has an excessive complexity in prac-
tical systems [2]. Therefore, Multistage Decoding (MSD) in-
voking the so-called capacity rules of [2] was introduced as an
alternative design option. The highest protection bit i of code
Ci is decoded first by simultaneously exploiting the a priori
information obtained from demodulator, before activating the
decoder of the code Ci+1 etc, where each constituent code
of the MLC scheme are decoded individually. Hence, MLC
constitutes an efficient coded modulation scheme, having flex-
ible component code rates and low complexity. Furthermore,
MLCs are also capable of providing unequal error protection
for speech, audio or video systems.

A witty and appealingly low-complexity transmit diver-
sity scheme employing two transmit antennas was proposed
by Alamouti [3]. The benefits of Alamouti’s transmit diver-
sity scheme inspired Tarokh et al. [4] to generalize this trans-
mission scheme to an arbitrary number of transmit antennas,
leading to the general concept of Space-Time Block Codes

The financial support of the EPSRC, UK, Ministry of Higher Education of
Saudi Arabia and that of the European Union under the auspices of the Phoenix
and Newcom projects is gratefully acknowledged.

(STBC). The beneficial concatenation of MLC and STBC ar-
rangement promises a significant performance improvement
for transmissions over Rayleigh fading channels.

Various 2-dimensional (2D) bit-to-symbol mapping schemes
have been developed for the sake of improving the achievable
MLC performance in terms of its overall bit error ratio (BER)
performance [5] [6] and [7]. In this paper, we invoke a sphere
packing (SP) modulator [8] for mapping the binary bits of a
MLC encoder to multi-demensional (M-D) symbols, which are
fed into the STBC encoder for transmission over Rayleigh fad-
ing channels, with the advantage of providing spatial diversity.
The idea of combining the sphere packing concept with orthog-
onal transmit diversity design was introduced by Su et al. [8].
The benefits of orthogonal transmit diversity design depend on
the minimum Euclidean distance of the transmitted complex
symbols, which were further investigated by Alamri et al.[9].
The basic concept of sphere packing may also be employed for
designing different constellations in the multi-dimensional Eu-
clidean space, while maintaining a certain minimum Euclidean
distance. The SP concept may also be readily combined with
the MLC structure for mapping its individual bits to an M -
dimensional SP space, before feeding the SP symbols to the
STBC encoder. We refer to the proposed scheme as the Space-
Time Multilevel Sphere Packing Coded Modulation (STBC-
SP-MLC) arrangement.

The rest of this contribution is organized as follows. Sec-
tion 2 provides an overview of the system considered, while
our sphere packing aided iterative MSD assisted MLC based
decoder is described in Section 3. Section 4 quantifies the
performance of the STBC-SP-MLC scheme, characterizing its
overall BER performance and its unequal error protection (UEP)
capability, while our conclusions are presented in Section 5.

2. SYSTEM OVERVIEW

Figure 1 and 2 outline our proposed STBC-SP-MLC encod-
ing and decoding scheme. A binary source bit stream u is
serial-to-parallel (S/P) converted, creating four individual bit
protection levels, namely u1, u2, u3, u4,where the bits are pro-
tected by four different encoders. The output bits of encoder
Ci, having a total encoded frame size of n bits is denoted as
bi=bi1, b

i
2, ..., b

i
n. The bit interleaver π of Figure 1 is optional,
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Figure 1: MLC encoder of the 4D, 4 bits/symbol (bps) sphere pack-
ing modulated symbol based STBC aided scheme.
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Figure 2: MSD Decoder of the 4D, 4bps sphere packing modulated
symbol based STBC aided scheme.

depending on the specific construction of the individual com-
ponent codes. In this paper, we employ Low-Density Parity
Check (LDPC) component codes owing to their powerful it-
erative decoding and flexible coding rates. Each LDPC com-
ponent code is decoded using the so-called belief propagation
algorithm [10]. Due to the random nature of the parity check
matrix construction of the LDPC code used, no additional in-
terleaver is necessary in our system.

