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Abstract—Quantum-based transmission is an attractive
solution conceived for achieving absolute security. In thd quest,
we have conceived an EXtrinsic Information Transfer (EXIT)
chart aided channel code design for symbol-based entanglemt-
assisted classical communication over quantum depolarizg
channels. Our proposed concatenated code design incorpdes
a Convolutional Code (CC), a symbol-based Unity Rate Code
(URC) and a soft-decision aided®2-qubit Superdense Code (2SD),
which is hence referred to as a CC-URC-2SD arrangement.
We have optimized our design with the aid of non-binary
EXIT charts. Our proposed design operates within1 dB of the
achievable capacity, providing attractive performance gas over
its bit-based counterpart. Quantitatively, the bit-based scheme
requires 60% more iterations than our symbol-based scheme for
the sake of achieving perfect decoding convergence. Furtimaore,
we demonstrate that the decoding complexity can be reducedyb
using memory-2 and memory-3 convolutional codes, while ki
outperforming the bit-based approach.

Keywords—Entanglement-Assisted Classical Communication,
Superdense Coding, Non-Binary EXIT Charts, Iterative Decoding.

I. INTRODUCTION

a quantum depolarizing channel, which paves the way
for the practical implementation of future quantum-based
communication systems. However, reliable transmissiogr ov
guantum systems is impossible without efficient error
correction codes. In our prior research [6], we exploited
the efficient near-capacity classical code designs of Pijfdr
designing a bit-based concatenated code operating cldke to
bit-based EACC of the quantum depolarizing channel. More
explicitly, the code design presented in [6] incorporates a
Irregular Convolutional Code (IRCC), a symbol-based Unity
Rate Code (URC) and a soft-decision aided Superdense Code
(SD), which is hence referred to as an IRCC-URC-2SD
arrangement, when 2SD is used. Since the design of [6]
uses a bit interleaver and hence bit-based iterative degpdi
symbol-to-bit conversion is invoked before the relatedt-sof
information is fed from the inner decoder (URC-SD) to the
outer decoder (IRCC). This in turn incurs an inherent capaci
loss, which cannot be recovered by the bit-based coding
scheme of [6]. This capacity loss was previously identified
in [10] for classical discrete-memoryless channels and a
modified binary LDPC code was proposed to circumvent
this issue. By contrast, in this paper we have conceived

Quantum-based communication constitutes an attractivgn iterative code design for symbol-based CC-URC-2SD to

solution for absolute secure transmission [1]. More exbfic

overcome the capacity loss. Our proposed design incogsrat

any ‘measurement’ or ‘observation’ of the transmitteda single Convolutional Code (CC) as the outer component,
qubits by the eavesdropper destroys the associated quantyghile the URC and 2SD schemes constitute the amalgamated
entanglement, hence instantly intimating the parties coninner code. We have optimized our design with the aid
cerned [1]. In this context, entanglement-assisted tr&®om  of non-binary EXtrinsic Information Transfer (EXIT) chart

of classical information over quantum channels is of patéic  of [7]-[9]. Our simulation results demonstrate that, despi
significance. This idea was conceived by Bennett [2] injts Jower encoding/decoding complexity, the symbol-based
his widely-cited 2-qubit Superdense (2SD) coding protocol, CC-URC-2SD provides a significant Bit-Error-Rate (BER)
which transmits2 classical bits per channel use (cbits/use)performance improvement over the bit-based IRCC-URC-
of a noiseless quantum channel with the aid of a pre-sharegisp. Quantitatively, after 2 iterations, our proposed glesi
maximally entangled qubit. The corresponding Entanglémen incorporating a memory-4 CC outperforms the IRCC-URC-
Assisted Classical Capacity (EACC) of the so-called quantu 2Sp scheme of [6] b.7 dB at a BER oft0—%. Furthermore,
depolarizing channel was quantified in [3], [4]. Analogousthe IRCC-URC-2SD arrangement of [6] requires aro6fth

to Shannon's well-known capacity theorem conceived fofmore iterations than the CC-URC-2SD for achieving perfect
classical channels, EACC quantifies the capacity limit ofdecoding convergence. We also demonstrate that the degodin
reliable transmission of classical information over a gois complexity can be further reduced by using mem®rgnd

quantum channel, when an unlimited amount of noiselesgremory3 convolutional codes, which rely on only and 8
entanglement is shared between the transmitter and thfates, respectively, per iteration.

