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Abstract— Emerging very high-data-rate wireless communica-
tions requires that traditional diversity systems be adapted so that
some performance is sacrificed for complexity reduction. With
this goal in mind, we investigate the recently-developed absolute
threshold generalized selection combining (AT-GSC). We show
that AT-GSC has poor bit-error rate (BER) performance when the
average branch signal-to-noise ratio (SNR) is comparably lower
than the preset threshold. This paper therefore develops a new
diversity combining scheme, referred to as switching GSC (S-
GSC). This scheme combines all branches whose SNR’s exceed a
preset threshold and if all the branches drop below the threshold,
the output is the single branch with the maximum SNR. We prove
that for any two-dimensional amplitude/phase linear modulation
schemes, the symbol error rate (SER) of S-GSC lies between those
of maximal ratio combining (MRC) and selection combing (SC).
Importantly, the complexity of S-GSC is only slightly above that
of AT-GSC. We derive the moment generating function (mgf) of
the S-GSC output SNR over independent fading channels. For
identically and independently distributed (i.i.d.) Rayleigh fading
channels, we also derive the output probability density function
(pdf) and cumulative distribution function (cdf) and analyze the
error rate and the outage probability performance of S-GSC.
Higher order moments of the S-GSC output SNR are also derived.
These theoretical results are sufficient to completely characterize
the performance of S-GSC and enable one to compare S-GSC
with conventional diversity schemes.

I. INTRODUCTION

Diversity techniques have long been employed to combat
the effect of multi-path fading on wireless communication
systems. Recent interest on emerging high-data-rate wireless
systems has led to a renewal of the subject. Classical diversity
techniques include MRC, equal gain combining (EGC) and
SC. An L-branch MRC performs the best with the highest
complexity and SC, on the other hand, performs the worst
comparatively with the least complexity. This motivates the
development of other diversity schemes whose complexity and
performance lie between these two extreme cases. Therefore,
several suboptimum hybrid diversity combining schemes that
achieve a tradeoff between performance and implementation
complexity have recently been proposed and studied in the
literature. Generalized selection combining (GSC) [1]-[5], ini-
tially proposed by Kong et al. [5], combines M (1 < M <
L) branches with the largest instantaneous SNR’s out of L
branches. We shall use notation GSC(L, M) and remark that
the special cases GSC(L, L) and GSC(L,1) are MRC and
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SC, respectively. Since M is fixed, GSC(L, M) has a fixed
processing complexity. Moreover, choosing an appropriate M
for various fading channels may be difficult [2].

Two further developments in GSC have been proposed and
analyzed [2], [6], [7]. The key idea is to allow M vary by dis-
carding highly faded branch signals dynamically depending on
the received branch signal strength profile. Sulyman and Kousa
[6] and Yue [2] present a normalized threshold GSC (NT-GSC)
scheme, which combines the branches whose relative branch
strength (the ratio of the SNR of each branch to the maximum
SNR) exceeds a fixed normalized threshold 7" (0 < T < 1).
Yue [2] presents AT-GSC, which combines all the branches with
SNR’s above a fixed threshold (say, 7). Simon and Alouini
[7] provide a comprehensive performance analysis of both AT-
GSC and NT-GSC over independent fading channels. These
two schemes are more flexible than GSC(L, M) in situations
where the receiver is presented with a large number of multi-
path components or diversity branches, such as RAKE receivers
for ultra-wideband (UWB) spread-spectrum signals. Note that
they both are suboptimal schemes and their performance cannot
be better than that of MRC.

This paper is therefore motivated by an apparent anomaly
observed in [7], where AT-GSC is found to have better BER
performance than MRC. This has prompted us to investigate the
AT-GSC performance as a function of the preset threshold (7).
The counter-intuitive result in [7] is due to the way the BER
is computed. The error state of AT-GSC in which no branches
contribute to the combiner output is ignored in the analysis of
[7]. This error state occurs when all the branch SNR’s fall below
¢, simultaneously. When it is taken into consideration, the AT-
GSC performance degrades monotonically with the increasing
Yen- In fact, AT-GSC performs worse than SC when the average
branch SNR is comparably lower than ;. This raises the
question if there is a way to improve the AT-GSC performance.

We therefore propose a new scheme called S-GSC, in which
all the branches whose SNR’s exceed 7 are combined to form
the output, and if all the branch SNR’s fall below ~;, the
maximum branch SNR is applied to the combiner. Thus, S-
GSC eliminates the error state that presents in AT-GSC. We
show that S-GSC outperforms both conventional SC and AT-
GSC. It reduces to classical MRC and SC when 4, = 0
and -, = oo, respectively. Moreover, S-GSC is only slightly
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more complex than AT-GSC in terms of the average number of
diversity branches combined.