The coded bit streams b1, ..., b4 of Figure 1 are then con-
verted into a 4-bit SP symbol, y, in the sphere packing modula-
tor ψ. In our system, we consider a 4D SP scheme, which con-
stitutes a natural design option, since we need a 4D SP modu-
lation scheme having in excess of 16 SP constellation points.
More specifically, the number of nearest points of a 4D sphere
packing constellation is 24 [11] and we want to ensure that
each of the 4-bit symbols b1, ..., b4 is mapped to a SP constel-
lation point having the highest possible energy. Therefore, our
choice of the specific L=16 points out of the entire set of 24 is
based on finding the L=16 highest energy points.

The details of the SP-aided orthogonal design of a STBC
scheme were provided in [9]. When using 4D SP symbols,
again, in each dimension we have L=16 possible constellation
points, namely the set of 4D phasor points of S=(al,1, al,2, al,3,
al,4), where l=0, 1, 2, ..., L− 1. We consider the real-value of
each SP phasor constellation point of the spaceR4, where each
of the four elements in S represents a 4D coordinate point. The
set S would consist of all legitimate points having real coordi-
nates satisfying the SP-constraint of (a1 + a2 + a3 + a4)=k,
where k is an even integer. The total energy of these constella-

tion points is given by E
�
=

∑L−1
l=0 (|al,1|2 + |al,2|2 + |al,3|2 +

|al,4|2) [9]. Again, we conducted comprehensive investiga-
tions of different bit-to-SP-symbol mapping schemes and iden-
tified the ones, which maximized the minimum Euclidean dis-
tance of the entire 4D constellation space in our system. This
particular mapping of the 4-bit tuples b1, ..., b4 to the L=16
4D SP constellation points closely resembles Ungerböck’s Set
Partitioning (UP) concept [12]. The 4D SP symbol is split into
two different complex-valued symbols, each hosting two co-
ordinate values of the 4D SP symbol, before mapping them
to Alamouti’s STBC using two transmit antennas. Let ρ(.) be
the SP mapping function from the original input bits and Γ(.)
represents the mapping of 4D SP symbol to complex-valued
symbols before STBC. Hence, we have [9]

Γ(ρ(b1, b2, b3, b4)) = Γ(al,1, al,2, al,3, al,4),

= {al,1 + jaa,2, al,3 + jal,4}. (1)

Each SP symbol is transmitted over the two antennas in two
consecutive time slots, where the throughput of the combined
SP-STBC arrangement is given by log2L/2 bits per channel
used. We fix our total system throughput to 1 bit/channel use in
order to make a fair comparison between the STBC-SP-MLC
scheme and other benchmarkers.

At the receiver side, a STBC decoder using a single re-
ceive antenna is employed, as shown in Figure 2. The set
of complex-valued STBC symbols are forwarded to the SP-
demodulator ψ−1 and then to the soft iterative MSD, which
invokes bit-by-bit decoding, for the sake of reducing the asso-
ciated decoding complexity and for exchanging useful a priori
information between both the SP demodulator and the indi-
vidual LDPC decoders Ci of the different MSD levels. The
extrinsic Log-Likelihood Ratio (LLR)Le

S output by the STBC
decoder is fed into the SP demodulator ψ−1. As seen in Fig-
ure 2, initially the SP demodulator only receives the channel’s
output information from the STBC decoder, since no useful
a priori information is available during the first decoding iter-
ation at the output of the MSD. The extrinsic LLR Le

P output
by the SP demodulator of Figure 2 consists of the entire se-
quence of LLR values representing the MLC codewords. Only
the LLRs of the highest bit protection level are fed into the
corresponding decoder C1, where the LLR values were ex-
tracted from the set of Le

P seen in Figure 2. Observed in Fig-
ure 2 that the decoder’s output forwards a set of corresponding
extrinsic LLR values Le

C1 to the demodulator again. This
useful information provides the a priori information for the
SP demodulator. Only the LLRs from the first protection level
are updated, while the rest remain zero in Le

S . As the decod-
ing process proceeds to the next MSD level, each MSD level
receives new LLR information from the previous MSD levels.
The next outer iteration exchanging information between the
SP demodulator and the MLC decoders commences after the
lowest protection level’s decoder C4 provided its LLR Le

C4 for
the SP demodulator, where the entire LLR information of the
SP demodulator is updated by taking into account all of its pre-
vious information from all different levels of the MSD scheme.



