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Abstract— Moments of the equal gain combiner (EGC) output
signal-to-noise ratio (SNR) are only known for independent and
exponentially correlated Nakagami-m fading channels. In this
paper, we derive the moments of the EGC output SNR in
equally correlated Nakagami-m fading channels. Our moment
expressions can be used to evaluate the outage and the average
error rate of EGC as well as purely moments-based measures
such as the average output SNR and the amount of fading
as functions of the fading correlation. Numerical results that
illustrate the effect of fading correlation on the distribution of
the EGC output SNR are also provided. The average output SNR
increases with the fading correlation.

Keywords: Amount of fading, diversity, equal gain combining,
equally correlated fading.

I. INTRODUCTION

The coherent EGC scheme offers performance comparable
to the optimal maximal ratio combining (MRC) scheme but
with greater simplicity [1]. However, it is notoriously difficult
to analyze the EGC performance. Even for independent fading,
a closed-form solution to the probability density function (pdf)
of the EGC output SNR is only known for the dual-branch case
in Rayleigh fading [2]. Different methods have therefore been
developed to analyze the EGC performance [2]-[5]. While
progress has been made on analyzing the EGC performance
in independent fading channels, little is known about that in
correlated fading channels.

However, in real-life applications, fading is correlated
among diversity branches and hence characterizing the resul-
tant EGC performance loss is of both theoretical and practical
importance. Since the joint pdf of the multiple correlated
channel gains is not known, many published results deal
with the dual-branch case [6]-[9]. For instance, Tellambura
and Annamalai [7], [8] derive the average error rate via the
characteristic function (chf) of the EGC output SNR. Iskander
and Mathiopoulos [9] derive an infinite series expression for
the symbol error rate (SER) of QAM in terms of the Appell
hypergeometric functions. Accordingly, only several papers
address multi-branch (L > 2) coherent EGC in correlated
fading channels. Karagiannidis et. al. [10] derive the mo-
ments of the EGC output SNR in exponentially correlated
Nakagami-m fading channels using the available joint pdf of
the multivariate Rayleigh distribution. More recently, Chen
and Tellambura [11], [12] developed a new approach for
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performance analysis of multi-branch diversity combiners in
equally correlated Rayleigh and Ricean fading channels. They
transform a set of equally correlated Rayleigh and Ricean RVs
into a set of conditionally independent Ricean RV's using novel
representations of the channel gains.

Clearly, it is difficult to derive analytical expressions for
the pdf or the mgf of the EGC output SNR in correlated
fading channels. In this paper, we thus derive the moments
of the EGC output SNR in equally correlated Nakagami-m
fading channels using a novel channel gain representation.
The equally correlated model presents a worst case among
correlated fading channels. It can also be used to describe
the correlation among closely-placed antennas [13]. The EGC
output moments are important for several reasons. First, purely
moment-based measures such as the average output SNR and
the amount of fading are commonly used to characterize
diversity systems; for example, higher-order moments are
derived for certain diversity systems [14]. Second, more widely
used performance measures such as the average bit error rate
(BER) (which is appropriate for digital modulations) and the
outage probability are typically computed using the pdf or
the mgf (which are not available in this case). However, these
measures can also be evaluated directly via the moments, using
the Edgeworth series and Gaussian quadrature techniques.

This paper is organized as follows. Section 2 describes the
system and the channel models and develops new representa-
tions for the equally correlated Nakagami-m envelopes. Sec-
tion 3 derives the moments of the EGC output SNR in equally
correlated Nakagami-m fading channels. The moments are
expressed as the Appell hypergeometric functions and certain
transformation formulas are used to ensure their convergence.
Numerical results in Section 4 illustrate the effect of fading
correlation on the distribution of the EGC output SNR. Section
5 concludes this paper.

II. SYSTEM AND CHANNEL MODEL

Consider a diversity system with L input branches. The
received signal after the matched filter at the k-th branch can
be written as

Yk = grs+nr, ke{l,... L}, (1)
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where gj is the random channel gain associated with the
k-th branch, s is the transmitted signal with energy Fi
and ny, is the additive white Gaussian noise (AWGN) with
power spectral density % per dimension. We assume that
the noise components are independent of the channel gains,
ie., E(n;Gy) = 0 for any j,k € {1,..., L}, where z* and
E(x) denote the complex conjugate and the average of ,
and uncorrelated with each other, ie., E(n;ny) = Nodjg,
where J;;, is the Kronecker delta function defined as §;; = 1
and ¢;, = 0 for j # k. Throughout this paper, all RVs are
denoted by capital letters and the corresponding realizations
are denoted by small letters.

