1501.07658v2 [cs.IT] 18 May 2015

arxXiv

Robust Transceiver Design for MISO Interference
Channel with Energy Harvesting

Ming-Min Zhao, Yunlong Cai, Qingjiang Shi, Benoit Champagne, and Min-Jian Zhao

Abstract—In this paper, we consider multiuser multiple-input
single-output (MISO) interference channel where the received
signal is divided into two parts for information decoding and
energy harvesting (EH), respectively. The transmit beamforming
vectors and receive power splitting (PS) ratios are jointly designed
in order to minimize the total transmission power subject
to both signal-to-interference-plus-noise ratio (SINR) and EH
constraints. Most joint beamforming and power splitting (JBPS)
designs assume that perfect channel state information (CSI) is
available; however CSI errors are inevitable in practice. To over-
come this limitation, we study the robust JBPS design problem
assuming a norm-bounded error (NBE) model for the CSI. Three
different solution approaches are proposed for the robust JBPS
problem, each one leading to a different computational algorithm.
Firstly, an efficient semidefinite relaxation (SDR)-based approach
is presented to solve the highly non-convex JBPS problem, where
the latter can be formulated as a semidefinite programming (SDP)
problem. A rank-one recovery method is provided to recover
a robust feasible solution to the original problem. Secondly,
based on second order cone programming (SOCP) relaxation, we
propose a low complexity approach with the aid of a closed-form
robust solution recovery method. Thirdly, a new iterative method
is also provided which can achieve near-optimal performance
when the SDR-based algorithm results in a higher-rank solution.
We prove that this iterative algorithm monotonically converges
to a Karush-Kuhn-Tucker (KKT) solution of the robust JBPS
problem. Finally, simulation results are presented to validate the
robustness and efficiency of the proposed algorithms.

Index Terms—MISO interference channel, beamforming,
power splitting, semidefinite programming, second-order cone
programming, concave-convex procedure.

I. INTRODUCTION

Recently, energy harvesting (EH) from the environment has
attracted considerable interest since it offers a promising solu-
tion to provide cost-effective and perpetual power supplies for
wireless networks [[1]-[[18]]. The unified study of simultaneous
wireless information and power transfer (SWIPT) has therefore
drawn significant attention lately, as it opens new challenges
and possibilities in the analysis and design of transmission
schemes and protocols.
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The fundamental concept of SWIPT was first proposed in
[1]], which characterizes the rate-energy (R-E) tradeoff in a
discrete memoryless channel. The study of R-E tradeoff was
later extended to frequency selective channels [2]], multiple
access and multi-hop channels [3]], and two-way channels
[4]]. However, the above works all assume that the receiver
can decode information and harvest energy from the same
signal, which is impossible with existing technology. In [5],
the authors proposed a practical receiver structure for the first
time, and considered the R-E region and optimal transmission
scheme of a MIMO broadcasting channel. Two practical signal
separation schemes, namely time switching (TS) and power
splitting (PS) were also considered. For the TS scheme, the
transmitter divides the transmission block into two orthogonal
time slots, one for transferring power and the other for
transmitting data. For the PS scheme, the received signal is
split with an adjustable PS ratio, where the stream with power
ratio 0 < p < 1 is used for information decoding (ID) and the
other stream with power ratio 1 — p is used for EH.

The works in [6] and [7] considered beamforming de-
signs with separate information/energy receivers. Specially,
[6] studied the robust beamforming problem for the multi-
antenna wireless broadcasting system with SWIPT, under the
assumption of imperfect channel state information (CSI) at
the transmitter. In [7] the authors investigated the optimal
beamforming strategy to maximize the weighted sum-power
transferred to all EH receivers subject to given minimum
signal-to-interference-plus-noise ratio (SINR) constraints at
different ID receivers. The work in [8]] derived the optimal
power splitting rule at the receiver to achieve various trade-
offs between the maximum ergodic capacity for information
transfer and the maximum average EH for power transfer. In
[9], various practical receiver architectures for SWIPT were
investigated, where a new integrated information and energy
receiver design was proposed. The use of SWIPT for relay
systems was considered in [10]-[12].

The work [13] considers a multiuser MISO downlink
system with SWIPT, where the total transmission power at
the base station (BS) is minimized subject to given SINR
and EH constraints. An optimal solution is proposed based
on semidefinite relaxation (SDR) along with low-complexity
suboptimal designs. Some recent studies have focused on
SWIPT in the context of multi-antenna interference channels
[14]-[17]. The work [14] investigates optimal transmission
strategies and mode scheduling methods for a two-user MIMO
interference channel with EH, while [15] extends this study
to the K-user MIMO interference channel. A number of
recent studies focus on the PS approach and consider the joint
beamforming and power splitting (JBPS) design problem in



MISO interference channel, where the downlink receivers are
characterized by both SINR and EH constraints. Compared
with the conventional beamforming design, JBPS design is
much more challenging due to the coupling between the
beamforming vectors and PS ratios. Hence, the corresponding
research area has become quite active and several algorithms
have been recently proposed to address this problem. In [16]
and [17], the JBPS design is studied for a K -user MISO inter-
ference channel with the same design criterion as that in [13]].
Specially, the work [16] uses SDR to tackle the non-convex
JBPS problem and prove that the SDR is tight when K = 2
or 3. Also, various suboptimal but low complexity solutions
based on fixed beamforming schemes and a hybrid scheme
are provided. In [17]], the JBPS problem is reformulated as a
SOCP problem based on an alternative method named SOCP
relaxation and two sufficient conditions are given under which
the relaxation is tight. Also, a primal-decomposition based
distributed algorithm is proposed for the JBPS problem.

In these existing works on JBPS, the CSI is assumed to
be perfectly known. In practice however, the CSI is prone to
errors owing to various factors, which may limit the system
performance drastically. Hence, it is of interest to develop
JBPS designs that are robust to CSI errors. In this paper,
assuming norm-bounded CSI error (NBE) models for the CSI,
we propose three new computational algorithms for solving the
robust JBPS design problem in a K-user MISO interference
channel with multi-antenna transmit beamformers and single-
antenna PS receivers. In the first approach, we show that the
robust JBPS problem can be relaxed as a SDP problem based
on SDR. A rank-one recovery method is provided to recover
a robust feasible solution to the original problem if a high-
rank solution is returned. In the second approach, we propose
to formulate the original problem as a SOCP problem based
on SOCP relaxation and the Cauchy-Schwarz inequality for
the purpose of complexity reduction. Since the solution to the
SOCP problem is not necessarily robust, a closed-form robust
solution recovery method is provided. Finally, as our third
approach, we propose a new iteration algorithm based on the
concave-convex procedure (CCCP) which can provide near-
optimal performance when higher-rank solutions are returned
by the SDR-based algorithm. The convergence of this iterative
algorithm is studied in detail and we prove that any limit point
of the iterative algorithm is a Karush-Kuhn-Tucker (KKT)
solution to the robust JBPS problem. Finally, simulation results
are presented to validate the robustness and efficiency of the
proposed algorithms. In particular, we show that the proposed
robust algorithms can provide near-optimal performance.

