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Abstract—We address joint design of robust precoder and
equalizer in a MIMO communication system using the mini-
mization of weighted sum of mean square errors. In addition
to imperfect knowledge of channel state information, we also
account for inaccurate awareness of interference plus noise
covariance matrix and power shaping matrix. We follow the
worst-case model for imperfect knowledge of these matrices.
First, we derive the worst-case values of these matrices. Then, we
transform the joint precoder and equalizer optimization problem
into a convex scalar optimization problem. Further, the solution
to this problem will be simplified to a depressed quartic equation,
the closed-form expressions for roots of which are known. Finally,
we propose an iterative algorithm to obtain the worst-case robust
transceivers.

I. I NTRODUCTION

Deployment of multiple antennas promises significant ca-
pacity gains in wireless systems [1]–[4], which motivates
construction of pragmatic signalling strategies exploiting these
gains. Nevertheless, these improvements are severely degraded
by interference [5]. Therefore, combination of precoding at the
transmitter and equalization at the receiver is often employed
to reduce the interference and maximize the performance of
system. In this setup, linear strategies have attracted more
attention due to their simplicity and robustness. Although
various multiple-input multiple-output (MIMO) linear pre-
coding and equalization methods have been proposed [6]–
[9], they assume that the channel state information (CSI)
and interference plus noise covariance matrix are perfectly
known at the transmitter and receiver. Unavailability of exact
information of channel matrices may diminish the performance
of the transceivers significantly. This motivates studyingof the
robust linear transmitter and/or receiver design problem [10]–
[21].

There are normally two philosophies to consider imperfect
CSI and to design robust transmission strategies: Worst-case
deterministic scenario and stochastic scenario. In stochastic
scenario, the CSI errors are modeled probabilistically andthe
average performance is optimized [20]–[23]. In this paper,we
consider the worst-case scenario since it can characterizethe
instantaneous imperfect knowledge of system matrices. In this
approach, the actual system matrices are assumed to lie within
a so-calleduncertainty region around the estimated values
known by the transmitter. A worst-case robust design is a
design which achieves a particular performance level for any
channel realization staying in the corresponding uncertainty
region [10]–[19], [24].

Worst-case robust transceiver design has been recently con-
sidered in [12], [15]. In [12], joint optimization of transceivers
is addressed using semi-definite program (SDP) reformulation.
However, even for the case of perfect channel knowledge it
only gives a suboptimal solution [25]. Moreover, SDP-based
approaches (see for example [10], [11]) do not give a closed-
form solution and the resultant algorithms require solvinga
SDP at each iteration. Closed-form solution for the worst-case
robust MMSE precoder assuming pre-fixed equalizer is given
in [13] and it is extended to design of worst-case robust MMSE
transceivers in [15]. Nevertheless, the proposed algorithm
is based on alternative optimization between precoder and
equalizer (rather than joint optimization). It also involves
solving a quintic equation, for which a closed-form solution
is unknown and it is only solved numerically.

Conventionally, the robust transmission strategies in the
MIMO communication systems consider imperfect knowledge
of channel gains between the transmit and receive antennas.
Here, we consider a wider range of system parametersall
known inaccurately to the system. In addition to CSI, we
consider imperfect knowledge of interference plus noise co-
variance matrix, and power shaping matrix. Moreover, our
objective is weighted sum of mean square error minimization
which is a more general performance metric [26]. We avoid
SDP reformulation to solve the problem and consequently the
proposed algorithm has lower complexity. First, we obtain
the worst-case system matrices within the uncertainty region.
Then, wejointly optimize precoder and equalizer where the
resultant matrix-valued optimization problem is reduced to a
scalar convex problem. Further, the solution to this problem
can be simplified to adepressed quartic equation. Interest-
ingly, the solution of a quartic equation can be expressed in
terms of radicals. Hence, a closed-form expression for the
precoder and equalizer matrices can be obtained. Finally, we
propose an iterative algorithm to find the optimal transceivers.
Note that the analysis and design approach for point-to-point
MIMO systems presented in this paper can be extended to
multiuser MIMO systems [27].