In EGC, the received signals are co-phased and equally
weighted, and then summed to form the resultant output. The
instantaneous SNR at the EGC output can be written as

(ri+ro+---+rp)’Es
LN,

where Rj, = |Gj| is the amplitude of the channel gain
G. We assume that the channel gains are equally correlated
Nakagami-m distributed with identical fading severity param-
eters m’s at different diversity branches.

2

Yege =

The Nakagami-m distribution is a versatile statistical distri-
bution which can accurately model a variety of fading envi-
ronments. It has greater flexibility in matching some empirical
data than the Rayleigh, Ricean or Lognormal distribution.
It also includes the Rayleigh and the one-sided Gaussian
distributions as special cases. Moreover, the Nakagami-m
distribution can closely approximate the Ricean and the Hoyt
distributions [15]. When m is an integer, the equally correlated
Nakagami-m envelopes can also be represented using a set of
zero-mean complex Gaussian RVs

Grj = (V1= pXyj +v/pXoj) +i(\/1 = pYij + /0 Y0;)
3)
for k € {1,...,L} and 5 € {1,...,m}, where i = /—1,
0 < p < 1, {Xy;} and {Yj;}, & € {0,1,...,L} and
j € {1,...,m}, are two sets of independent zero-mean
Gaussian RVs with identical variance % That is, for any j, k €
{0,...,L}, E(XY;) = 0 and E(X; X;) = E(Y;Y;) = 30%;.
The fading correlation between any Gj; and Gy, is given
by

Py = E(Gr;Gl,) _ )P k#1and j =n,
T VE(GLPE(GmP) 0. j#n
“4)
Let Ri denote the summation of the absolute square of
Gyj'sfor j=1,...,m,

m

Ry =Y |GyjI*. (5)
j=1

From (4), we find that for any fixed k, G; is independent
complex Gaussian distributed for any j € {1,...,m}. Thus
R? is the sum of squares of m independent Rayleigh envelopes
with constant cross-correlation coefficient (power correlation)
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given by [15]
B(R{RY)

77:—7 bl

E(RDE(RD FEL ©

Therefore, { Ry} is a set of equally correlated Nakagami-m
fading envelopes with the mean-square value

E(R}) =m. (7

III. OUTPUT MOMENTS

Using the multinomial expansion, we obtain the moments
of the EGC output SNR as

mn =E(vg.) = [ b ]n E[(Ry + Ry + -+ Rp)™]

LNy
L ok
—(2n)! { Ve r i E (szle ) ®
: 2 L
LE(Rk) k1, k=0 Hj:l ]fj!

ki+---+kr=2n

where 3. = %E(Rz) is the average branch SNR. When
the channel gain envelopes R;’s are independent, (8) can be
readily evaluated as

2n L k;

e " E(R;")
n=(2n)! | ——~ E || )
= 20) [LE(R%J e 1 I

ki+---+kr=2n
However, it is an extremely complicated task to compute (8)
when the channel gains are correlated and the corresponding
joint pdf is unknown.

Now the new channel gain representations (3) and (5) can
be used to derive the moments of the EGC output SNR. Fix
Xoj = xo; and Yy; = yo; for j € {1,...,m} and let
u = Z;’;l(m%j + yg,). then R} is independent noncentral
chi-square distributed with 2m degrees of freedom and non-
centrality parameter pu. The moments of R can be found as
[16, Eq. (2-1-146)]

B(RF) = (1-p)*

I (m+ %)fb (—ﬁ,m;— pu )
T'(m) 2 1—p
(10)
where I'(x) is the gamma function and ®(a, c; 2) is the con-
fluent hypergeometric function defined as [17, Eq. (9.210.1)].
Substituting (7) and (10) into (9), we obtain the output
moments of EGC conditioned on u as

ma(u) = (2n)! {M}

mL

2n L (11
k; pu
X E HB(kj)@) (—?j,m;—l_ )
Fuy k=0 |j=1 p
kit tky=2n
where
kj
Bk,) r(m+%) 1)
J (m — 1)' k]'

Also notice that U is chi-square distributed with 2m degrees
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of freedom and its pdf is given by [16]

pu(u) = ——u™ te ™, w>0. (13)
Averaging the conditional output moments (11) over the dis-
tribution of U (13), we obtain the moments of the EGC output

SNR in equally correlated Nakagami-m fading channels as

= (2n)! {M]

mL
2n L (14)
x oy K(ky,.... ko) [[ B(k;)
Ky, k=0 i=1
ki+---+krL=2n
where K (ki,...,kr) is a single-fold integral which can be

derived in terms of the L-th order Appell hypergeometric
function with the aid of [18, Eq. (C.1)]:

K(kla"'vkL)
o0 ym—lg—u L ( k; pu )
= — ]2 m - ) dt
/0 T'(m) E 2 "I (15)

- F . ki kL. .