The reminder of this paper is organized as follows. We
present the system model of the K-user MISO interference
channel, the channel error model and the robust JBPS problem
in Section[[I] In Section|[II] the robust JBPS design approaches
based on SDR and SOCP relaxation are developed along
with their rank-one recovery methods and final computational
algorithms. In Section we develop the CCCP-based iter-
ative design algorithm for the JBPS problem and discuss its
convergence and initialization. A detailed complexity analysis
of the proposed algorithms is provided in Section[V] Finally, in
Section [V]] computer simulations are used to compare the ro-

bust performance of the proposed JBPS designs. Conclusions
are drawn in Section

Notations: Scalars, vectors and matrices are respectively
denoted by lower case, boldface lower case and boldface upper
case letters. For a square matrix A, Tr(A), rank(A), AT,
conj(A), AH, A= and A' denote its trace, rank, transpose,
conjugate, conjugate transpose, inverse and pseudo-inverse,
respectively, while A > 0 means that A is a positive semidef-
inite matrix. The operator diag{S, ..., Sy} denotes a block-
diagonal square matrix with Sy, ..., S, denoting the diagonal
square matrices. The operator vec(-) stacks the elements of a
matrix in one long column vector, invp(x) denotes the inverse
of the positive portion, i.e. m. ||I-|| denotes the Euclidean
norm of a complex vector and | - f denotes the absolute value
of a complex scalar. Finally, C"™*™ (R™*"™) denotes the space
of m x n complex (real) matrices, and R, (R_) denotes the
space of positive (negative) real numbers.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. Proposed System Model

We consider the K-user MISO interference channel where
each transmitter, indexed by k € K £ {1,..., K}, is equipped
with Nj antennas and each receiver is equipped with a single
antenna. The K transmitters are assumed to operate over a
common frequency band and each communicates with its
corresponding receiver using transmit beamforming. Different
from conventional interference channels, we here consider
PS-based receivers. The received signal at each receiver is
split into two separate signal streams with different power
levels, one sent to the EH receiver and the other to the ID
receiver [5]. The system model is illustrated in Fig. We
assume that transmitter k& sends its signal s; to its intended
receiver through beamforming vector f, € CV+*!, and that
the s; are statistically independent with zero mean and
E{|sk|’} = 1 for all k € K. Under these conditions, the
available baseband signal at receiver k before PS is ideally
given by

K
H H
rE = hkkfkskz + E hk:jfjsj +ng, (1)
~ j=1.j#k
desired signal ’
inter ference

where hy; € CM:e*1 denotes the channel vector between
transmitter j and receiver k, and ny € C is the additive white
Gaussian noise (AWGN) introduced by the receive antenna,
which is assumed to have zero mean and variance o7.

Each receiver splits its received signal to the information
decoder and the energy harvester by means of a power splitter.
Let pg (0 < pr < 1) denote the power splitting (PS) ratio for
receiver k, which means that a portion pj, of the signal power
is used for signal detection while the remaining portion 1 — py,
is diverted to an energy harvester. Thus, the available signal
for ID at receiver k can be expressed as

K
e =k | hikfisk + > hfifis; | ok, Q)
J=Lj#k

where v, is the additional AWGN circuit noise with zero
mean and variance w? due to phase offset and non-linearities



during baseband conversion [5]]. We assume that each receiver
employs single-user detection by treating the cochannel
interference as noise. Then, the SINR at receiver k is given
by
H 2
k| fe
T, = P by B | ' 3)

K
pe| > |hi f| + o},
j=1,j#k
Besides, the total harvested energy that can be stored by
receiver k is equal to

2
+ w;,

PIEH g 1_pk Z|hkjf| +0-k ’ (4)
Jj=1
where &, € (0, 1] denotes the energy conversion efficiency of

the kth EH unit, which means that a portion ¢, of the received

RF signal is used for EH.
/ -
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Fig. 1. The K-user MISO interference channel. Each receiver splits the
received energy in two parts for ID and EH, respectively.
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B. Channel Error Model

Because of many factors such as channel estimation
errors, quantization errors, and feedback errors/delay, it is
not possible in practice to obtain perfect CSI at both the
transmitters and receivers. Let hy; € CNrx1 denotes the
estimated channel vector between transmitter j and receiver
k. Then, the actual CSI can be expressed as

hy; = by +exy, Gk €K, )

where ey; denotes the CSI error vector. To model the CSI
errors, the well-known norm-bounded error (NBE) model
[19] is adopted, where we assume that the channel estimation
error ey; is bounded in its Euclidean norm, that is

||ekJH < Nkjs Jak € ,Ca (6)

where 7);; is a known positive constant. Equivalently, hy;
belongs to the uncertainty set $; defined as

Rij = {hlh = hy; +epy, [lew| < mes)- (7)

The shape and size of Jt;; model the kind of uncertainty in
the estimated CSI, which is linked to the physical phenomenon
producing the CSI errors. It should be emphasized that the
actual errors {ej;} are assumed to be unknown while the
corresponding upper bounds {7;} can be obtained using the
preliminary knowledge of the type of imperfection and/or
coarse knowledge of the channel type and its main charac-
teristics [20]. This model is particularly suitable for systems
where CSI is corrupted by quantization [21]].

C. Optimization Problem

We assume that the ID and EH units of each receiver are
characterized by certain quality of service (QoS) and EH
constraints. The QoS constraints require that the SINR of
receiver k should be no smaller than a given positive target
~%- In the meantime, the EH constraints call for the harvested
energy of receiver k to be no smaller than a positive threshold
1. In this work, we focus on robust JBPS design under such
constraints. Specifically, minimization of the total transmission
power subject to the above two types of constraints, in the
presence of imperfect CSI with NBE model, can be formulated
as the following constrained optimization problem:

. K )
min 3 | fi]
(B o k=1 2
b £,
K P, k|2 ' —

Pk <j=lzj#k‘thij| +0’i +w12c (8)
S.t.

& (1= pr) Z g +0? | > b

0< pu <1, Yol <y, Vil € K.

Different from [16], [17], where it is assumed that the
perfect knowledge of CSI is available, the goal of our work is
to investigate the robust JBPS design, i.e. to guarantee that
the SINR targets v, and EH requirement 1, are satisfied
for all possible CSI errors. As compared to the non-robust
design in [[16]], [17], the above robust JBPS design can provide
guaranteed QoS and harvested energy for each receiver for
all possible channel realizations in the bounded uncertainty
regions Ry; in (7). Solving the robust design problem (8},
however, is more challenging because there is an infinite
number of constraints (due to the NBE model) and each of
the SINR (EH) constraint is not convex. Both these properties
make the problem very difficult to address.

