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Abstract— Previous works studied the effect of many system
parameters on spectrum sharing opportunities where secoraty
users access the spectrum of primary users. However, a param
eter that has received little attention is the spatial size the
field of secondary users. Usually, the field size is assumed hbe
infinite. Using results developed for infinite fields might betoo
pessimistic leading to missing spectrum sharing opportuties.
This paper studies the effect of the field size on spectrum shag
opportunities. We verify that asymptotic results obtained for
infinite fields are applicable for finite but relatively large fields
as well, i.e., when the radial depth of the field is much greate
than the minimum distance to the primary user. We demonstrae
that in some cases, however, asymptotic results are too pasgstic
hiding some spectrum sharing opportunities. Moreover, thepaper
shows that in certain situations a small reduction in the fiedl size
may create spectrum sharing opportunities while in certainother

situations a huge increase in the field size may not eliminate

spectrum sharing opportunities. Our results also suggesthte
possibility of a secondary network to concurrently share tte
spectrum with a primary user without the need for spectrum
sensing techniques or other cognitive radio functionaligs.

Index Terms—Spectrum Sharing, Aggregate Interference, In-
terference Probability.
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spatial size of the field of secondary users. In most stuthies,
spatial size of the field is assumed to be infinite (for brevity
the “spatial size of the field” will be simply called “field &2

in the rest of the paper.)

One might argue that asymptotic results obtained for irinit
fields may be used as bounds for finite fields. However, since
the spectrum sharing is opportunistic, using results apes
for an infinite field may end up being too pessimistic leading
to missing spectrum sharing opportunities. This conceoutb
the applicability of the results of infinite fields could be
addressed properly by studying the behavior of the harmful
interference metric and, hence, the spectrum sharing tppor
nities, with respect to the changes in the field size.

In this paper, we consider a two-dimensional field but we
do not assume that the field is infinite; rather we consider a
general setup in which the infinite field is a special case. We
use the interference probability as the harmful interfeeen
metric. We study how the interference probability and, eorr
spondingly, the spectrum sharing opportunities, woulchgiea
with changes in the field size. The study shows that in some
cases an increase in the field size may eliminate spectrum

FCC proposal on spectrum sharing [1] has stimulat&!i]aring opportunities; however, our study also demorestrat

significant interest in the academia and industry due to
potential in reducing the effect of radio spectrum scardity

the spectrum sharing proposal, a secondary user (likely '5
unlicensed user) could share the spectrum with a primany u

licensed user) provided that the operation of the secondQP
( )P b " toward(ysn th-@ complete the picture, the effect of the field location Kwit

user does not introduce “harmful interference

primary user [1]. The secondary user could be a single udé

at there are other cases where the spectrum sharing oppor-
tunities are not affected by the increase in the field sizeneve

e field size grows to infinity. Moreover, it is observeath
ile the reduction in the field size may open spectrum sharin
portunities in some cases; it does not in some other cases.

phect to the primary user) on the interference probwglaitit

or a wireless network consisting of many users seen by fhectrum sharing is also discussed.

primary user as a field of interferers.

Some metrics have been proposed in the literature to i(yent'i
whether the interference generated by secondary usetsa®ga

to a level of being “harmful” to the primary users. Examplés
these metrics include the following: interference tempama
[2], outage probability [3], interference indicator [4fextral
outage probability [5], and interference probability [6].

The works such as [3]-[6] study the effect of various syste

Following is an example of an immediate application of
pe results obtained in this paper. Currently, Wirelesss8en

&\letworks (WSNs) are operating in unlicensed bands, e.g.,
&.4 GHz. These bands are becoming over-crowded which

may severely affect the operation of WSNSs. Alternatively,

the WSNs could share a licensed band with a primary user.
However, this sharing usually requires spectrum sensimg an
ﬁpgnitive radio functionalities. Adding these functiatiab

parameters on the harmful interference metric. However, Y increase the complexity of the sensor nodes to a level tha

system parameter that has not received much attention is ?18

This work was funded by Saudi Aramco, Dhahran, Saudi Arabia.

