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Abstract — The paper examines the impact of Gaussian distrib-
uted weighting errors (in the channel gain estimates used for
coherent combination) on the statistics of the output of hybrid
selection/maximal-ratio (SC/MRC) receiver as well as the deg-
radation of the average symbol error rate (ASER) performance
from the ideal case. New expressions for the probability density
function (PDF), cumulative distribution function (CDF) and
moment generating function (MGF) of the coherent hybrid
SC/MRC combiner output signal-to-noise ratio (SNR) are
derived. The MGF is then used to derive exact closed form
ASER formulas for binary and M-ary modulations employing
nonideal hybrid SC/MRC receiver in Rayleigh fading. Results
for both SC and MRC are obtained as limiting cases. The effect
of the weighting errors on the outage rate of error probability
and the average combined SNR are also investigated. These
analytical results provide some insights into the trade-off
between diversity gain and combination losses with the increas-
ing order of diversity branches in an energy-sharing communi-
cation system.
L. INTRODUCTION

Recently, hybrid SC/MRC diversity scheme has received
considerable attention in the literature owing to its ability
to counter balance the detrimental effects of deep fades on
wireless channels, while achieving a good compromise
between the receiver performance and the implementation
complexity (fewer electronics as well as lower power con-
sumption) [1]-[9]. In an M/L-SC/MRC system, the receiver
selects the M strongest branches of L diversity branches
and then coherently combine them in a MRC combiner to
produce the decision statistic. The study of hybrid
SC/MRC receiver is important both from a practical view-
point and theoretical standpoint because this model encap-
sulates both SC (M = 1) and MRC (M = L) receiver
performance as limiting cases.

In all the above analyses, the channel gain estimates are
assumed to be noiseless. In fact, only a few published
results on imperfect coherent combining are available. Five
notable contributions are [10]-[14]. In [10], Bello and
Nelin first showed that decorrelation of the pilot from the
data signal separated in frequency to be Gaussian distrib-
uted and then derived the average bit-error rate (ABER)
expressions for both coherent and noncoherent detection of
binary orthogonal signals employing nonideal MRC
receiver in Rayleigh fading. In [11], the investigation into
the effects of weighting errors on ABER was confined to
the development of bounds on the reduction of average out-
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put SNR for a fixed amplitude error or a fixed phase error
in the weighting factor. Proakis [12] derived ABER expres-
sions for MPSK signalling scheme in Rayleigh and Rician
channels when an ad hoc estimator *ased on pilot signal or
clairvoyant information from the data signal is used to
determine the channel weights. In [13], Gans modelled the
channel estimation errors in MRC as being complex Gauss-
ian and subsequently derived the PDF and CDF of the com-
biner output SNR in Rayleigh fading. The Gaussian errors
may be due to inaccurate signal estimation (e.g. clairvoyant
estimator used in [12]) or due to decorrelation of the pilot
from the signal because of too large frequency or time sep-
aration. More recently, [14] showed that the ABER for
arbitrary modulation formats employing nonideal MRC can
be written in a canonical form, i.e., as a weighted sum of L
terms of ideal ABER employing MRC with increasing
diversity orders.

The major contributions of this paper include: (a) deriva-
tion of PDF, CDF and MGF of the hybrid M/L-SC/MRC
combiner output SNR taking into account of the Gaussian
distributed weighting errors in the channel gain estimates;
(b) derivation of closed-form ASER formulas for a broad
class of modulation formats in conjunction with nonideal
MRC; and (c) derivation of analytical expressions for com-
puting the outage rate of error probability for several com-
mon modulation formats and the average combiner output
SNR. To the best of the authors’ knowledge, study of the
effect of Gaussian weighting errors on the PDF, CDF and
MGF of the hybrid SC/MRC combiner output SNR is not
available in the literature. The investigation into the effect
of Gaussian errors in SC receiver also appears to be new.
Similarly, closed-form expressions for the ASER of arbi-
trary modulations formats in conjunction with SC/MRC
receiver and their corresponding outage rate have not been
reported previously. It is also not very clear if the complex-
ity of combiner and the combination losses (due to weight-
ing errors in the gain estimates) tend to outweigh the
benefits obtained from additional diversity branches in an
energy sharing communication system. Insights to this are
provided in our forthcoming paper [15].