Similar to Lemma 3.1 & Lemma 3.2 in [13]], it can be shown
that the feasibility of (8) is independent of the EH constraints
and PS ratios. That is, problem (8) is feasible as long as the
following problem is feasible.

find {f;}
[nf £ *

>
st. > o 2

j=1,3#

II%H2 < s> Vi k EK.

\h f| +0k+""k

This property provides an easier way to check the feasibility
of (§). In the rest of this paper, we assume (9) is feasible.

III. PROPOSED ROBUST DESIGN BASED ON RELAXATION

In this section, we propose two efficient approaches to
solve the robust JBPS design problem (8). In the first design
approach, the celebrated SDR technique is applied to convert
the semi-infinite constraints into linear matrix inequalities
by means of the S-Procedure [22], [23]. In general, the
relaxed problem is not guaranteed to have a rank-one solution
[16], [24], [25], we thus provide a good heuristic solution
to recover a feasible solution to (8). In the second design
approach, we formulate problem into a SOCP problem
based on SOCP relaxation. The resulting SOCP problem has



very low computational complexity and shows great potential
for applications with large antenna arrays and large number
of transmit-receive pairs.

A. SDP with Rank Relaxation

According to [26],

variable F, 2 fkf,f , Vk € K and rewrite problem @i as
follows

we introduce a new optimization

K
min Tr(F
{Fk, pr} kgl ( k)

K 2
L WH H 24 @
s.t. %hkkahkk - by Fihy o > o) + Tf?

ik

- ¥ 5 (1o
. Y
j; hy;Fihy 2> 20y — ok

0<pr <1, Fp =0, rank(Fy) = 1,

||ek?jH2 < 771%3'7 V]7I€ e K.
This problem can be relaxed as a convex problem by dropping
the non-convex rank-one constraint rank(F;) = 1, since the
objective function and the constraints are linear in Fjy and
i, ﬁ are both convex function of py. It is worth noting
that the relaxation is not optimum and postprocessing of the
relaxed problem will be discussed in detail in Subsection |III-B
However, this problem is still computationally intractable
because it involves an infinite number of constraints. By
applying the S-Procedure, the infinitely many constraints can
be reformulated into finite convex constraints.

We first observe that each term in the SINR and EH con-

straints containing Fj in problem involves independent
CSI errors. Hence, we introduce two auxiliary variables

.=  max hZF.h, ., ke K, j#+k, 11
DPkj Ve,{?’jekjénij kit itkj J 7é (11)
ij = min thijhkjv k S IC» ] 7& k? (12)

VekHjekj Snij
where py,; is the maximum (worst-case) cochannel interference
power from transmitter j to receiver k£ and qi; denotes the
minimum (worst-case) power available for EH from the
transmitter j to receiver k. Then, with the help of these
two variables, the SINR constraints in problem (10) can be
equivalently rewritten as

. (hkk + efy ) Fr(hy, + e)

X w2 (13)
Z pk]+ak+— ekl < niy, Vk € K,
Jj=1,j#k Pk
(hkj + ekj)Fj(hk-j +ey;) < prj

: (14)
llex; || < ng;. Yk € K. # k.

Similarly, the EH constraints in problem (I0) can be ex-
pressed as

K
(i, + efh) Fr(hyy, +epy) + Z k;j
j=Tisk (15)
Y

= §e(1 = pr)

- O—]%‘? ||ekk||2 < nl%kv vk € IC;

(hfl + el )F;(h,; +e,;) > i),

- (16)
lerilI> < iy, VR e K, 5 # k.

By applying the S-Procedure, the constraints in (I3) and
(14) can be reformulated to finite convex constraints, which
are equivalent to (I8) and (19), shown at the top of the
next page, where aj = pi, and Ap;, Vj,k € K are slack
Varlables Slmllarly, we can recast (I3) and (I6) as (20) and
with 8, = ﬁ’ and slack variables uy;, Vj,k € K.
en, problem (10) can be expressed as

M=

min

{Fr, ar, B, Akjs ijo}s {Prjs Grjdizr k=1
(5, (), @ e 1)

ar > 1, B > 1, invp(ag) + invp(Bx) <

’ pkaov ijZO,j#ka
F, =0, )\ijO, /J,kao, Vj,kEK:7

where constraints (I8)-(2I) appear at the top of the next
page. In , the set of constraints involving invp(-) must be
satisfied with equality at optimality; otherwise the objective
value can be further decreased by decreasing a’s. The above
problem is a convex SDP problem which can be solved by an
off-the-shelf solver [27]], [28]].

Tr(Fy)

a7

B. Proposed Rank-one Recovery Method

The matrices F; obtained by solving the relaxed problem
are not guaranteed to be of rank one in general, and
hence, the solution provides a lower bound to the original
problem (§). If Fj happens to be of rank one, then the
principal eigenvector f;; of Fy, such that F, = f*f*H will
be the optimal solutlon to problem ( .I Otherw1se one has
to resort to other techniques to obtain a suboptimal rank-one
solution from F. In this work, inspired by [[16], we provide
a simple heuristic, yet effective approach to overcome this
difficulty when when higher-rank solutions are returned by
solving problem

Before we proceed to introduce the rank-one recovery
method, we first calculate the worst-case channels for given
beamforming vectors and PS ratios. Assuming that {f}}
(the principal eigenvectors of {F;}) and {p;} have been
determined in the previous subsection, then the worst-case
CSI errors which minimize the SINR of user k, are the
solutions to the following problems

min (g +ef )6 st llew® <nb. @2
kk
max |(hf + o) st e * <nj, g £k @23
€L

To solve the constrained optimization problem (22)), we resort
to the following inequality for any complex number z and y

| = |yl < |z +yl < [lz| + |yl|. (24)
According to (24), we have the following inequality
|h5€fk| = |h fk +ekkfk| 25)

> | £l — leflfell > |1 £k — miel1fel]
YE: |l = v/ k. and fy, is the largest eigenvalue of F.

2We can also use randomization techniques [26|] to recover a rank one
solution.



