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Abstract—In this paper, we investigate the outage performance
of time division broadcasting (TDBC) protocol in independent
but non-identical Rayleigh flat-fading channels, where allnodes
are interfered by a finite number of co-channel interferers.We
assume that the relay operates in the amplified-and-forward
mode. A tight lower bound as well as the asymptotic expression
of the outage probability is obtained in closed-form. Through
both theoretic analyses and simulation results, we show that the
achievable diversity of TDBC protocol is zero in the interference-
limited scenario. Moreover, we study the impacts of interference
power, number of interferers and relay placement on the outage
probability. Finally, the correctness of our analytic results is
validated via computer simulations.

I. I NTRODUCTION

Recently, two-way relaying (TWR) or bi-directional relay-
ing has emerged as a powerful technique to improve the
spectral efficiency of wireless network [1]. A number of
relaying protocols have been proposed, such as amplify-and-
forward (AF), decode-and-forward (DF) and compress-and-
forward (CF). For AF relaying, two popular TWR protocols
are analog network coding (ANC) [2], which requires two
time slots to complete the information exchange between two
terminal nodes, and TDBC [3], which needs three time slots.
However, TDBC protocol can use the direct link between two
terminals even under a half-duplex constraint [3][4], thuscan
provide higher diversity gain.

Several previous works have investigated the TWR network
using TDBC for Rayleigh fading channels, in which relay
and terminals are only perturbed by additive white Gaussian
noise (AWGN) [5]-[7]. The outage performance of AF-based
TDBC protocol in Rayleigh fading channels was analyzed in
[5][6] and the diversity-multiplexing tradeoff (DMT) was also
obtained. In [7], the authors considered relay selection scheme
for TDBC protocol and analyzed the outage performance with
optimal relay selection. However, signals of terminals (or
relay) are often corrupted by co-channel interference (CCI)
from other sources that share the same frequency resources
in wireless networks [8]. Moreover, for the wireless scenar-
ios with dense frequency reuse, co-channel interference may
dominate the AWGN. Therefore, it is necessary to take the
effect of CCI into serious consideration in the analysis and
design of the practical TDBC protocol. In [9], the performance
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Fig. 1: The TDBC with a finite number of co-channel inter-
ferers, whereI denotes the co-channel interferer.

of ANC protocol corrupted by equal-power interferers was
studied, where closed-form expressions of the average bit error
rate and outage probability were presented. Outage probability
of the cooperative relaying using DF protocol with CCI has
been analyzed in [10]. However, for AF-based TDBC protocol,
the effect of CCI is still unknown.

In this work, we study the AF-based TDBC protocol where
all the nodes (terminals and relay) are interfered by a finite
number of co-channel interferers in independent but non-
identical Rayleigh flat-fading channels. The system model
is described in the next section. In section III, the CDF of
the upper bounded SINR is analyzed. Based on the results,
a lower bound as well as asymptotic expression of outage
probability is obtained. In section IV, the effects of interference
power, number of interferers and relay placement on the outage
probability are studied.

II. SYSTEM MODEL

We study the TWR network which consists of two terminals
and a relay node, as shown in Fig. 1, in which terminalT1 and
terminalT2 exchange statistically independent messages with
the help of a relayR. Each node is equipped with a single
antenna and operates in the half-duplex mode, that is, a node
cannot transmit and receive simultaneously.

http://arxiv.org/abs/1212.6686v1


The TDBC protocol can be achieved within three time
slots, that is, terminalT1 transmits during the first time slot,
while T2 andR listen. In time slot 2,T2 transmits whileT1

andR listen. It is assumed that both terminals and the relay
are interfered by a finite number of co-channel interferers.
DenotingLR, L1 andL2 as the total numbers of interferers
that affect nodeR, T1 and T2, respectively, the received
signals at the relay andTi during the first two time slots are
expressed as

yiR =
√

EihiSi +
√

EI

LR∑

k=1

dR,kI
i
R,k + niR,

yji =
√

Ejh0Sj +
√

EI

Li∑

k=1

dTi,kI
j
Ti,k

+ nji,

(1)

respectively, wherei, j ∈ {1, 2} andi 6= j. Ei andEI denote
the transmit powers ofTi and interferers, respectively.h1, h2

andh0 represent the channel coefficients belonging to the links
T1 → R, T2 → R and T1 → T2, respectively. The channel
reciprocity is assumed. Moreover,dN,k indicates the channel
coefficient of link between nodeN and thekth interferer that
affectsN , whereN ∈ {T1, T2, R}. All links are assumed to be
independent but non-identical Rayleigh flat-fading.Si denotes
the unit-power symbol transmitted byTi. ImN,k indicates the
unit-power interference signal ofkth interferer that affects
nodeN during themth time slot, whereN ∈ {T1, T2, R}
and m ∈ {1, 2, 3}. Finally, niR/nji denote the AWGN and
niR/nji ∼ CN (0, 1).