Notation: We denote positive semi-definite matrices asA �
0. Capital bold letters represent matrices and small bold letters
represent vectors. We denote conjugate transpose (Hermitian)
operator with(·)H. A− 1

2 represents the inverse square root
of positive definite matrixA. tr {·} is matrix trace operator
and‖ · ‖ demonstrates Frobenius norm of a matrix.λmax(·) is
reserved to denote the maximum eigenvalue of a matrix.
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II. SYSTEM MODEL AND PRELIMINARIES

We consider a MIMO communication system, where the
transmitter is equipped withnt antennas and the receiver
employsnr antennas (nr ≤ nt). The transmitter broadcasts
a data vector denoted byu ∈ Cnr using the linear precoding
matrix F ∈ Cnt×nr . The channel between the transmitter and
the receiver is characterized by the matrixH ∈ Cnr×nt . The
receiver observes the signal

y = HFu+ n, (1)

wheren represents the correlated interference plus noise vec-
tor. We denote the interference plus noise covariance matrix as
Ω = E

[
nnH

]
∈ Cnr×nr . The linear processing at the receiver

can be characterized by the equalizer matrixG ∈ Cnr×nr .
Hence, the estimated symbol vector at the receiver can be
described as

û = Gy. (2)

Let us define the estimation error covariance matrix as

E =E

[
(û− u) (û− u)

H
]

=GHFFHHHGH −GHF− FHHHGH +GΩGH + I.

(3)

which is referred to asmean square error (MSE)-matrix [8].
We are specifically interested in the following problem:

minimize
G,F

tr {WE}
subject to tr

{
ΦFFH

}
≤ P

(4)

where the optimization is over precoding and equalization
matrices with given diagonal weight matricesW ∈ Cnr×nr

where the main diagonal ofW is denoted by[w1, ..., wnr
] with

non-negative weightswj ≥ 0. Since the diagonal elements
of the MSE-matrix are MSE values of the estimated symbol
vector, the problem (4) is often calledweighted sum of mean
square error minimization (WMMSE) problem (see [25], [26],
[28], [29] for details). We also account for a linear power
constraint tr

{
ΦFFH

}
≤ P and specifically refer to the

weight matrixΦ in the power constraint as thepower shaping
matrix. This matrix also can characterize the direction, in
which the transmitted power can propagate while reducing
the interference in other directions (e.g. to other users ina
multiuser case). Additionally, we assume that the matrixΦ

is full rank and square with size ofnt. This assumption is a
practical constraint due to the fact that ifΦ is a rank deficient
matrix then one can always transmit infinite power in one
direction without violating the power constraint. Notice that
whenΦ = I, the sum power constraint emerges. We refer to
the matricesH,Φ, andΩ as system matrices.

It is shown that any performance metric characterized by
some particular functionf (E) of the MSE-matrixE, can
be approximated using the problem (4) [6], [25], [28]. The
approach is that at each iteration, we selectW = ∇Ef(Ē)T

at the operating pointE, then solve the optimization problem

(4)1. The algorithm iterates until the convergence is achieved.
For example, to adopt sum rate maximization one can select
W = Ē−1 at each iteration. This approach has been ex-
tensively used in [6], [25], [26], [28], [30] to optimize any
performance function of the MSE-matrices (e.g. sum-rate),
since the resultant problem becomes convex by fixing any
optimization variable.

III. PERFECTKNOWLEDGE OFSYSTEM MATRICES

We begin with the case of perfect channel knowledge
which will be employed for the robust design. [26], [28]
have considered WMMSE problem with perfect CSI, but their
solutions for each of the precoding and equalization matrices
are interdependent (requires alternative optimization).Here,
we give an extension of the results in [6], [8] when power
shaping matrix is present. Detailed discussion of this problem
with more general constraints is available in [25]. Here, a
special case of this result where the number of transmitted
data streams is equal tonr is given.

Lemma 1 [25]: For any channel matrixH and given the full
rank and square matricesΦ andΩ, the optimum precoding and
equalization matrices of the problem (4) have the following
structure

F =Φ− 1

2VΣ, (5)

G =ΛUHΩ− 1

2 . (6)

where Σ and Λ are diagonal matrices with the diagonal
elementsσi ≥ 0 and λi ≥ 0, i = 1, . . . , nr, respectively.
U ∈ C

nr×nr andV ∈ C
nt×nr are obtained by performing the

singular value decomposition (SVD) of the following matrix

Ω− 1

2HΦ− 1

2 = U [Γ 0nr×nt−nr
]
[
V V̆

]H
, (7)

in which Γ contains itsnr nonzero eigenvaluesγ1 ≥ . . . ≥
γnr

andV̆ ∈ Cnt×(nt−nr) contains the right singular vectors
corresponding to the zero eigenvalues2.