The paper is organized as follows. Section 2 analyzes the
effect of the threshold on the AT-GSC performance. Section 3
develops a new diversity combining scheme and also derives
its output mgf, pdf and cdf over independent fading channels.
In Section 4, the average error rates of various modulation
schemes, outage probability and other output quality measures
are derived. Section 5 presents numerical results to compare the
new scheme with other combining techniques and concludes the
paper.

II. AT-GSC PERFORMANCE AS A FUNCTION OF
THRESHOLD
Consider a diversity combiner with L branches. Let v; (I =
1,2,---, L) denotes the instantaneous SNR of the [-th branch.
In AT-GSC, all the branches whose instantaneous SNR’s exceed
a fixed threshold are combined to form the output [2], [7],
which may be written as

0, if all Vi < Yihs
Z v, otherwise, (D

VZ>Vth

Yat =

where 4, is a preset threshold.

In [7], the error state in which no branches contribute to
the combiner output was subtracted from the expression for
the BER of AT-GSC. However, we expect that as the threshold
(¢r) increases, fewer branches will be combined as the output,
which results in higher BER. We prove this intuitive notion
rigorously by using the mgf of the AT-GSC output. For i.i.d.
Rayleigh fading channels, the mgf of the AT-GSC output is
given by [7]

. _ 3t (1459) 1 F
My(s) = B(e™) = ll o ﬁ] .

where E(x) denotes the average of x and 7 is the average SNR
per branch. For any real value s > 0, we know that My (s) > 0
and

OMarls) _,

t o~y L1
i o~ T (1+57)
loe 4y 7
8715]1 (3)

+ 14 s

1 Tt
X [revh (1- e_‘”“k)} > 0.
Y

Hence M,:(s) monotonically increases with ~;,. Applying the
mgf technique [8], [9], we may compute the SER of any two-
dimensional amplitude/phase linear modulation using

S .9
_ 1 Mk
Pom e YW [ M (‘M) @ @
2m = 0 sin®(0 + ¢x)
where S is the total number of signal points or decision
subregions, Wi, > 0, ar > 0, m, and (j are parameters
relating to decision subregion k and they are independent of

the instantaneous SNR ~. Combining (4) with (3), we readily
find that the average SER increases with ;.
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Fig. 1 shows that for the fixed average branch SNR (%) and
the number of diversity branches (L), the BER (P) of binary
phase-shift-keying (BPSK) with AT-GSC increases dramatically
as the preset threshold (v4;,) increases. It approaches 1/2 in
the worst case. This makes AT-GSC unsuitable for practical
applications and motivates improvements for AT-GSC.

III. NEwW HYBRID GSC COMBINING SCHEMES

To mitigate the worsening system performance as the thresh-
old (v:) increases, we present a new hybrid GSC schemes,
S-GSC.

A. S-GSC over Independent Fading Channels

In the new hybrid GSC scheme, S-GSC, all the branches with
SNR’s exceeding a fixed preset threshold (vy;,) are combined
as the output. If no branch SNR exceeds 7, the branch with
the largest SNR is selected. S-GSC switches therefore between
AT-GSC and SC depending on how many branch SNR’s exceed
~Y¢n- Consequently, the combiner output can be written as

max(y),  if all v <y,
Vsg = Z 1, otherwise. ®)
MNZYth

For performance analysis, the pdf and/or the mgf of the S-
GSC output (vg) is required. The pdf of ~,, can be expressed
in terms of the output pdf of SC ps.(y) and the output pdf of
AT-GSC pa+(7) as

Pog() = psc(zlh() <7y <)
o " Dse(y) dy

pat(’ﬂ Y 2 Yin )
S par(v) dy

=psc(V)[u(y) — wly = ven)] + Pat (V) uly — Yen)

Pr(all v <)

Pr( at least one v; > 7y, ) ©

where u(x) is the unit step function

07
u(a) = {L

Using the previous analysis of SC [10] and AT-GSC [7],
we can readily derive a general expression for the mgf of the
S-GSC output over independent fading channels:

z <0,

x> 0. @

L L

Yth
M) =3 | [ {eme T e |
=1 |70 i=1,i7l
€))
L o L
+]1] [Fz(%h) +/ pi(y)e™™ dﬁ} -1 A0m)
=1 Tth =1

where p;(vy) and Fj(y) are the pdf and the cdf of the I-th
branch SNR. For example, the mgf of the S-GSC output SNR
over independent (not necessarily identical) Rayleigh fading
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channels can be obtained as