receiver. o ) This paper is organized as follows. We commence with
Recently, Chiuriet al. [5] experimentally demonstrated a comparison of the symbol-based and bit-based EACC in

the achievable entanglement-assisted classical capatity Section Il. Our system model will be presented in Section IlI

while the EXIT-chart aided design will be detailed in

Section V. Finally, our results will be discussed in Sect\d

and our conclusions are offered in Section VI.
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The classical-quantum-classical transmission model, o
whereby classical information is transmitted over a quantu 700 005 01 015 02 025 03 03 04 045 05
channel with the aid of superdense coding protocol [2], is Depolarizing Probabilty (p)

depicted in Fig_ 1. Here, Alice intends to transmit hzr Fig. 2. Classical information rate (chits/use) versus guandepolarizing
bit classical message to Bob using a2-qubit maximally ~ Probability for 2SD.

entangled statelyx)? = —= (|0407) + [1417)), where | (2) URC-SD Encoder
A denotes the information qubit, whil& is a pre-shared @ | ore o
entangled.qublt transmmed over a noiseless quantum ehann _«_| _ L v . YL Encoder— Encoder |
The classical messageis encoded by the blocK of Fig. 1 : :
into the corresponding quantum state using the 2SD coding 3 Quantum
protocol of [2]. The processed quhit’ is passed through a R EEE RS - Depolarizing
.. . . ’ ’ 1 (2) URC-SD Decoder | Channel
quantum depolarizing chanfetvhich is denoted a8/ " @ Aw) []E)| :
Here, /4 5" can be viewed as a Completely Positive Trace- , | °° R T —
Preserving (CPTP) mapping, which maps a statento a =~ = becoder) oy || DECO%ETTT Decodef | lvy)*®
linear combination of itself and of the maximally entangled ) ‘ Mj e [
state. More explicitly, for a depolarizing probabiliy, this T 1
mapping is given by [1]: Fig. 3. Schematic of the proposed symbol-based CC-URC-288sical-
uantum communication system.
Ni(p) = (1 =plp+ EXpX + Evpy + 270z, (1) ° /

where X, Y and Z are Pauli matrices. Therefore, a The corresponding bit-based capacity may be computed by

P ; i inalizing the symbol-based channel transition proba-
depolarizing channel characterized by the probabjlitgflicts margina . e
either a bit flip (X), a phase flip(Z) or both (Y) on the Dilities P(y|x) of Eq. (3) to the bit-based probabilities
transmitted qubit with a probability gf/3. P(yi|z;) for i € {0,1}, assuming that the constituent bits

The receiver Bob performs symbol-by-symbol Bell-basisare independent [6]. More specifically, we get:
measurement [1], [12] on the received state)? Z in block N1 2 ey 2
D of Fig. 1, which vyields the2-bit classical messagg. Pyi = wile:) =1 3P Ply: # wilz:) = 3P (5)
Thus, the overall transmission model reduces to a classic ) ; ; .
discrete-memoryless channel. Consequently;théit of x is Qnd the symbol-based capacity of Eq. (4) is reduced to:
related to that ofy as follows: i 2 2 2 2
b Cotg=2x [1+(1- gp) log,y (1 — gp) + gplogz(gp)
yi=x;De; OF e =vy; Dy, () (6)
where @ denotes modul@- addition ande can be viewed The corresponding capacity loss for the bit-based 2SD sehem
as the 2-bit classical equivalent of the quantum erroris depicted in Fig. 2, which compares the bit-based and
encountered during transmission over the depolarizingmbla symbol-based capacities of Eqg. (4) and Eq. (6), respeytivel
characterized in Eqg. (1). More specifically, the channelAs gleaned from Fig. 2, for a classical information rate of
transition probabilities of the induced classical chanaed 1 cbit/use, a bit-based system ensures reliable transmissio
given by: for p < 0.165, while a symbol-based system would increase
i the noise limit top = 0.1875. Therefore, a bit-based error
P(ylx = x(m)) - { L=p, !f E=0 (3) correction scheme, which ignores the correlation betwaen t
p/3, it Ee{l,2,3}, bits, incurs an inherent irrecoverable capacity loss ofiado

wherex(™ is the hypothetically transmittech™ symbol for 0.6 dB? as compared to its symbol-based counterpart.

m € {0,1,2,3} and E is the decimal equivalent of th&bit

classical erroe of Eq. (2). The resultant entanglement-assisted ) . SysTEM MODEL )
classical capacity is quantified as follows [3]: Fig. 3 shows the proposed system model. At the transmitter,