N LFk + Akrl %kalkk
Uk (Frs {prj b jep Akkr k) = ~ ~ K =0 (18)
(B 1Prs} e ) 1 hH wFi #hﬁFkhkk — > Prj — Of — wWiak — MekTig
=Lk
~F; + Ayl —F;hy; .
Vk( y Pkj 7Ak ) / ™ 1 touj#k (19)
7 J 7 7 th]FJ kj — h,inthkj — )\kjnij
A Fr + i1 Fyhyy,
Xe(Fr,{aqrit. oy ks Be) = ~ ~ =~ K =0 20
ek Ak g i B hWiiFr  hiFihy+ > qry — %51@ + o8~ ek, | 20
j=1j#k '
F; + ;1 Fhy; .
Yk(F s kg y Hkj ) 7 o~ o~ J J toa.j#k (21)
P th W F b — arg — by
where the second inequality follows from the boundedness of Introducing gj; = F;flk > 1) becomes
CSI errors and the Cauchy-Schwartz inequality. It is worth Ho
noting that we have used a mild assumption in (25) that %32 = ﬁ/%j- (34)
|hkkfk\ > |ell fi|, which holds true in most cases since the (Thj + Hf;‘HQ)
CST error is often much smaller than the channel coefficients  Therefore, the lagrange multiplier 7k; can be given by
and hy; cannot be orthogonal to fi. We observe that the
first inequality in (23) holds with equality if and only if Thi = \/Bhs8ki /My — I1£511°. (35)

efl £ = ahkkf,j7 a € R_. Also the second inequality in
holds with equality if and only if e, = pfy, 8 € C. Thus
the optimal solution ékk of (22) can be obtained as

£ 1|l £ | IIfQ‘IHhﬁcf;i\
e, = Bfy. 27)
Proceeding in the same manner, the optimal solution € ; of
can be obtained as
i hllf:
= 7%] — , B = conj (Uk] kg g > (28)
g I Ryes | £ 1|y £ |
e, = Bf]. (29)

Similarly, the worst-case CSI errors which minimize the
EH of user k are the solution to the following problem

{min} |(}A1kHJ +ekHj)fj’-“| s.t. [leg;]|* < n,%j, Vi, ke K. (30)
€Lj

Let €., denote the optimal solution of when j = k,
which can be calculated following the same approach as
used for and (27). In the case j # k, we modify the
cost function using the method of Lagrange multipliers [29],
which yields the following Lagrangian functio

L= (hk] + ek‘j)F;(hk’j +ey;) +Tkj(ekHjek-j - U/ij), (31
where F; = f7 (f;)H and 74; is the Lagrange multiplier
associated with the bounded CSI error constraint from

transmitter j to receiver k. Taking the gradient of £ in (31)
with respect to conj(ey;), we can obtain

~ * — 1 F}khkj
ey = —(Fj + ;1) Fihy; = 2 (32)
Tig + |7 11
The Lagrange multiplier 74; can be determined by solving
érien; — iy, =0. (33)

3In this case, cannot be simply solved because the mild assumption
does not hold in this case.

We note that e, = €, but in the case j # k, €, and
€,; can not be simultaneously attained for the same channel
realizations, which means that a CSI error vector minimizing
both SINR and EH with given beamforming vectors and PS
ratios does not exit in general. However, we employ both Ekj
and €;; to guarantee the robustness of the joint design.

With the worst-case analysis described above, we recover
the rank-one solution by scaling up the beamforming vector f}’
by /@ and then jointly optimize {4} and receive PS ratios
{pr} to satisfy both worst-case SINR and EH constraints and
yet minimize the total transmission power. Specifically, we
consider the following problem with given {f}}

K
min £ (36a)
min | ;wk\l il
St e PEPRTRE >, (36b)
> Prpjlg + proj 4wy
J=1#k

K
G (—pr) [ D wjuns + 07 | =vw,  (360)

j=1
0<pr <1, 9o >0, VEeEK, (36d)

where {ug;}_, = {|(th] +&)fr|?} denote the minimum

H
interference power and Z{uk]}k:l’jik {|(hkj +ek])f*| }
denote the maximum interference power Let us define
K A
T = 7 g, — 27 1,k pjug; — or, x) is implicitly
supposed to be larger than 0, and note that otherwise (36b)
will be infeasible. Thus, (36b) can be rewritten as

2wk, 2 — pr]ll < 21 + pi- (37)
K

Similarly, by introducing yr = > pjur; + 0%, lb is
j=1

equivalent to

N2V %k /Sy + pe — 1]l < Y — pr + 1. (38)



TABLE I
ALGORITHM-1 : PROPOSED SDR-BASED ROBUST DESIGN

1. Solve problem to obtain the optimal { F7l and { pk}
2. For each k, find the principal eigenvector {f; } of Fy. If

rank (F}) = 1, Vk € K, then {f]:} and {pk} are the
optimum solution and exit the algorithm, otherwise go to Step

3.
3. Solve problem with {£}} to obtain {¢},} and {p;}.
4. Return the beamforming vectors {/@gf; } and {p}.

Then problem can be reformulated as

K
min 3 ][]
{pr; ox} k=1

s.t 2wk, ok — prll| < @k — pr,

12V /&y + ok — Ul <y — pr + 1,
K

= £k Do Pl —

o — (39)
J=1,j#k

2
ukk - Ok

K
Yi = Z%uk]+0k, 0<pp <1,

on >0, 21> 0.y > 0, VE € K,

The above optimization problem is a SOCP problem [30]
because its objective function is linear and its constraints
are linear or second-order cones. It can be efficiently solved
by off-the-shelf algorithms. The proposed SDR-based robust
algorithm for problem (8)) is summarized in Table

C. SOCP Relaxation

In Subsection A, we relaxed the robust JBPS problem as a
SDP problem. It is well known that solving a SDP problem
requires relatively high computational complexity. To obtain a
low complexity solution, we propose to formulate the original
problem as a SOCP problem based on proper relaxations, i.e.
SOCP relaxation. Similar to [[17]], problem can be relaxed
as the following problem by replacing the EH constraints
with the sum of the SINR and EH constraints

X, 2
min 3 |||
kyPk k=1

LInf " - Zlh Li|* > of + (40)
s.t. . w2

(1+) |hfkfk| m* o

0 S Pk S 17 ||ekJH2 S 77]@]7 V.jak: S K:

According to (24), we have the following inequality

H TH H

< IIthnyHleﬁf I < ||h 3Gl gl 5 # k.