I L
by
My(s) = D, (-pntoteest <Z _>
bi+--4br=1 =1 E
1_ e_(s.t,.zl:l W)wh L _Jth
LS K
s+ 7 =1
I 7<s+%)%h
_mh e K
+ Il—e 7+ ——7—7—
H 1+ s

=1

Recall that two limiting cases of S-GSC.
1. When vy, = 0, the output mgf (8) can be simplified to

L o)
Myy(s) =[] U pi(y)e ™ dw] : (10)
1=1 /0
which is equivalent to the case of MRC.
2. When 7, = oo, the output mgf (8) reduces to
L 0o L
Myg(s) = / e pi(vs) [ Fi(vs) | dvs]
1=1 |70 i=1,i#l
(1)

which is equivalent to the case of SC. These special cases
reaffirm the correctness of (8).

B. S-GSC over i.i.d. Rayleigh Fading Channels

For the special case of i.i.d. Rayleigh fading channels, the
mgf (8) of the S-GSC output reduces to

— M (nt7s)

L
Z 71+1 1—e

— n+ys

- 12
L e (1+7s) (12
Z N k|

— 1+7s

Note that the first part of (12) accounts for the event that all
branch SNR’s drop below the threshold and S-GSC switches
to SC, and the second part corresponds to the case where [
branches (I = 1,..., L) exceed the threshold.

Appendix shows that for a certain 7y and real s > 0,
the output mgf increases monotonically with ~;;,. Hence, we
can prove that the error rate performance of S-GSC is upper
bounded by MRC and lower bounded by SC.

The output pdf is the inverse Laplace transform of the output

Integrating (13) over x yields the output cdf to be

Jth

Fy(x) = (1 —e ) 1 —u(@ —yn)] + (1 —e )"
min{L,|z/vn]} I s
_ 11— —thNL-m

X u(x — Vi) 2 (m)( e )

m—1 (70 m’Yth) —i=i
T—MYth

X |1—e" 5 Z

= —1—)!

(14)
IV. PERFORMANCE ANALYSIS

In this section, the average error rates, outage probability and
several output quality measures of S-GSC over i.i.d. Rayleigh
fading channels are presented. We assume that channel fading
is flat and changing slowly enough so that the channel pa-
rameters remain constant for the duration of signaling interval.
Our results are based on the mgf expression (12). For other
independent fading channels, the S-GSC performance can be
readily evaluated using (8). For brevity, we do not develop such
results here.

A. Average error rate

The BER or the SER is one of the most commonly used
performance criterion of digital communication systems. The
mgf approach [8], [9] can be readily employed for evaluating
the average error rates of various kinds of modulation schemes
using S-GSC.

1) BPSK and binary frequency-shift-keying (BFSK): The
conditional error probability (CEP) for coherent BPSK and
BFSK can be expressed as

Py(v) = Q(\/2ay) = %/OW/Q exp( 9) do  (15)

where a@ = 1 for BPSK and a = % for BFSK. The advantage
of these exponential representations for analysis over fading
channels is that the final average error rates can be expressed
strictly in terms of the mgf. Therefore, the BER can be readily

shown as [3]
M de.
=2 ()

Using the mgf of the S-GSC output (12), we obtain the BER
of binary coherent signaling with S-GSC as

Py = Q(y/aamm (1 — e %) +Z()

(16)

mgf (12), which can be derived as " % 1 0 2vin(n + ) N 1 n l
I s s ay+n |2 ~ 2 7
pgg(ﬂ?) = 5(176_5) - 6_5[1*1/4(:1777”1)} L L /2 ’Vth(l_;’_ ) l
ot i A SlT
L S (B [,
+lz(L) 1 (]__e_%%)]’ile_% (13) =1 l 0 1+sm20

v =\l (1=1)! 17

z— v\ ; where Q(x) is the area under the tail of the Gaussian pdf and

x 5 u(® = lyn) defined as [11, Eq. (2-1-97)]. Since (17) is a simple, finite-range
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integral of exponential and trigonometric functions, it can easily
be evaluated numerically using any common mathematical
software such as Matlab.

