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Abstract—Space time block codes (STBCs) are commonly
designed according to the rank-determinant criteria, suitable
for high signal to noise ratio (SNR) values. However, capacity
approaching forward error correcting codes, used in practical
communication systems, achieve iterative convergence at low to
moderate SNR. In this paper we first present a non-asymptotic
STBC design criterion based on the bitwise mutual information
(BMI) maximization at a specific target SNR. According to
this BMI criterion, we then optimize a trace-orthonormal-based
STBC structure. Therefore, designed STBC becomes adaptive
with respect to the SNR. Proposed adaptive trace-orthonormal
STBC shows identical or better performance than 2×2 STBCs
of a turbo-coded WiMAX system.

I. I NTRODUCTION

Multiple input multiple output (MIMO) systems have been
adopted in most of the recently developed wireless communi-
cation systems. Indeed, they provide higher spectral efficiency
(multiplexing gain) and/or better performance (spatial diversity
gain) [1] than single input single output (SISO) systems.

In order to design space time block codes (STBCs) for
MIMO systems, several design criteria have been previously
formulated. Based on the minimization of the pairwise error
probability (PEP) between transmitted and detected code-
words, the well-known asymptoticrank-determinantcriteria
aim at designing full-rate full-diversity STBCs [2]. In [3],
the linear dispersion STBCs were designed to maximize the
symbolwise mutual information between transmit and receive
signals. However, these previous works do not take into
account the presence of powerful forward error correction
(FEC) codes in the transmission chain that usually achieve
iterative convergence for low to moderate SNRs. Indeed, in [4],
it is stated that uncoded error probability could be misleading,
and reveals to be insufficient to predict performance when
a STBC is concatenated with an outer powerful FEC code.
Moreover, FEC decoding is extremely sensitive to its input
bitwise mutual information (BMI) value. Indeed, the higherthe
BMI at the input of the FEC decoder, the lower the error rate at
the output of the decoder. Our work focuses on the design of a
STBC for a practical communication system. The reduction of
the end-to-end bit error probability (BER) is targeted. Finally,
unlike [5], we focus on low latency communication systems
that should avoid the use of iterative MIMO detection.

In this paper, we first present anon-asymptotic MIMO STBC
design criterion based on theBMI maximization between

transmitted and soft detected bits for a specific target SNR.
Without loss of generality, we restrict our study to a 2×2
MIMO system. According to the rank-determinant criteria,
several 2×2 full-rate full-diversity linear dispersion STBCs
have been proposed [6–13]. Among them, the full-rate full-
diversity trace-orthonormal (TO) [6] has a flexible structure
due to the presence of a rotation angle that plays the role
of a design parameter. Based on the proposed BMI criterion,
we compute the appropriate angle maximizing the BMI at the
TO output for each SNR. This leads to the proposal of an
adaptive TO STBCoptimized for a wide range of SNRs. In
a communication system using an adaptive modulation and
coding like WiMAX, our simulations show that the adaptive
TO at least matches all WiMAX 2×2 MIMO profiles over a
quasi-static Rayleigh fading channel.

The remainder of this paper is organized as follows. In
Section II, the practical communication MIMO system model
under consideration is presented. In Section III, the conven-
tional STBC design criteria and a brief review of well-known
2×2 MIMO STBC are given. The BMI criterion and the
proposed adaptive TO STBC are presented in Section IV.
End-to-end BER curves are provided in Section V. Section VI
concludes the paper.

II. SYSTEM MODEL AND NOTATIONS

We consider a MIMO system withNt transmit antennas,Nr

receive antennas operating over a quasi-static Rayleigh fading
channel, i.e., the channel changes for each transmitted MIMO
codeword of lengthT . A perfect channel state information
(CSI) is assumed only at the receiver. The system is described
as follows (see Fig. 1):

Transmitter side: the information wordb is encoded via a
capacity approaching FEC code C with rateRc. The resulting
codeword is interleaved with a random interleaverΠ following
a bit interleaved coded modulation (BICM) scheme [14]. We
denote byc the interleaved codeword.c is mapped onto
a Gray encodedM -QAM constellation whereM = 2m is
the modulation order andm denotes the number of bits per
symbol. A MIMO system is said to be full-rate (FR) when the
number of transmitted symbols per channel use is equal to the
number of transmit antennasNt. The mapper feeds a block
of Nt × T QAM symbols denoted bySi to the STBC MIMO
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Fig. 1. Structure of the system at the transmitter and the receiver.

encoder. Afterwards, encoder output denoted byX[Nt×T ] is
transmitted viaNt antennas overT channel use periods.