) the system is fed with classical bi{a:}, which are encoded
Casa =2+ (1 —p)logy (1 — p) + plog,(p/3) chits/use (4) by a1/2-rate Convolutional Code (CC). The encodédry
coded symbolsr = [vg,v;] are then interleaved by a symbol

1A quantum channel can be used for modeling imperfectionsuantym

hardware as well as quantum-state flips imposed by the tiasgEm > - - — -
medium, including free-space wireless channels and dpfiter links, The difference in dB between two channel depolarizing phéities p:

when qubits are transmitted across these media [11]. and po is calculated as follows [6], [11], [13](10 x logyg 2—; .




interleaver (), yielding the permuted symbol streanf,  respectively, is modeled for a range bf(y/), Ia(v) € [0, 1]°.
which is fed to the symbol-based recursive Unity Rate Codé&he underlyinga priori channel is modeled using a Gaussian
(URC) having a generator polynomial 6#(D) = 1%3 [8]. distribution, which has a mean of zero and a variance®pf

It must be pointed out here that URC is used as a precoderssuming that the constituent bits of tHeary symbol are
having an Infinite Impulse Response (IIR), which is invokedindependent. The corresponding averagginsic Ml can be
for the sake of efficiently spreading the extrinsic inforrmat  formulated as [7], [16]:
without increasing the system’s delay. This allows the inne

M—1
decoder component to have an EXIT curve reaching the) - (m) (m)
point of perfect decoding convergence to a vanishingly low 1E() =10gs M +E Z_:O E®™)logy(E(D™)) |, (8)

BER, as detailed in [14]. Then classical to quantum domain
conversion then takes place at the SD encoder of Fig. 3where we havé € {v,v'}, while M = 4 andm € {0, 3}.
which maps the classical symbois onto the orthogonal Furthermore, E] denotes the expectation (or time average)
quantum stateg)x)4 B using the maximally entangled state operation. The resultant inner decoder EXIT functign and
lx)AB, as discussed in Section Il. Hence, the SD encodethe corresponding outer decoder EXIT functidp are given
has a function similar to that of the classical PSK/QAM bit- by:
to-symbol mapper, which maps several classical bits onto a Inwy = Tollany 0y Iy = Tollaw)- (9)
complex-valued phasor for communication using the classic
electromagnetic waves. Since the resultant system of Fig. 8lore explicitly, unlikeTy, Ty is a function of the depolarizing
has three serially concatenated stages, we simplify it byrobability p, since the inner decoder depends on the channel
intrinsically amalgamating our Superdense code (SD) vhith t output. Finally, the MI transfer characteristics of botte th
symbol-based URC, which hence constitutes an amalgamaté@coders encapsulated By, and T, are plotted in the same
inner component, while the CC is our outer component. graph, with ther andy axes of the outer decoder swapped. The
The encoded qubith>A’B are serially transmitted over resultant EXIT chart is capable of visualizing the exchaofje

the quantum depolarizing channel. Recall from Fig. 1 tha€Xtrinsic Ml as a stair-case-shaped decoding trajectaryhe
the processed qubit’ is transmitted over the noisy quantum 't€rations proceed.

channel, whileB is shared between Alice and Bob over a  We have exploited the area property of EXIT charts [17]
noiseless quantum channel. At the receiver, the SD decdder &' optimizing our code design According to this property,
Fig. 3 performs symbol-by-symbol Bell-basis measurement othe area under the EXIT curve of the inner decoder is
the received orthogonal stateg,)?'Z, yielding the classical approximately equal to the attainable channel capacity, [17
symbolsy. Furthermore, in contrast to the conventional SDProvided that the channel’s input symbols are equiprobable
decoder, which generates the hard-decision outputs, wihase Since our system model of Fig. 3 transmits classical
SD decoder of [6], which computes the extrinsic probabilityinformation over a quantum depolarizing channel, the

E(x) for the transmitted classical symhg] as follows: attainable channel capacity of the system is the entangieme
assisted classical capacity of Eq. (4). Furthermore, tlea ar

under the EXIT curve of the outer decoder is equivalent to
(1 - R,), where R, is its coding rate [17]. Therefore, our
. ) design objective is to find the optimal outer cédehaving a
where P(y|x) is given by Eq. (3). The soft outpuf(x) is coding rateR,,, which gives the best curve-shape match with
then fed to the URC MAP decoder, which engages in iterativgne given inner decoder's EXIT curve. As a result, we have
decodmg with the CC decoder, as deplct_ed_ln Fig. 3._H_ere thg marginally open tunnel between the EXIT curves of the
notationsA(b) and E(b) refer to thea priori /and eXrinsC  jnner and outer decoders at the highest possible depaigrizi
probabilities ofb, where we havéb € {x,v,v'}, which are  ,rapapility, which corresponds to the lowest possible SNR f
exploited for achieving decoding convergence to a van@iiin 5 cjassical channel. The smaller the area within the EXIT
low BER. tunnel, the closer the system'’s performance to the achievab
channel capacity, but this is achieved at the cost of remiri
more decoding iterations for achieving decoding convergen
to an infinitesimally low BER.