II. HYBRID SC/MRC COMBINER OUTPUT STATISTICS

In this section, we will summarize our results for the PDF,
CDF and MGF of nonideal M/L-SC/MRC combiner output
SNR on i.i.d Rayleigh fading channels by assuming that the
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weighting error is complex Gaussian. Detalls of our deriva-
tions can be found in [15}.

Following the mathematical procedure in [13], it is possible
to show (after a lengthy derivation and simplifications) that
the PDF of the M/L-SC/MRC combiner output SNR with

Gaussian distributed weighting errors is given by
[OR)
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Then, the CDF of hybrid SC/MRC combiner output SNR

with Gaussian distributed weighting errors can be readily
shown as
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Taking Laplace transform of the PDF (1), we get the MGF
of the output SNR:
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To the best of the authors’ knowledge, the above results
(1), (4) and (5)) are new and generalizes the existing
results on hybrid SC/MRC output SNR statistic by consid-
ering the impact of Gaussian distributed weighting errors
on a variety of receiver structures. The applications of
these statistics for characterizing the performance of diver-
sity systems in terms of ASER, outage rate of error proba-
bility and average combined SNR are presented in Sections
III and 1V. These results are useful for to gain insights into
the design of a two dimensional SC/MRC receiver (i.e.,
combined multipath and antenna diversity that are usually
implemented at the CDMA base-stations), or an hybrid

antenna array (for millimeter-wave broadband indoor wire-
less communications),” or a reduced complexity rake
receiver structure (for wideband CDMA systems), or a sim-
ple packet combining scheme (for increasing throughput of
existing wireless data networks), to name a few.
) III. AVERAGE SYMBOL ERROR RATES

In this section, we will show that it is possible to derive
ASER expressions (in closed-form) for arbitrary two
dimensional M-ary signals with polygonal decision
regions, M-ary DPSK and n/4-DQPSK modulation
schemes among others, in conjunction with nonideal
SC/MRC receiver, on i.i.d. Rayleigh fading channels. The
key to our derivation is the application of the MGF tech-
nique (originally described in [16] for BPSK, M-ary PSK
and M-ary DPSK schemes with diversity reception) and the
availability of solutions to three generic trigonometric inte-
grals provided in [17]. In order to be concise, we only sum-
marize the final results below. Nevertheless, it should be
pointed out that these expressions, in fact, can be obtained
at once by inspecting only the modulation related parame-
ters in the conditional error probability (i.e., error probabil-
ity in an AWGN channel) when expressed in a desirable
exponential form or by inspecting the arguments of MGF
and the integration limits. Readers are referred to [17] for
further details on this approach.

By applying the MGF technique, we know that the ASER
for a broad class of binary and M-ary modulations employ-
ing an SC/MRC receiver with Gaussian weighting errors
can be expressed in terms of only the MGF given by (5).
For instance, the average SER performance of an arbitrary
two-dimensional signal constellations may be computed as

> 1

ek E a2l
- ,zu;:l B v I G | oo
 pwpfosalen e

where S is the total number of signal points or decision
subregions, W, is the a priori probability of the symbol to
which subregion z corresponds, a,, n. and ¢, are coeffi-
cients (constants) relating to decision subregion z.
Recognizing that the integral in (6) has a known closed
form solution [17], (6) can be computed conveniently as
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for integer n> 1, with notation (22-3)!' = 1-3...(2n-3)
and (n—-1)! =1-2-3...(n-1).

