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Abstract—The pilot contamination problem is one of the major
obstacles that limit the performance of time-division duplex
(TDD) multi-cell massive multiple-input multiple-output (MIMO)
systems. Pilot contamination results from the re-use of the same
set of pilot sequences in the different cells of the system. In this
paper, we compare between two different scenarios of pilot signals
allocation with respect to the impact of pilot contamination.
We derive lower bounds on the achievable rates and study the
performance of both scenarios under different system settings.
Our results show that although increasing the number of base
station (BS) antennas improves the system performance, it does
not eliminate the effect of pilot contamination. Thus, when
the pilot contamination is high, it should be countered by
allocating more system resources for the training phase. This
can be achieved by increasing the number of pilot sequences
to guarantee an orthogonal pilot sequence for each user in the
system. Further, we show that the pilot sequences allocation
strategy also depends on the characteristics of the communication
environment: a low mobility environment has better performance
when orthogonal sequences are allocated to all users while the
opposite is true for a high mobility environment.

Index Terms—LSAS, massive MIMO, multicell MIMO, pilot
contamination, pilot allocation.

I. INTRODUCTION

Massive MIMO systems have attracted a lot of attention

from both academia and industry for their capabilities to

provide high spectral and energy efficiency compared to con-

ventional MIMO systems. In massive MIMO systems the BS

is equipped with a very large number of service antennas (few

hundreds) which are utilised to serve a smaller number of users

(few tens) [1][2]. In TDD multicell massive MIMO systems,

the users of each cell transmit pilot (training) sequences to

their corresponding BSs. These sequences are pre-known to

the BSs and orthogonal to each other. The BSs use the

received pilot sequences to estimate the uplink channel matrix.

Based on the estimated channel matrix, each BS builds its

own detection matrix. The detection matrix is applied to the

received signals vector to retrieve the uplink data symbols

during the uplink phase. Moreover, based on the assumption

of reciprocity between the uplink and the downlink channels,

the estimated channel matrix is also utilized to build the

precoding matrix which precodes the downlink data symbols

during the downlink phase. Due to the scarcity of resources,

the same set of pilot sequences used in one cell might be re-

used in the other cells. The re-use of the same set of pilot

sequences results in a problem called pilot contamination.

Pilot contamination simply means that the estimations of the

channels between one BS and its own users are contaminated

by the channels between that BS and the users of the other

cells.

Pilot contamination limits the performance of TDD massive

MIMO systems in both downlink and uplink. Thus, several

methods have been proposed to mitigate or reduce the effect

of pilot contamination. In [3], [4] and [5], a scheme based on a

time-shifted (asynchronous) pilot transmission protocol is pro-

posed to reduce the effect of pilot contamination. The proposed

scheme partitions cells into several groups A1, A2, . . . , AΓ

and uses a time-shifted protocol in each group. The proposed

scheme ensures that there is no pilot contamination among

users from different groups. Thus, it achieves the same SINR

as a system with frequency reuse factor of Γ.

A multicell minimum-mean squared error (MMSE) based

precoding technique is proposed in [6]. In this technique, the

precoding matrix of each BS is designed to minimize the

sum of the squared error of its own users and interference

to the users in all other cells. However, this precoding method

should be combined with power allocation, power control,

and scheduling when the sum rate is the performance metric

of interest. In [7], a multicell massive MIMO system in

which collaboration between cells is permitted is considered.

Based on the assumptions made in [7], an outer multi-cellular

precoding referred to as Pilot Contamination Precoding (PCP)

is designed to eliminate the inter-cell interference resulting

from the pilot contamination problem. The main idea of

PCP is that each BS linearly combines messages for users

in different cells that share the same pilot sequence. The

combining coefficients of the proposed PCP depend on the

slow fading coefficients between the users and the BSs only.

Finally, by using conventional linear precoding that is based on

the estimated fast fading coefficients, each BS independently

transmits its PCP-combined symbols to its users. In [8], the

multipath channel model for linear antenna arrays is con-

sidered. It is shown that users with mutually non-overlapping

angle of arrival (AOA) probability density functions (PDFs)

hardly contaminate each other even if they use the same pilot

sequences. Based on this fact, a coordinated scheme which

assigns identical pilot sequences only to users of this type was

proposed. The proposed scheme can significantly reduce the

intercell interference and increase the uplink and the downlink

SINRs.



In this paper we consider and compare between two dif-

ferent scenarios for pilot sequences allocation. In the first

scenario, referred to hereon as “orthogonal pilot”, we assume

that none of the pilot sequences assigned to any user in the

system is re-used again by any other user. While in the second

scenario, referred to hereon as “pilot re-use”, we assume that

the pilot sequences used in one cell are re-used in the other

cells in the system. To evaluate the system performance in

each scenario, we derive lower bounds on the achievable rates

and compare between the spectral efficiency of the system in

both scenarios for different system settings.