E(x) ~ P(y|x), (7)

IV. NON-BINARY EXIT-CHART AIDED CODE DESIGN

EXIT charts [8], [9], [15] are capable of visualizing
the convergence behaviour of iterative decoding schemes by V. RESULTS AND DISCUSSIONS
exploiting the input/output relations of the constitueatdders
in terms of their average Mutual Information (M) transfer de
characteristics. Since our proposed model of Fig. 3 relieg¢
on symbol-based iterative decoding, we invoke non—binar)'/a\C
EXIT chart of [7]-[9], which visualizes the exchange of the
following four MI terms - averagea priori Ml betweenv’

Using the aforementioned non-binary EXIT-chart aided
sign criterion, we have optimized our iterative codecite
Fig. 3 to design a system with a coding ratelotbit/use.
cording to the symbol-based capacity curve of Fig. 2,

SFor non-binary symbols, mutual information can be greatentl,

and A(v'): I 4(vry, averagea priori Ml betweenv and A(v): i.e. Lavry, Lacv) € [0,2] for our case in this paper. However, we have
I4(v), averageextrinsic MI betweenv’ and E(v'): Ig(),  normalized the mutual information to unity for simplicity.
and averagextrinsic MI betweenv and E(v): Ig(,. Here, “The area property was proved only for Binary Erasure ChafBEC)

, , ; ; in [17]. However, it has been extensively used for designiegr-capacity
éA(" )d and #f(}) Consélt}Jte th? |5X||'1T (I:El;(rl\{l'e of thefmt?er codes even when thea priori channel is assumed to be Additive White
ecoder, while/ () and Ig(y) yield the curve of the  gayssian Noise (AWGN) [8].

outer decoder. FOI' the Sake Of COﬂStrUCtlng the |nner and 5|n the context of our paper, ‘Optimal code’ means ‘the be$sihje
outer EXIT curves, the priori information, A(v’') and A(v)  code".
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00 01 02 °-3I 0.4 ‘}5 06 07 08 09 10 of iterations. This is because, as shown in Fig. 4, the EXIT
ANV LBV T chart tunnel closes gb = 0.16. Thus, the system fails to
Fig. 4. Normalized EXIT curves of the CC-URC-2SD system.id@  converge to a low BER fop > 0.16. It may also be observed

1/2-rate memory4 convolutional codes were used as outer componentsipgt performance only moderately improves with diminighin
The optimal outer code has generator polynomals, 2) = (31, 36)s. returns at higher number of iterations. Furthermore, since
i ) .. _doubling the number of iterations froif) to 20 only improves

the corresponding maximum tolerable channel depolarizing, performance slightly at a BER a6—*, we may conclude
probability for our system ip = 0.1875. that 20 iterations are sufficient to reach the,1)-point of

Design Objective I: For the sake of comparing the symbol- near-perfect convergence.
based scheme of Fig. 3 with the bit-based scheme of [6], which \yee further compare our symbol-based CC-URC-2SD with
uses al/2-rate memoryt IRCC, find the optimall/2-rate  he pit-based IRCC-URC-2SD of [6] in Fig. 6, where the
memory4 convolutional code, which gives the best match,coded BER of 2SD is also plotted. It may be observed
with URC-2SD in the CC-URC-2SD configuration, When hat hoth systems have the same convergence threshold of
symbol-based iterative decoding is invoked. p = 0.15, which is within [10 x logw(%)] — 1 dB of