conomically infeasible with today’s technologies espiéy
or massive deployments [7]. It has been shown in this
paper that under certain conditions secondary users (WSNs



in this example) could concurrently and continuously share An indicator variableB; can be introduced in the formu-
the spectrum with a primary user without the need to have alagion in order to capture the effect of the overlap of the
spectrum sensing techniques or cognitive radio functibesl frequency bands used by an interfering ne@ad the primary

The rest of the paper is organized as follows. First, @ser. This indicator has a range that goes from 0 to 1; it is
description of the system model used in this paper is givend@qual to 1 if the frequency band of the interfering node is
Section Il. Then, Section Il focuses on the formulationtod t totally within the frequency band of the primary user, wizere
mean of the aggregate interference, and discusses itsibehathe indicator is equal to zero if the frequency band of the
with respect to changes in the field size and location. Tlirterference is outside the frequency band of the primaey us
variance of the aggregate interference is studied in Set¥lo and does not cause an adjacent channel interference. In this
The upper bound on the interference probability is covergéper,B; is considered to be 1 which corresponds to the worst
in Section V. The effect of the field size and location owase. The results reported in this paper can easily be esdend
the spectrum sharing opportunities is discussed in Sestion to consider the cases whefg < 1. This extension can be
Finally, Section VII summarizes the main results in thisgrap facilitated by multiplying the right side in (2) by;.

The harmful interference metric that is used in this paper is
Il. SYSTEM MODEL the interference probability. This metric can be descriasd

In this paper, we consider a field of secondary users with
an annular sector shape as shown in Fig. 1. The total area
of this field is denoted byd. The shortest distance betweemvhich means that the probability of the aggregate interfege
the field and the victim (i.e., primary user) receives shown being greater than a certain interference threshigjd,should
by r,. The radial depth of the field is representedbyThe not exceed3, wheres < 1 [6]. If (3) is not violated, then the
field spans over an angle df as seen by the primary useraggregate interference is considered to be non-harmful.

This model is general enough to encompass many differentwe are interested in studying how the interference proba-
scenarios, e.g., a finite secondary field, an infinite seayndaility and, hence, the spectrum sharing behave with respect
field, a primary user away from the secondary field, andt@ changes in the field size, mainlf, and the location of
primary user in the middle of the secondary field. the field, i.e., changes in,. To achieve this, the distribution

The aggregate interference of this field as seen by tbeI, or at least some of its characteristics are required. The

primary user is denoted bf, which can be expressed as characteristic function of the aggregate interferenceegeted
by a poisson field of interferer has been derived in [3],
Ia :ZI“ 1) [6], [8]-[10]. While the characteristic function is known,
the cumulative distribution function and probability dips
where X is the set of concurrently transmitting interferingunction have no closed-form expression except for a specia
nodes. These interfering nodes are assumed to be spatiafige when the path loss exponent is 4 and the field is
distributed according to a Poisson Point Process (PPP) [@finite with no exclusion region around the victim receiver
Each node is introducing an instantaneous interferencepoWs]. Therefore, authors in [3] and [6] end up working with
of I; at the primary user. The cardinality of is N which approximations, and authors in [9] use upper bounds based
is a random variable following a Poisson distribution witlon Chebyshev’s inequality. Similarly, in this present pape
an average value dDA whereD is the average number of Chebyshev’s inequality is utilized to establish an upperrizb
transmitting nodes in a unit areg’s are assumed to be i.i.d.on the interference probability. To use this inequalitg tinst
random variables. By considering the commonly used pdtio moments of/4 have to be identified. In the following
loss model,J; can be expressed as sections, formulations for these moments and the upperdoun
on the interference probability are developed.