The rest of the paper is organised as follows. The system

model is illustrated in Section II. Section III describes the

communication scheme and presents the two scenarios for

pilot sequences allocation. The lower bounds on the achievable

rates and spectral efficiency for both scenarios are presented

in Section IV. Numerical results are presented and discussed

in Section V. Finally, conclusions are drawn in Section VI.

II. SYSTEM MODEL

We consider the uplink of a multicell massive MIMO system

with L cells numbered 1, 2, . . . , L which are sharing the same

frequency band. Each cell has one BS that is equipped with M

service antennas to provide services to K single antenna users.

The users in each cell transmit data to their corresponding

BS in the same time-frequency resources. Hence, the M × 1
received signals vector at the BS of the l-th cell is given by

yl =
√
pu

L∑
i=1

Glixi + nl, (1)

where pu is the normalized transmit SNR, xi is the K × 1
vector of data symbols transmitted simultaneously by the K
users in the i-th cell, nl is the M × 1 vector of additive white

zero-mean unit-variance Gaussian noise, and Gli is the M×K
channel matrix between the K users in the i-th cell and the

M antennas of the l-th BS. The channel matrix Gli models

the independent fast fading, the geometrical attenuation, and

the log-normal shadowing and can be represented as

Gli = HliD
1/2
li , (2)

where Hli is the M × K matrix of fast fading coefficients

between the K users of the i-th cell and the M antennas

of the l-th BS, i.e., [Hli]mk = hlimk is the fast fading

coefficient between the k-th user in the i-th cell and the m-

th antenna of the l-th BS. The elements of Hli matrix are

assumed to be independent and identically distributed (i.i.d)

zero-mean, circularly-symmetric complex Gaussian CN (0, 1)
random variables and known to nobody. The matrix Dli is

a diagonal matrix of size K × K, where [Dli]kk = βlik

represents the large scale fading coefficient between the k-th

user in the i-th cell and the l-th BS. We assume that the large

scale fading coefficients are constant over many coherence

intervals, independent over the antenna index m, and known

to everybody. We further assume that all the direct gains are

equal to 1 and all the cross gains are equal to α, i.e., βllk = 1
and βlik = α ∀i �= l, k = 1, . . . ,K.

III. COMMUNICATION SCHEME

The communication scheme for the system considered in

this paper consists of two phases: training and channel es-

timation phase, and uplink data transmission phase. Next, we

discuss these two phases in more details.

A. Uplink Training and Channel Estimation

During the channel estimation process, we assume that

an interval of length τ symbols is used for sending τ pilot

symbols. This interval must be shorter than the channel’s

coherence time T . We further assume that all users in all cells

transmit their pilot sequences simultaneously. Based on the

received pilot sequences, the BSs estimate the uplink channel

state information (CSI) and use these estimations to build the

detection matrix.

Next, we consider two different scenarios for pilot se-

quences allocation, namely, pilot re-use and orthogonal pilot.

For the rest of this paper, we use the subscripts r and o in the

mathematical expressions to refer to the first and the second

scenarios, respectively.

1) Orthogonal pilot: In this scenario, we assume that

different and orthogonal pilot sequences are assigned for all

the users in the system. To ensure orthogonality in this case,

the length of the pilot sequence τo should satisfy τo ≥ LK.

The M ×τo matrix of received pilot signals at the l-th BS can

be represented as

Yl,o =
√
po

L∑
i=1

GliΦi,o +Nl,o, (3)

where po � τopu, Nl,o is the M × τo AWGN matrix at the

l-th BS with i.i.d CN (0, 1) elements, and Φi,o is the K × τo
matrix of pilot sequences transmitted by the K users in the

i-th cell which satisfies

Φi,oΦ
†
l,o =

{
IK when i = l

0 otherwise
, (4)

where IK is the identity matrix of size K ×K.

2) Pilot re-use: Here, we assume that orthogonal pilot

sequences are only assigned for the K users in the i-th cell,

and these sequences are re-used in all the other cells in the

system. In other words, the k-th users in all cells are using

the same pilot sequence. The pilot sequences used in the i-th
cell can be represented by a K × τr matrix Φi,r (τr ≥ K),

which satisfies Φi,rΦ
†
i,r = IK . Then, the M × τr received

pilot matrix at the l-th BS is given by

Yl,r =
√
pr

L∑
i=1

GliΦi,r +Nl,r, (5)

where pr � τrpu, and Nl,r is the M × τr AWGN matrix at

the l-th BS with i.i.d CN (0, 1) elements.