Together with inequality (23), the SINR constraints in (40)
can be reformulated as

S ] — mer |l
K W2 (42)
> > b f|+77k7||f||| +op+ 2k
j=1,j#k

Similarly, the EH constraints in (#0) can be expressed as

2
w
<1+v>|h AT TR S

Uk Yk 43
(L —pr)  pr )

Furthermore, by introducing auxiliary variables ﬁkj's,
which satisfy
IS f] — man Il > Bk (44)
I8+ s 65 < By 5 # ks (45)
(@2) and @3) can be expressed as
w2
fﬂkk Z By + —’“, (46)
J=1,j#k Pk
1 wk wi
14—)52 Z2 o+ . (47)
< w) T G(L—pk) T pk
Let a? = py and b} = 1 — pk, it follows that ak +b2 =1. By

further introducing ck > cl2 > gka and |hk fi] < exj,
we can write (40) as the foflowmg SOCkP problem

min
{fi, ak, br, ck, di, Brj}t, {eritizr

st [, £5) < ¢,
I ons el < ﬁﬂkk,
nijf || < ek] +Bk]7 |hk]f | < ek]v J 7& k

k|| Bl < DELE, — B,

llews dilll < \/1+ B, Vi,

120k /&) 4, di — bi]|| < dy + b,
[2v/@r, cr — ai]|| < ek + ax,

I[lax, bi]ll < 1,

ai >0, by >0, Bkj >0,Vj, ke

(48)

where

Jp = Bris--- S Bex]” (49)

The constraints ||[ak, bx]|| < 1 must be satisfied with equality
at optimality; otherwise the objective value can be further
decreased by increasing ay’s. Note that we can restrict hkkfk
to be positive, which incurs no loss of optimality since we can
always phase-rotate the vector f;, such that hk £ is positive
real without affecting the cost function or the constraints. Since
the solution to the SOCP relaxation problem (#0) may not be
a feasible solution to problem (8), a robust solution recovery
method must be employed to ensure the robustness, which will
be introduced in the following subsection.

Br(k—1)s Br(k+1)s - -

D. Proposed Closed-form Robust Solution Recovery Method

In Subsection B, we introduced a rank-one recovery method
to recover a robust solution for problem by solving a
SOCP problem (39). Due to the SOCP relaxation, the solution
to problem (8) may not be robust to all possible channel
realizations. In this subsection, we propose a closed-form
recovery method in which {f;} obtained by solving are
scaled up by a common factor /i, and then jointly optimize
¢ and the receive PS ratios {p;} to satisfy both the worst-case
SINR and EH constraints. Since we relax the EH constraints
in (@8), it is required that ¢ > 1 to ensure the robustness
of the algorithm, which means that more power is needed
to satisfy the worst-case EH constraints. It is worth noting
that this closed-form method was first proposed in [13]] where
perfect CSI is considered.



TABLE 11
ALGORITHM-2 : PROPOSED ROBUST DESIGN WITH SOCP RELAXATION

1. Solve problem (48) to obtain the optimal {f;*} and {p} }.
2. Solve problem (52) with {f}} to obtain ©* and {py}.
3. Return the beamforming vectors {/@*f}} and {pg}.

Similar to problem (36)), we consider the following problem
with given {f;}}

K
: 2
min ¢ > [[f]]
», {pr} k=1
s.t. = PPEUKEK 2 Vi
YP 2 2
Soj:%#k PrUk;+PLOLFw (50)
X 2
(1 —pr) | @ 2 urs +0i | = Y,
j=1

ngkglv SD>1) Vke,ca

where the definitions of u; and 4y; have already been stated
K

Introducing Tp, = g, — )
Tk e
Jj=1,j#k

K
= Y wukj, Yk € K, problem can be equivalently
=1

rewritten as

in Section [III-B uy; and

min
v, {pr} 4
Wik
S.t. pk‘ = oxp— 327 (51)
L=p = &k (piuto2)’

Similar to [13]], problem admits a closed-form solution,
which is given by

min ¢
p>1
~ 1, 0<gr(l)<1 52
s.t. = z . (52)
o { @, gr(1) >1orge(1) <0
¢ = o, VkEK,
__ wp Y > i
where g () = wikiai T and @ is the largist root
of the equation gi(¢) = 1. Additionally, pp = —=2*— is

Y T —oj,
the corresponding PS ratio with given ¢*, where * is “the

optimal solution of (52). The proposed robust design with
SOCP relaxation for problem is summarized in Table

Remark: It is worth noting that the two algorithms intro-
duced in Section and can both be employed to re-
cover a feasible rank-one solution to the relaxed problem
and (@§), respectively. The two algorithms exhibit a tradeoff
between recovery accuracy and computational complexity. In
Algorithm-1, we employ the rank-one recovery method from
Section [III-B| while in Algorithm-2, the recovery method from
Section is employed to further reduce the computational
complexity. It is also important to note that the two algorithms
have very close performance in our simulations.

IV. PROPOSED ITERATIVE ROBUST DESIGN

Since the robust design approaches presented in Section
rely on relaxation techniques, they may not guarantee the
optimal solution, we propose an iterative algorithm based on
CCCP [31], [32] in this section to improve the relaxation
solutions and possibly obtain the optimal solutions.

A. CCCP-based Iterative Robust Design

The CCCP technique is widely adopted for solving non-
convex problems [32] by transforming them into a sequence
of convex programming problems. The basic idea behind the
proposed CCCP-based algorithm is to iteratively approximate
the original non-convex feasible set in (TI0) around the current
solution by a convex subset and then solve the resulting convex
approximation at each iteration [33]].

While the conventional CCCP considers scalar functions,
for the current application we need to extend it to the case
of matrix functions. Our iterative method is motivated by the

observation that the non-convex constraint rank(Fz) = 1 is
equivalent to the constraint
fuf = Fy. (53)

Hence, relaxing constraint to fkf,fl = Fy results in the
following problem

min t2 (54a)
{Fk, iy @iy Brs Mgy Bk} {Pkjy> Qrjtizk, t

st ||IfF, .. fR) < ¢ (54b)
(18), [9), and (21)), (54¢)
arp > 1, B, > 1, invp(ay) + invp(Bg) < 1 (544d)
prj >0, qrj >0, j#k, (54e)
fiff’ = Fi, (541)
Frp =0, \; >0, up; >0, Vj, ke K. (54g)

Lemma 1: Problem (I0) is equivalent to problem (54).

Proof: As we can see, problem is a relaxed version
of problem (10), thus if the optimal solution {f;,F},pj} of
satisfies £ f; = F, we can assert that problem (10) is
equivalent to problem (54). We prove f;f; 7 = F} by showing
that rank(F}) = 1, which is quite obvious since f;f;? is a
rank one matrix. This completes the proof.

As we can see, only constraint (54f) in problem (54) is
non-convex. Thus, with the help of the following inequality

fuf — (£L(F, — £1)" + (fe — £ + £LELH) 55)
= (fr — £7)(fc — £)" =
we can transform (54f) to
£ 60 = £L(8 — )7 + (F — £OEH + £L£7 = Fy,  (56)

where f}. denotes the current feasible point in the ith iteration.

With (56), problem can be reformulated as the follow-
ing convex optimization problem in the ith iteration of the
proposed CCCP-based algorithm

{Fk, fx, ar, B, Ak;'ITI/ILI;jL {Prj, arj}izn, t P(g) (57a)
st ||[f5, .. fR]) < ¢, (57b)
77and , (57¢)
ag > 1, B > 1, (57d)
invp(ay) + invp(Bk) < 1, (57¢)
Prj =0, qr; 20, j #F, (571
£ — )" + (B — DG + 6T = F, (579
Fi =0, Ay >0, gy >0, Vi, k € K, (57h)



TABLE III
ALGORITHM-3 : PROPOSED CCCP-BASED ITERATIVE ROBUST DESIGN

1. Define the tolerance of accuracy § and the maximum iteration
number N™2% Initialize the algorithm with a feasible point
{£2, pr.}. Set the iteration number i = 0.