P(I4 > Iy) < 8, (3)

€N

) ] ) I11. M EAN OF THE AGGREGATEINTERFERENCE
wherer; is the distance between nodend the primary user ) ) _
and it is restricted to be greater than or equal to 1 m for the ThiS section addresses the formulation of the mean of the
model in (2) to be valid. Allowing; to be less than 1 m will aggregate interference ) and discusses the behavior of this
lead to singularity at;=0 [6]. The parameten (> 2) is the Mean with respect to changes in the field size and location.
path loss exppqent_, and’; is a random variable that result.sA. The Formulation
from the multiplications of the other system and propagnatio _ _ _ .
parameters such as transmitter power, antenna gains, and thfaking the expectation of4 in (1) results in
random factors capturing the effect of shadowing and pbssib
multipath fa_ding.Wl- andr; are assumed to be independent pa = E[l4]=F ZIi . (4)
random variables. ien

Lwhile the analysis in this paper focuses on a single primaey,it can be ASSUMINg that/;’s are i.i.d. random variables,
used directly or with some extensions to investigate theceféf a secondary
field on a primary field (consisting of many primary users). pa = E[NE[L] = pnpr. (5)



Since the number of transmitting nodes in an area followsSince N follows a Poisson distribution,
Poisson distribution,

2 _ _
un = DA. (6) on = pun = DA. (13)
Using (2) and the assumption thidf;, andr; are independent, BY Nnoting that
1y can be expressed as o2 = E[WQ]E[T;Q"] — 2, (14)
pr = pw Elri "], (7) 2-2n 2-2n
_ o E[r;?"] = Oy (1 + 5) . (15)
wherepuy = E[W;]. Since the nodes are spatially distributed A(2n —2) To

3;2%33;003;2ﬁéﬁhiLoucstlons of the nodes follow a urmforand substituting them as well as (13) in (12), we obtain

- _n D9T272n 0_2 L 2—2n
_ 0 9 L\’ o =20 2 <1 _W) 1— <1 _>
T — n — _ A 1247 % + + 3
E[TZ ] - A(TL _ 2) To 1 <1 + ro> . (8) 2n — 2 ,U%/V To
- - (16)
From (5)-(8),u4 can be obtained as which means that tDe randomnesslif} causes an increase
I 2—n] by a factor of(1 + Z). So, the behavior of the variance of
Do 2 m L . Hw . . .
HA = m?‘o pw |[1—| 1+ - . (9) the aggregate interference with respect to changes in tlie fie
L ¢ size and location can be studied without loss of generaljity b
B. Effect of Field Sze and Location on p4 assuming thatV; is deterministic.

The behavior of the mean with respect to the changes in t8e Effect of Field Sze and Location on o2
field size is discussed thoroughly in [11]. In brief, the mean . . .
. : : The variance of the aggregate interference changes linearl
of the aggregate interference changes linearly with crﬁan%th changes inZ, when L. < r.. However. whenl, > r
in L whenL <« r,. For L > r,, the changes in. does 9 o ' ¢

R : the changes i, has no tangible effect on the variance. The
not significantly affect the mean of the aggregate interfeee . . ,
variance of the aggregate interference saturates withecgsp
rather the mean converges to a value of

to the increase il at
Do

2-mn 2—2n 2
fA = ———UWTo . (20) 2 Dor; 2 W
_ =92 1+ —=. 17
(n 2) 0a 2 — 9 Hw + MI%V ( )
Regarding the effect of the field location on the variance
of the aggregate interference, a 10 dB increase, iteads to
0(2n — 2) dB decrease in the variance when< L, and a
2n — 1) dB decrease if, > L.

This convergence observation agrees with the findings tegor
in [8] and [12] which indicate that the aggregate interfeen
power generated by an infinite field of interferers conveifjes
the path loss exponent is greater than the dimensions of
field?.

The effect of the field location on the mean of the aggregat§. UppPERBOUND ON THE INTEREERENCEPROBABILITY
interference can be summarized as follows: a 10 dB increq&e-l-he Formulation
in r, leads to a 10(-2) dB decrease im 4 for r, < L; when ] N
ro > L, a 10 dB increase in, results in 10¢-1) dB decrease An upper bound on the interference probability can be

in the mean of the aggregate interference. established using Chebyshev's inequdlityrhis inequality
states that for a random variahl with meany and variance
IV. VARIANCE OF THE AGGREGATEINTERFERENCE o2 [15]
. . . 2
The variance of the aggregate |n.terfere.nce of the field of P(X —pl>t) < 0_27 £>0. (18)
secondary users is denoted b¥. This section presents the t
formulation of 0% and discusses its behavior with respect to Applying this inequality to our problem results in
changes inL andr,. DO o 1ok [{ 14 Ly2-2n
. s b (L+ 235) (1+:3)
A. The Formulation P(Ia > Iip) < . = 5
. .. Dor;™" —n
Based on the assumptions that &jls are i.i.d. random (Ith T Tnmp) MW [1 -1+ %)2 D
variables, it can be shown that the second moment of the _(19)
aggregate interference fo¥ transmitting nodes is provided thatl;;, > pa where Iy, could be the maximum