After receiving the transmitted pilot signals, the BSs estim-

ate their own channel matrices by utilising one of the pilot-

based channel estimation methods. In this paper, we assume

that MMSE channel estimation method is used. The MMSE

estimate of the channel matrix Gli given Yl,s is given by [6]

Ĝli,s =

√
ps Yl,s

⎛
⎝Iτs +

√
ps

L∑
j=1

Φ†
j,sDljΦj,s

⎞
⎠

−1

Φ†
i,sD

1/2
li , (6)

where s ∈ {r, o}.

B. Uplink Data Transmission

In this phase, the users in all cells transmit their data

symbols to their corresponding BSs. Let Al,s be the M ×K
linear detector matrix of the l-th BS which is built based on

Ĝll,s. In this paper, we assume that zero-forcing (ZF) linear

detector is used, which is given as follows,

Al,s = Ĝll,s

(
Ĝ†

ll,sĜll,s

)
.−1 (7)

The l-th BS multiplies the received signals vector given in

(1) with the decoding matrix A†
l,s to retrieve the transmitted

data symbols as follows

zl,s = A†
l,syl. (8)

From (1) and (8), the received vector in the l-th BS after

applying a linear detector can be represented as

zl,s =
√
puA

†
l,s

L∑
i=1

Glixi +A†
l,snl

=
√
puA

†
l,sGllxl +

√
puA

†
l,s

L∑
i=1
i �=l

Glixi +A†
l,snl. (9)

IV. ACHIEVABLE RATE LOWER BOUNDS AND SPECTRAL

EFFICIENCY

A. Achievable rate

Owing to the properties of MMSE estimation, the estimation

error matrix Es which is independent of Ĝll,sis given by

Es �
(
Gll,s − Ĝll,s

)
. (10)

When s = o, the j-th column of Es and Ĝll,s are

CN (0, Vj,oIM ) and CN (0, (1− Vj,o) IM ), respectively [1].

While, the j-th column of Es and Ĝll,s are CN (0, Vj,rIM ) and

CN (0, (1− Vj,r) IM ) when s = r, respectively [6]. Whereas,

Vj,o and Vj,r are given as follows

Vj,o =
βllj

poβllj + 1
. (11)

Vj,r =
1 + pr

∑L
i �=l βlij

1 + pr
∑L

i=1 βlij

. (12)

Substituting (10) in (9), the received vector at the l-th BS

after using the linear detector can be rewritten as

zl,s =
√
puA

†
l,s

(
Ĝll,s + Es

)
xl

+
√
puA

†
l,s

L∑
i=1
i �=l

Gli,sxi +A†
l,snl (13)

Let zlk,s and xik be the k-th elements of the K× 1 vectors

zl,s and xi, respectively. Then, the signal of the k-th user at the

l-the BS after applying the detection matrix can be expressed

as

zlk,s =
√
pua

†
lk,sĝllkxlk

+
√
pu

K∑
j=1
j �=k

a†lk,sĝlljxlj +
K∑
j=1

a†lk,sεj,sxlj

+
√
pu

L∑
i=1
i �=l

K∑
j=1

a†lk,sglijxij + a†lk,snl, (14)

where alk,s and gllk are the k-th columns of the matrices Al,s

and Gll, respectively. Assuming that the channel is ergodic so

that each codeword spans over a large (infinite) number of

realizations of the fast-fading factor of channel matrix Gli,

then the ergodic achievable uplink rates of the k-th user in

the l-th cell and for both scenarios are given by (15) and (16)

shown at the top of the next page.

The lower bounds on the ergodic achievable for both

scenarios with ZF can be found as follows:

1) Orthogonal Pilot: For ZF with Rayleigh fading, and

M ≥ K + 1, the lower bound on the uplink achievable rate

of the k-th user in the l-th cell is given by (17) shown at the

top of next page.

Proof: See Appendix A.

2) Pilot Re-use: For pilot re-use scenario, we use the lower

bound given in [1], which is given by (18) shown at the top

of next page, where L̄ = (L− 1)α+ 1.

B. Spectral Efficiency

We define the spectral efficiency of the l-th cell as the sum

of rates achieved by all the users of the l-th cell measured in

bits/channel use. Thus the spectral efficiency of the l-th cell

can be expressed as

SEl,s =
T − τs

T

K∑
k=1

Rlk,s, (19)

where T is the coherence interval of the channel measured in

symbols. In (19), we can see that there is a trade-off between

the length of the pilot sequence assigned for each user and the

spectral efficiency. In the next section we discuss this trade-off

in more details.