The proposed system was investigated, when communi-
cating over a narrowband Rayleigh fading channel, associated
with a normalised Doppler frequency of fD=0.1. The complex
fading envelope spanning across two consecutive timeslot was
assumed to be constant. The Additive White Gaussian Noise
(AWGN) of n = nI + jnQ was superimposed on the received
signal, where nI and nQ represents the independent real and
imaginary components of the zero-mean Gaussian noise. The
AWGN has a variance of σ2 = σ2

nI
= σ2

nQ
= N0/2.

3. ITERATIVE MULTISTAGE SPHERE PACKING
DECODING

The received SP symbol r output by the STBC decoder can be
written as [9]

r = h ·
√

2L

E
· sl + w, (2)

where h = (|h1|2 + |h2|2), h1 and h2 represent the channel
impulse response (CIR) corresponding to the first and second
transmit antennas, sl ∈ S, 0 ≤ l ≤ L − 1, and w is a 4D
Gaussian random variable having a variance of σ2

w = h · σ2
n.

The conditional PDF of the Gaussian distribution is given by

p(r/sl) =
1

(2πσ2
w)

ND
2

e
− 1

2σ2
w

(r−α·sl)2
,

=
1

(2πσ2
w)

ND
2

e
− 1

2σ2
w

( ∑4
i=1(ãi−α·ai)

2
)

, (3)

where we have ND=4 for the 4D sphere packing symbols as-

sociated with α = h ·
√

2L
E .

For the max-log approximation of the extrinsic LLR of a
single bit bk output by the SP demodulator we have

L(bk/r) − La(bk)

= ln

∑
sl∈Sk

1
exp

[
− 1

2σ2
w

(r − α · sl)2 +
∑B−1

j=0,j �=k bjLa(bj)

]

∑
sl∈Sk

0
exp

[
− 1

2σ2
w

(r − α · sl)2 +
∑B−1

j=0,j �=k bjLa(bj)

] ,

= maxsl∈Sk
1

[
− 1

2σ2
w

(r − α · sl)2 +

B−1∑
j=0,j �=k

bjLa(bj)

]

− maxsl∈Sk
0

[
− 1

2σ2
w

(r − α · sl)2 +

B−1∑
j=0,j �=k

bjLa(bj)

]
,

(4)

where the SP symbols carry B number of MLC bits, b =
b0,...,B−1 ∈ {0, 1}. Let us assume furthermore that Sk

1 and Sk
0

are subsets of the SP symbol constellation S such that Sk
1

�
=

{sl ∈ S : bk = 1} and likewise, Sk
0

�
= {sl ∈ S : bk = 0}.

Let us also assume that we have q different MLC protec-
tion levels and the MLC-encoded bits are mapped to a total
of N=2q possible SP symbols. At the bit protection level i,

the updated a priori information obtained from the preceding
higher-protection MLC constituent decoder is

Le
Ci � {La(bk); k ∈ {tq + (i − 1), t = 0, 1, ..., N}}. (5)

Our benchmarker system employs a MLC scheme using MSD
and classic M=16-ary modulation. The extrinsic probability
of this MLC demapper used by the multi-stage decoding is [12]

Pe(b
i
t = b) =

(∑
yt∈χ(i,b) P (bt|yt)P (yt)

)
P (bi

t = b)
,

=
∑

yt∈χ(i,b)


P (bt|yt)

∏
j �=i

Pa(bj
t = bj(yt))


 ,

(6)

where b ∈ {0, 1} and yt is the output of the M=16-ary modula-
tor. For 16QAM, we have yt ∈ χ, where χ(i, b) = {µ(b0, b1, b2,
b3)| bi = b; bj ∈ 0, 1, j �= i}. The specific bit-to-symbol
mapping function of the QAM benchmarker is defined by the
function µ(.) while the extrinsic LLR value is computed as
ln{Pe(bit = 1)/Pe(bit = 0)}. For the MSD scheme employing
a conventional 16QAM demodulator, the conditional PDF of
Equation 3 provides a value of ND=2 and σw represents the
variance of the complex-valued 2D Gaussian random variable.
These two systems will be compared in Section 4.