9 5 9 5 level of the tolerable interference by the primary user.
E[I3|N) = N(of + p1) + N(N = 1)p3. (11)  The expression (19) can be used to understand the effect of
Averaging (11) overV results in the randomness ifl; on the probability of interference. As
) ) 5 5 mentioned before, the randomnessiify may be due to the
OA = HNOT + ONHT- (12)
SWhile Chebyshev’s inequality may result in loose upper hisunthe

2The divergence of the aggregate interference power for finittntwo-  decisions deduced from these bounds are conservative arnideofavor of
dimensional field is discussed in [11], [13], [14]. protecting the primary user.



fluctuations in the transmitted power, multipath fadingdan On the other hand, if the secondary network operates
more importantly, the shadowing effect. The randomnessim the non-interfering region, then it can concurrently and
W, shifts up the upper bound of the interference probabiligontinuously share the spectrum with the primary user witho
by 10log1 + ”W) dB. So, without loss of generality, thethe need to implement any spectrum sensing technique or
behavior of the " upper bound on the interference probabilipgnition related function. This result could be used talsar
with respect to changes in field size and location can beextudf0lving the spectrum problem facing WSNs without incregsin
with the assumption tha¥; is deterministic. The results couldthe complexity of the sensor nodes. Currently, WSNs are

be adjusted with a proper scaling factor (or a proper dB )shiffPerating in unlicensed bands which are becoming more and
to reflect the randomness i;. more crowded; this may severely affect the operation of

WSNs. Based on the result mentioned above, the WSNs could
B. Effect of Field Sze and Location on the Interference alternatively share a licensed band with a primary userowith
Probability the need to have sophisticated functionalities like those i

Before discussing the effect of changes in the field si£Z®gnitive radios.
and location on the interference probability, it is impatta  The effect of the field size and location on determining the
to highlight the following: the Chebyshev inequality is igal interfering and non-interfering regions and on the spectru
when I, > ua; however,us would change with changes insharing opportunities are discussed in the following scbse
the field size and location. Therefore, in our plots we makins. Without loss of generality, the numerical exampled a
sure thatl,, > 4 over the ranges of. or r, considered in results shown later in the paper are based on the following
the plots. In practice, the value df;, is determined by the model forWW; :
regulator or the primary user, as such, the secondary user ha A s,
no control on it. Wi = PGiG, (E) dy?h;1070 (21)
The behavior of the upper bound on the interference prob-
ability with respect to the changes in the field size is showthere P; is the transmitted power by nodg G; is its
in Fig. 2. The upper bound on the interference probabili§ntenna gain(z.. is the antenna gain of the primary user,
increases linearly with the increase in for L < r,. If is the wavelength of the carrier frequendy, is the close-in
L > r,, then the increase it has no or negligible effect reference distanceé, reflects the effect of the multipath fading

on the upper bound. In this case, the upper bound saturate§rathe received power, an} is a Gaussian random variable

) modeling the shadowing effect.
Do ,.2—2n,2 (1+U_W)

Zn—2"0 D:LM; — “23; ) (20) A. Field Size and Spectrum Sharing Opportunities
(L = 52570 ") The discussion in this subsection is based on Fig. 4. This
Figure 3 shows the behavior of the upper bound on tligure has four curves; each curve corresponds to a certain
interference probability with respect to changesrin A 10 value of 3. Each one of these curves divides the figure into
dB increase i, leads to a 10(2-2) dB decrease in the uppertwo main regions: interfering (comprised of zones 1 and 2)
bound ifr, <« L; whenr, > L, a 10 dB increase in, leads and non-interfering (comprised of zones 3 and 4) regions.
to a 10(2:-1) dB decrease in the upper bound. If the maximum interference probability that a primary user
can tolerate is3 (e.g., 0.01), then the aggregate interference
VI. EFFECT OFFIELD SIZE AND LOCATION ON SPECTRUM  generated by the secondary network is not considered to be
SHARING OPPORTUNITIES harmful if the interference probability is less thanTherefore,