=ra|m; 9’ ’ 2 uz y My Ty, TL
where z, = —3& for k € {l,...,L} and
Fa(a; By s Bni Yy o s Yni @1y« .-, Ly) 18 the n-th order

Appell hypergeometric function defined as [17, (9.180.2)]

( '/61’ A 76”;717 A 77";':1:1’ R 7$',L) =
Z Z p1+ +pn (B1)p, - (ﬂn)pnxplm p, (16)
(Y1 =+ (Wn)pn P11 P! ! "

p1=0 pn=0

whose convergence region is defined by |z1|+...+ |zL] <1
[19]. If all 3;’s are either zeros or negative integers, then the
Appell hypergeometric function (16) reduces to a finite series
which is given by

Fa(o;Bry  Baivi, oo s Wi @1, 5 @) =
_5 Bn
zi Z p1+ +Pn ﬁl)m (ﬂn)pn 2P pPn
1 n
= = e (m)papi!- !
(17)
Notice that (15) only converges for —+5 < p < .

Hence a transformation formula for the higher transcendental
function F'4 [19] must be used to obtain a converge expression
for (15) as

1 1—p m
K(ki,...,kp) =
(k) (m —1)! [1+(L_1)P} (18)
XFA(m;ﬂlv"'a/BL§m ,m;Zl,...,ZL).
whereﬂj:m+%andzj:ﬁforje{l ., L}.
+|ZL| m<1le the

Appell hypergeometric function F'4 in (18) converges for any
0 < p < 1. Combining (18) with (12) and (14), we can readily
compute the moments of the L-branch EGC output SNR in
equally correlated Nakagami-m fading channels.

IEEE Communications Society / WCNC 2005

869

When m = 1, we obtain the moments of the EGC output
in equally correlated Rayleigh fading channels as

o= oy [E0=2]

2n L (19)
X Z k‘l,..., H
1, k=0 =1
ki+-+kr=2n
where
ri+%)
j.
and
Iy, hp) = ———P
B N A )P Q1)
X Fa(L; 1, By, 121,00, 21)

where §; = 1+% and z; = Tp—l)p forj e {1,...,L}.
Next we present some special cases of (14) and (19).

a) Average Output SNR: Using (17) and the relation be-
tween the second kind Appell hypergeometric function and the
Gauss hypergeometric function [18, Eq. (C.4)], we can readily
simplify the average output SNR of EGC in equally correlated
Rayleigh and Nakagami-m fading channels respectively as

1
Z-1: 2
51|

L—-1)m 1
Yege = M1 = Te {1+%2F1 (5,

(22)
and
- - (L—1DI?%(m+ 1) 1 1
Yege = Ve |:1+ m[(m—l)!PQ 211 <_§a_§§m§p2>l
(23)

where oF7i(a,b;c;2) is the Gauss hypergeometric function
defined as [17, Eq. (9-100)].
When p = 0, (22) reduces to

M] , (24)

4
which is the well-known result for independent Rayleigh
fading channels [20, Eq. (5.2-20)].

b) Independent Fading: In the independent case (p = 0),
(19) and (14) reduce to

ﬁ/egc =% |:1 +

_ n 2n L
My = (l) @) Y T Atk (25)
L i, k=0 |j=1
ki+--+kr=2n
and
:)’ 2n L
= (25) @) [IBGk)|. @

=1

for Rayleigh and Nakagami-m fading channels respectively.