4. SIMULATION RESULTS

In this section we characterise the achievable BER performance
of our proposed STBC-SP-MLC scheme outlined in Figures 1
and 2, when communicating over a Rayleigh fading channel
having a Doppler frequency of 0.1. We construct a few bench-
markers for comparison to the proposed scheme.

Firstly, the overall coding rate of our proposed STBC-SP-
MLC scheme is given by

Rsys =

∑i=q
i=1 ki∑i=q
i=1 ni

.
Nsym.bpssp

Tr
, (7)

where ki and ni are the number of source bits and encoded
bits of the individual MLC component codes, Tr is the total
number of STBC timeslots used for transmitting the associated
pair of symbols, while Nsym is the number of SP symbols at
the input of the STBC encoder in a particular time slot and
bpssp is defined as the number of bits per SP symbol. Hence
the total throughput of the system is 1 bit/channel use. Our
system parameters are summarised in Table 1.

The coding rate based on classic 16QAM with largest Eu-
clidean distance is chosen [5]. We use the same code rates
as in [5], which has a similar construction nature of our SP
model. The individual LDPC code rates are represented by
those of Scheme 1 in Table 1. Each LDPC component code
has a block length of 640 and their resultant total MLC cod-
ing rate is 0.49609 (≈1/2). A total of 3000 2560-encoded-bit



Coding rate R1 R2 R3 R4

Scheme 1 100/640 450/640 360/640 360/640
Scheme 2 180/640 100/640 390/640 570/640
Scheme 3 48/640 228/640 84/640 280/640

Sphere packing modulation Largest Min. Euclidean
Conventional modulation 16QAM, Ungerböck P.
MLC component block length 640
STBC-SP-LDPC block length 2560
No. of LDPC iterations 5
LDPC column weight 3
LDPC decoding field GF(2)
Total frame length 3000 symbols
Overall system throughput 1 bit/channel use
Doppler frequency 0.1
No. of transmitters 2
No. of receiver 1

Table 1: System parameters.

frames were transmitted for BER computation. Our bench-
marker is based on a STBC-MLC structure, which is consti-
tuted by the direct serial concatenation of STBC and MLC
without SP modulation. The STBC employs two transmit an-
tennas, a single receive antenna and the MLC maps the output
symbols into a 2D 16QAM Ungerböck Partitioning (UP) based
modulator. The LDPC coding rates for this STBC-MLC UP
16QAM benchmarker are represented by those of Scheme 3 in
Table 1, which were obtained by applying the capacity rules
derived for UP-aided 16QAM at a code rate of 1/4 in [6]. The
overall throughput of the system remains 1 bit/channel use.
Additionally, we compare the beneficial effects of the STBC
on the MLC schemes’ performance by comparing the attain-
able BER performance to that of a pure MLC scheme operating
without the aid of a serially concatenated STBC arrangement.
The same coding rates are used, as detailed in the context of
Scheme 3 of Table 1.

Figure 3 illustrates the attainable BER performance of the
proposed STBC-SP-MLC scheme to that of the two bench-
markers. Observe from the results of Figure 3 that the conven-
tional MLC scheme does not perform well in a Rayleigh fad-
ing channel, exhibiting a BER just above 10−4 at Eb/N0=9dB
after I=9 iterations. The space diversity gain provided by a
serially concatenated STBC scheme improves its BER perfor-
mace in excess of an order of magnitude at the same Eb/N0

value when using I=5 iterations. However, even this improved
performance can be significantly enhanced with the aid of the
proposed system employing the SP demapper. The BER curve
dips below 10−4 using a single iteration atEb/N0 =5dB. Upon
employing I=9 iterations, the BER is reduced to 2x10−5 at the
same Eb/N0 value.

