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Abstract—The design of modulation schemes for the physi- Ha LN Hg
cal layer network-coded two way wireless relaying scenarids Y w \y 7
considered. It was observed by Koike-Akino et al.[[4] for the k 5 1\_/r 5 A\
Ha Hs

two way relaying scenario, that adaptively changing the netork
coding map used at the relay according to the channel condins
greatly reduces the impact of multiple access interferencevhich Fig. 1. A two-way ACF relay channel
occurs at the relay during the MA Phase and all these network

coding maps should satisfy a requirement calleéxclusive law. We

extend Ithii.aﬁpfoa?h to an A;]ccumullatel-.C?mApute a”(?vl/';;’r"‘r’]ard multiple acces{MA) phase, consisting of two channel uses
protocol which employs two phases: Multiple Access phse . : : . :
consisting of two channel uses with independent messageseach during which A and B transmit to R twice, two independent

channel use, and Broadcast (BC) phase having one channel useMessages in the two channel uses, V\(ith ppints from 4-PSK
Assuming that the two users transmit points from the same 4- constellation, androadcast(BC) phase, in which R transmits

PSK constellation, every such network coding map that satfies to A and B. The relay node R accumulates the information
the exclusive law can be represented by a Latin Square with gent py the user nodes in the first and second channel use of

side 16, and conversely, this relationship can be used to gtte o
network coding maps satisfying the exclusive law. Two mettas the MA phase, and transmits in the BC phase a message that

of obtaining this network coding map to be used at the relay ae contains information about all the four messages receiyed b
discussed. Using the structural properties of the Latin Sqares it in the MA phase. Network Coding is employed at R in such

for a given set of parameters, the problem of finding all the a way that A(/B) can decode the two messages transmitted
required maps is reduced to finding a small set of maps. Having by B(/A), given that A(/B) knows its own messages. We call

obtained all the Latin Squares, the set of all possible charei .
realizations is quantized, depending on which one of the Lat this strategy accumulate-compute and forward (ACF) puitoc

Squares obtained optimizes the performance. The quantizain o
thus obtained, is shown to be the same as the one obtained in It was observed in[4] and [7] for 4-PSK, that for uncoded

[7] for the 2-stage bidirectional relaying. transmission, the network coding map used at the relay
needs to be changed adaptively according to the channel fade
coefficient, in order to minimize the impact of multiple asse
interference. In other words, the set of all possible chhnne
The concept of physical layer network coding haeealizations is quantized into a finite number of regionghwi
attracted a lot of attention in recent times. The idea @f specific network coding map giving the best performance
physical layer network coding for the two way relay channéh a particular region. It is shown iri|[8] for any choice of
was first introduced in[]1], where the multiple accessignal sets of equal cardinality used at the two users, that
interference occurring at the relay was exploited so that tevery such network coding map that satisfies #xelusive
communication between the end nodes can be done usiag is representable as a Latin Square and conversely, this
a two stage protocol. Information theoretic studies for thelationship can be used to get the network coding maps
physical layer network coding scenario were reported_in [atisfying the exclusive law.
[3]. The design principles governing the choice of modolati
schemes to be used at the nodes for uncoded transmissiobDefinition 1: A Latin Square of orderM is an M x M
were studied in[[4]. An extension for the case when therray in which each cell contains a symbol from a set of t
nodes use convolutional codes was done in [5]. A multi-levdifferent symbols such that each symbol occurs at most once
coding scheme for the two-way relaying was proposed.in [6h each row and column [9].

|. BACKGROUND

We consider the two-way wireless relaying scenario shownSimilar to the ACF protocol, a store-and-forward protocol
in Fig. 1, where two-way data transfer takes place among thas been earlier studied ih_[10], for the two-way relaying
nodes A and B with the help of the relay R. It is assumechannel. In[[10], the authors derive an upper bound on the
that the two nodes operate in half-duplex mode, i.e., theygodic sum-capacity for the two-way relaying scenario nvhe
cannot transmit and receive at the same time in the sadway tends to infinity, and propose two alternative awgitin
frequency band. The relaying protocol consists of two phiasand broadcast (AAB) schemes which approach the new upper
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H, and Hp to be the same for the two channel uses. The
additive noiseZg, and Zr, are assumed to b\ (0,0?),
00 (0) whereCN (0,02) denotes the circularly symmetric complex
; Gaussian random variable with varianeé. We assume a

01

block fading scenario, wite = ~ve’® = Hp/H,, where

T

/ v €RT and—7 < 6 < 7, is referred to as théade statefor
e the first and second transmission by A and B at the first and
FaxFo= {00, 01, 10, 11} second channel use, and for simplicity can also be denoted
z={01,23} by (v,6). Also, it is assumed that is distributed according

to a continuous probability distribution.
Fig. 2. 4-PSK constellation
Let Sr (v, 0) denote the effective constellation seen at the

. . . relay during the MA phase, i.e.,

bound at high SNR. Using numerical results, they show that y ¢ P

the .proposed AAB schemes significgntly outperform_s ther (v,0) = {(xi + 7ej9yi,xj + 7ej9yj)|:vi,yz-,:vj,yj € S} .
traditional physical layer network coding methods without _ ) )

delay in terms of ergodic maximum sum rates. Howevelhe effective constellation remains the same over the two

modulation and physical layer network coding have not beghgnnel USes, singee we assuiig and Hp and hence the
addressed ir [10]. ratio Hg /H 4 = ve?? to be the same during the two channel

uses.

The remaining content is organized as follows: Section Il _ o )
discusses the basic concepts, definitions and a summary dfet dmin (ve’’) denote the minimum distance between the
the contributions of this paper. Section Ill demonstrates tPOINts in the constellatioSx (v, #) during MA phase, as given
network code obtained using Cartesian Product that izedli PY (3) on the next page. Froril(3), it is clear that there exist
at the relay for two-way ACF relaying which removes th¥alues ofye?, for which diin (v¢7?) = 0. Let,
fade states associated with the channels. In Section IV, we _ 36 _ A
show how this network code can be obtained using Singularity H = {¢"" € Cldmin (7¢7%) = 0}
Removal Constraints. Section V gives results based on-strite elements o} are called singular fade states. For singular
tural properties of Latin Squares. In Section VI the complefade states|Sx (v, 0)| < 4%.
plane is quantized depending on which one of the obtained
Latin Squares maximizes the minimum cluster distance andDefinition 2: A fade stateye’? is defined to be aingular
Section VII gives the simulation results that demonstrate tfade statefor the ACF two-way relayingif the cardinality of
improvement in the performance using the suggested schethe. signal setSy (v, 0) is less tham?. Let # denote the set
Section VIl concludes the paper. of singular fade states for the two-way ACF relaying.

Il. PRELIMINARIES Let(24,,%5,) and (£a4,,%p,) € S? denote the Maximum

Let S denote the symmetric 4-PSK constellatiphl + i}  Likelihood (ML) estimate of(z4,,xp,) and (za,,zp,) at
as shown in Fig. 2, used at A and B. Assume th& based on the received complex numb®g and Yz, at
A(/B) wants to send two 2-bit binary tuples to B(/A).the two channel uses, as given i (4).
Let u : F2 — S denote the mapping from bits to
complex symbols used at A and B whefe = {0,1}. Let Broadcast (BC) Phase:
xa, = p(sa,),xp = u(sp,) € S denote the complex Depending on the value ofye’?, R chooses a map
symbols transmitted by A and B at the first channel use”-? : S* — & whereS is a complex signal set of size
respectively, and: 4, = 4 (sa,),zB, = p(sp,) € S denote betweerd? and4* used by R during th&C phase.
the complex symbols transmitted by A and B at the second
channel use respectively, whesg, , sp,,54,, 58, € F3. The received signals at A and B during the BC phase are

respectively given by,

Multiple Access (MA) Phase: , ,

It is assumed that the channel state information is not Ya=HyXr+ ZaandYp = HpXp + Zp (10)
available at the transmitting nodes A and B during the M& here Xp = MV ((&a,,88,), (Fa,,48,)) € S is the

phase. The received signal at R at first channel use is giv&ﬂnplex number transmitted by R. The fading coefficients

by B 1 corresponding to the R-A and R-B links are given HY,
Yr, = Haza, + Hprp, + ZR, @) and H; respectively and the additive nois&s, and Zp are
and the received signal at R at the second channel use, CN (0,0?).

Yi, = Haa, + Hptp, + Zr, @ The elements irs* which are mapped to the same signal
whereH, and Hp are the fading coefficients associated witpoint in S’ by the mapM™? are said to form a cluster.
the A-R and B-R link respectively. Note that we are takinget {£;, Lo, .., £;} denote the set of all such clusters. The
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formation of clusters is called clustering, denotedaj?je. in @). Note that ifye’® = h € H, dpnin (Ch, h) , reduces to
dmin (C") given in [8).

In order to ensure that A(/B) is able to decode B's(/As) In general, the channel fade stat€’ need not be a singular
messages, the cIusterir@eN should satisfy the exclusive fade state. In such a scenario, among all the clusterings
law, as given in[(b),[{6) above. which remove the singular fade states, the one which has the

maximum value of the minimum cluster distance~at? is

Definition 3: The cluster distance between a pair of clusteghosen by the relay R. In other words, fee’? ¢ #, the
L£; and£; is the minimum among all the distances calculatedustering C*-? is chosen to beC” by the relay R, which
between the points((za,,zs,),(74,,25,)) € Li and satisfiesdy,in (C",v€%) > dinin (Ch,,’yeje ,Vh # h' € H.
((#la,,2,) » (¢4,,75,)) € L; in the effective constellation Since the clusterings which remove the singular fade states
used by the relay node R, as givenlin (7) above. are known to all the three nodes and are finite in number, the

clustering used for a particular realization of the fadéestan

Definition 4:_9The minimum  cluster distanceof the be indicated by R to A and B using overhead bits.
clustering C**" is the minimum among all the cluster |n [8], such clusterings that remove singular fade states
distances, as given ifl(8) above. for two-way 2-stage relaying scenario were obtained with th

help of Latin Squares.

The minimum cluster distance determines the performance
during the MA phase of relaying. The performance during The contributions of this paper are as follows:
the BC phase is determined by the minimum distance of the
signal setS’. For values ofye?? in the neighborhood of the

singular fade states, the value df,;, CVeNZ is greatly

« Itis shown that if the users A and B transmit points from
the same 4-PSK constellation, the clusterings proposed in
[8] for two user case can be utilized to get clusterings for

reduced, a phenomenon referred talestance shorteningf].

To avoid distance shortening, for each singular fade state,
clustering needs to be chosen such that the minimum cluster
distance is non zero.

A clustering C" is said to remove singular fade state
h € H, if dpin (C") > 0. For a singular fade state € H,
let C" denote the clustering which removes the singular fade.
state h (if there are multiple clusterings which remove the
same singular fade statie choose any of the clusterings).
LetC*" = {C" : h € 1} denote the set of all such clusterings.

Definition 5: The minimum cluster distance of the cluster-
ing C", h € H at the fade statge’? which is not necessarily
a singular fade state, denoted #y,;,, (C",~e’?), is as given

this case for removing the singular fade states containing
either 16 or 25 points by introducing the notion of
Cartesian Product of Clusters. In other words, the 16

Latin Squares representing the ACF relaying can be
obtained with the help of x 4 Latin Squares representing
the clusterings for two-way 2-stage relaying as given in
8.