Rlk,o = E

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

log2

⎛
⎜⎜⎜⎜⎜⎝1 +

pu

∣∣∣a†lk,oĝllk,o

∣∣∣2
pu

K∑
j=1
j �=k

∣∣∣a†lk,oĝllj,o

∣∣∣2 + pu ‖alk,o‖2
K∑
j=1

βllj

poβllj+1 + pu
L∑

i=1
i �=l

K∑
j=1

∣∣∣a†lk,oglij

∣∣∣2 + ‖alk,o‖2

⎞
⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

. (15)

Rlk,r = E

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

log2

⎛
⎜⎜⎜⎜⎜⎝1 +

pu

∣∣∣a†lk,rĝllk,r

∣∣∣2
pu

K∑
j=1
j �=k

∣∣∣a†lk,rĝllj,r

∣∣∣2 + pu ‖alk,r‖2
K∑
j=1

1+pr

∑L
i �=l βlij

1+pr

∑L
i=1 βlij

+ pu
L∑

i=1
i �=l

K∑
j=1

∣∣∣a†lk,rglij

∣∣∣2 + ‖alk,r‖2

⎞
⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

. (16)

R̃ZF
lk,o = log2

(
1 +

pu (1− Vk,o) (M −K)

puKVk,o + pu (L− 1)Kβli + 1

)
. (17)

R̃ZF
lk,r = log2

(
1 +

p2u (M −K) τr

τrK
(
L̄2 − αL̄+ α− 1

)
p2u + τrα2 (L− 1) (M −K) p2u + L̄ (K + τr) pu + 1

)
. (18)

V. NUMERICAL RESULTS

In this section, we present some numerical results to validate

our analysis. We consider a system with L = 7 hexagonal cells

that share the same time-frequency resources. The centre cell

surrounded by other cells is considered as the target cell. We

assume that the lengths of the pilot sequences used in the

pilot re-use and orthogonal pilot scenarios are τr = K and

τo = LK, respectively. These lengths represent the minimum

required pilot lengths to ensure orthogonality. We further

assume that the transmit SNR of each user is pu = 0 dB,

the cross gain α could be any value in the open interval (0,1),

and the coherence interval of the channel is T = 196, unless

stated otherwise [9].

Firstly, the effect of increasing the number of BS antennas

on the system performance is shown. Figure 1 shows the

spectral efficiency versus the number of BS antennas, with

α = 0.6 and K = 10. Notably, the impact of pilot contam-

ination on the performance of the system is very significant.

Whereas, the spectral efficiency starts to saturate as the number

of BS antennas increases for the pilot re-use scenario, while

it increases as the number of BS antennas increases for the

orthogonal pilot scenario. This is due to the fact that for the

pilot re-use scenario there is a residual interference from the

users in the other cells that are using the same pilot sequences,

and this interference cannot be eliminated by simply increasing

the number of BS antennas.

Figure 2 shows the effect of the number of users on the

spectral efficiency of the system for α = 0.6, M = 30 and

100. It can be seen that for small number of users, the use of

orthogonal pilot sequences in the different cells yields better

spectral efficiency than re-using the same pilot sequences in all

cells. In other words, allocating more resources for the training

phase to avoid pilot contamination is more feasible than using

these resources for data transmission. However, as the number

of users increases, the spectral efficiency decreases for the
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Figure 1. Spectral efficiency versus the number of BS antennas M , for K =
10 and α = 0.6.

orthogonal pilot scenario. For large number of users (around

23 users), the spectral efficiency achieved with pilot re-use

scenario becomes larger than that achieved with orthogonal

pilot scenario, which indicates that it is more beneficial to

assign more resources for the data transmission rather than for

training. Further, Figure 2 shows that increasing the number

of BS antennas results in increasing the optimum number of

users that can be served simultaneously for both scenarios.

For instance, the optimum number of users when M = 30 for

the orthogonal pilot scenario is 6, which increases to 8 if M
is increased to 100. While for the pilot re-use scenario, the

optimum number of users is 10 which increases to 22 if M
is increased from 30 to 100, respectively. In other words, the

larger the number of BS antennas, the more users that can be

served simultaneously.