2) Non-coherent binary frequency-shift-keying (NCFSK)
and binary differential phase-shift-keying (DPSK): The CEP
for NCFSK and DPSK is given by [11]

1 —«
Py(y) = 5e7
where o = 1 for BPSK and o = 3 for BFSK. Hence, the
corresponding BER is

L —Jth (n4-a7)
- 1 L nell—e
B= ytgfe) = Y- ()t

(18)

—\n n+ oy
2 (14a7) ]! 1
1 L _wnop_g e T @
— 1— 5
+2;(1)[ ¢ ] 1+ay

Following the procedure above, we can write down formulas of
average for other modulation schemes with S-GSC. For brevity,
we omit these results and more details can be found in [12].

B. Outage Probability

The outage probability is another commonly used perfor-
mance measure of digital communication systems. The outage
is defined as the probability that the output instantaneous SNR
v falls below a certain given threshold 7. The outage relates

to the cdf as follows:
Pout == PI‘(O S Y S P)/T) = Fsg(’yT)' (20)

By evaluating the output cdf (14) at v, we immediately obtain
the outage probability for S-GSC as

Powr = (1= ™ )E 1= u(yp = qu)] + (1 =™ 5)*

min{L,|yr/vn]} I s
X u(yr = Yen) > ( >(1 —e )k

m

m=1
m—1—j
m—1 ([ AT =M%th
_ T —™Yth ( ol )
X |1l—e 3
(m—1-j)!

j=0

2D
C. Other Output Quality Indicators

The mean output SNR of a diversity combiner is sometimes
used as a comparative performance measure. Using the mgf

We also obtain the second moment of the output SNR as

2 dQMsg(S) ~2 = L n-1 2
-] s (Y fd
5= n=1
2
nt 2 2
S (G Vi R (ﬂ‘) (23)
ny Y

(1 — e §)E <1+z <1+ %>2>] }

More generally, we obtain higher order moments as v, =
E(vg) = (=1)" M’ o Central moments can then be
obtained as p = E[(7sg — ¥s¢)"] = Zf:o (’;)Vi(f*_ysg)

The amount of fading (AF) is often used to describe the
severity of the channel fading [13]. Alouini and Simon [14]
derive closed-form expressions for the AF’s of dual diversity
combiners over correlated log-normal fading channels. Win
and Winters [15] use the square value of the AF (a.k.a. Karl
Pearson’s coefficient of variation) to assess the effectiveness of
GSC scheme over Rayleigh fading channels. Using (22) and
(23), the AF of S-GSC over i.i.d. Rayleigh fading channels

becomes

dsn
k—1

K2 _ D
V1 '_Ysg

D. Complexity Comparison

AF = —1. (24)

The average number of combined branches L. may be
considered as a measure of the implementation complexity of
a diversity combiner.

In S-GSC, the probability that L, = [ out of L branches are
combined as the output is

[Fsg('Yth)]L + L[l - Fsg(%h)][Fsg(’Yth)]L_l

for [ =1,
P2 ) E a1 Py
for 2 <1< L.
(25)
Thus, the average number of branches combined is
L
Lo=Y"IPr{L.=1}=1+(L-1e 5. (26
=1

Let us compare the complexity of different diversity combiners
by listing the average number of combined branches for each:

of the S-GSC output (8), the moments of the output SNR L, MRC,
can readily be determined. The mean output SNR is therefore 1 SC
obtained as L.= ’ _n ' 27)
1+(L—-1)e "7, S-GSC,
= dMSg(S) _Jth
Vsg = Evsg) = = — Le 7, AT-GSC.
s=0
L /r 1 Eq. (27) shows that MRC is the most complicated scheme,
nYth
=7 Z ) {(—1)”‘1 (—) +e 7 [(=1)" (22) while SC s the simplest one. As the threshold 75, increases, the
n=1 \" " average number of combined branches L. of S-GSC approaches
l n Vth +n(l - ,@)L_l 14 Yih to 1 and S-GSC reduces to SC. As v, decreases, L. of S-
n o K € o GSC approaches to L and S-GSC approaches MRC. S-GSC
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combines only 1 — e~ % < 1 more branches than AT-GSC.
The complexity of S-GSC is comparable to that AT-GSC when
the diversity order is large.

V. NUMERICAL RESULTS

Several numerical results are presented to illustrate the
performance of balanced S-GSC over i.i.d. Rayleigh fading
channels. In all the figures 7,5 = 745,/7 is the threshold (vy;5,)
normalized by the average branch SNR (7).

5 )
Normalized threshold ', (dB)

Fig. 1. Comparison of the effect of threshold on the BER of BPSK with
S-GSC, AT-GSC, MRC and SC; 4 = 5dB, L = 5.