Another clustering is proposed for the ACF protocol
in the two-way relay channel called Direct Clustering.
This clustering also removes the singular fade states and
reduces the number of clusters for some cases. Using this
clustering, the size of the resulting constellation used by
the relay node R in the BC phase is reduced to 20 for a
category of cases, as compared to the Cartesian Product
approach which results in the constellation size being 25



for these cases. fade stateh € H, if dpin (C") > 0. Removing singular fade

« The quantization of the complex plane that contains adtates for a two-way ACF relay channel can also be defined
the possible fade states, depending on which one ad follows:
the obtained clusterings maximizes the minimum cluster
distance, is proven to be the same as for the two-wayDefinition 6: A clustering C* is said to remove
2-stage relaying scenario as donelinh [7]. the singular fade stateh € H, if any two

« Simulation results indicate that at high SNR, the schempessibilities of the messages sent by the users
based on the ACF protocol performs better than théza,,zp,), (za,,28,)), (¢4, 2,) , (¥4, 2,)) € S*
schemes proposed inl[4].1[8] based on two-stage twbat satisfy
way relaying. With 4-PSK signal set used at the end , ,
nodes, the ACF protocol achieves a maximum sum o A A Ta, T4,
throughput of 8/3 bits/s/Hz, whereas it is 2 bits/s/Hz for T, — T Tp, —Tp,
the schemes based on 2-stage two way relaying.

are placed together in the same clustery

Definition 7: A set {((xa,,zB,), (z4,,75,))} < &*

IIl. EXCLUSIVE LAW AND LATIN SQUARES consisting of all the possibilities of(z4,,z35,), (£4,,7B5,))

The nodes A and B transmit symbols from the sanfBat must be placed in the same cluster of the clustering
constellation, viz., 4-PSK. Our aim is to find the map that tréS€d at relay node R in the BC phase in order to remove the
relay node R should use in order to cluster #iepossibilities Singular fade staté is referred to as &ingularity Removal
of ((za,,z5,), (x4, z5,)) such that the exclusive law givenCons_tralnt for the singular fade staté in two-way ACF
by (), (8) is satisfied. Consider th& x 16 array consisting relaying scenario.
of the 16 possibilities ofz 4,,z4,) along the rows and the ) ) o
16 possibilities of(z s, , 25, ) along the columns. We fill this AS given in [4], a complex numberye?® is
array with elements fronC = {£y, s, ..., £;} where each defined to be asingular fade state for the two-
symbol denotes a unique cluster. The constellation sizd ud¥dy 2-stage relaying scenarioif x4 + velep =
by the relay in the BC phase, or the number of clusters h&s + ~vel?xzy for some(za, zp), (CU'Avx%z)_ € §* and
to be at least 16, since each user needs 4 bit informatii§ Set {(za,z5) | (za,25) € S*} consisting of all the
corresponding to the two messages sent by the other uR@ssibilities of(z4,z) € S? that must be placed in the same
implying ¢ > 16. In order to keep[{5) and(6) satisfied, £luster of the clustering thqt removes th_e fade staté for _
symbol from £ can occur at most once in each row an§'€ two-way 2-stage relaying scenario is the corresponding
column. So thel6 x 16 array having(z,,z4,) along the Se€t of singularity remoyal constraint for the smgul_ar fade
rows and (zp,,7p,) along the columns must be a Latinstateve’?. As we show in the followm_g lemma, the singular
Square of side 16 (Definition 1). The equivalence betwedgfe state for the ACF two-way relaying are the same as the
the network code used by the relay in two-way relayin§'”9U|ar fade state for the two-way 2-stage relaying séenar
scenario and Latin Squares has been previously discussed in )

[7]. The clusters are obtained by putting together all thoselL.emma 1:The singular fade states for the ACF two-way

((xa,,2B,),(z4,,25,)) for which the corresponding entryrelaylng scenario are the_same as t_he 12 singular f_ade states

((xa,,24,),(zB,,zp,)) in the array is the same. for two-way 2-stage relaying scenario as computed_in [4].
Proof: Let ~e’? be a singular fade state for

From above, we can say that all the relay clusterings tHR¢ ACF two-way relaying scenario. By definition,
satisfy the mutually exclusive law forms Latin Squares of((@a,,28,), (€A, 78,)), (2ly,, 2., (s, 25,)) € S*
order 16 with entries fromC with ¢ > 16, when the end Such that,
nodes use PSK constellations of size 4. It therefore suffices
to consider the network code used by the relay node in the i ; i
BC phase to be &6 x 16 array with rows(/columns) indexed TA, +7€7TB, =Ty, T7€ T,
by th_e 2-tuple consisting of the symbols sent by A(/B) durin\g,herexAl’
the first and second channel use. The cells of the array must
be fiIIe_d with _elements of in such a way, that the resulting Then, by definition
array is a Latin Square of order 16 ahd 16.

za, +vellzp, = xy + 76'79.%'/31, and

/ / / /
TRy, TAy, TBy, Ta,, T, Ta,, Tp, € S.

~e’? must be a singular fade state for
two-user 2-stage relaying.

Removing Singular fade states and Constrained Latin Conversely, letye’? be a singular fade state for two-user

Squares _ . _ 2-stage relaying scenario. Thef(z a,25), (7/4,7%) € S?
The relay can manage with constellations of size 16 &,ch that

BC phase, but it is observed that in some cases relay may

not be able to remove the singular fade states and results in

severe performance degradation in the MA phase. As stafBlien, since for any(z,y) € S, = + /%y =

in Section I, that a clustering” is said to remove singular z + ve®y, {((za,zB), (z,v)), (24, 2), (z,y))} is a

x4 +velrp = oy +yelfaly.



subset of a singularity removal constraint and’? is a set{((z;,v:), («},4})) | i = 1,2,...,t} such that/l < iy, iy <

singular fade state for the ACF two-way relaying scenario. ¢, .

,Yeje — Lig — Liy _ Ly — Iél
Thu;, the singulgr fade states for the ACF two-way relaying Yiro = Yin  Yi, — Yi,
scenario and th_e singular fade states for the two-way Zstag Now, vei® — 222 —s (5 o) and (xs, y2) must belong
relaying scenario are the same. ] Yiy ~Yig

to the same cluster, sdyin 6[76 ] for it to remove the fade

Let vei? be a fade state for the two-way ACF relayingtateyei?. Similarly, ve/? = yﬁz TN (:cl,yl) and(:cQ,yQ)
! 0 : i
e el o i o 1o st belong 0 e same cluster. s 1 This s
i i et ; . o
Lemma 1. In[[4] and[]7], it is shown that for the two-way =~ — 1,72 < . Thus, the singularity removal constraint is,
I 2 i i . .
2-stage relaying, thet® possible pairs of symbols from ((@iys), @) i =1,2, .8} c clioli},
4-PSK constellation sent by the two users in the MA phase,
can be clustered into a clustering dependent on a singular somel < i,j < n. Therefore, the clusterlng)[ ‘]
fade coefficient, of size 4 or 5 in a manner so as to remow@moves the singular fade stage’”. [ ]
this singular fade coefficient. In the case of two-way ACF

relaying, at the end of MA phase, relay receives two complex|t was studied in [4] by computer search, and then in [7]
numbers, given byl {1) andl(2). Instead of R transmitting gnalytically, that there are 12 possible singular fadeestat
point from the4* point constellation resulting from all thein the complex plane for the case when two users transmit
possibilities of ((z4,,7p,),(4,,75,)) the relay R can points from 4-PSK constellation in the MA phase. Out of
choose to group these possibilities into clusters reptededsy these 12 fade states, 4 lie on the unit circle, 4 lie on a circle
a smaller constellation. One such clustering for the casenwhof radius+/2 and 4 lie on a circle of radius 2. The size of
vei? can be obtained by utilizing the clustering provided ithe constellation used at R in the BC phase for these cases is
[7] for the two- way 2-stage problem in order to remove thigither 4 or 5. For the two-user ACF scenario we are dealing
fade state. LetC!") denote the clustering for the physicalyith, we have two channel uses in the MA phase, with A
network coded two-way relaying scenario that removes th@d B transmitting a message each in the first channel and
singular fade staté, € C for the two-way 2-stage relaying second channel uses, with the two messages sent by each user
case as given in [7]. in the first and second channel use being possibly different.
Keeping in mind the three classes of fade states depending on
Definition 8: We define theCartesian Producbf a cluster- the radius of the circle it lies on, we consider the following
ing CM = {1,,1,...,1,,} with itself denoted byD!"!, where three cases:
fori=1,2,....m

Case 1:ve’? lies on the unit circle.
L= {(@i,yi,) s (@i, Yin) 5 oo (20,00, ) e
with z; ,y;, € Z4 ¥V p=1,2,...,s; as follows: Case 2:ve’? lies on the circle of radius /v/2.
h] l1,l li,lm Il lmslm P . .
D" {C{ v Leteted ettt et }} Case 3:ve’? lies on the circle of radius/2.

where,

Case 1: ve?? lies on the unit circle.

clitsy = {((wip,yip),(qu,yjq)) lp=1,2,..,s;andg=1,2,..,s;}.
Since both user nodes A and B requirbits of information

from the other user, the size of the constellation that R uses
will be at least2 = 16. The Cartesian Product afl®’ ]

with itself consists ofl6 clusters since the clusterlr(d“‘:

has 4 clusters. We illustrate this case with the help of the

Lemma 2:Let~e’® € H. The clustering obtained by taking
jo 30
the Cartesian Produd®[*’’] of ¢[*] with itself removes
the singular fade statge’? for the two-way ACF relaying

scenario. 79 following example, the remaining instances of fade stdtas t
Proof: Let ¢l = {l1,12,...,1,n },where for ¢ . 9 mp'e, 9! . .
19 m lie on the unit circle can be obtained using this example, as

we show in Lemma 6 in Section V.

li= {(ximyh)a(xizayi2)7"-7(xisiayisi)} . . .
Example 1:Let the fade statge’” = j. The clustering’l’!

Then, for the case as given inl[8] is given by,
76
ple’] = {C{ll’ll}, Lycttnd o Codln ...,C{lm’ZM}} cll = {l1,1s,13,1,} where,
where, lh ={(0,0),(1,2),(2,1),(3,3)}
At} = (@i i), (@0095)) | P = 1,2,.,5; andq = 1,2, 5,} l2=1(0,3),(1,1),(2,2),(3,0)}
By definition, a singularity removal constraint for the fade s ={(0,1),(1,3),(2,0),(3,2)}
stateye’? in the case of two-way ACF relaying scenario is a la={(0,2),(1,0),(2,3),(3,1)} .
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Fig. 3. Latin Square L representing the clustering at the relay for the case ve’? = j, obtained using Cartesian Cluster

Product, with the 4-PSK symbols that A(B) sent in the first and second channel use along the rows(columns)
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Fig. 4. Latin Square representing the clustering CU! with

the symbol sent by A(B) along the rows(columns).

The resulting Latin Square representing the clusters eenot
by say L, is shown in Fig. 3. Thisl6 x 16 array L can be

{((0,0), (1,2)), ((0, 1), (1,0)), ((0, 2), (1,3)), ((0,3), (1, 1)),

L2

[L; ;] where

eachL;; is a4 x 4 array fori,j = 1,2,3,4 as shown in

divided into 16 blocks oft x 4 arrays. LetLpg

Fig. 3. EachL; ; is in one-to-one correspondence with the
Latin Square obtained ir_|[8] for removing the singular fade
state ve/? = j for the two-way 2-stage relaying scenario

representing the clusterir@’! given in Fig[4(@). Also let,

a1 :=L11 = Loz = L3o= Lyg,

Q2

Liy=Lss=1L33=Ly4;,
az:=DL12="Loa=1Lg1=Lags

and

aq:=Ly3= Loy = Lza= Lap.