We consider a spectrum sharing opportunity exists if tithe part of Fig. 4 above the curve 6f= 0.01 is considered to
condition in (3) is satisfied. Therefore, for a certain vatife be a non-interfering region. In this case, a secondary rré&two
I, the upper bound obtained in (19) will be compared toould concurrently and continuously share the spectrurh wit
(3). If the upper bound is less than or equal@pthen the the primary user without the need to have spectrum sensing
aggregate interference of the secondary network is coregidetechniques or cognitive radio capabilities.

P(Ig > Iy) <

to be non-harmful to the primary user (non-interfering oegi The non-interfering region in Fig. 4 can be divided into two
Otherwise, the secondary network may cause harmful interfeones: zone 3 and zone 4. In zone 4, the secondary network
ence to the primary user (interfering region). does not cause harmful interference towards the primamgsuse

If the secondary network operates in an interfering regioregardless of the field sizd,. Therefore, expanding the field
then it may use the spectrum of the primary user durirdpes not eliminate any spectrum sharing opportunity. Irezon
the absence of the primary user. However, when the prima&yon the other hand, the increasdimay move the secondary
user starts using the spectrum, then the secondary useo hasetwork from the non-interfering region to the interfering
evacuate the spectrum or to adapt its transmission paresnetegion eliminating a spectrum sharing opportunity.
to move to the non-interfering region. Therefore, the sdaon For a specifics value, the part of Fig. 4 below the curve
user has to have a technology such as “cognitive radio” to berresponding to thag (e.g., 0.01) is considered to be an
able to sense the presence of the primary user, and to perfantarfering region because the interference probabititghis
a proper action accordingly [16], [17]. part is grater than 0.01. The interfering region can also be



divided into two zones. In the first one (zone 1), a reduction VII. CONCLUSIONS

in L never moves the secondary network from the interfering ., . . . ) .
) . : . ; This paper studies the impact of the field size of secondary

region to the non-interfering region except when there is N2 ers on spectrum sharina opoortunities. The study shows

transmitting node. Therefore, controlling the field sizeehe P 9 opp ' y

does not create a spectrum sharing opportunity. In the otﬁh?t an increase in the field size may eliminate the spectrum

zone (zone 2), on the other hand, a reductiorLimay lead sharing opportunities. However, there are some cases where

. . . . the spectrum sharing opportunities are not reduced by the

to moving the secondary network from the interfering region . , . . ;

. : : . . increase in the field size even when the field size grows to

to the non-interfering region which creates a spectrumispar infinity
opportunity. ' . .

PP Y The paper demonstrates that asymptotic results obtaimed fo

At this stage we can comment on the impact of the fielgl, ;,tnite field could be applied for a finite field whose radial

size on the spectrum sharing opportunities. It has beenr&;ho&\épth is much greater than the minimum distance between the

that an increase in the field size may eliminate spectrylly o the primary user. Otherwise, these asymptotidteesu

sharing opportunities. However, there are some cases w R be too conservative and may lead to missing spectrum
the spectrum sharing opportunities are not affected by t ﬁaring opportunities

!n?rgf\si/l in the ﬂ.?lg s%e evden i trl[e tﬁzk:h Slztf] grp(\i/vstto The results in this paper show the possibility of a secondary
Infinity. vioreover, 1t has been demonstrated that the redact , ..,y 1, concurrently and continuously share the spattru
in the field size may open spectrum sharing opportunities

On the other hand, there are some other cases where %: a primary network without the need for spectrum sens-

reduction in the field size does not open any spectrum shari techniques or other cognitive radio functionalitiesst
P ysp ervation hints a promising spectrum sharing solutian fo

opportunlt_les. o ] . the wireless sensor networks which are facing interference
Regarding the applicability of asymptotic results Obtd'nechallenges in the crowded unlicensed spectrum.
for a field of an infinite size to the case where the field

size is finite, we can state the followings: asymptotic ressul REEERENCES
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