The MIMO channel is completely defined by the matrix
H[Nr×Nt] where its entries are assumed to be independent
and identically distributed (i.i.d.) circularly symmetric Gaus-
sian random variables with probability density function (pdf)
∼ CN(0, 1). CN(µ, σ2) denotes the complex Gaussian pdf
with meanµ and varianceσ2. A complex white Gaussian noise
N[Nr×T ] with i.i.d. entries and pdf∼ CN(0, σ2) is added to
the received signals.

The channel input-output relation is be given by:

Y = HX+N (1)

Receiver side: Nr × T noisy signals, denoted byY[Nr×T ],
are received on theNr antennas. A soft maximum-likelihood
(ML) STBC detector estimates the transmittedM -QAM sym-
bols and feeds theP (ci = 1) (ci is the i-th bit of codeword
c), denoted bŷci, to the deinterleaver. These probabilities are
deinterleaved then provided to the FEC decoder. Resulting
hard decoded information word̂b is compared tob to compute
the BER.

III. STATE OF THE ART: 2×2 MIMO STBCS

A. Conventional STBC design criteria

Minimizing the STBC codeword error probability or equiv-
alently minimizing the union bound for the PEP leads to the
well-known rank-determinant STBC design criteria [2]:

1) Rank Criterion: To achieve the maximum diversity, the
rankr of the codeword difference matrix∆ = X−X̂ must be
maximized for all possible transmitted codeword pairs(X, X̂).
The diversity gain is defined asd = rNr. Whenr = Nt the
system is said to be full-diversity (FD).

2) Determinant Criterion: The STBC minimum determinant
is defined as:

δ = min
X 6=X̂

r
∏

i=1

λi (2)

where λi; i = 1, ..., r are the non-zero eigenvalues of the
matrix ∆∆H (∆H is the Hermitian of∆).

In order to obtain the best performance at high SNR values,
δ should be maximized. Indeed, the dominant parameter is
the diversity gaind which defines the slope of BER curves.
Therefore, it is important to ensure the FD of the STBC and
then maximize its coding gainδ1/Nt .

MIMO Code Minimum determinant
X for QAM modulations

Golden code (GC) [7] 3.2000
Srinath-Rajan (SR) [9] 3.2000

Dayal-Varanasi (DV) [8] 3.2000
Trace-orthonormal (TO) [6] 3.2000

HTW-PGA [12, 13] 2.2857
Sezginar-Sari (MD) [11] 2.0000
Yao-Wornell (YW) [10] 0.8000

Spatial multiplexing (SM) [17] 0.0000

TABLE I
COMPARISON BETWEEN THE MINIMUM DETERMINANT OF SOME

WELL-KNOWN FULL-RATE 2×2 STBCS.

B. WiMAX 2×2 MIMO profiles

The worldwide interoperability for microwave access
(WiMAX) system uses the MIMO codes specified in the
IEEE 802.16e-2005 standard [15]. Two mandatory MIMO
profiles are described for the downlink. The first representsthe
Alamouti code [16] introduced for transmit diversity, referred
to as Matrix A. It offers FD but is only half-rate. The second
profile is the FR spatial multiplexing (SM) [17] introduced
for spectral efficiency increase, referred to as Matrix B. In
order to benefit from both diversity and multiplexing gains,
another MIMO profile is included in the IEEE 802.16e-2005
specification, referred to as Matrix C which is a variant of the
Golden code (GC) [7]. At high SNRs, the GC is known as the
best 2×2 FR-FD STBC with non-vanishing determinants.

C. STBCs for 2×2 MIMO system

For the 2×2 MIMO system, several linear dispersion FR-FD
STBCs have been proposed in [6–13]. These codes are defined
under the rank-determinant criteria. Table I summarizes their
characteristics. The minimum determinant is computed for
symbols chosen from a regularM -QAM constellation where
the difference between any two constellation points is a
multiple of 2.