This makesL g of the form shown in Figl_4(b).



(0,0) | (0,1) | (0,2) | (0,3) | (1,0) | (1,1) | (1,2) | (1,3) | (2,0) | (2,1) | (2,2) | (2,3) | (3,0) | (3,1) | (3,2) | (3,3)
(0,0) Los Lo21 Loo Lo3 Ls L1 Lo L3 L1o0 Le L7 Ls L5 L11 L12 L13
(0,1) Loy Los Lo21 Loo Ly Ls L1 Lo Ly L1o Le L7 L14 L5 L11 L12
(0,2) Lo3 Loy Los Lo21 L3 Ly Ls L1 Ls Ly L1o Le L13 L14 L5 L11
(0,3) | Lo Lo3 L24 Los Lo L3 Ly Ls L7 Lg Lo L10 L2 L13 L14 L15
(1,0) L2o L6 L7 L1g Los Lo21 Loo Lo3 Ls L1 Lo L3 L1o0 Le L7 Ls
(1,1) L19 L2o L6 L7 Loy Las L2 L2 Ly Ls L1 Lo Lo L10 Ls L7
(1,2) L1g L19 L2o L6 Lo3 Loy Los Lo L3 Ly Ls L1 Ls Ly L10 Le
(1,3) L7 L1g L19g Loo Lo2 Lo3 Loy Los Lo L3 Ly Ls L7 Ls Lo L1o
(2,0) L5 L1 L2 L3 L2 L6 L7 Lis L5 Lo1 L2 Lo3 Ls L1 Lo L3
(2,1) | Lia Li5 L11 L2 L9 L2 L6 L7 Loy Las Lo Lo Ly Ls Ly Lo
(2,2) L13 L14 L5 L11 L1g L19 Loo L6 Lo3 Loy Los Lo21 L3 Ly Ls L1
(2,3) L2 L3 L4 L5 L7 Lig L9 Lo Lo Lo3 Loy Los Lo L3 Ly Ls
(3,0) L1o Le L7 Ls L5 L11 L12 L13 L2g L6 L7 L8 Los Lo21 Loo Lo3
3,1) Lo Lo Lg Ly L4 L5 L11 L2 Lig Loo L6 L7 Loy Los Loy Lo2
(3,2) Ls Lo L0 L L3 L4 L5 L11 Lig L9 L2 Li6 L3 Loy Los Lo1
(3,3) L7 Ls Lo Lo L2 L3 L4 L5 L7 Lis L9 L2 L2 Lo3 Loy Los

Fig. 5. Latin Square representing the clustering at the relay for the case ~ve’? = 0.5 + 0.55, obtained using Cartesian
Cluster Product, with the 4-PSK symbols that A(B) sent in the first and second channel use along the rows(columns)

This makes the block matriX.5 also consistent with the The Cartesian Product of the above clustering given by
Latin Square given in Fig. 4. The reason behihg and DO-5+0-51 = [cllali} |4 j=1,2,3,4,5} contains exactly
L;; being consistent with this Latin Square is as follow25 clusters. The clusters and the corresponding constraints
each L; ; corresponds to some fixed values of the symboler the Latin Square representing the clustering have been
A and B send during the first channel use, with the symbdisted in the Appendix A. The Cartesian Product of the
sent by A and B during second channel use varying aloetusteringCl?-5+9-511 with itself, denoted byD[*-5+0-51] can
the rows and columns respectively. The Latin Square be represented by the Latin Square given in Fig. 5.

Fig. 3 has been obtained by taking the Cartesian Product
of the clustering for removing the fade state’? = j with

itself. The Cartesian Product utilizes the clustering thsat 0|1]2]3
represented by the Latin Square given in Fig. 4, given by ol 11 15 1
cll, for the case for both the first and second channel use R N T
in the MA phase, which makes eadh ; i,j = 1,2, 3,4 and il b h|b
Lp in one-to-one correspondence with this Latin Square that 23| ls|l5 | b
represents the clusterir@}’!. 3% 16 | s

Case 2. ve/? lies on the circle of radius1/+/2.

Fig. 6.

Latin Square [ representing the clustering

Cl0-5+0:5]] with the symbol sent by A(B) along the

In this case, the Cartesian Product o] vygith itself
consists of25 clusters since the clustering[“‘:]] has 5

rows(columns)

clusters. We now give an example of this case. The remainingas explained in the previous example, let thé x 16
instances of this case can be obtained from this example|gin Square obtained as shown in Fig. 5 be denoted by

will be shown later in Section V, Lemma 6.

Example 2:Consider the case wher’? = 0.5+0.5;5. The

say I’ and L)y = [L; ;] with i,j = 1,2,3,4. Then both
Lp and L}, must be consistent with the Latin Square
of side 4 given in Fig. 6, denoted by, which represents

clusteringCl®->0-%] given in [€] that removes this fade statghe clusteringC05+0-5]. As can be seen in Fig. 5, is

for the two-way 2-stage relaying scenario is given by:
C[O.5+O.5j] = {lla 127 l37 147 l5} )

where, (11)
h=1(0,1),(1,2),(2,3)}
la ={(0,2),(1,3),(3,0)}
I3 =1(0,3),(2,0), (3, 1)}
ls=1(1,0),(2,1),(3,2)}
ls =1(0,0),(1,1),(2,2),(3,3)}

repeated in each block; ; with a possibly different set
of five symbols amongst{Li, Lo, ..., Lo5} denoting the
five symbols {l1,12,...,ls} in each L; ;. More precisely,
the blocks L, = Ly, = L3z = L), are the same
as [, with the symbols Lo, Loo, ..., Lo5 replacing the
symbols 1,15, ...,l5 respectively. Similarly, the blocks
Ly, = Ly = Lj, are the same a$ with symbols
L1,Lo, ..., L5 replacing the symbolg, io, ..., I5 respectively,
the blocksL) ; = L 4 = L), ; are the same dswith symbols
Le, L7, ..., L10 replacing the symbols, I, ..., I5 respectively,



(0,0) | (0,1) | (0,2) | (0,3) | (1,0) | (1,1) | (1,2) | (1,3) | (2,0) | (2,1) | (2,2) | (2,3) | (3,0) | (3,1) | (3,2) | (3,3)
(0,0) Los Lo21 Loy Loo Ls L1 Ly Lo L2g L6 L19g L7 L1o0 Le Lo L7
(0,1) Loo Los Lo3 Loy Lo Ls L3 Ly L7 Loo L1g L19g L7 L1o Ls Lo
(0,2) | Los Log Los Loy L3 Ly Ls Ly L1g L9 Lo L6 Ls Loy L0 Le
0,3) | L2 Lo3 Lo Los L1 L3 Lo Ls L16 L18 L7 L20 Lo Lg L7 L10
(1,0) L1o Le Lo L7 Los Lo21 Loy Loo L5 L11 L14 L12 L2g L6 L19g L7
(1,1) L7 L0 Ls Lo L2 Los Lo3 Loy L2 L5 L3 L4 L7 L2 L3 L9
(1,2) Ls Lo Lo L L3 Loy Las Lo1 L3 L4 L5 L1 Lig L9 L2 L6
(1,3) Le Ls L7 L1o Lo1 Lo3 Loo Los L11 L13 L12 L5 L6 L8 L7 Loo
(2,0) L5 L1 L4 L2 L2 L6 L9 L7 L5 Lo1 Loy L2 Ls L1 Ly Lo
(2,1) L2 L5 L3 L4 L7 Loo L1g Lig Loo Los Lo3 Loy Lo Ls L3 Ly
(2,2) L13 L14 L5 L11 L1g L19 Loo L6 Lo3 Loy Los Lo21 L3 Ly Ls L1
(2,3) L11 L3 L2 L5 L6 Lig L7 Lo L21 Lo3 Lo Los L1 L3 Lo Ls
(3,0) Ls L1 Ly Lo L5 L11 L14 L12 L1o Le Lo L7 Los Lo21 Loy Loo
3,1) Lo Ls L3 Ly L12 L5 L13 L14 L7 L1o Ls Lo Lo2 Los Lo3 Loy
(3,2) L3 Ly Ls Ly L3 L4 L5 L11 Ls Lo L0 Le L3 Loy Los Loy
(3,3) Ly L3 Lo Ls L1 L3 L2 L5 L Ls L7 Lo Lo1 L3 Lo Los

Fig. 7. Latin Square representing the clustering at the relay for the case ve’? = 1+ j, obtained using Cartesian Cluster

Product, with the 4-PSK symbols that A(B) sent in the first and second channel use along the rows(columns)

the blocksL}, = L3, = L, are the same a$ with

symbols £11, £12, ..., L15 replacing the symbol$y, [, ..., 15

respectively, and the blocks, ; = L3 , = L, ; are the same
as | with symbols L4, L17, ..., Log replacing the symbols

0
1
l1,1s,...,15 respectively. Thus, the arraf)/ can be obtained 2
using ! by simply using a different set of five symbols to 3
denotely, I, ..., l5 for every set of blocks corresponding to a

O|1|2]3
Is | 11 |1y |l
la | l5 | I3 | la
ls | la]ls | b
i | ls |2 |15

symbol amongsty, Iz, ..., 5 in 1. We will illustrate this in the Fig. 8. Latin Square representing the clustering C['+7]

next example by obtaining th&6 x 16 Latin Square using with the symbol sent by A(B) along the rows(columns)

the4 x 4 Latin Square given in_|8] for the case.

Case 3: ~ve?? lies on the circle of radius v/2.

clusters by a Latin Square of sid&, with (z4,,24,)

along the rows, andzp,,xzp,) along the columns. The
. . i6 . . . .
In this case, the Cartesian Product @'l with itself ((z4,.74,).(z5,,75,)) entry of the Latin Square as dictated

consists of25 clusters since the clusteringheje] has 5
clusters. An instance of this case is as follows.

by the clusters above are also listed in the Appendix B.
Let the16 x 16 Latin Square that represents the clustering

obtained as a Cartesian Product @f 7! with itself be
= [LY;] with i,j = 1,2,3,4.
clusteringC1+7] given in [€] that removes this fade state forfhen each ofLj; and L ; must be consistent with the Latin

Example 3:Consider the case whemei® = 1 + j. The denoted by say.”, and L7

the two-way 2-stage relaying scenario is given by:

Square of sidd given in Fig. 8 which represents the clustering

C[1+j]. We denotell,lg,...,lg, in Ll,g = L374 = L4,1 by

C[1+j] = {lla 12, 13, l47 l5}
where,

£1,£2,...,£5, in L1,4 = L271 = L4,3 by £5,£6,...,£10, in

blocks L273 = L371 = L3,2 by Elo,ﬁll,...,£15, in blocks
} L173 = L274 = L3,2 by £167£177---7£20 and in blocks

L171 = L272 = L373 = L474 by 521,522,...,525. Placing
} these blocks in accordance with the Cartesian Product of
} the clusteringC!'*+7] with itself, denoted byD!'+7] can be
} represented by the Latin Square given in Fig. 7.

The Latin Square which removes the singular fade state

This clustering can be represented by a Latin Square pf 7’ can be obtained by taking the transpose of the

side 4 denoted byl’ as shown in Fig. 8.

Latin Square which removes the singular fade staté’.