Similarly, closed-form ASER expressions for. coherent
binary phase shift keying (BPSK), coherent binary fre-
quency shift keying (CFSK), noncoherent binary FSK
(NCFSK), binary differential PSK (DPSK), quadrature
PSK (QPSK), M, -ary square quadrature amplitude modula-
tion (M. -QAM), star-QAM, M, -ary PSK (M, -PSK), &, -ary
DPSK (M. -DPSK), noncoherent a, -ary FSK (u, -FSK) and
DQPSK with Gray coding - in conjunction with
M/L-SC/MRC receiver can be derived in a similar fashion.
These results are summarized below:

A. BPSK, CFSK, QPSK and M, -PSK
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n
where the coefficients 8, and ¢ for the four different mod-

ulation formats are listed in the table below and A, denotes
the alphabet size of M-ary signal constellations.

+
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where a = | for DPSK and a = 1/2 for NCFSK.

C. M.-DPSK, noncoherent detection of equiprobable cor-
related binary signals and w/4-DQPSK
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for integer 6> 1 and coefficients ¢, 0,, Q and ¢ for these
modulation formats are tabulated below.
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where ¢ = 1-1/./M, . Noting that signal constellations for
4-QAM and QPSK are virtually identical, the ASER for
QPSK may also be obtained by substituting M. = 4 in
(14). However, a more concise solution is given in (10).

E. Noncoherent M,-FSK

e
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It is also apparent that (15) reduces to (11) when M, = 2
(noncoherent detection), as expected.

We conclude this section by noting that our development
rely on the fact that MGF (5) has a similar form to those in
[17] and because of the availability of closed-form solu-
tions for the generic trigonometric integrals /g(.,.,.,.) and
I(,.,. . .) derived therein.

X [—E—I(] ‘p2)+

IV. OUTAGE PROBABILITY AND MEAN COMBINED SNR

QOutage rate of error probability (hereafter, simply referred
as outage probability) is another useful performance mea-
sure of diversity systems and this metric quantifies the
probability that the instantaneous symbol error probability
of the system exceeds a specified value (say 7.*). Hence,
the outage probability P,, is given by the CDF of com-
biner output SNR (4) evaluated at threshold SNR/symbol
v* (a coefficient that is dependent on the modulation for-
mat and detection scheme), viz.,

Pow = F(¥*) )
where y* can be obtained by solving P.(y*) = P* and
P.(.) corresponds to the symbol error rate in an AWGN
(i.e., nonfading) channel. Closed-form solution for v* is
available for several common modulation schemes and
they are summarized in Table 1.
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Table 1. Threshold SNR/symbol y* in closed-form for

several common modulation schemes.

Modulation/Detection ~ Threshold SNR/symbol y*

BPSK ferfc”' @PMY

CFSK 2ferfe” 2P

NCFSK -2 In@2P*)

DPSK - In(2P.*)

QPSK 2 (erfe 2(1- SR M)

M. -QAM 2M, - l)(erfc»l[l _ N -a*nz
3 1-1/.JM,

MSK

2eric 201 = JT-P )
(- Jim2e9)

coherent detection of
differentially detected
BPSK

ferfc”

Next we will derive a simple expression for the average
combined SNR at the output of an imperfect SC/MRC
receiver by utilizing the PDF or the MGF of SNR. Since
the average combined SNR 7,,. is the first moment (mean)

of the random variable y, we obtain

L-Af D, (D ky
[ypndy = 3 z“" -

I(llll
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Alternatively, the first moment can be computed by differ-
entiating the MGF with respect to variable s and then eval-
uating the derivative at s = 0:

== 'q‘(bv(s)
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which is identical to (17). For the special case of p =
(i.e., ideal SC/MRC), the above expression agrees with
those presented in [8] and [9] numerically.

V. SOME IMPORTANT LIMITING CASES

In this section, we will examine the limiting cases of the
correlation coefficient (i.e., p = 1) and p = 0) and show
that our expressions collapses to well-known expressions
in the literature. In Section V of [15], we have also care-
fully examined two other important limiting cases of inter-
est: () M = L (MRC); (b) M = 1 (SC). Specifically, the
results for SC limiting .case with imperfect combining
appears to be new.