Proof: The proof can be found in [27].

IV. I MPERFECTKNOWLEDGE OFSYSTEM MATRICES

In this case, only estimated matriceŝH and Ω̂ and Φ̂, are
available at the transmitter and receiver. Therefore, the actual
value of these matrices can be described as a sum of the
estimated matrices and the error matrices:

H = Ĥ+∆H , (8)

Ω = Ω̂+∆Ω, (9)

Φ = Φ̂+∆Φ. (10)

We are interested in the joint optimization of the precoder
and equalizer, while the unknown actual system matrices

1The optimal forms of precoder and equalizer diagonalize theMSE-
matrix E [25] and consequently the updated weight matrixW is diagonal.

2The matrixΩ−

1

2 HΦ
−

1

2 with probability one has a rank ofnr , due to
the random nature of the channel matrixH and the fact thatnr ≤ nt.



are guaranteed to fit in the (norm-based) uncertainty region.
Hence, the error region can be described as

U =
{
(∆H ,∆Ω,∆Φ) : ‖∆H‖ ≤ εH , ‖∆Ω‖ ≤ εΩ,

Ω̂+∆Ω � 0, ‖∆Φ‖ ≤ εΦ, Φ̂+∆Φ � 0
}
. (11)

Consequently, the worst-case transceiver design can be ex-
pressed as

minimize
F,G

max
(∆H ,∆Φ,∆Ω)∈U

tr {WE}
subject to tr

{
ΦFFH

}
≤ P.

(12)

Please note that we consider a case, in which the uncertainty
of the system matrices is the same at the transmitter and the
receiver. We leave the scenario, under which the uncertainty
of the system matrices at the transmitter is much higher than
at the receiver to future work.

A. Finding Least Favorable System Matrices

We proceed by finding the worst-case estimation errors for
the system matrices. First, we expand the objective function of
(12) in terms of the estimated and error system matrices using
the definitions (3) and (8)-(10) and simplify the worst-case
problem as

maximize
(∆H ,∆Φ,∆Ω)∈U

tr
{
WÊ

}
+ tr

{
GHWG∆Ω

}

+tr
{
A∆HB∆H

H

}
+ 2Re {tr {C∆H}}

subject to tr
{
Φ̂FFH

}
≤ P − tr

{
∆ΦFF

H
}

(13)
where Ê is the MSE-matrix defined in (3) based on the
estimated matriceŝH andΩ̂ and

A =GHWG, (14)

B =FFH, (15)

C =FFHĤHGHWG− FWG. (16)

Least Favorable Matrices∆Ω and ∆Φ: Since the error
matrices are independent of each other, the least favorable
interference plus noise covariance matrix can be obtained from
the problem

maximize
‖∆Ω‖≤εΩ

tr
{
GHWG∆Ω

}

subject to Ω̂+∆Ω � 0.
(17)

We assume thatεΩ is small enough to ignore the positive
semi-definite condition of the problem (17). Nevertheless,we
will see that this relaxation gives us a solution, which also
satisfies a positive semi-definite condition. Using Cauchy-
Schwartz inequality, we can obtain

tr
{
GHWG∆Ω

}
≤ ‖GHWG‖ · ‖∆Ω‖ ≤ εΩ‖GHWG‖

(18)
and the upper bound occurs when

∆⋆
Ω = εΩ

GHWG

‖GHWG‖ . (19)

which gives the worst-case estimation error matrix∆⋆
Ω.