For example, the Latin Square which removes the singular
The Cartesian Product of the above clustering given figde state v2¢7% can also be obtained by taking the

D+l = {cllali} | 4,5 =1,2,3,4,5} contains exactly25

transpose of the Latin Square which removes the singular

clusters as given in the Appendix B. We represent thekde state \/%e_j%- The reason for this is as follows:
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the case when the singular fade state lis=7° can be (v,6’), can be obtained from the Latin Squafeof order
equivalently viewed as the case when the singular fadessta?é® which removes the singular fade state,6), where
is ve? with the users A and B interchanged. Interchangingf — 0 = k%—’; as follows: Cyclic shift the columns of
the users is equivalent to taking transpose of the Latin @quaeach one the?* Latin Squaresl; ;,0 < i,j < 2* — 1, k
times to the left to get the Latin Squaf€. Cyclic shift the
columns of the Squaré’; associated wittl’, k times to the
IV. CLUSTERINGS FROMLATIN SQUARE OFLOWERSIZE  left, to get the Squaré’, associated with the Latin Squaké.

In this section, we deal with ang*-PSK constellation.
In [7], it was shown that the singular fade states for the Proof: For the singular fade stateye’®, let
two-way 2-stage relaying scenario lie on circles centered {a((:cAl,:cAQ),(:cBI,xBQ)) ; ((x1417x142),(x1917:c332)>} be a
the origin. From Lemma 1, since the singular fade staté#gularity removal constraint , i.e.,
for the ACF two-way relaying scenario are the same as that
of the two-way 2-stage relaying scenario, it follows that th
singular fade states for the ACF two-way relaying scenario v
lie on circles centered at the origin as well. In this sectibn
is shown that for each circle, it is enough if we obtain one
Latin Square which removes a singular fade state on that~rom (12), it follows that
circle. The Latin Squares which remove the other singular
fade states on that circle can be obtained by some elementary han .
operations on the Latin Square, which are described in the {((xAl,xAQ),(xBIe’ 22 xp,e 23 ))7

sequel. kox k2
(@, a5 oty e 55 )}
For a Latin Squaré of order2?*, letL; ;,0 < i, j < 2*—1,
denote the Latin Sub-square of order obtained by taking s a singularity removal constraint for the singular fadatest
only the rows2*i to 2*(i + 1) — 1 and only the columns ~,0"), where¢’ — 0 = k;—’{ In other words, the rotation
2Yj 10 2(j + 1) — 1 of L. For example, in Fig19, the Latin jn the ¢/ plane by an anglé can be viewed equivalently
Sub-squared.; ;,i,j € {0,1}, of order 2 corresponding 10 55 4 rotation of the constellations used by B during the MA
the Latin SquareL of order 4 are shown. LeLp denote ppases by an angt — ¢. Note that the columns of the Latin
the Square of (_)rdeEA, associated with the Lati_n Squa_lle SquareL which removes the singular fade states’® are
of order 2, with L;;,0 < i,j < 2* — 1, as its entries. jndexed by the symbolérp,,z5,) transmitted by B during
For example the squarep of order 2 associated to a Latinthe two MA phases. Rotating the signal set used by B during
SquareL of order 4 is as shown in Fig. 1L0. the second MA phase by an ang® is equivalent to shifting
the columns of the Latin Sub-squargs; & times to the left.

oo Lo Similarly, rotating the signal set used by B during the first
—T— MA phase by an angléz’i—” is equivalent to cyclic shifting the
o 1| 2| s ( columns of the squaré g, k times to the left. This completes
o s o 02 the proof.
Lo Ly | |
2 | 3 o | 1 For example consider the Latin Squafein Fig. [I1(a)
P 1T which removes the singular fade state = 1,6 = 0). The
Latin Square L” which removes the singular fade state
(y = 1,6 = §) can be obtained fronL as follows: The
columns of the Latin Sub-squards; ;,0 < 4,57 < 3 are
cyclically shifted once to the left, to obtain the Latin Sqeia
Lp L’ shown in Fig.[II(B). The columns of the Squakté,
associated with the Latin Squafé are cyclically shifted once
Loo | Lo to the left, to obtain the Squarg’,. The Latin Squarel”
associated with the Squaf which removes the singular

Lio| Lia fade statg(y = 1,6 = %) is shown in Fig[ 11(¢).

/ /
. Tp, —TA Tp, — LAy
e-]ez 1 7 = 2 7 . (12)
IBI—SCB1 xB2_ng

Fig. 9. Obtaining Latin Squares; ;'s from the Latin Square..

For the ACF two-way relaying scenario with 4-PSK signal
Fig. 10. The Square Lp order 2 corresponding to a Latin  set used at the end nodes, the twelve singular fade states
Square L of order 4. lie on three circles with radiil, &=, and /2. The Latin
Squares which remove all the twelve singular fade states can
Lemma 3:Consider the two-way ACF relaying withbe obtained from the three Latin Squares which remove the
22-PSK signal set used at nodes A and B. The Latin Squasigular fade stateg, 0.5 + 0.55 and 1 + j given in Fig. 3,
L" of order 22* which removes the singular fade statdig. 5 and Fig.7 respectively.



L1\ Ly | L3|La|L5| Le| L7| Ls|LolCr0 L11L1AL18|C14L1el L1
Lo\ L1|La| L3 Lg| L5 Ls| Lo [C1d Lo| L1911 L14L19L16L 15
L3| La| L1\ L2 L4 Lg] L5| L6 |L11L1d Lo |1 L14L16L13L14
Ly| L3 L2|L1|Ls| Lo| Lol L5 |L19L11 L19Lo|L16 L154L14L13
Ls|Lo|Lr|Ls|L1|Lo|La|LalCis|CraLaslCid LolLr0|L11L12
Ls| Ls| Ls|Lr|Lo| L1| La| L3 |L14L13L16IC15\L10 Lo |L19L11
L7\ Ls|Ls| Lo | L3| La| L1| Lo |L15L1g Lasllra L11L1a] Lo|Lio
Lg| L7 Le| L5 |La| L3| Lo| L1 [L16 L1g L1allrs|Li9L11| L19Ly
Lo 1C10|L11L10/C18\C 14 L1516 £1| L2| L3 | La]| L5| Lo| L7| Ls
C10| Lo |CaolCa|Er4L13 Lol Ls| Lo| L1] L4 | L] Lo| L] Ls| L7
L1lC1ol Lo L1l CrelL16L18L0a| L3] L4) L1 |Lo| Ly] Ls| L] L6
C10\C11| L0 Lo [Lr6 L1 L14L13| La| La| Lo|L1| Ls| L7 Lo| L5
L13|C1a|Ca5\L16| Lo (10| L11lL10| £5| Lo| L7 |La| L1]La|L3| Ly
£14£13£16£15£10 LolLiol1| Lol Ls| Ls|Lo| L2| L1] La|Ls
LaglagLialladlr oo ool L7 L8] L5 | L6 L3 L] £4] Lo
Lig LrgLaalaslr el o4 Lo | L8| L7 Lo|Ls| La| L] La| L1

(a) The Latin Squaré that removes the singular fade stéte=
1,0 =0)

Lo| Ls| La|L1 [Lo| L7|Ls| Ls|Lro L1)L12\ Lo (L1 L1alL15lC16
L1 La| £31Co | £5| Ls| L] Lo | Lo| L13L11C 0| £14L13L16L15
La| £1] La|Cs | L8| L5| Lo| L7|L19 Lo| LroL1,|L14L16/L13L14
La| Lol L11C4 | £7] Lo| L5 | Ls|L14d L1pLo 10| L14 L15L14L13
Le| L7|Ls| Lo La| La| La]|L1 |C14lC15|C01610151510| £11L12| Lo
Ls| Ls| L7\ Lo| L£1] La] £5|Lo |L13L16L15]L14 Lo |L12/L11L 10
Ls| Ls| Le| Lq| L4 L1| Lo L |C16/L15L14]C14L12 Lo [L10/L14
L7| Lo|Ls|Ls| L3 Lo £1]L4 |L14L14L13|C16L11 L14L0 119
Lo L11L13 Lo |1 | L1 LrelC sl Lol L3 LalL1|Lo|Lr|Ls|Ls
Lo| L3 L1iLyo| LrdLad Lis| Lad L1 L4 L3\Co | Ls| Ls|Lr|Ls
L19 Lo| LadL11|LrdL13L1a L1d Lo L£4] L2|L5]| Ls| L5 |L6| Lo
Ly L19Lo|L1o| L18L14L 3 Lo Lo Lo L11L4 | L£7| L6|L5| L
IC1alC151C16lC15) 10 L19L12|Co | Lo| L7| La|Ls| La| L3]La|L
L13L16/L15\C1a| Lo |L19 L1101 | Ls| Ls| L7| Lo| L1] La| L3]C2
L16/C13C14|L15\Ca9| Lo |C10l011 | Ls| L5 Lo| L] La] L£1]L2|L3
LagLaglas|CoelCra| L19Lo |00 | L4 Lo L | Ls| L3 Lo| L1]La

(b) The Latin Squard.’ obtained form the Latin Squate using
the procedure described in Lemma 4

Lo| L7 Ls| Ls|Lr0] L11L12|Lo |C13\L1a|C15L1d L2| L3] La|L1
Lo| L] L1] L6 Lo Loa Lol o[ LA L] 21 24] 23]
Ls| Ls| Lo | L7|C1d Lo| Lrole, | L1 LrelLrslaa L4] L1] La|Ls
La| Lo| Ls| Ls|L11 L1pLo |Cyo|L16 L14L1dL1s| La Lo £1]L4
Lo| Ls] L4|C1 [CraCrLi6lisfE10| Eril]Co [ 26| £7] L5 ] £5
L1| La| L3|Co [L13L16L15\C14 Lo|Lr2lailio| £5| £5| 27| L6
La| L1] L2 L5 Cr6/CralLralCioCr2) Lo |C10/C11 | 26| £5] L6 Lo
Ls Lo| £1]C4 [C14L14L181C16|C11) £14L0 10| 24| 26l 5]
L1dL1sl gl 1a| Lo Lo| La|C1[Lo| L7|Ls|Ls|Liof L11L19 Lo
LrgLadLag L1 L1 Laf L3\La | Ls| Ls|L7| Lo | Lo| L14 L1101,
cdedei e £ o] cales| 24 25 26| 24|21 ol c1dr, |
L1gL14L13 Log L3 Lo L1|La| L7| Lo|Ls |Ls| L1 L10L0|01
Lio|L19L1o|Lo | Lo| Lr| Ls| Ls| Lo| La| L4]L1 C14lC15IC 16101
Lo|L1aL11lC1| Ls| Ls| L7|Lo| L1| La| L3|Co [L13L16/C15/L14
Lo\ Lo |Lr0lCyy | Lol Ls| Lo| Laf La| £1]La| L3 |L16|L15/C14|C14
L1 L19Lo [L1o| L7 Lo L5 | Ls| L3 Lo L1|L4 |L15L14L13]L1

(c) The Latin Squarel.’ that removes the singular fade state
(7=1.6=7%)

Fig. 11. Construction of the Latin Square L” which
removes (v = 1,6 = w/2) from the Latin Square L which

removes (y = 1,0 =0)
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V. DIRECT CLUSTERING

Algorithm 1: Obtaining thel6 x 16 Latin Square from
the 16 x 16 array constrained using Singularity Removal
Constraints
Input: The constrained6 x 16 array
Output: A Latin Square representing the clustering map
at the relay

1 Start with the constrainetl6 x 16 array

2 Initialize all empty cells of the array to 0

3 for 1<i<16do

4 for 1 <j <16 do

5 if cell (i,7) of the array is NULLthen

6 Initialize c=1

7 if £. does not occur in thé!” row or the j**

column of the arraythen

8 replace O at cel(z, j) of the array with
Le;

9 else

10 | c=c+1;

11 end

12 end

13 end

14 end

Recall that there are three classes of singular fade states
depending on the radius of the circle it lies @ase 1:)ve’?
lies on the unit circle(case 2:)ye?? lies on the circle of radius
1/4/2 and (case 3)v¢’% lies on the circle of radius/2. The
number of clusters in the clustering utilized by relay node
R during BC phase obtained using Cartesian Product in the
three cases 46, 25 and 25 respectively. It is observed that,
if instead of taking the Cartesian Product of the clustexing
given in [§], the Cartesian Product of tisengularity Removal
Constraints corresponding to each fade state are used to
fill a 16 x 16 array, and the resulting incomplete array so
obtained is completed using Algorithid 1, so as to form a
Latin Square of side 16, then the number of clusters of the
resulting clustering corresponding the to this Latin Squzan
be reduced from 25 to a lesser number in bGi#se 2and
Case 3 We call this the Direct Clustering. We now explain
this clustering with the help of examples in the second and
the third case only, since for the first case, the minimum
number of clusters required, i.el6, can be achieved using
Cartesian Product Clustering as shown in Section IIl.