2. Repeat:

- Solve problem with the current feasible point
{fi, pr}- _

— Assign the solution to {f,ijrl7 pr } and update the iteration
number : % =17+ 1.

3. Until: the objective function converges, i.e. [Pt — Pi| < §
or the maximum number of iterations is reached, i.e. 7 > N™aX,

where P(f}) = ¢2.

Lemma 2: Suppose problem is feasible, then strong
duality holds true for problem and its dual problem.
The proof is relegated to Appendix

To summarize, we can see that the feasible set of problem
(54) is a subset of the original set defined in problem (I7).
Then, if the initial point {f,g} is feasible for || all the
feasible points {f{} obtained by iteratively solving problem
(54) always belong to the true feasible set of (I7). The
proposed CCCP-based iterative robust design for problem
is summarized in Table Regarding its convergence, we
have the following Lemma.

Lemma 3: Algorithm-3 produces a non-increasing sequence
of objective values. Moreover, every limit point {f;} of the
iterates generated by Algorithm 3 is a KKT point of problem
(10).

Proof : Please see Appendix

B. The Proposed Initialization Method

The proposed Algorithm-3 presented in the previous sub-
section requires an initial feasible point of problem (8) [31].
If problem @[) is initialized with an infeasible point, then the
CCCP may fail at the first iteration.

The proposed initialization method is based on Algorithm-2.
As has been stated in Section the solution obtained by
solving [@8) may not be robust to all channel realizations due
to SOCP relaxation. In order to make the initialization method
as simple as possible, we propose a new method instead of
the robust solution recovery method in Section We
first observe that the solution obtained by solving can
provide guaranteed SINR levels if @8) is feasible. Thus, if
we scale up the beamforming vector {f;'} by a sufficiently
large common factor /@, then {,/pf}, pi.} will be a feasible
point of problem (8], since

e 2
el (bl +efl ) fr |

wp;<_ S (RE +ell ) P07 | +e?
i=1,j#k (58)
> pkl(hkk+ekk)fk| , Vo > 1.
(£, B et ot ) ot
j=1,j#k
Let
K
PP = (1 - p) Z 0+ 02|, (59)

where EkHj is calculated by and . Then ¢ can be
expressed as

it — ok
o= —. (60)
&0 %k

We remark that Algorithm-3 consists of a two-stage algo-
rithm for solving problem (8). In the first stage, the initializa-
tion method is applied to find a feasible solution of problem
. If the initialization method fails to find a feasible solution,
Algorithm-3 declares failure and stops. In the second stage, we
iteratively solve problem (7).

V. COMPLEXITY ANALYSIS

In this section, we compare the relative computational
complexities of the proposed robust design algorithms. As will
be seen from our analysis and the simulation results in Section
the proposed robust algorithms exhibit a tradeoff between
computational efficiency and robust performance. For ease
of comparison, we assume that all transmitters are equipped
with the same number of antennas, i.e., N, = N, Vk € K.
Moreover, we apply the basic elements of complexity analysis
as used in [34].

1) Algorithm-1: Consider problem (17), which involves 2K
linear matrix inequality (LMI) constraints of size N + 1
and K LMI constraints of size N E] Here, the number of
decision variables 7 is on the order of O(K N2 +4K?). Thus,
the complexity of a generic interior-point method (IPM) for
solving problem is on the order of the quantity shown
on the first row of Table Regarding the complexity of
the rank-one recovery method , we note that it involves
2K variables and 2K second-order cone (SOC) constraints
of dimension 3. Hence, it follows that the complexity of the
SOCP problem is O(2K 4K [2K3? 4 4K?]). We note that
the complexity of the worst-case channel vector calculation
is dominated by singular value decomposition and matrix
inversion operations, and it is considered to be negligible
compared to solving problem (17).

2) Algorithm-2: Problem (48) involves 2K? + 4K + 1
SOC constraints, including 1 SOCs of dimension KN + 1,
K SOCs of dimension K + 2, K2 SOCs of dimension
N + 1, 4K SOCs of dimension 3, and K2 — K SOCs of
dimension 2. The number of variables n is on the order of
O(KN + 3K + 2K?). Thus, the complexity of a generic
IPM for solving problem (8) is the quantity shown on the
second row of Table Here, the complexity of the closed-
form robust solution recovery method is dominated by the
worst-case channel vector calculation and solving a quadratic
equation, which is negligible.

3) Algorithm-3: Problem involves K N2+ K N+4K?2+
2K + 1 variables, 1 SOC constraints of size KN + 1, 2K?2
LMI constraints of size N + 1, and 2/ LMI constraints of
size N. Hence, the complexity of the CCCP-based iterative
robust design is as shown on the third row of Table

We can check the asymptotic complexity of the proposed
algorithms when N and K are large, i.e. let N = K — oo.

4Here, we ignore the constraints of lower sizes, since they will not affect
the order of the whole problem.



TABLE IV
COMPLEXITY ANALYSIS OF THE ROBUST DESIGNS

[ Robust design |

Complexity Order (suppressing the In(1/¢) )

Algorithm-1

O(ny/2K2(N +1) + KN 2K%(N +1)> + KN3 + 2nK%(N + 1)2 + nK N2 4 n?])
+O(Q2KVAK [2K32% + 4K?]), n = O(KN? 4 4K?)

Algorithm-2

O(MVAK?2 + 8K +2[(KN +1)2 + K(K +2)? + K?(N + 1)2 + 4K3% + (K? — K)22 + n?])
n=O(KN + 3K +2K?)

Algorithm-3

The complexity of Algorithm-2 + O(nN™%®\/2K2(N + 1) + 2KN + 2 [2K?(N + 1)3 + 2K N3
+2nK2(N +1)2 + nKN? + (KN +1)2 + n?]), n = O(KN? + KN + 4K? + 2K + 1), N™2% is the iteration number

One can verify that the complexities of the proposed algo-
rithms in Table |[[V] are on the orders of 2v/2N15, 66 N7 and
2y/2N™ar N5 respectively. As seen, the lowest complexity
is achieved by Algorithm-2, followed by Algorithm-1 and
Algorithm-3.

VI. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
robust JBPS algorithms numerically. We assume there are K =
3 transmit-receive pairs and all transmitters are equipped with
Np = N, k € {1,2,3} antennas unless otherwise specified.
We assume that each transmit-receive pair has the same set
of parameters, i.e., vk = v, ¥xr = ¥, & = &, 0F = 02,
w? =w?and ng; =7, V4, k € K for simplicity. Moreover, the
nominal channel vectors {ﬁkj} are randomly generated from
independent and identical Rayleigh fading distribution with
average power 1. We set £ = 1, 02 = —30 dBm, w? = —20
dBm, § = 10~* and N™2% = 20 in all our simulations. All
the modelling and solution of the algorithms are performed
using CVX [35] on a desktop Intel (i3-2100) CPU running at
3.1GHz and 4GB RAM.