We continue by finding the worst-case estimation error of
the interference direction matrix, i.e.∆Φ. It is trivial that the
worst-case happens when the maximum allowed power is min-
imized. Consequently, we are interested in this optimization
problem:

maximize
‖∆Φ‖≤εΦ

tr
{
∆ΦFF

H
}

subject to Φ̂+∆Φ � 0
(20)

Similarly to the problem (17), we can obtain the worst-case
error matrix as

∆⋆
Φ = εΦ

FFH

‖FFH‖ . (21)

Substituting these worst-case estimation errors∆⋆
Φ and∆⋆

Ω

into the problem (12) results in the termsεΩ‖GHWG‖ and
εΦ‖FFH‖. Since we are interested in the worst-case scenario,
we can use upper bounds of these terms alternatively. Hence,
we can write inequalities

εΩ‖GHWG‖ ≤εΩ‖W
1

2G‖2 = εΩ tr
{
GHWG

}
(22)

εΦ‖FFH‖ ≤εΦ‖F‖2 = εΦ tr
{
FFH

}
. (23)

where we have used the inequality‖XY‖ ≤ ‖X‖ · ‖Y‖
which can be proved by utilizing the Cauchy-Schwartz in-
equality [31]. Since the Frobenius norm is invariant under the
Hermitian operation, we get‖XXH‖ ≤ ‖X‖2. Note that the
approximations given in (22) and (23) give an upper bound
of the objective function of (12). By minimizing this upper
bound, we also minimize the objective function.

Now, we replace the termstr
{
GHWG∆Ω

}
and

tr
{
FFH∆Φ

}
in the robust transceiver problem (13) with the

upper bounds defined in (22) and (23) respectively. This is
equivalent to setting

Ω⋆ =Ω̂+ εΩI, (24)

Φ⋆ =Φ̂+ εΦI. (25)

With these fixed worst-case matrices, the robust transceiver
design problem reduces to

minimize
F,G

max
‖∆H‖≤εH

tr {WE}
subject to tr

{
ΦFFH

}
≤ P

Ω = Ω̂+ εΩI, Φ = Φ̂+ εΦI.

(26)

Least Favorable Channel Error Matrix ∆H : Now, we
find the worst-case channel estimation error∆H following
the maximization problem for givenΩ andΦ:

maximize
‖∆H‖≤εH

tr
{
A∆HB∆H

H

}
+ 2Re {tr {C∆H}} . (27)

Lemma 2: The least favorable channel estimation error for
any givenΦ andΩ has the following structure:

∆⋆
H = Ω

1

2 Û∆̃V̂HΦ
1

2 , (28)

whereÛ ∈ C
nr×nr andV̂ ∈ C

nr×nt are defined in the SVD

Ω− 1

2 ĤΦ− 1

2 = Û
[
Γ̂ 0nr×nt−nr

] [
V̂ V̆

]H
, (29)

and∆̃ ∈ Rnr×nr is a diagonal matrix with elements̃δi ≥ 0.



Proof: Due to limited space of this paper the detailed
proof is included in [27]. In order to explain our proposed
transceiver optimization algorithm, here we only summarize
the approach and results. The problem (27) can be categorized
as a trust-region subproblem [32], [33]. The matrix-form
restatement of this problem is given in [13]. It has been shown
that the solution to this problem can be found by a minimiza-
tion problem over an auxiliary variableϑ ≥ λmax(A)λmax(B)
[32], [33]. The worst-case channel matrices coincides withthe
structure of the precoding and equalization matrices givenin
(5) and (6) using the worst-case interference plus noise and
power shaping matrices defined in (24) and (25). As a result,
δ̃is are given by

δ̃i =
wiλiσi(γiλiσi − 1)

ϑ− wiλ
2
i σ

2
i

, i = 1, . . . , nr. (30)

Note thatγi, i = 1, . . . , nr are the diagonal elements of̂Γ
in (29). Recognizingj = argmaxi

(
wiλ

2
i σ

2
i

)
, if ϑ > wjλ

2
jσ

2
j ,

thenϑ is the root of equation

nr∑

i=1

w2
i λ

2
iσ

2
i (γiλiσi − 1)2

(ϑ− wiλ
2
iσ

2
i )

2 = ε̃2H , (31)

whereε̃H = εH

‖Ω
1

2 ‖·‖Φ
1

2 ‖
. If ϑ = wjλ

2
jσ

2
j , δ̃j cannot be found

from equation (30). Let

ρ(ϑ) =
∑

i6=j

w2
i λ

2
iσ

2
i (γiλiσi − 1)2

(ϑ− wiλ
2
iσ

2
i )

2 . (32)

Therefore, if ρ(wjλ
2
jσ

2
j ) < ε̃2H , then δ̃j = −

√
ε̃2H − ρ(ϑ).