Case 2: ve?? lies on the circle of radius 1/\/5.

In this case, there are a total 8f) singularity removal
constraints as shown in the following lemma.

Lemma 4:When ¢/ lies on the circle of radius/\/i,
there are a total 080 singularity removal constraints.
Proof: Let the singularity removal constraints for the two-
way ACF relaying be the sefCy,Cs,...,Cs}. Let, fort =
1,2,...,s,

Ct = {((mlkvylk)7($2k7y2k)) ‘ Tl Yy s T2y Y2y € 87 k= 1727“'nt} .
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Then, forl < kq, ko < ny, removal constraints.

, , [ |

x1,, + ey, =21, + €%y, and

I 30,

oy TV Y2y = T2y, T, The 16 x 16 Latin Square representing these constraints can
Since in the case of two-way ACF relaying, the user nodég completed using 20 symbols, as we show in the following

A and B transmit twice to the relay node R, these constrairggample.

for the ACF relaying can be obtained by taking the Cartesian

Product of all sets of the form Example 4:Consider the case for whichye’® =

{(za,25,) | A, +7€j0x311 =4, +7€j%312 Ve, Iy —0.5 + 0.55. The singularity removal constrain.ts for
wherezs .zp. .24 .T5, € S} the ca_seyeﬂe = —0.5 4 0.55 in two-way 2-stage relaying as
7 TP T T " given in [&] are:
These sets can be of two types: {(0,0),(1,3)},{(1,1),(3,2)},{(0,1),(2,2)} and {(2,0),(3,3)}.

1) The singularity removal constraints corresponding & th
fade stateye?? for the two-way 2-stage relaying as given As a result, the singularity removal constraints for the
in [8]. Let us denote the 2-stage singularity removaivo-way ACF relaying are as shown in Fig. 12 and Fig. 13.
constraints as: The clusters as shown in the third column of the table, are
. chosen such that each cluster satisfies the mutually exelusi
li:{(a:il,yil),(a:;],ygl)} fori=1,2,3,4. y

laws given by [(b) and{6).
2) The sets of the form{(za,zp),(xa,zp)} for

(za,25) € S?gwhere (IA’IB.)G ¢l Vi=1234 The constraints can be represented using 17 symbols. In
sincex s +ve’’wp = 4 +ye’wp. The (za,25) TOr  orger to complete the latin square, we use Algorithm 1. A
which (z4,2p) € I; for some: = 1,2,3,4,5 are not 491 of 20 symbols suffice in completing the array. Fig. 14
considered in this category, as it already occurs in SOmg,resents the Latin Square representing the clustering at
set of the above category. the relay for the casee’® = —0.5 + 0.55, with the 4-PSK

The Cartesian Products of these sets amongst themsely@shols that A(B) sent in the first and second channel use
must be the singularity removal constraints for the ACRlong the rows(columns).

relaying. Now, the constraint sets so obtained are also of tw

types:

. i0 | ; ;
1) Fori,j € {1,2,3,4}, Case 3: ve’? lies on the circle of radiusv/2.

i x lJ = {((xq » Yiq )7 (:1,‘31 7y§'1 ))7 ((lel 7y£1)7 (le ) yj]) )

S S In this case, there are a total 80 singularity removal
((xilyyi1)7($j17yj1))7((milvyil)v(mj17yj1))

)
b constraints as stated in the following lemma:

These singularity removal constraints account for 16 _ emma 5:When~e?? lies on the circle of radius/2, there
of the total number of constraints. are a total of80 singularity removal constraints.

2) For i € {1,2,3,4) and the four my = We omit the proof of this lemma, as it is the same as that of

(x4, 25, ), (@A, 25,)) for k € {1,2,...,8) that sat- -emma 3.
isfy (za,,75,) €1; Vj € {1,2,3,4}; The resulting constraineti6 x 16 array can be uniquely
L x i = { @iy, yin)s @y w8,)) (@, ¥l )y (g, 78,) )} completed with 20 symbols as shown in the following
my X l; = {((:(:A,c 2B, ), (Tiy,%i,)), (za,,*B,), (x;1 , yil))} example_

Example 5:Consider the case for whiche’? = —1 + j.

These singularity removal constraints account foF

> . he singularity removal constraints for the cagé? = —1+
remaining 64 constraints. 9 y aee +

in two-way 2-stage relaying as given inl [8] are:

{(0,0),(3,2)},{(0,1),(3,3)},{(1,1),(2,0)} and {(1,3),(2,2)}.

Thus, the set of singularity removal constraints for twoswa

ACF relaying becomes, . . : .
As a result, the constraints representing the singularity

removal constraints for the two-way ACF relaying can be
represented by the bold letters in thé& x 16 Latin Square.
The constraints can be represented using 18 symbols. In

{lix 1y 4,5 =1,2,3,4yU{li xmy, | i=1,2,3,4, k=1,2,...,8}
U{me xl; |i=1,2,3,4, k=1,2,...,8},

where the subset {lix1l;|i,7=1,2,3,4} order to complete the latin square using Algorithm 1, a total
contains 16 constraints, and the subsets 20 symbols suffice. Fig. 15 represents the clustering. The
{lixmp |1=1,2,3,4, k=1,2,...,8} and constraints representing the singularity removal coigBa

{me x1; |1=1,2,3,4, k=1,2,...,8} contain 32 for this example are given in Appendix C.
constraints each, which amount to a total of 80 singularity