Among them, the TO STBC has a flexible structure designed
from both information-theoretic and detection error viewpoints
[6]. By varying one of the code parameters, the performance
of the TO STBC varies significantly. Therefore we propose
to take advantage of this feature in order to design a flexible
TO-based STBC. The resulting structure is intended to at least
match and in some cases overcome existing STBCs for a wide
range of SNRs.

IV. A DAPTIVE TRACE-ORTHONORMAL STBC

In this section, we first present the bitwise mutual informa-
tion criterion. Then, we apply this criterion to the TO STBC
to design an adaptive STBC with respect to a wide range of
SNR values.

A. BMI criterion

The asymptotic rank-determinant criteria optimize STBCs
for high SNRs. Most of practical communication systems are
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Fig. 2. BMI of some well-known 2×2 MIMO STBCs for highEbu/N0;
4-QAM modulation.

planned for low or moderate target SNRs due to the introduc-
tion of a capacity approaching FEC code. Therefore, the STBC
parameter optimization should be targeted for this SNR range.
Based on the maximization of the BMI between transmitted
and soft detected bits, we propose a non-asymptotic design
criterion aiming at choosing the appropriate design parameter
value for STBCs at a specific target SNR.

The BMI is computed as in [18], by:

BMI(ĉ; c) = 1− E[log2(1 + exp(−L))] (3a)

≈ 1− 1

N

N
∑

n=1

log2(1 + exp(−un.Ln)) (3b)

with

{

Ln = ln 1−ĉn
ĉn

un = (−1)cn

whereE is the mean function andL denotes the negative log-
likelihood ratio (NLLR). N is assumed to be large enough
to accurately estimate the BMI. The BMI value is assessed
by Monte Carlo simulations by passing aN -bit sequence into
the mapper, the STBC, the MIMO channel and the soft ML
detector. In this work, we consideredN = 107 simulated bits.

In order to validate the BMI criterion from a MIMO coding
gain point of view, we have plotted in Fig. 2 the BMI of well-
known 2×2 MIMO codes presented in Table I, for a4-QAM
modulation, as a function of highEbu/N0 values, whereEbu

denotes the energy per bit for uncoded MIMO system and
N0 the noise power spectral density. We use the expression
“uncoded” to refer to the case of a MIMO STBC system
without any FEC code. STBCs in [6, 8, 9] i.e., DV, TO and SR
show a quasi identical performance than the GC. Fig. 2 shows
that the hierarchy of the presented MIMO codes is identical
to their classification in Table I.

Although we have restricted our study to the 2×2 TO STBC,
the application of the BMI criterion to anyNt ×Nr STBC is
straightforward.

B. Optimization of trace-orthonormal STBC

We apply the BMI criterion to the trace-orthonormal linear
dispersion FR-FD STBC presented in [6].
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Fig. 3. BMI atEbu/N0 = −3 dB and minimum determinant of TO STBC
as a function of its design parameterθ; 4-QAM modulation.

A group of 4 data symbols(S1, S2, S3, S4) is transmitted
as follows:

X
TO =

1√
2

[

X11 X12

X21 X22

]

(4)

where

X11 = (S1 + S2) cos θ + (S∗
2 − S∗

1 ) sin θ (5a)

X12 = e
jπ

4 ((S3 + S4) sin θ + (S∗
4 − S∗

3 ) cos θ) (5b)

X21 = e
jπ

4 ((S3 + S4) cos θ + (S∗
3 − S∗

4 ) sin θ) (5c)

X22 = (S1 + S2) sin θ + (S∗
1 − S∗

2 ) cos θ (5d)

S∗ designates the complex conjugate ofS and θ is the code
design parameter to be optimized according to the selected
criterion.

In [6], an exhaustive search is performed in order to
maximize the minimum determinant. This search leads to a
θ = 1

2 arcsin
1√
5
≈ 13.28◦ and a coding gain equal to the

one of the Golden code. Therefore, original TO guarantees a
good performance for high SNRs, but not necessary for low
and moderate SNRs.