Otherwise,ϑ > wjλ
2
jσ

2
j and it can be uniquely determined by

(31).

B. Robust Transceiver Design

Now, we can use the worst-case system matrices descrip-
tions (24), (25), and (28) and substitute into the robust
transceiver design problem. Note that using the trust-region
subproblems [32], [33] the resultant problem of finding worst-
case channel estimation error∆H becomes a minimization
problem over an auxiliary variableϑ. The result can be
compiled as follows:

Theorem 1: The robust precoding and equalization matrices
have the following structure:

F =
(
Φ̂+ εΦI

)− 1

2

V̂Σ (33)

G =ΛÛH

(
Ω̂+ εΩI

)− 1

2

(34)

where
(i) Û ∈ Cnr×nr andV̂ ∈ Cnt×nr are orthonormal matrices

defined by the thin SVD [34]
(
Ω̂+ εΩI

)− 1

2

Ĥ
(
Φ̂+ εΦI

)− 1

2

=ÛΓ̂V̂H (35)

where Γ̂ ∈ Cnr×nr is a diagonal matrix with diagonal
elements ofγi ≥ 0,

(ii) Λ and Σ are diagonal matrices of sizenr with the
diagonal elements ofλi, i = 1, . . . , nr andσi, i = 1, . . . , nr,
respectively and they are obtained through solving the scalar
optimization problem

minimize
λi,σi,ϑ

1≤i≤nr

nr∑
i=1

ϑwi(σiλiγi−1)2

ϑ−wiλ
2

i
σ2

i

+
nr∑
i=1

wiλ
2
i + ϑε̃2H

subject to ϑ ≥ wiλ
2
i σ

2
i , i = 1, . . . , nr

nr∑
i=1

σ2
i ≤ P

(36)

(iii) The optimum solutions forλi andσi can be obtained
with respect toϑ and a Lagrangian multiplierµ as follows

λi =

√
Xi

√
µ

wi

(37)

σi =

√
Xi

√
wi

µ
(38)

whereXi is a positive real root of a depressed quartic equation

ϕi(X) =
√
µw2

iX
4 − (2wiϑ

√
µ+ wi

√
wiγiϑ)X

2

(γ2
i ϑ+ wi)

√
wiϑX + ϑ2(

√
µ− γi

√
wi) = 0. (39)

If there is no real positive root, thenXi = 0. The closed-
form solutions for the roots of the quartic equation (39) can
be obtained using the Ferrari’s method [35] and can be found
in [27].

Proof: Due to limited space of this paper the detailed
proof is included in [27]. Here, we summarize briefly the
approach used. We first substitute (24), (25), and (28) into
the original problem (12), and hence we simplify it to a
minimization problem with respect toF,G and the auxiliary
variableϑ. Now, using Lemma 1, the optimal expressions for
the precoding and equalization matrices are given by (5) and
(6) for any values of error matrices. Substituting expressions
for F andG and the worst-case system matrices (24), (25),
and (28) into (12), we can convert the problem into a scalar
optimization problem, which can be simplified to (36). Notice
that the maximization preserves the convexity, therefore this
problem is a convex optimization problem with respect toG

andF and consequently inλi andσi, i = 1, . . . , nr. By fixing
ϑ, we can solve the problem inλi andσi. Next, the auxiliary
variableϑ will be updated following the Lemma 2.

Our closed-form solutions are functions of the auxiliary
variablesϑ and µ. Using dual decomposition concept from
[36], we can decompose the problem with outer loop optimiza-
tion problems with respect toµ andϑ. These values can be
updated using a subgradient algorithm [37]. By differentiating
the objective function in problem (36) with respect toϑ, we
can obtain the subgradient direction forϑ as

∆ϑ =




ε̃2H −

nr∑
i=1

wiλ
2

i
σ2

i
(λiσiγi−1)2

(ϑ−wiλ
2

i
σ2

i )
2 ϑ > wjλ

2
jσ

2
j

ε̃2H − ρ(ϑ) ϑ = wjλ
2
jσ

2
j

(40)

Similarly, by differentiation of the Lagrangian function of
(36), we can get the subgradient direction forµ as ∆µ =



TABLE I
ROBUSTTRANSCEIVEROPTIMIZATION ALGORITHM

Initialize σis andλis andµ > 0, ϑ > maxi
(

wiλ
2

iσ
2

i

)

.
Perform thin SVD (35) to obtainγis.
Repeat (subgradient loop ofϑ)

Updateϑ← ϑ+ δϑ∆ϑ using (40).
Repeat (subgradient loop ofµ)

Form the quartic equation (39) fori = 1, . . . , nr.
Find its positive real root.
Find σi andλi using (37) and (38).
Updateµ← µ+ δµ∆µ.