[ Singularity Removal Constraints fore?® = —0.5 + 0.55 | Latin Square Constraints foye’” = —0.5 + 0.55 | Cluster ]|
@) ((0,0), (1,3)), ((1,3),(0,0)), ((0,0), (0,0)), ((1,3), (1, 3)) ((0, 1), (0,3)), ((1,0), (3,0)), ((0,0), (0,0)), ((1, 1), (3,3)) Ly
) ((1,1),(3,2)), ((3,2), (1, 1)), ((1, 1), (1, 1)), ((3,2), (3,2)) ((1,3),(1,2)),((3,1), (2, 1)), ((1,1), (1, 1)), ((3,3), (2,2)) Lo
[€)] ((0,1), (2,2)),((2,2), (0, 1)), ((0, 1), (0, 1)), ((2,2), (2, 2)) ((0,2),(1,2)),((2,0), (2, 1)), ((0,0), (1, 1)), ((2, 2), (2,2)) L3
) ((2,0),(3,3)),((3,3),(2,0)), ((2,0), (2,0)), ((3,3), (3,3)) ((2,3),(0,3)),((3,2),(3,0)), ((2,2), (0,0)), ((3,3), (3,3)) Ly
(5) ((0,0), (0, 1)), ((1, 3),(2,2)), ((1,3), (0, 1)), ((0,0), (2, 2)) ((0,0), (0,1)), ((1,2), (3,2)), ((1,0), (3, 1)), ((0, 2), (0,2)) Ls
(6) ((0,0), (1,1)), ((1,3), (3,2)), ((1,3), (1, 1)), ((0,0), (3, 2)) ((0,0), (0,1)), ((1,3), (1,0)), ((1,3), (0, 1)), ((0, 0), (1,0)) Lo
] ((0,0), (2,0)), ((1,3), (3,3)), ((1,3), (2,0)), ((0,0), (3, 3)) ((0,2),(0,0)), ((1,3), (3,3)), ((1,2), (3,0)), ((0, 3), (0, 3)) Ls
(8) ((0,1), (0,0)), ((2,2), (1,3)), ((2,2),(0,0)), ((0, 1), (1, 3)) ((0,0), (1,0)), ((2,1), (2, 3)), ((2,0), (2,0)), ((0, 1), (1,3)) La
9) ((0,1), (1, 1)), ((2,2), (3,2)), ((2,2), (3,2)), ((0, 1), (1, 1)) ((0,1), (1,1)), ((2,3),(2,2)), ((2,3), (2,2)), ((0,1), (1, 1)) Le
(10) ((0,1), (2,0)), ((2,2), (3,3)), ((2,2), (3, 3)), ((0, 1), (2, 0)) ((0,2), (1,0)), ((2,3), (2,3)), ((2,3), (2, 3)), ((0,2), (1,0)) Ly
(11) ((1,1),(0,0)), ((3,2), (1, 3)), ((3,2), (0,0)), ((1, 1), (1, 3)) ((1,0),(1,0)),((3,1),(2,3)),((3,0), (2,0)), (1, 1), (1, 3)) Ls
(12) ((1,1),(0,1)),((3,2), (2,2)), ((3,2), (0, 1)), ((1, 1), (2, 2)) ((1,0),(1,1)),((3,2),(2,2)), ((3,0), (2, 1)), (1, 2), (1,2)) L7
(13) ((1,1),(2,0)), ((3,2), (3,3)), ((3,2),(2,0)), ((1, 1), (3, 3)) ((1,2),(1,0)), ((3,3),(2,3)), ((3,2), (2,0)), ((1,3), (1,3)) L
(14) ((2,0), (0,0)), ((3,3), (1,3)), ((3,3), (0,0)), ((2,0), (1, 3)) ((2,0),(0,0)), ((3,1), (3,3)), ((3,0), (3,0)), ((2, 1), (0, 3)) Ls
(15) ((2,0), (0, 1)), ((3,3), (2,2)), ((3,3), (0, 1)), ((2,0), (2, 2)) ((2,0),(0,1)),((3,2), (3,2)), ((3,0), (3, 1)), ((2, 2), (0, 2)) Lo
(16) ((2,0), (1, 1)), ((3,3), (3,2)), ((3,3), (1, 1)), ((2,0), (3, 2)) ((2,1),(0,1)),((3,3), (3,2)), ((3,1), (3, 1)), ((2, 3), (0, 2)) L7
17) ((0,0),(0,2)), ((1,3),(0,2)) } ((0,0),(0,2)),((1,0),(3,2)) } Ls
(18) ((0,0),(0,3)),((1,3),(0,3)) } ((0,0),(0,3)),((1,0),(3,3)} Ly
(19) ((0,0),(1,0)), ((1,3), (1,0)) ((0,1),(0,0)), ((1,1), (3,0)) L7
(20) ((0,0), (1,2)), ((1,3), (1,2)) ((0,1),(0,2)), ((1,1), (3,2)) Ls
(21) ((0,0), (2, 1)), ((1,3),(2,1)) ((0,2),(0,1)), ((1,2), (3, 1)) Ly
(22) ((0,0), (2,3)), ((1,3),(2,3)) ((0,2), (0,3)), ((1,2), (3,3)) Lo
(23) ((0,0), (3,0)), ((1,3), (3,0)) ((0,3),(0,0)), ((1,3), (3,0)) Lo
(24) ((0,0), (3,1)), ((1,3), (3,1)) ((0,3),(0,1)),((1,3),(3,1)) Ls
(25) ((0,2), (0,0)), ((0,2), (1,3)) ((0,0),(2,0)), ((0,1), (2, 3)) Lo
(26) ((0,3),(0,0)), ((0,3), (1,3)) ((0,0), (3,0)), ((0,1), (3, 3)) L1
(27) ((1,0),(0,0)), ((1,0), (1,3)) ((1,0),(0,0)), ((1,1), (0, 3)) L1
(28) ((1,2),(0,0)), ((1,2), (1,3)) ((1,0),(2,0)), ((1,1), (2, 3)) L2
(29) ((2,1),(0,0)), ((2,1), (1,3)) ((2,0),(1,0)), ((2,1), (1, 3)) L3
(30) ((2,3),(0,0)), ((2,3), (1,3)) ((2,0),(3,0)),((2,1), (3,3)) L2
(31) ((3,0),(0,0)), ((3,0), (1,3)) ((3,0),(0,0)), ((3,1), (0, 3)) Lo
(32) ((3,1),(0,0)), ((3,1), (1,3)) ((3,0),(1,0)), ((3,1), (1, 3)) Lo
(33) ((0,1),(0,2)), ((2,2), (0,2)) ((0,0),(1,2)),((2,0), (2,2)) Ls
(39) ((0,1),(0,3)), ((2,2), (0, 3)) ((0,0),(1,3)),((2,0), (2, 3)) L7
(35) ((0,1), (1,0)), ((2,2), (1,0)) ((0,1),(1,0)), ((2,1), (2,0)) Ly
(36) ((0,1), (1,2)), ((2,2), (1,2)) ((0,1),(1,2)), ((2,1), (2,2)) L3
(37) ((0,1),(2,1)), ((2,2), (2, 1)) ((0,2), (1,1)),((2,2), (2, 1)) Ls
(38) ((0,1), (2,3)), ((2,2),(2,3)) ((0,2), (1,3)), ((2,2), (2,3)) L1
(39) ((0,1), (3,0)), ((2,2), (3,0)) ((0,3),(1,0)), ((2,3),(2,0)) L1
(40) ((0,1), (3,1)), ((2,2), (3,1)) ((0,3), (1,1)),((2,3), (2, 1)) Lio
(41) ((0,2),(0,1)), ((0,2), (2,2)) ((0,0), (2,1)),((0,2), (2,2)) L1z
(42) ((0,3),(0,1)), ((0,3), (2,2)) ((0,0), (3,1)), ((0,2), (3,2)) L3
(43) ((1,0),(0,1)), ((1,0), (2,2)) ((1,0),(0,1)), ((1,2), (0,2)) L3
(44) ((1,2),(0,1)), ((1,2), (2,2)) ((1,0),(2,1)), ((1,2), (2,2)) L4
(45) ((2,1),(0,1)), ((2,1),(2,2)) ((2,0), (1,1)),((2,2), (1,2)) L1
(46) ((2,3),(0,1)), ((2,3),(2,2)) ((2,0), (3,1)),((2,2), (3,2)) Lio
(47) ((3,0),(0,1)),((3,0), (2,2)) ((3,0),(0,1)),((3,2),(0,2)) Ly
(48) ((3,1),(0,1)), ((3,1), (2,2)) ((3,0), (1,1)),((3,2), (1, 2)) 11
(49 ((1,1),(0,2)),((3,2),(0,2)) ((1,0),(1,2)),((3,0),(2,2)) Ly
(50) ((1,1),(0,3)),((3,2),(0,3)) ((1,0),(1,3)),((3,0), (2,3)) Lis
(51) ((1,1),(1,0)), ((3,2), (1,0)) ((1,1),(1,0)),((3,1), (2,0)) L3
(52) ((1,1),(1,2)), ((3,2), (1,2)) ((1,1),(1,2)),((3,1),(2,2)) Loy
(53) ((1,1),(2,1)),((3,2), (2, 1)) ((1,2),(1,1)),((3,2), (2, 1)) Lis
(54) ((1,1),(2,3)),((3,2),(2,3)) ((1,2),(1,3)),((3,2),(2,3)) Lo
(55) ((1,1),(3,0)), ((3,2), (3,0)) ((1,3),(1,0)),((3,3),(2,0)) L4
(56) ((1,1),(3,1)),((3,2), (3,1)) ((1,3),(1,1)),((3,3), (2, 1)) Ly
(57) ((0,2), (1, 1)), ((0,2), (3,2)) ((0,1),(2,1)), ((0,3( (2,2)) Lig
(58) ((0,3),(1,1)), ((0,3), (3,2)) ((0,1),(3,1)),((0,3), (3,2)) L2
(59) ((1,0),(1,1)),((1,0), (3,2)) ((1,1),(0,1)), ((1,3),(0,2)) Lo
(60) ((1,2),(1,1)),((1,2), (3,2)) ((1,1),(2,1)),((1,3),(2,2)) L7
(61) ((2,1),(1,1)), ((2,1), (3,2)) ((2,1),(1,1)),((2,3),(1,2)) Lio
(62) ((2,3),(1,1)), ((2,3), (3,2)) ((2,1),(3,1)),((2,3), (3,2)) Ls
(63) ((3,0),(1,1)),((3,0), (3,2)) ((3,1),(0,1)),((3,3),(0,2)) L1
(64) ((3,1),(1,1)),((3,1), (3,2)) ((3,1),(1,1)),((3,3), (1,2)) L1z
(65) ((2,0),(0,2)), ((3,3),(0,2)) ((2,0),(0,2)),((3,0), (3,2)) Lie
(66) ((2,0),(0,3)), ((3,3),(0,3)) ((2,0),(0,3)),((3,0), (3,3)) Lo
(67) ((2,0),(1,0)), ((3,3), (1,0)) ((2,1),(0,0)), ((3,1), (3,0)) L4
(68) ((2,0), (1,2)), ((3,3), (1, 2)) ((2,1),(0,2)),((3,1), (3,2)) L5
(69) ((2,0),(2,1)),((3,3), (2, 1)) ((2,2),(0,1)),((3,2), (3,1)) L6
(70) ((2,0),(2,3)), ((3,3),(2,3)) ((2,2), (3,3)),((3,2), (3,3)) L3
(71) ((2,0), (3,0)), ((3,3), (3,0)) ((2,3),(0,0)), ((3,3), (3,0)) L3
(72) ((2,0),(3,1)),((3,3), (3, 1)) ((2,3),(0,1)),((3,3), (3, 1)) L1s
(73) ((0,2),(2,0)), ((0,2), (3,3)) ((0,2), (2,0)), ((0,3), (2, 3)) La7
(74) ((0,3),(2,0)), ((0,3), (3,3)) ((0,2), (3,0)), ((0,3), (3,3)) Lis
(75) ((1,0),(2,0)), ((1,0), (3,3)) ((1,2),(0,0)), ((1,3),(0,3)) Li2
(76) ((1,2),(2,0)), ((1,2), (3,3)) ((1,2),(2,0)),((1,3),(2,3)) L1
(77) ((2,1),(2,0)), ((2,1), (3,3)) ((2,2),(1,0)),((2,3), (1,3)) Lo
(78) ((2,3),(2,0)), ((2,3), (3,3)) ((2,2),(3,0)), ((2,3), (3,3)) Li7
(79) ((3,0),(2,0)), ((3,0), (3,3)) ((3,2),(0,0)), ((3,3), (0, 3)) La7
(80) ((3,1),(2,0)),((3,1), (3,3) } {((3,2),(1,0)),((3,3),(1,3)) Lg

Fig. 12. Singularity Removal Constraints Constraintsfef? = —0.5 + 0.5;
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I JooJonJoa]loy[ay]Jan]aa]ay)|eco[en]e2]e3][6o]e)][62] 63 ]

(0,0) Ly L3 Le Ly Ly Lo Ls L7 Lo L2 Lg Lia L11 L3 Lz Lis
(0,1) L7 Lo Lg Ly Ly Le L13 Ly L3 L6 Lis L0 Lis L2 Lia L11
(0,2) Ls Ly L3 L1o L1 Ls Lo L11 L7 Lo L12 Lis L5 Le L13 L7
(0,3) Lo Ls Lo Ls L11 L10 Lo L1 L7 Ly L16 L7 L3 L14 L2 L5
(1,0) L11 L13 L7 L6 Ls L7 L4 Li1s L2 L14 Lo Lg Ly L3 Lo Lo
(1,1) Le Lo L4 L11 L13 L3 Lo Ls Lis L7 Lig L2 L7 Lo Ls L1
(1,2) L2 Lz L3 Lis L L5 L7 Lo Li6 L1 L4 Ly Ls L4 L3 L10
(1,3) L1s Lis L10 L12 L14 L1 L3 Lo L9 Li3 L7 L16 Lo Ls Lo L5
(2,0) Ls Lo Li6 Le L3 L1 Ly L3 L4 Lo Ls L7 Li2 L10 L11 Lig
(2,1) L4 L7 L5 Lg L2 L16 Lo L3 Loy Le L3 L4 Lig Ls Ly L1
(2,2) L4 Lig Ly L3 L12 Ls L4 Lig L1 Lg Lo L11 L7 Lig L1o L3
(2,3) L13 L15 L7 Ly Lis Ly L16 L2 L11 L10 Le L1 Lo La2o L5 Li7
(3,0) Lo L1 L2 L3 L10 L11 L7 L4 L5 L7 Ly L15 Ls Lo L16 Lo
(3,1) L1 L11 Lis Lo L7 L2 Lig L1o L13 L3 Lo Ls L14 L7 Li1s Lg
(3,2) L7 Ls Ly Lia Ls L3 L11 Lig Le Ls L7 Lo L4 L16 Ly L3
(3,3) Lio Lo L11 L7 Lis Lig L2 Ls L4 L1 L3 L L3 L5 L7 Ly

Fig. 13. Latin Square representing the clustering at the relay for the case ve?? obtained using Direct Clustering, with
the 4-PSK symbols that A(B) sent in the first and second channel use along the rows(columns)

I JooJonJoa]loy[ay]Jan]aa]ay)|eco[en]e2]e3][6o]e)][62] 63 ]