Figure 3 depicts the spectral efficiency versus the cross gain
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Figure 2. Lower bound on the spectral efficiency versus the number of users
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α, for K = 15 and M = 60. Clearly, as the cross gain value

increases, the system performance degrades dramatically for

the pilot re-use scenario, especially when the cross gain value

becomes close to the direct gain value. This is due to the

fact that as the cross gain value increases, the contamination

in the channel estimation increases as well, which results

in a higher inter-cell interference. On the other hand, the

effect of increasing the cross gain value is less significant

on the system’s performance for the orthogonal pilot scenario

compared to the pilot re-use scenario because there is no

pilot contamination in the orthogonal pilot scenario. However,

there is still inter-cell interference coming from the users in

the other cells which increases with the increase in the cross

gain value. Furthermore, we can notice that when the cross

gain value is small compared to the direct gain value, the

system’s performance with pilot re-use scenario is better than

its performance with orthogonal pilot scenario. However, as

the cross gain value increases, the opposite holds true. This

indicates that when the inter-cell interference resulting from

pilot contamination is high, then it is more beneficial to utilize

more system’s resources to eliminate this interference (by

using longer pilot sequences) rather than using these resources

for transmitting data.

Finally, the spectral efficiency versus the length of the

coherence interval T , for α = 0.3, M = 100, and K = 20 is

shown in Figure 4. One can notice that, for short coherence

intervals (high mobility environment), it is better to re-use

the same pilot sequences in the different cells as this will

reduce the length of the pilot sequences used, which means

sustaining more resources for data transmission. However, for

moderate and large coherence intervals, the use of orthogonal

pilot sequences becomes more feasible as it results in a better

performance.

VI. CONCLUSIONS

In this paper, we have considered two different scenarios

for pilot signals allocation in TDD multicell massive MIMO
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Figure 3. Spectral efficiency versus the cross value, for M = 60 and K = 15.
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Figure 4. Spectral efficiency versus the coherence interval, for α = 0.3,
M = 100, and K = 20.

systems. In the first scenario, we assume that the same set

of pilot sequences is used in all system’s cells, which results

in pilot contamination during the channel estimation process.

While in the second scenario, we assume that an orthogonal

pilot sequence is allocated for each user in the system to

mitigate the pilot contamination problem. We compare the

system performance for both scenarios in terms of spectral

efficiency. Our numerical results have shown that increasing

the number of BS antennas can not resolve the problem of pilot

contamination. Thus, when the effect of pilot contamination

is very significant, orthogonal pilot sequences should be used

because this results in better system performance despite

consuming more system resources. Furthermore, we have

shown that when the coherence time of the channel is large

(limited mobility environment), then the use of orthogonal

pilot sequences yields better system performance compared

to the pilot re-use case, and the opposite holds true when the



RZF
lk,o = E

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

log2

⎛
⎜⎜⎜⎜⎜⎝1 +

pu

pu ‖alk,o‖2
K∑
j=1

βllj

poβllj+1 + pu
L∑

i=1
i �=l

K∑
j=1

∣∣∣a†lk,oglij

∣∣∣2 + ‖alk,o‖2

⎞
⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

. (20)

RZF
lk,o ≥ R̃ZF

lk,o = log2

⎛
⎜⎜⎜⎜⎜⎝1 + E

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

pu

‖alk,o‖2

pu
K∑
j=1

βllj

poβllj+1 + pu
L∑

i=1
i �=l

K∑
j=1

|a†
lk,oglij|2
‖alk,o‖2 + 1

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

⎞
⎟⎟⎟⎟⎟⎠ . (21)

= E

{
pu

‖alk,o‖2
}
⎛
⎜⎜⎜⎜⎜⎝

1

puKVk,o + pu
L∑

i=1
i �=l

K∑
j=1

E

{ |a†
lk,oglij|2
‖alk,o‖2

}
+ 1

⎞
⎟⎟⎟⎟⎟⎠ . (22)

coherence interval is small.

APPENDIX

A. ZF Lower Bound with Orthogonal Pilot Allocation

By substituting alk,o = ĝllk,o

(
ĝ†
llk,oĝllk,o

)−1

in (15),

we get (20) shown at the top of this page, and by using

Jensen’s inequality, we can write the lower bound as (21). The

expectation in (21) can be written as (22). Then, by condition

on alk,owe can find

E

⎧⎪⎨
⎪⎩
∣∣∣a†lk,oglij

∣∣∣2
‖alk,o‖2

⎫⎪⎬
⎪⎭ = βlij . (23)

It is known that ‖alk,o‖2 =
[(
GHG

)−1
]
kk

[10]. Therefore,

E

{[(
GHG

)−1
]
kk

}
= E

⎧⎨
⎩
[(
HHH

)−1
]
kk

(1− Vk,o)

⎫⎬
⎭ ,

= E

⎧⎨
⎩

tr
[(
HHH

)−1
]

K (1− Vk,o)

⎫⎬
⎭ ,

=
1

(M −K) (1− Vk,o)
. (24)

Finally, substituting (23) and (24) into (22) and (21) we get

(17).
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