Tewe [7(1 -]

=0
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Before proceeding further, we would like to pomt out that

the MGF (5) can re-written more concisely as (by groupmg
the last summation term in (5) using the binomial expansxon
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or equivalently,
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where &, 7T MandA 7 T .
The above forms allow us to examine the limiting cases
more conveniently.
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A. Case p =
Letting p = 1 (coherent combining with perfect channel
gain estimates) in (19), we get
L-A Dy (DI o 1 & B L-M 1 D,
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by noting that y;~ ™

expansmn, ie.,

is the coefficient of the partial fraction
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Eq. (21) agrees with that of [9, Eq. (12)] after using a vari-
able substitution to change the limits of the product term:
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(a) MRC

Further substituting & = L in (21), we obtain a familiar
expression for the MGF of SNR at the MRC combiner out-
put with L i.i.d. diversity branches in Rayleigh fading
because )’ = 1 and u* ™ =0 forall k = 1,2,....,L-1.
(b) SC

Now letting M = 1 in (21), we get the well known expres-
sion for MGF of SNR at the SC combiner output:

_ (n) I+1 :L_ly L 1+1
b(5) _Z (1+1+sy> E( 1)(1+l)(1+l+sy) (24)
o n® = L-1 .0, _
since p (- 1)(1+])( D=1, 01
Similarly, substituting p = 1 in (1) and (4), we get
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because all the terms in the last sum equal to zero except
when n = k-1. These formulas are equivalent to those
found in [9, Eq. (16)] and [9, Eq. (24)].

Letting p = 1 in (18) and after simpliﬁcations we obtain
L=y Dy
gu Z z (D ‘)I-EM Z l,l(” l\)k,Y+ Z u((}) [ (27)

=0 k=14 k=1

which agrees with an equivalent expression found in [8].
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B Casep =0
On the other extreme case in which the gain estimates are

completely uncorrelated with the actual branch gains, the
MGF of the SC/MRC combiner output SNR (19) reduces to

(D/ &)
ORI et
L-M D

since > Z

I=0k=1
It is apparent that there will not be any dlversny advantage

L-a Dy

X

I=0k=1

I
(1 +57) (28)

(D, £

=1.

for this particular case because the diversity receiver per--

formance will be dictated by choosing and combining the
diversity branches in random. Therefore, the ASER perfor-
mance will be equivalent to a single channel reception
(independent of both L and M), which is physically intui-
tive. From this observation, it can be conjectured that there
exists an optimal value for the diversity order in energy
limited communications which minimizes the ASER (for a
specified average SNR per symbol and correlation coeffi-
cient) because the combination losses could outweigh the
benefits obtained by having additional diversity branches
(i.e., in this scenario, the average SNR/symbol per branch
is reduced with a higher order of diversity to maintain a
fixed energy).

It is also straight-forward to show that (1) and (4) simpli-
fies to the PDF and CDF of SNR with a single channel

reception:
L-M D
P = 5 Su "‘exp(-Y] ~lap(-1) @9
=0 k=1 Y Y Y
Am=1-3 3 ep(-1) = 1-en(-1)  GO)

Finally, the average combined SNR (18) collapses to
e = 7 a8 expected.
VI. CONCLUSIONS

This paper derives new, concise expressions for the PDF,
CDF and MGF of SNR at the output of an imperfect
M/L-SC/MRC combiner (i.e., with noisy channel gain esti-
mates) operating in a Rayleigh fading environment. The
applications of these statistics for characterizing the perfor-
mance of diversity systems in terms of ASER, outage rate
of error probability and average combined SNR are also
presented. The MGF is used to derived closed-form ASER
expressions for a multitude of digital modulation schemes
in conjunction with a “family” of receiver structures (with
SC and MRC as limiting cases). The outage probability can
be computed readily using the CDF, and a simple

closed-form expression for computing the mean combined -

SNR may be derived from the PDF or the MGF.
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