(0,0) L1 Lo L7 Ls Ly L3 L1o Ly Ls Li2 Lis L1 L1 L1 Li3 La7
(0,1) Ls L3 Ly L4 L10 Ly L7 Lo Le L3 L11 L4 Lis L2 Lis Li6
(0,2) L3 Le Ly Lo L1 L10 Lo L5 L13 L1g L14 L7 Li2 L1g L16 L20
(0,3) Lo L10 Ly Lo L13 Lo L4 L3 L1s Ls Ls Li2 L7 Lis L11 L1
(1,0) Lo Ly L3 Lis Le L7 L13 L1 L10 L1 L6 Lig Ls Lg L7 L15
(1,1) Lio Ly L2 L7 L4 Ls L15 Ls Lo L6 Lis L3 L1 L7 L3 Le
(1,2) Ly L11 L7 L3 Ls Ly Ls L1o L1 L1a L13 La7 L7 Lis Le L1
(1,3) L1 Lis Lo L1 L5 L2 Lo L7 Ly Lo L10 L11 L14 Li7 L5 Lg
(2,0) Lo L7 L13 L2 L3 L4 Ly L6 Ls Lg L7 L15 Lo L11 L4 Lo
(2,1) L1 Ls Lis Ls Ly Lo Lo Las L11 L7 Ls L Lig Lis L1 L12
(2,2) Ls Ly Lg L10 Lo L3 L1g L11 L7 L15 Le L1 L1 Ly L2 Lo
(2,3) L15 L2 Lo L7 L6 Lig L3 L4 L14 L7 Ls Ls Lo L3 Lo L11
(3,0) L1 L14 Lis Le L2 Li1s L6 L3 L1 Lo L7 Ls L4 L3 L1o Lo
(3,1) L2 L3 Ls L6 L7 L11 Lo Lig Lsg L3 Ly Ly L1o L1 L7 Lo
(3,2) L3 Ls L6 L5 L11 L7 L4 Lig L3 Le L4 Ly Ly Lo Lo Ly
(3,3) L7 L6 L11 L14 Lg Lig L2 L5 Lo L10 L1 Lo L13 Le L4 L3

Fig. 14. Latin Square representing the clustering at the relay for the case ve/? = —1 + j, with the 4-PSK symbols that
A(B) sent in the first and second channel use along the rows(columns)

VI. QUANTIZATION OF THE COMPLEX FADE In this way, theye’? —plane is quantized intd¢#| point set,
STATE PLANE depending on which one of the obtained Latin Squares is
chosen.
In practice,ve’? can take any value in the complex plane
(it takes a value equal to one of the singular fade statesFor (za,zp) # (', 2'B) € S%, let

with zero probability). As explained in Section Il, one ofD(7,0,74,75,2'y,2z) be defined as,

the Latin Squares obtained, which remove the singular fade

states needs to be chosen, depending on the value/8f  D(v,0,z4,25,7,25) = |(xa — 2'y) + e’ (x5 — 23)).
For a~e’? which is not a singular fade state, among all the (13)
Latin Squares which remove the singular fade states, the

Latin SquareCh,h S H Wh|Ch haS the maximum Value Of In the f0||owing |emma, it is shown that for a giveﬂaje’

the minimum cluster distance ate’’ is chosen. In other choosing the clustering” € C*, whereh € H, that maxi-
words, for a givenye’? ¢ 7, the clustering is chosen tomizes 2 (C",ve?®) given in [9), is the same as choosing

be the one which removes the singular fade state # e xpo
which maximizes the metrie2,;, (C",ve?’) given in [3). the clusteringCl =%, where (xa,xg) # (Xp,xg) € S2,

min




that minimizes the simpler metric given in_{13).
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Consider the case when 4-PSK signal set is used at A and B.
Fig.[I3 shows the SNR vs end-to-end sum throughput curves

Lemma 6:1f the complex fade statee’ and the clustering for the following schemes: Closest-Neighbour Clustering

foxA

e C* are such that,

arg D(77€7"EA7$B7$£47"E/B) = (XA7XB7XIAvX;3)7

min
(za,zB)#(x)y,2/)ES?

then [—M € H, maximizes the metrie/?

Xg —X min

given in E),Bamong alh € H.

(", 7e’?)

(CNC) Algorithm based scheme for the two-way 2-stage
relaying proposed in_[4], the Scheme based on Latin Squares
for two-way 2-stage relaying proposed inl [8], the scheme
in which XOR network code is used irrespective of the
channel condition, the Cartesian Product based scheme for
ACF (ACF-CP) relaying and the Direct Clustering based

Proof: The squared minimum distance of the effectivécheéme for ACF (ACF-DC) relaying. It can be seen from

constellation at the relay,,,;,, (ve’?) is given by [(B).

Let f1, fo and f3 be functions ofye’? defined as in[{14)-

(18) given in the next page. We have,
d72nzn (’76'7.0) = min{fl (/Yeje)a f2 (/Yeje)a f3 (/Yeje)}'
From [14) and[(I5), it follows that

f1(ye?%) = f20¢’°) = min :
(@ a,25)# () 25)ES

From [186), it can be seen that,

el > min
fs(re™) = (@a,05) 2!y 7 ES?

Hence, we have,

2 j0 2
d'min (76J ):

min \(mA—:ng)—i-'yeje(mB—:ng)\ .
(za,2p)#(zy,2p)ES?

Since,

. ! ! / /
arg min , D(7797anxBaanxB) = (anxBaanxB)a

zA,xB,T T

we haved2,,, (vei") = |(xa = X) + ¢’ (x5 = X)|*.

XA —Xp

(za — 25) +7e’’ (x5 — 2'p)|%.

(wa—a's)+re” (zp—alp)[*.

Fig.[18 that the schemes based on the ACF relaying perform
better than the schemes based on 2-stage relaying at high
SNR. From Fig[1b, it follows that when the SNR is greater
than 42 dB, the ACF-DC scheme outperforms all other
schemes. The maximum throughput achieved by the ACF
relaying schemes is 8/3 bits/s/Hz, whereas it is 2 bits/s/Hz
for the 2-stage two-way relaying schemes. Also, as seen
from Fig.[15, the ACF-DC scheme performs better than the
ACF-CP scheme. The reason for this is that the maximum
cardinality of the signal set used during the BC phase is 25 fo
the ACF-CP scheme whereas it is 20 for the ACF-DC scheme.

Consider the case when 8-PSK signal set is used at A and
B. It was shown in[[8] that for the two-way 2-stage relaying
scheme with 8-PSK signal set, all the clusterings which
the remove the singular fade states have exactly 8 clusters.
Hence, the ACF-CP scheme, in which the clusterings are
obtained by taking the Cartesian Product of the clusterings
corresponding to the two-way 2-stage relaying scheme, have
exactly 64 clusters (note that 64 is the minimum number of
clusters required for conveying 6 information bits). Since
the Cartesian Product itself results in the minimum number
of clusters, the ACF-DC scheme is not considered for this
case. Fig[_16 shows the SNR vs end-to-end sum throughput

For the clusteringzl 6] which removes the singular curves for the different scheme. Similar to the 4-PSK case, a

’
XA —Xp
xg—x%?

fade state—

thandmin(weje),Bwhile for all other clusterings in the séf?,

it is equal tod, ;. (ve’?). This completes the proof.

the minimum cluster distance is greatehigh SNR, the ACF-CP scheme prOVideS a |arger throughput

than the 2-stage relaying schemes. The maximum throughput
achieved by the ACF-CP scheme is 4 bits/s/Hz, whereas it is
3 bits/s/Hz for the 2-stage relaying schemes.

[ |
The decision criterion in LemmhB] 6 based on which R
chooses one of the Latin Squares obtained, is the same as
the decision criterion for the two-way 2-stage relaying in
][7]. Hence, the ql_Jant_|zat|on of the complex fade state pIaneWe proposed a scheme based on the ACF protocol for
or the ACF relaying is same as that of the two-way 2-staqe . laving that utili wotally th h | usé
relaying obtained inJ7]. Wo-way relaying that utilizes totally three channel usés o
the wireless two-way relaying channel unlike the 2-stage
protocol that uses four channel uses, assuming that the user
A and B transmit points from the same 4-PSK constellation.
VIl. SIMULATION RESULTS The network codes used at the relay during the Broadcast
The simulation results presented are for the case whBhase were obtained using two methods: by taking the
Hyu, Hp, H/, and H}; are distributed according to RayleighCartesian Product of the clusterings proposed [ih [8] for
distribution, with the variances of all the fading links edjto two user 2-stage case and by completing the Latin Square
0 dB. It is assumed that the AWGN noises at the three noddied partially with the singularity removal constrainterf
are of variance 0 dB. By SNR, we mean the average energiegiven fade state. Using the second method called Direct
of the signal set used at the three nodes A, B and R, whi€ustering, the maximum size of the resulting constelfatio
are assumed to be equal. The frame length of a transmissised by the relay node R in the BC phase was reduced to
is taken to be 256 bits. 20, as compared to the Cartesian Product based approach
which results in the constellation size being 25 for these

VIII. CONCLUSION
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Fi(ve®) = ~, min o i@ay =)+ @ny — )P+ (mag — 2ay) + ¢ (wmy — 2P} (19)
(mA1‘mB1)¢(mA1‘mBl)'(’Az‘mBz):(’Ag"Bg)
fa(ve?®) = min , {l@ay —al) +9€ " @ny — )P+ I(way —lay) + 7 (wm, — )P} (19)

[CFPRtT-N ):(m:41 vm/Bl)v(TAz ‘mB2)¢(I,Ag )

fa(re®) = ;. min o @y — 2 e @y — 2 )P+ @Ay — o) +1¢ (@p, — @p,)IF) (16)
(A @By )#(mA1 gy ) (@A, ‘mBz);é(IAg Y'IBZ)
\ \ \
+-2-Stage Relaying - CNC Algorithm [4]
2l - 2-Stage Relaying - Latin Square based Scheme [8] U "4:
| |2 Stage Relaying - Pure XOR n/w Code L
o ACF-DC Scheme &
. a-ACF-CP Scheme i
T 2, ,:! I il
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c [
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Fig. 15. SNR vs throughput curves for different schemes f&SK signal set

cases. Having obtained all the Latin Squares, the complexB. S. Rajan.
plane was quantized depending on which one of the obtained
Latin Squares maximizes the minimum cluster distance. This
guantization was shown to be the same as that achievéd in [7]
for the two-way 2-stage relaying scenario. Simulation itesu[1] S. Zhang, S. C. Liew and P. P. Lam, “Hot topic: PhysicaielaNetwork
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Latin Square as dictated by the clusters above are as follows
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The Cartesian Product of the clusteridg*7! with itself,
denoted byD['*J] can be represented by the Latin Square

given in Fig. 8.
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The singularity removal constraints for the singular fatiges

Singularity removal constraints for the singular fade stat
—1+ j are given in Fig. 17 in the next page.
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[ Singularity Removal Constraints fore?® = —1 + j | Latin Square Constraints foye’® = —1 + j | Cluster ]|