1) Feasibility rate: We first present the feasibility rates of
the three robust JBPS design algorithms. In the simulation, a
robust design algorithm is considered infeasible for a channel
realization if CVX reports an infeasible status or z; < 0 in
the robust solution recovery method. The feasibility of the
non-robust design [16] are tested with 100 channel errors
satisfying the NBE model for each channel realization. Fig.
(2] and Fig. [3] present the simulation results obtained over 1000
channel realizations. One can observe from this figure that the
three algorithms exhibit similar (almost identical) feasibility
rate compared to the b0undE| The non-robust method fails to
satisfy both the SINR and EH constraints almost all the time
under NBE model.

2) Transmission power: We illustrate the performance of
the three robust designs in terms of average transmission
power over 1000 problem instances. Fig. [d] shows performance
comparison among the three robust designs, the transmission
power being averaged over problem instances where the robust
designs are all feasible. It is observed that, as a price paid
for guaranteed worst-case performance, the robust designs
require higher average transmission power than the non-
robust design. However, Algorithm-1/2/3 show near-optimal
performance compared to the bound. The performance of
Algorithm-3 is slightly better than Algorithm-1 due to the fact
that higher-rank solutions may be returned by solving problem

5The feasibility rate of the bound is equivalent to the feasibility rate of
solving problem without rank recovery.
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(]17[). In the low SINR region, almost all the solutions returned
by Algorithm-1 are rank-one (optimal), thus the performance
of Algorithm-3 is slightly inferior to that of Algorithm-1 since
Algorithm-3 does not converge to the optimal solution in
N2 jterations.

The average worst user SINR performance of the proposed
robust designs is illustrated in Fig. 5] for both the robust and
non-robust designs under the same simulation parameters as
in Fig. @] Clearly, the average achieved worst user SINR of
the robust designs are all above the SINR target while the
non-robust design fails to satisfy the SINR constraints.

Fig. [6] shows performance comparison among the robust
designs for various EH constraints. One can see that the
robust designs require higher average transmission power than
the non-robust design. The best performance is achieved by
Algorithm-3, followed by Algorithm-1 and Algorithm-2. The
average worst user harvested power of the proposed robust
designs is illustrated in Fig.[7, where the simulation parameters
are the same as in Fig. [6] Clearly, the average achieved worst
user harvested power of the robust designs are all above the
EH target while the non-robust design fails to satisfy the EH
constraints.
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3) Execution time: We then compare the performance of the
robust and non-robust designs in terms of average execution
time over 20 channel realizations. Fig. [§] demonstrates the
execution time (on a logarithm scale) versus the number of
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Fig. 7. Average worst user harvested energy versus EH target 0. N = 4,
n =0.1, y =10 dB.

transmit-receive pairs with fixed number of transmit antennas
N = 18. It is observed that the time consumed by all four
algorithms increases with K. However Algorithm-2 consumes
much less time than Algorithm-1 and Algorithm-3, which
means that Algorithm-2 shows great potential for applications
with large antenna arrays and large number of transmit-receive
pairs. Algorithm-3 requires the most time as a price for better
performance when higher-rank solutions are returned.
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Fig. 8. Comparison of execution time versus K between the robust and
non-robust designs with fixed N = 18. ¢y = 5 dBm, n = 0.1, v = 10 dB.

VII. CONCLUSION

In this paper, we considered the robust JBPS design problem
for multiuser MISO interference channel under a NBE model
for the CSI. Three different robust design approaches were
proposed to handle the highly non-convex JBPS problem
with different performance and complexity. In the first design
approach, we proposed to relax the original problem as a SDP
problem based on SDR, which provides a lower bound for the
robust JBPS problem if a rank-one solution is returned. A rank-
one recovery method was provided to obtain a feasible rank-
one solution if a high-rank solution is returned. In the second
design approach, we formulated the robust JBPS problem as
a SOCP problem based on SOCP relaxation and the Cauchy-
Schwarz inequality. As compared to the SDR-based algorithm,
the SOCP method has lower computational complexity, while
achieving a performance very close to the performance bound.



We also provided a closed-form robust feasible solution re-
covery method. In the third design approach, a CCCP-based
iterative algorithm was presented to achieve near-optimal
performance when a higher-rank solution is returned by the
SDR-based algorithm. It was proved that any limit point of
the iterative algorithm is a KKT solution to the robust JBPS
problem. The simulation results showed that the proposed
robust transceiver designs have near-optimal performance in
the presence of imperfect CSI.

APPENDIX A
THE PROOF OF LEMMA 2]

We introduce the following variables to dualize the cor-
responding constraints in problem (57) (the notation A : B
denotes the constraint B and its dual variable A)

L } .
Ukj ’
Yk } .
Yej |

pk >O dk‘j Qk]>0 ]#k

704k ok 21, B Br =1, hi: 7

Zk Fk>‘0 A 61

Then the dual problem of problem can be expressed as

i

where £ can be expressed as shown at the top of the next
page. Assume ||hkkhkk|| = hk]Hth k I\ hg; > 0, then if we
choose Uk, V;w, Xk and ij as 1n Vk; e K, j # k, with
ag > al};’:, asg > akl‘ and 1 > = + m, ai,as,as €
R, and choose Ay, = I e and hy, as any positive real number,
we have

inf
L NSO
fre o, Bt

Pkj,qkj

max
{ Z1,>0,05,-0,V;;-0,X;,>0,

L (62)

Y1 20,a;>0,by; >0,ck;>0,dy; >0
Zj=0,e>0,85>0,6,>0,hp >0

A 2 =
arr = urni, — Tr(Uy)
2 2
— VeNkk ind Yk VeNkk
=Tk min{d — Tiek __ 1Tp(T
P o 2a; N [agrhl, H} (In) (65)
> ’yﬂiﬁf _ ’Yknkka ’wmkk 0
= arllhchfL ]l 201 Ni|lhyehfL | 2a1|\hkkh Al
A 2 7
Akj = VkjM; — Tr(Vi;)
2
o Mhej . 1 nk]
= —F ___ _min{-~, ——% ____1Tr(I
a2l BT (e 2a; Ny [hi Bl ||} (In,) (66)
Ukj Wiij 77k]
= az|[hg | 2112Nk\|hkjhfj\\ 2a2\|hkjhf,-|\

Following the same derivation, we can obtain bg; > 0 and
br; > 0. Furthermore, we have

A
Ckj = Up — Vj =

Yk
hoOonH || . nhH
o m”h{:hik” :a2||hk.7hkj|\ (67)
ar[[birhfi ][ arhig |[hgh |
A
dkayk:jl—l"k )
= i (K—D)|Bghl aa (K4 D[R (68)
1
> ~ > 0,
ar(K—1)[hs R (K+1)Hhmh ]

P
&

and Zj, can be expressed as . which implies that {Uy},
{Vi;}, {Xi} and {Y};} define a strictly feasible point of
the dual problem and the resulting dual problem is a bounded
problem. Thus, the dual problem is always strictly feasible.
Together with the fact that problem is feasible, we can
see that Slater’s condition always holds for the dual problem
(62). Hence, problem can attain its minimum and strong
duality holds [22]. This completes the proof.