Until
∣

∣

∑nr

i=1
σ2

i − P
∣

∣ ≤ ǫ0
Until satisfaction of (31)
Replaceλis andσis into (33) and (34) and findF andG.

∑nr

i=1 σ
2
i − P. The robust transceiver optimization algorithm

is summarized in Table I. The algorithm consists of two loops.
The inner loop solves the convex scalar problem with respect
to λi and σi and therefore it is convergent. The outer loop
updates the auxiliary variableϑ using a subgradient method,
which is based on the strong duality of the trust region
subproblem [32], [33] and consequently it is also convergent.
The objective function of problem (36) is bounded and it is
reduced in each iteration. Therefore, the algorithm in Table I
is convergent.

V. NUMERICAL RESULTS

In this section, the performance of robust transceivers is
evaluated numerically. The robust design guarantees a per-
formance level for any point within the uncertainty region.
Hence, the performance is displayed by the worst-case sum
of MSE values, which are averaged over different system
realizations. Each system realization is a result of a random
generation of elements of the estimated system matrices (i.e.
Ĥ, Ω̂

1

2 , Φ̂
1

2 ), which are i.i.d. Gaussian with zero mean. The
uncertainty region is characterized by a parameter0 ≤ ε ≤ 1.
In our simulations, it is assumed that

√
ε is the radius of the

uncertainty region for each of the system matrices, when they
are normalized by their Frobenius norms (i.e.ε2H = ε‖Ĥ‖2,
ε2Ω = ε‖Ω̂‖2, andε2Φ = ε‖Φ̂‖2 ). The non-robust transceivers
consider the estimated system matrices as the actual system
matrices and are discussed in Lemma 1 and [25]. The worst-
case estimation error matrices have been given in Section IV.
Note that only a solution of a special case of our problem is
available in the literature, which includes uncertainty ofthe
channel matricesH only. For this special case, our algorithm
performs as the algorithm in [15] while it is less complex (by
optimizing the precoder and equalizer jointly and reducing
the problem to a quartic equation). It is shown for the special
case (uncertainty ofH) that our algorithm performs as well as
SDP methods with much lower complexity using an iterative
approach.

Fig. 1 shows the comparison of robust and non-robust
designs for different values ofε, i.e. the size of uncertainty
regions. The sum-MSE of the transceivers obtained with
perfect knowledge of system matrices is also given as a
baseline. Fig. 2 explicitly illustrates the performance ofthe
robust and non-robust design with respect to the size of the
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Fig. 1. Comparison of the proposed robust design, the non-robust design
[27], and the transceiver design when system matrices are perfectly known
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Fig. 2. Comparison of different transceiver designs with respect to the size
of uncertainty regions for nt = nr = 2.

uncertainty region. As expected, the performance of the robust
transceivers degrades at a much lower pace with increase of
signal-to-noise-ratio (SNR) and the size of uncertainty region
ε compared to the non-robust transceivers.

VI. CONCLUSIONS

We have designed the robust transceivers when the channel
matrix, interference plus noise covariance matrix, and power
shaping matrix (system matrices) areall imperfectly known to
the transmitter. The closed-form expressions for the precoder
and equalizer have been found. This involves finding the worst-
case system matrices first and then simplifying the problem
to a scalar convex form. The solution to this optimization
problem can be described in a form of a depressed quartic
equation, the closed-form expressions for roots of which are
known. Finally, we have proposed an iterative algorithm to
obtain robust transceivers, which is significantly less complex
compared to SDP-based alternating optimizations. Moreover,



accounting for imperfect knowledge of all system matrices
enables for the extension of our approach to the multiuser
scenario, which is the subject of our current work [27].
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