Fig. 1 shows the BER of BPSK with several diversity
schemes as a function of the normalized threshold ;. Clearly,
the MRC and SC performance does not change with +}; . How-
ever, the AT-GSC and S-GSC performance is highly dependent
on the threshold. As the threshold increases, AT-GSC performs
very poorly. When ~;;, > 1 (the threshold -, is much higher
than the average SNR #), the BER of AT-GSC approaches
1/2. Clearly, as the threshold increases, the probability that
no branch is selected increases. The performance of S-GSC
is less sensitive to the threshold compared to that of AT-GSC.
When the threshold is low, S-GSC performs as well as AT-
GSC. However, for high threshold values, the BER of S-GSC
approaches that of SC, which is much lower than that of AT-
GSC.

Average output SNRY'

. . .
1 2 3 4 5 6
Diversity order L

Fig. 2. Comparison of mean output SNR of S-GSC with MRC and SC, L is
diversity order, normalized mean output SNR v} . = Jout /7.
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Fig. 2 compares the normalized mean output SNR ~} . =
Fout/7 achieved by different diversity schemes. As expected,
the mean output SNR of MRC increases linearly with the
increasing diversity order L while for SC, it increases much
more slowly. This observation agrees with the result in [16].
The mean output SNR of S-GSC is upper and lower bounded
by that of MRC and SC, respectively. As the threshold -,
decreases (S-GSC behaves more like MRC), the mean output
SNR of S-GSC increases and so does the rate at which
it increases. Therefore, lowering the threshold improves the
mean output SNR, especially for a higher diversity order. For
example, when the threshold changes from 5 dB to -8 dB, the
mean output SNR improves nearly 2 dB at L = 4 and 7 dB at
L =10.

Average Error Rate P

1 14 16 18 20

0 2 4 6 8 10 2
Average Branch SNR (dB)

Fig. 3.
L=3.

Comparison of BER of BPSK with S-GSC, AT-GSC, MRC and SC;

The BER of BPSK with different diversity combiners is
shown in Fig. 3. As expected, MRC performs the best and
AT-GSC performs even worse than SC when the threshold
is large. This is because high threshold sends AT-GSC to the
error state (the event that all the branch SNR’s drop below
the threshold), which results in significantly high error rate.
However, S-GSC outperforms both SC and AT-GSC.

Outage probability P,
3

o . . .
-10 -8 -6 -4 -2 2
Normalized Branch SNR v*(dB)

Fig. 4. Comparison of outage probability of S-GSC, SC and MRC; L = 6,
normalized branch SNR v* = 4 /~7.

Fig. 4 compares the outage probability of S-GSC with those
of SC and MRC. The outage probability of S-GSC approaches
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that of MRC when the threshold is lower than the average SNR.
As the threshold increases, S-GSC performs close to SC.

In conclusion, we have shown that AT-GSC performs poorly
as the preset threshold increases. To improve system perfor-
mance, we have presented a new combining scheme, called S-
GSC, which is a hybrid of SC and AT-GSC. We also developed
theoretical performance results for S-GSC, which are general
enough to handle any independent fading models. Results show
that S-GSC outperforms both SC and AT-GSC with the same
threshold. The performance of S-GSC lies between that of MRC
and SC. The number of branches contributing to the output of
S-GSC is not fixed, but varies corresponding to the channel
fading conditions. Hence, S-GSC is flexible enough to provide
a tradeoff between system complexity and performance. Finally,
an interesting research problem would be to analyze the S-GSC
performance over correlated fading channels.
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APPENDIX

In this appendix, we prove that the output mgf of S-GSC
increases monotonously with the preset threshold ~;,. The
output mgf (12) can be written as

L-1 —2th (14n47s)
L—-1 1—e >
M =1L E -1)"
g(s) n_(]( n >( ) 1+n+7s

(28)

_ 5
wn e s (1+s7)

+|l—e 7 +

| —[1—e HF
1457

Differentiating (28), we obtain
OM4(s)

_Jth
e ¥

M v
=1t (1+57)

= EB_%(HS”(I - yE 4 2 [1 —e
gl

L—-1

e
14 s

_ Jth

By L1 (e

x(1—e

— e_S'Yth).

(29)

For any given 4 and real value s > 0, 6]\84579(5) > 0 and

Mq4(s) > 0, thus, M,,(s) increases monotonically with .
So does the SER, which is given by (4).
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