N _
ak = upwi, ﬁk =T (69)

APPENDIX B
THE PROOF OF LEMMA 3]

In this appendix, we extend the convergence proof of [36]]
to the case of matrix function. We denote problem by
P(£i). Define R(fy, Fy) 2 fuf] — Fy and R(f, £, Fy) £
£ (f, — £)7 + (£, — £)fi7 + £} — F,. It follows that
R(fy, fi, Fi.) = R(fx, Fy). In the following, we complete the
proof through three steps.

In the first step, we show that each {f}},i = 1,2,...
is feasible to problem @]) To this end, it suffices to show
that {f; ™'} is a feasible solution of problem , provided
that {f;} is feasible. Assume {f{} is feasible to problem (54),
thus we have R(f}, £}, F)) = R(f},Fy) = fifif —F;, = 0.1t
follows that there must exist {f; "'} that is feasible to problem
P(£}), that is, {f;™'} is such that R(f;™" i, F)) = 0. It
follows that

(" Fy) =
= £ (5 — £

_ f}i+1flgi-_i_l)H
+ (f]erl _

~F, =R £, Fy)
£)ET 4+ £ Ty - 0,

(71
where the first matrix inequality comes from (55). This implies
that {f; '} is feasible to problem . This completes the first
step.

In the second step, we show that the objective value
sequence {P(f{)} monotonically decreases as the iteration
index i increases. We denote the optimal solution to P(f})
in the ith iteration by {f/,Fi p'}. According to the first
step, {f,Fi, p'} is a feasible solution to P(f}). Moreover, in
the (i + 1)th iteration, the solution {f; "', F”‘1 pt1Y s the
optimal solution to P(f}). Thus, we have P(f”rl) < P(f}),
implying the monotonic convergence of {P(f})} since P(f)
is bounded below and P(f}) is convergent. This completes the
second step.

In the third step, we prove that any limit point {f}, F}, p;}
of the iterates {f{,F%, pt} is a KKT point of problem

Let S(f}) and C(f}) denote the solution set and constraint
set of problem P(f{). We first prove f; € S(f;). Since
{f;} is a limit point of {f{}, there must exist a conver-
gent subsequence {f,’} such that lim;_,..f;’ = f;. Since
the objective function P(fy) of P(ff) is strictly convex in
{f, € CNex1}, the point {f;"'} is unique [22]. Hence, the
entries of the two sequences, {P(f{)} and {f{}, have a one-
to-one correspondence. By restricting to a subsequence, we
can assume that {f,’ 1 converges to a limit point £,

Define the constraint set (C>(fk) = {fk|R(fk7 £, Fp) =~ 0}
and (C>(fk) ~é {£k|R(fk, £, Fi) = 0}. It follows that
Cy (fr) € C(fy), Vfi. Let us consider the set C,_(f}'). Since



L=t>+ fj Tr{[
k=1

Jj#

k—*Uk‘F Zng—Xk— ZYﬂc—Zk Fi} + Zukak_xkak

K o K K
+ Z (*akk —Tr (Uk) + uknkk))\kk + Z Z ( ak; — Tr (ij) + Ukjnkj)/\kj + Z Z ( Crj +up — ’Ukj)pkj
k=1 1;# 1;#
K
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ﬁ(fk,ﬂ,Fk) is continuous in fj, and limj_mof,ij = f}, then
there must exist, for any fixed f;, € C, (f}), an integer I,
such that

R(fi, £, Fi) = 0,V > I, . (72)

This implies that there must exist a sufficiently large 7" such
that

Co(f7) CCo(£) C Cx(£),V) > T (73)
Since {f;" "'} € S(f}?), we can see that
P(fy) > P(f7 1), VE, € Co(ff) C C(£7).  (74)

Moreover, since P(-) is a continuous function, we have by
letting j — oo in (74) that

P(fy) > P(f;"), vfi € C(ff). (75)
It follows from the continuity of E(fkfk, F}) that
P(fy) > P(f}"), Vi € C-(£)). (76)

One the other hand, we can infer from the second step that

P(£) = P(E)"). )

R(f7, 7, Fy

Furthermore, since f,’ is feasible to problem lb and
) = R(f;’), we have f;” € Cw (7). It follows
that f} € C-(f}). Combining this with and (77), we
obtain £ € S(f}).

According to Lemma (1}, we have f;f;# = Fj;. Then we
argue that {f}, F;, p}} satisfy the KKT conditions of problem
(54). With Lemma 2] and £} € S(f};), there must exist optimal
Lagrange multipliers as follows (fix ay, Bx)

—x —%
~. A | U, ur <. A V. vi
uUr =2 k k V. 2 k k
k — |: * H * :| ’ kj — |: *I—% *J I

Y Uk Vi Yk
~ * —~ *
K2 Xy o)y, Ty v,
X Ly, ykg Yk

Zy, ap;, b, crye di-

Together with {Fy, £, g, By, AL, ks Pijs Gis 1> We can see

that the following KKT conditions of problem P(f}’) hold
Uk(F27 {p;‘;]}j;ﬁk7 )‘Zka QZ) =0,
Vi (FF: pigs Air) = 0, 5 # k,
Xk( ]t7{q]>:;j} ;ék;,uklwﬁk) =0,

ij(Fj,qk],uk])>0, j#k,
Fi =0, \;; >0, uf; >0, Vk €K,

(79)
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A
* 2 %, 2
A = UMk

ij

Tr X*Xk( ka{Qk]} kvﬂkkaﬁk))

Tr ( j7q}cj7:ukj))703 ]#kv
Tr(Z*F*) 0,

akj)\kj 0, byjpr; =0,

ckjpk] 0) dquZj = 07 .7 7é ka VJ,]C € IC:

where we have used the fact fif;# = F. Note that
denotes the primal feasible conditions, denotes the first-
order necessary optimality conditions and dual feasibility
conditions, (8T denotes the complementarity conditions. Egs.
ll imply that {f},F}, p;} is a KKT point of problem
(54). From the above analysis, we conclude that {f;", F}, p;}
is a KKT point of problem (I0). This completes the proof.

81)
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