In Fig. 3 and Fig. 4, the minimum determinant and the
BMI are plotted as a function of the design parameterθ, for
a 4-QAM modulation, forEbu/N0 = −3 dB andEbu/N0 =
12 dB respectively. For lowEbu/N0, Fig. 3 shows that the
angle which maximizes the BMI is equal toθ = 45◦, different
from the original one obtained under the determinant criterion.
While for highEbu/N0 (see Fig. 4), the obtainedθ under the
BMI criterion is equal to13.28◦ as the original one obtained
in [6]. These results show that the TO design parameter value
is not unique for both low and high SNRs. As presented in
Fig. 3 and Fig. 4 forEbu/N0 = −3 dB andEbu/N0 = 12 dB
respectively, we have computed for eachEbu/N0 with a step
of 0.25 dB, the appropriateθ which maximizes its BMI. We
denote the obtainedθ by θM -QAM

opt .
For 4-QAM modulation, in the range of−0.5 dB <

Ebu/N0 <4.25 dB, aθ4-QAM
opt is obtained for eachEbu/N0. A

polynomial interpolation is performed to obtain an analytical
approximation ofθ4-QAM

opt as a function ofEbu/N0. Therefore,
the design parameter of the proposedadaptive TO STBCwhich
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Fig. 4. BMI atEbu/N0 = 12 dB and minimum determinant of TO STBC
as a function of its design parameterθ; 4-QAM modulation.

maximizes its BMI is computed,for all SNRs, by:

θ4-QAM
opt =



















45◦; For Ebu/N0 ≤ −0.5 dB

−0.65
(

Ebu

N0

)3

+4.79
(

Ebu

N0

)2

−13.8
(

Ebu

N0

)

+36.47; For −0.5 < Ebu/N0 < 4.25 dB
13.28◦; For Ebu/N0 ≥ 4.25 dB

(6)

Similarly, for 16-QAM modulation, the design parameter
θ16-QAM

opt is computed by:

θ16-QAM
opt =



















45◦; For Ebu/N0 ≤ 9 dB

0.424
(

Ebu

N0

)2

− 14.936
(

Ebu

N0

)

+139; For 9 < Ebu/N0 < 13.5 dB
13.28◦; For Ebu/N0 ≥ 13.5 dB

(7)

For higher order modulations, the same method can be applied
and a suitableθM -QAM

opt can be chosen. The BMI criterion
always provides the best choice for the TO design parameter
since it maximizes the BMI for all SNRs. We notice that an
analytical method to getθM -QAM

opt is still an open problem.

C. ML detection complexity of adaptive TO STBC

Practical communication systems promote the usage of low
complexity detection STBCs. In the range of lowEbu/N0, the
optimized TO parameter isθM -QAM

opt = 45◦ (see Section IV-B).
If we consider:

S′
1 = ℜ (S2) + jℑ (S1)

S′
2 = ℜ (S3) + jℑ (S4)

S′
3 = ℜ (S4) + jℑ (S3)

S′
4 = ℜ (S1) + jℑ (S2)

(8)

The TO STBC for aθ = 45◦ reduces to:

X
TO
θ=45◦ =

1√
2

[

S′
1 e

jπ

4 S′
3

e
jπ

4 S′
2 S′

4

]

(9)

(S′
1, S

′
2, S

′
3, S

′
4) are M -QAM symbols. Therefore,(S′

1, S
′
2)

can be detected with a SM detector of complexityO
(

M2
)

since their detection is independent from(S′
3, S

′
4). Similarly,

(S′
3, S

′
4) detection is independent from(S′

1, S
′
2). Then, the
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Fig. 5. BMI of WiMAX MIMO profiles and adaptive TO in the regionof
interest as a function ofEbu/N0; 4-QAM modulation.

original symbols can be easily reconstructed by:

S1 = ℜ (S′
4) + jℑ (S′

1)
S2 = ℜ (S′

1) + jℑ (S′
4)

S3 = ℜ (S′
2) + jℑ (S′

3)
S4 = ℜ (S′

3) + jℑ (S′
2)

(10)

However, the ML complexity detection of the GC and the
original TO isO

(

M4
)

[9]. Therefore, the adaptive TO STBC
offers identical or better performance than the different 2×2
STBCs with reduced detection complexity in the range of low
Ebu/N0.