¢) Dual-branch EGC in Equally Correlated Rayleigh
Fading: The moments of the dual-branch EGC output SNR
in equally correlated Rayleigh fading channels can be written
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in terms of the Gauss hypergeometric function as

_ 2n k k
2 NI
n= =) (2n)!
" (2)( ") ]; k(2 — k)1 o7
X oF (—g—y;l;/ﬂ) ~

As comparison, we present the moments of the MRC output
SNR in equally correlated Rayleigh fading channels here. The
pdf of the MRC output SNR in such channels is given by [13,
Eq. (12)]. Hence, the output moments are obtained as

(1—p)'*"T(L +n)
(I—p+Lp)T'(L)
Lp
x o |1, L+n; Ly ———— | | .
’ 1( ! 1—p+L,0)]

The moments of the EGC output SNR can be further used to
evaluate the average error rate and the outage performance of
multi-branch EGC in equally correlated Nakagami-m fading
channels with the aid of the Edgeworth series and Gaus-
sian quadrature techniques. We can also derive some purely
moment-based measures, such as the skewness, the kurtosis
and the Karl Pearson’s coefficient of variation. For brevity,
we do not develop such results here. Detailed discussion can
be found in [21].

B(y) = 37 [
(28)

IV. NUMERICAL RESULTS

We now present numerical results to show the correlation
effect on the distribution of the EGC output SNR. Semi-
analytical simulations are provided as an independent check
of our analytical results.

10

9F — p=0 A
- -p=03
- p=05 ,
8r =08 <
O Simulation

Normalized Average Output SNR
W

Diversity Order L

Fig. 1. The average output SNR of EGC in equally correlated Rayleigh
fading channels.

Fig. 1 plots the normalized average output SNR Hcq. =
Vege/Je of EGC versus the diversity order L in equally
correlated Rayleigh fading channels. As the diversity order
L increases, the average output SNR of EGC increases. Fig.
2 plots the normalized average output SNR of 4-branch EGC
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Fig. 2. The average output SNR of 4-branch EGC in equally correlated
Nakagami-m fading channels.

versus the fading correlation p in equally correlated Nakagami-
m fading channels. As the fading figure m increases, i.e., the
channel fading condition improves, the average output SNR
increases and the fading correlation has less effect on the EGC
output. In both figures, we find that the average output SNR
also increases as the fading correlation p increases. This has
never happened in the MRC and SC performance [3]. This
observation departs from our expectations. However, it can be
explained by (8). Since E(R;Ry) > E(R;)E(Rk), (j # k),
for p > 0, the average output SNR of EGC in correlated fading
channels is higher than that in independent fading channels [3].
In fact. as p approaches 1, the average output SNR of EGC
approaches that of MRC as

’Vegc = Ymre = L’Vc (29)

It should be noted that common EGC performance measures,
such as BER, cannot be solely characterized by the average
output SNR; they also depend on the higher-order moments.
The average output SNR by itself is not a comprehensive
metric for the EGC performance in correlated fading channels.
Caution must be exercised when using the average output SNR
as a performance measure. Higher-order moment based per-
formance measures of the combiner output SNR are required.
Charash [22] introduced the square value of the Karl Pear-
son’s coefficient as a unified measure of the amount of fading

(AF)
AF=— —1. (30)

Using (19) and (14), we may obtain the AF of EGC in equally
correlated Rayleigh and Nakagami-m fading channels. For
example, the AF of the dual-branch EGC output in equally
correlated Rayleigh fading channels is obtained as

5, 3,2 3nm 3 _1.1.,2
AF — §+§P +T2F1 <_§7_§7 3P )

- 2
14520 (341 7)]

Fig. 3 compares the AF of EGC with that of MRC in

equally correlated Rayleigh fading channels. As expected, the

— 1.

€1y
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Fig. 3. The amount of fading of EGC in equally correlated Rayleigh fading
channels.

AF increases as the fading correlation p increases and the
diversity order L decreases. The AF of EGC is larger than
that of MRC. Compared to the average output SNR, AF is
a more reliable performance measure because it takes into
consideration the second moment of the output SNR.

V. CONCLUSION

In this paper, we developed a new representation for the
equally correlated Nakagami-m channel gains. Using the new
channel gain representation, we have derived the moments
of the EGC output SNR in equally correlated Nakagami-m
fading channels. Moment-based analysis techniques can serve
as an alternative to the more common pdf and mgf approaches.
We derived some purely moment-based measures, such as the
average output SNR and the amount of fading. Numerical
and simulation results show that the fading correlation has a
negative effect on the EGC performance. The average output
SNR is not a complete performance measure. Higher-order
moments may be required to study the EGC performance. Our
moments expressions can also be used to evaluate the average
error rate and the outage probability of EGC. These results
can be found in our journal paper [21].
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