@) ((0,0), (3,2)), ((3,2), (0,0)), ((0,0), (0,0)), ((3,2), (3,2))} | {((0,3),(0,2)),((3,0),(2,0)),((0,0),(0,0)), ((3,3),(2,2))} | L1
(@) ((0,0), (0, 1)), ((3,2), (3,3)), ((3,2), (0, 1)), ((0,0), (3, 3))} | {((0,0),(0,1)), ((3,3), (2,3)), ((3,0), (2, 1)), ((0,3), (0,3))} | Lo
@) ((0,0), (1,1)),((3,2), (2,0)), ((3,2), (1, 1)), ((0,0), (2, 0)) ((0,1),(0,1)), ((3,2),(2,0)), ((3,1), (2, 1)), ((0,2),(0,0))} | Ls
@) ((0,0), (1,3)), ((3,2), (2,2)), ((3,2), (1,3)), ((0,0), (2, 2)) ((0,1),(0,3)), ((3,2),(2,2)), ((3,1), (2,3)),((0,2),(0,2))} | L4
() ((0,1),(0,0)), ((3,3), (3,2)), ((3,3), (0,0)), ((0,1), (3,2)) ((0,0), (1,0)), ((3,3), (3,2)), ((3,0( (3,0)), ((0,3), (1,2))} | L4
6) ((0,1), (1,1)), ((3,3), (2,0)), ((3,3), (1, 1)), ((0, 1), (2, 0)) ((0,1), (1,1)), ((3,2), (3,0)), ((3,1), (3,1)), ((0,2), (1,0))} | L1
@) ((0,1), (0,1)), ((3,3), (3,3)), ((3,3), (0, 1)), ((0, 1), (3, 3)) ((0,0), (1, 1)), ((3,3), (3,3)), ((3,0), (3,1)), ((0,3), (1,3))} | Ls
®) ((0,1), (1,3)), ((3,3), (2,2)), ((3,3), (1, 3)), ((0, 1), (2, 2)) ((0,1), (1,3)), ((3,2), (3,2)), ((3,1), (3,3)), ((0,2), (1,2))} | Lo
© ((1,1),(1,1)),((2,0),(2,0)), ((2,0), (1, 1)), ((1,1), (2, 0)) ((1,1),(1,1)), ((2,2),(0,0)), ((2,1), (0, 1)), ((1,2), (1,0))} | L5
(10) ((1,1),(0,0)), ((2,0), (3,2)), ((2,0), (0,0)), (1,1), (3,2)) ((1,0), (1,0)), ((2,3), (0,2)), ((2,0), (0,0)), ((1,3), (1, 2))} | Le
1) ((1,1),(0,1)), ((2,0), (3,3)), ((2,0), (0, 1)), (1, 1), (3,3)) ((1,0), (1,1)), ((2,3),(0,3)), ((2,0), (0, 1)), ((1,3), (1, 1))} | L7
(12) ((1,1),(1,3)), ((2,0), (2,2)), ((2,0), (1, 3)), ((1,1), (2, 2)) (1, 1), (1,3)), ((2,2), (0,2)), ((2,1), (0, 3)), ((1,2), (1,2))} | Ls
(13) ((1,3),(0,0)), ((2,2), (3,2)), ((2,2), (0,0)), ((1,3), (3,2)) ((1,0), (3,0)), ((2,3), (2,2)), ((2,0), (2,0)), ((1,3), (3,2))} | L5
(14 ((1,3),(0,1)),((2,2), (3,3)), ((2,2), (0, 1)), ((1, 3), (3, 3)) ((1,0), (3,1)), ((2,3),(2,3)), ((2,0), (2, 1)), ((1,3), (3,3))} | Ls
(15) ((1,3),(1,1)),((2,2),(2,0)),((2,2), (1, 1)), ((1,3), (2, 0)) ((1,1),(3,1)),((2,2),(2,0)), ((2,1), (2, 1)), ((1,2), (3,0))} | L7
(16) ((1,3),(1,3)), ((2,2),(2,2)),((2,2), (1, 3)), ((1,3), (2, 2)) ((1,1),(3,3)),((2,2),(2,2)), ((2,1), (2,3)), ((1,2),3,2))} | Le
an ((0,0),(0,2)),((3,2),(0,2)) ((0,0),(0,2)),((3,0), (2,2)) L7
(18) ((0,0), (0,3)),((3,2), (0, 3)) ((0,0),(0,3)),((3,0), (2,3)) Ls
(19) ((0,0), (1,0)), ((3,2), (0,2)) ((0,1),(0,0)), ((3,0), (2,2)) Ls
(20) ((0,0), (1,2)),((3,2), (1,2)) ((0,1),(0,2)),((3,1), (2,2)) Lo
(1) ((0,0),(2,1)),((3,2), (2, 1)) ((0,2),(0,1)), ((3,2), (2,1)) Ls
(22) ((0,0), (2,3)),((3,2),(2,3)) ((0,2),(0,3)), ((3,2), (2,3)) Lo
23) ((0,0), (3,0)), ((3,2), (3,0)) ((0,3),(0,0)), ((3,3), (2,0)) Lo
(29 ((0,0), (3,1)),((3,2), (3, 1)) ((0,3),(0,1)), ((3,3), (2,1)) Lo
(25 ((0,2), (0,0)), ((0,2), (3,2)) ((0,0), (2,0)), ((0,3), (2,2)) Ls
(26) ((0, 3), (0,0)), ((0,3), (3,2)) ((0,0), (3,0)), ((0,3), (3,2)) L11
@7 ((1,0),(0,0)), ((1,0), (3,2)) ((1,0),(0,0)), ((1,3), (0,2)) Lo
(28) ((1,2),(0,0)),((1,2), (3,2)) ((1,0),(2,0)), ((1,3), (2,2)) Lio
(29) ((2,1),(0,0)), ((2,1), (3,2)) ((2,0), (1,0)), ((2,3), (1,2)) Ls
(30) (2.3),(0,0)). ((2.3). (3.2)) ((2,0), (3,0)), ((2,3), (3,2)) Lo
(1) ((3,0),(0,0)), ((3,0), (3,2)) ((3,0),(0,0)), ((3,3), (0, 2)) T11
(32) ((3,1),(0,0)), ((3,1), (3,2)) ((3,0), (1,0)), ((3,3), (1,2)) Tho
(33) ((0, 1), (0,2)), ((3,3), (0,2)) ((0,0), (1,2)),((3,0), (3,2)) Lio
(39 ((0, 1), (0,3)), ((3,3), (0, 3)) ((0,0), (1,3)),((3,0), (3,3)) Lo
(35) ((0,1), (1,0)), ((3,3), (0, 2)) ((0,1), (1,0)), ((3,0), (3,2)) Lio
(36) ((0,1),(1,2)),((3,3), (1,2)) ((0,1),(1,2)), ((3,1), (3,2)) L7
@37) ((0,1), (2,1)),((3,3), (2, 1)) ((0,2), (1,1)), ((3,2), (3,1)) Lo
(38) ((0, 1), (2,3)), ((3,3), (2,3)) ((0,2), (1, 3)), ((3,2), (3,3)) Ls
(39) ((0, 1), (3,0)), ((3,3), (3,0)) ((0,3), (1,0)), ((3,3), (3,0)) L3
(40) ((0,1), (3,1)),((3,3), (3, 1)) ((0,3), (1,1)),((3,3), (3, 1)) Lo
1) ((0,2),(0,1)),((0,2), (3,3)) ((0,0), (2,1)), ((0,3), (2,3)) L1z
(42) ((0,3),(0,1)),((0,3), (3,3)) ((0,0), (3,1)), ((0,3), (3,3)) L4
(43) ((1,0),(0,1)),((1,0), (3,3)) ((1,0),(0,1)),((1,3),(0,3)) L4
) ((1,2),(0,1)),((1,2), (3,3)) ((1,0), (2,1)), ((1,3), (2,3)) L1
(45) ((2,1),(0,1)),((2,1), (3,3)) ((2,0), (1,1)), ((2,3), (1,3)) La
(46) ((2,3),(0,1)),((2,3), (3,3)) ((2,0), (3,1)), ((2,3), (3,3)) L1
@) ((3,0),(0,1)),((3,0), (3,3)) ((3,0),(0,1)), ((3,3), (0,3)) L4
(48) ((3,1),(0,1)),((3,1), (3,3)) ((3,0), (1,1)),((3,3), (1,3)) Lis
(49) ((1,1),(0,2)),((2,0), (0,2)) ((1,0),(1,2)),((2,0),(0,2)) L3
(50) ((1,1),(0,3)),((2,0), (0,3)) ((1,0),(1,3)),((2,0),(0,3)) L1z
(51) ((1,1),(1,0)), ((2,0), (0, 2)) ((1,1),(1,0)), ((2,0), (0,2)) L4
(52) ((1,1),(1,2)),((2,0), (1,2)) ((1,1),(1,2)), ((2,1),(0,2)) L5
(53) ((1,1),(2,1)),((2,0), (2,1)) ((1,2),(1,1)), ((2,2), (0, 1)) Lo
(54) ((1,1),(2,3)), ((2,0), (2,3)) ((1,2), (1,3)), ((2,2), (0, 3)) Lo
(55) ((1, 1), (3,0)), ((2,0), (3,0)) ((1,3), (1,0)), ((2,3), (0,0)) L5
(56) ((1,1),(3,1)),((2,0), (3, 1)) ((1,3),(1,1)),((2,3),(0, 1)) L1z
(57) ((0,2), (1,1)),((0,2), (2,0)) ((0,1), (2,1)),((0,2), (2,0)) Li3
(58) ((0,3),(1,1)),((0,3), (2,0)) ((0,1), (3,1)), ((0,2), (3,0)) L1z
(59) ((1,0),(1,1)),((1,0), (2,0)) ((1,1),(0,1)), ((1,2), (0,0)) La
(60) ((1,2),(1,1)),((1,2),(2,0)) ((1,1),(2,1)), ((1,2), (2,0)) Lie
(61) ((2,1),(1,1)),((2,1),(2,0)) ((2,1),(1,1)), ((2,2), (1,0)) Lo
(62) ((2,3),(1,1)),((2,3),(2,0)) ((2,1),(3,1)), ((2,2), (3,0)) L6
(63) ((3,0),(1,1)),((3,0), (2,0)) ((3,1),(0,1)),((3,2),(0,0)) L3
(649 ((3.1),(1,1)),((3,1),(2,0)) ((3,1),(1,1)),((3,2),(1,0)) L11
(65) ((1,3),(0,2)),((2,2),(0,2)) ((1,0),(3,2)),((2,0), (2,2)) L7
(66) ((1,3),(0,3)),((2,2),(0,3)) ((1,0),(3,3)),((2,0),(2,3)) Lis
(67) ((1,3),(1,0)),((2,2), (0,2)) (1, 1), (3,0)), ((2,0), (2,2)) L11
(68) ((1,3),(1,2)),((2,2), (1,2)) (1, 1), (3,2)),((2,1),(2,2)) L3
(69) ((1,3),(2,1)),((2,2),(2,1)) ((1,2),(3,1)), ((2,2), (2,1)) L5
(70) ((1,3),(2,3)),((2,2), (2,3)) ((1,2), (3,3)), ((2,2), (2,3)) Ly
(71) ((1,3),(3,0)),((2,2), (3,0)) ((1,3),(3,0)), ((2,3),(2,0)) L4
(72 ((1,3),(3,1)),((2,2), (3, 1)) ((1,3),(3,1)),((2,3),(2,1)) L7
(73) ((0,2),(1,3)), ((0,2), (2,2)) ((0,1), (2,3)), ((0,2), (2,2)) L4
(&) ((0,3), (1,3)), ((0,3), (2,2)) ((0,1), (3,3)), ((0,2), (3,2)) Li6
(75) ((1,0),(1,3)),((1,0), (2,2)) ((1,1),(0,3)), ((1,2), (0,2)) L7
(76) ((1,2),(1,3)),((1,2),(2,2)) ((1,1),(2,3)), ((1,2), (2,2)) L3
(77 ((2,1),(1,3)),((2,1),(2,2)) ((2,1),(1,3)), ((2,2), (1,2)) L3
(78) ((2,3),(1,3)), ((2,3),(2,2)) ((2,1),(3,3)),((2,2),(3,2) L1
(79 ((3,0),(1,3)),((3,0),(2,2)) } {((3,1),(0,3)),((3,2), (0, 2)) L6
(80) ((3.1),(1,3)),((3,1),(2,2))} {((3,1),(1,3)),((3,2), (1,2)) L4

Fig. 17. Singularity Removal Constraints Constraints§ef? = —1 + j
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