To elaborate a little further, a single-class 1/2-rate STBC-
SP-LDPC scheme is also used for comparison with our MLC
structure, where the MLC codes of Scheme 1 were replaced
by the single-class LDPC(2560, 1280) scheme of coding rate
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Figure 3: BER versus Eb/No performance of the conventional MLC
using 16QAM UP based mapping without STBC, the STBC-MLC
16QAM UP based mapping Scheme 3 of Table 1 and our proposed
STBC-SP-MLC Scheme 1, communicating over a correlated Ray-
leigh channel.

1/2. All LDPC component codes employed in our simulations
used a total of five iterations for generating reliable extrinsic
LLRs. The complexity of a single 2560-coded-bit LDPC code
and that of the four 640-coded-bit MLC-LDPC component codes
was deemed similar in these systems. The LDPC decoding
complexity of each iteration associated with a parity check ma-
trix having a column weight of j and row weight of k may be
approximated in terms of the number of additions and subtrac-
tions in the logarithmic domain [13] as comp{LDPC}=(4k+
j)j. The corresponding BER results are shown in Figure 4.
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ing a single 1/2-rate component code LDPC(2560,1280) in compari-
son to the proposed Scheme 1, communicating over a correlated Ray-
leigh fading channel.

Observe in Figure 4 that our proposed STBC-SP-MLC sys-
tem exhibits a similar BER performance to that of the single-
class STBC-SP-LDPC structure, although the proposed scheme



has a slightly better performance at a low number of iterations.
By contrast, the single-class scheme performs approximately
0.5 dB better at a higher number of iterations at BER 10−5.
This is a consequence of the fact that each MLC component
code has a four times lower codeword length compared to the
single LDPC(2560, 1280) code. However, the advantage of
using MLC is the shorter and hence lower-complexity compo-
nent codes, the flexibility of freely adjusting the coding rates
compared to other coded modulation schemes and its ability to
protect each bit unequally as demonstrated in Figure 5.

4.1. Unequal Error Protection
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Figure 5: BER versus Eb/No performance of STBC-SP-LDPC us-
ing a single 1/2-rate component LDPC(2560,1280) and the proposed
STBC-SP-MLC Scheme 1, communicating over a correlated Ray-
leigh fading channel. Each bit protection level is shown as an indi-
vidual BER curve.

The ability to provide unequal error protection is impor-
tant for speech, audio and video applications, where each bit
may have a different error sensitivity. For this type of appli-
cations, the single-class LDPC codes of the STBC-SP-LDPC
scheme may be less favoured in comparison to the STBC-SP-
MLC scheme. Figure 5 illustrates the individual BER curves of
both systems. All the bits in the single class STBC-SP-LDPC
system exhibit a similar BER performance, as can be observed
from the overlapping dashed curves in Figure 5.

A total of I=2 iterations were used by the MSD scheme.
We adjusted the coding rate according to the partitioning regime
of [5] using the so-called hybird − I scheme in conjunction
with 16QAM to strongly protect a small proportion of the most
important bits using Scheme 2 of Table 1. Observe from the
simulation results of Figure 5 that as expected, the individual
BER performance of the different protection levels is quite dif-
ferent. Bit protection level-2 exhibits a high protection, associ-
ated with an Eb/N0 improvement of up to 3 dB at BER=10−4,
while maintaining a similar overall BER performance to that
of the single-class STBC-SP-LDPC scheme.

5. CONCLUSIONS

In conclusion, a novel STBC-SP-MLC scheme was proposed,
which invokes a multistage decoded MLC and SP arrangement
combined with a concatenated STBC scheme. Our simula-
tion results outlined in Figures 3, 4 and 5 illustrate that at
BER=10−4 the proposed STBC-SP-MLC scheme is capable
of achieving a significantEb/N0 improvement of about 3.5 dB
and 4.5 dB compared to the STBC-MLC and the MLC bench-
mark system invoking 16QAM combined with a conventional
MLC scheme. Even though this system may be slightly out-
performed by a single-class STBC-SP-LDPC scheme at low
BERs, the multiclass scheme exhibits a higher flexibility and
unequal error protection capability. Our future research will
investigate the capacity of STBC-SP-MLC and different code
construction criteria for employment in the 4D SP space. Fur-
thermore, rotationally invariant differential space-time coded
schemes and various unequal-protection applications will be
studied.
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