For the sake of achieving this objective, we createdthe achievable noise limit. Since an IRCC has a higher
the EXIT curves of all the possibld/2-rate memoryt  encoding and decoding complexity than a single-component
convolutional codes by evaluating all legitimate generato CC, we can achieve the same convergence threshold at a
polynomials to find the optimal cod€, which yields a lower encoding/decoding complexity using the symbol-dase
marginally open tunnel at the highest possible channescheme. Furthermore, the CC-URC-2SD system exhibits an
depolarizing probability. The EXIT characteristics of s@m improved BER performance compared to the IRCC-URC-2SD
of these(2, 1,4) CCs are plotted in Fig. 4 along with the inner scheme, as shown in Fig. 6. Aftér iterations, the IRCC-
decoder EXIT curve of the URC-2SD schemepat= 0.15  URC-2SD arrangement yields a BER ti—* at p = 0.0225,
andp = 0.16. As gleaned from the figure, all outer decoderwhile CC-URC-SD scheme has a BERI®F * atp = 0.0525.
EXIT curves plotted in ‘solid’ lines exhibit a convergence Therefore, CC-URC-2SD outperforms the IRCC-URC-2SD
threshold ofpy = 0.15, i.e. a marginally open tunnel exists arrangement by10 x log,,(3:9223)] = 3.7 dB. Moreover, as
for p = 0.15. If the depolarizing probability is increased demonstrated in [6], the IRCC-URC-2SD scheme achieves
beyond0.15, the inner and outer decoder EXIT curves will perfect convergence in arour8?® iterations, while only20
crossover, thereby closing the tunnel. By contrast, the paiterations are sufficient for the symbol-based CC-URC-2SD.
of outer decoder EXIT curves plotted in ‘dashed’ lines havewe further benchmark the performance against the achievabl
pr < 0.15. Hence, our desired optimal codeis one of those  symbol-based capacity gf = 0.1875. At a BER of 10~*
associated withy, = 0.15. It may be further observed in Fig. 4 and after a sufficiently high number of iterationg0 (for
that the EXIT curve labeled as ‘Optimal Outer’, whose ogtall CC-URC-2SD and32 for IRCC-URC-2SD), the CC-URC-
represented generator polynomials dre,g2) = (31,36)s,  2SD scheme operates withj0 x log, (k)] = 1 dB of
converges faster than the ottferSherefore, we have selected the capacity, while the IRCC-URC-2SD regime exhibits a
it as our optimal outer component. The corresponding BERjeviation of[10 x log,, (242 )] = 1.2 dB from the capacity.
performance recorded for an interleaver length 30000  Thus, the performance of both systems is comparable once
symbols is plotted in Fig. 5. As it can be observed, theperfect convergence is achieved. However, the IRCC-URC-
turbo-cliff formulation starts aroung = 0.15, which matches 2SD scheme require80% more iterations than the symbol-
the convergence threshold predicted using EXIT charts.eMorpased CC-URC-SD arrangement.
specifically, atp < 0.15, the system converges to a low BER  pesign Objective II: Find the optimall /2-rate memory?
as the number of iterations increases, while foe> 0.16,  and memorys convolutional codes, which exhibit the best
the performance fails to improve upon increasing the numbeg x| T-curve shape match with URC-2SD in the CC-URC-
2SD configuration, when symbol-based iterative decoding is
invoked.

Again, for the sake of finding the optimal memdzyand

6The optimal outer code yields the widest area between ther iamd
outer EXIT curves after thé€0.5, 0.5)-point. This signifies that less decoding
iterations are required.
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that our proposed symbol-based scheme provides attractive
performance gains over its bit-based counterpart. Mongove
we also investigated the impact of using convolutional sode
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polynomials (g1,g92) = (7,5)s, CC(2,1,3) with generator polynomials
(g91,92) = (17,15)g and CG2, 1, 4) with generator polynomial§g1, g2) = [11]

(31, 36)s.

memory3 outer components, we created the EXIT curves
for all the possible codes, as in Fig. 4. It was found that12]
the CQ2,1,2) having the generator§,g2) = (7,5)s and

the CQ2,1,3) with generators(gi,g2) = (17,15)s Yyield

the best match. The corresponding EXIT curves are plotteg_,L3
in Fig. 7. All codes have the same decoding convergence
threshold. The corresponding BER performance is compared
in Fig. 6 after both2 and 20 iterations. The CC associated [14]
with a higher constraint length exhibits a lower BER before
perfect convergence is achieved, e.g. afteiterations as
shown in Fig. 6. It also has to be noted here that all thdl
three symbol-based configurations outperform the bitdbase
IRCC-URC-SD scheme. Furthermore, aftir iterations, all
codes have a similar performance at a BER10f*. Codes
having a lower constraint length have the additional beéfit
a lower decoding complexity, since fewer states are invoked
per iteration. [17]

[16]

VI. CONCLUSIONS

In this paper, we have proposed an iterative code design for
symbol-based entanglement-assisted classical comntiomica
over quantum depolarizing channels, which is optimized
by exploiting non-binary EXIT charts. It was demonstrated

states per iteration.
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