V. SIMULATION RESULTS

A. Adaptive TO parameter selection

For the WiMAX system, the used FEC code is a8-state
double binary turbo code. In our simulations, such a code
is used with different ratesRc = 1/2, 2/3 and 3/4 and an
information frame size of10, 800 bits. For the adaptive TO
STBC, the appropriateθM -QAM

opt depends on the coding rateRc

and the modulation orderM . This θM -QAM
opt value is computed

as follows: 1) Passing from global system to uncoded MIMO
by: Ebu/N0 = Eb/N0 +10 log10(Rc) whereEb is the energy
per information bit. 2) The obtainedEbu/N0 is introduced in
equation (6) and (7) to compute the value ofθ to be used for
the proposed TO structure.

Fig. 5 illustrates the BMI of the SM, the GC (and hence the
original TO) and the adaptive TO as a function ofEbu/N0 for
a 4-QAM modulation. It shows that the adaptive TO offers
the highest BMI of all compared codes. ForRc = 1/2, the
FEC converges for3.1 dB< Eb/N0 < 3.4 dB corresponding
to 0.1 dB < Ebu/N0 < 0.4 dB. Therefore in theRc = 1/2
range, the SM and the adaptive TO are equivalent while
outperforming the GC. ForRc = 2/3, the adaptive TO is
slightly better than the GC both outperforming the SM. For
Rc=3/4, the GC and the adaptive TO offer the highest BMI.

B. BER curves

Fig. 6 plots the BER after15 turbo-decoding iterations as
a function of Eb/N0 for a transmission over a quasi-static
Rayleigh fading MIMO channel. A random BICM interleaver
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is used. The number of transmit antennas isNt = 2 and
receive antennas isNr = 2.

A fair comparison between presented MIMO codes and the
Alamouti code should be done at the same spectral efficiency.
Therefore, we use a16-QAM modulation for Alamouti and a
4-QAM modulation for the FR profiles. The BER simulations
confirm the results obtained using the BMI criterion. Indeed,
the hierarchy in the sense of BMI of the compared STBCs is
respected. We evaluate the gains of the adaptive TO at a target
BER = 10−5. For Rc = 1/2, the SM matches the adaptive
TO, a gain of almost 0.15 dB is obtained with respect to the
GC (and hence the original TO) and 0.45 dB with respect to
Alamouti. ForRc = 2/3, the adaptive TO surpasses all the
presented codes, with a gain of 0.05 dB with respect to the
GC, 0.1 dB with respect to the SM and 0.55 dB with respect
to Alamouti. ForRc = 3/4, the GC matches the adaptive TO,
while a gain of 0.2 dB is observed compared to the SM and
0.65 dB compared to Alamouti.

For 16-QAM modulation, BER curves show the superiority
of the adaptive TO STBC. Their curves are not plotted due
to lack of space. We note that the adaptive TO also at least
matches the codes presented in Table I.

BER simulation results confirm that the adaptive TO based
on the proposed angleθM -QAM

opt outperforms all STBC profiles
of the WiMAX system. This is particularly of interest when
an adaptive modulation and coding (AMC) is used as the
appropriate angles are chosen for each rate. Moreover, the
usage of a non-adaptive MIMO code i.e., SM, GC or Alamouti
introduces a performance loss for some AMC schemes.

VI. CONCLUSIONS

In this paper, after summarizing the features of conventional
2×2 STBCs, we have presented a non-asymptotic design
criterion for MIMO STBC based on the BMI maximization
at a specific target SNR. Under the proposed criterion, we
have optimized the rotation angle of the 2×2 TO STBC
[6] for a wide range of SNRs. Moreover, the adaptive TO

detection complexity can be reduced toO
(

M2
)

when it
offers the SM performance. The proposed optimization is
important for practical systems especially those with AMC
as the appropriate design parameter for the TO STBC is
used with each rate. In the context of a WiMAX system,
the proposed adaptive TO STBC outperforms or matches the
existing MIMO profiles for all rates. On the contrary, the use
of a non-adaptive STBC like the well-known Golden code
[7], will increase the MIMO detection complexity and alter
the performance of terminals for low coding rate profiles.
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