In time slot 3,R transmits the combined information to
terminalsT1 andT2. The combined signal to be transmitted by
R can be written asSR = A1y1R+A2y2R. A1 andA2 denote
combining coefficients which can be determined as follow1

[11]:

Ai=

√

ωi

ω1E1|h1|2 + ω2E2|h2|2 + EI

∑LR

k=1 |dR,k|2+1
, (2)

wherei ∈ {1, 2}. ωi ∈ [0, 1] is the power allocation number
and ω1 + ω2 = 1. Then the received signal at terminalTi

during the third time slot can be written as

yRi =
√
ErhiSR +

√
EI

Li∑

k=1

dTi,kI
3
Ti,k

+ nRi

=
√
ErE1A1hih1S1+

√
ErE2A2hih2S2+

√
EI

Li∑

k=1

dTi,kI
3
Ti,k

+
√
ErEIhiA1

LR∑

k=1

dR,kI
1
R,k +

√
ErEIhiA2

LR∑

k=1

dR,kI
2
R,k

+
√
ErA1hin1R +

√
ErA2hin2R + nRi,

(3)
wherenRi ∼ CN (0, 1) is the AWGN andEr is the transmit
power ofR. In the following, we assume equal power alloca-
tion2 betweenT1, T2 andR, i.e.,E1 = E2 = Er = E. Since

1As in [9], here it is assumed thatR knows the channel gains of links
T1 → R andT2 → R, and the total interference power (instantaneous) atR.
Moreover, it is assumed thatTi knows the channel gains of linksT1 → R,
T2 → R, T1 → T2 as well as the total interference powers (instantaneous)
at R andTi.

Ti knows its own transmitted symbols, it can cancel the self-
interference component inyRi. Therefore, after performing
maximal-ratio combining, the instantaneous SINR at terminal
Ti can be expressed as in (4), wherei, j ∈ {1, 2} and i 6= j.
By substituting the expressions ofA1 and A2 into (4) and
performing some manipulations,γTi

can be rewritten as [9]

γTi
≈ γTi,D +

γTi,1γTi,2

γTi,1 + γTi,2
, (5)

where γTi,D = E|h0|
2

EI

∑
Li

k=1
|dTi,k|2+1

is the received SINR of

link Tj → Ti. Moreover,γTi,1 andγTi,2 are given by

γTi,1 =
E|hi|2

EI

∑Li

k=1 |dTi,k|2 + 1

γTi,2 =
ωjE|hj|2

EI

∑LR

k=1 |dR,k|2+ωiEI

∑Li

k=1 |dTi,k|2 + ωi+1
.

(6)

III. O UTAGE PROBABILITY ANALYSIS

A. Lower Bound of the Exact Outage Probability

In this section, the outage probability of the AF-based
TDBC protocol in the presence of CCI is studied. For brevity
of analysis and without loss of generality, we focus on the
outage probability at terminalT1 in the rest of this work. By
definition, the outage event occurs when the mutual informa-
tion at T1 falls below the target rateRt, or equivalently, the
output SINR atT1 is below the target SINRϕ. Therefore, the
outage probability at terminalT1 can be written as

POUT
T1

(Rt) = Pr (IT1
< Rt) = FγT1

(ϕ) , (7)

whereIT1
= 1

3 log (1 + γT1
) indicates the mutual information3

at terminalT1, andϕ = 23Rt − 1. FΨ (η) represents the CDF
of random variable (RV)Ψ. However, it is very difficult to
obtain the exact expression ofFγT1

(ϕ) in closed-form. To
circumvent this obstacle, we introduce a tight upper bound
on the received SINR atT1 by employing a widely used
inequality, i.e.,ν1ν2/(ν1 + ν2) ≤ min {ν1, ν2}, whereν1 and
ν2 are positive numbers, then we shall have

γT1
≤ γUB

T1
= γT1,D +min {γT1,1, γT1,2} . (8)

Next, we will determine the CDF of the upper bounded
SINR. For convenience of analysis, lettingX

∆
= E|h1|2,

Y
∆
= E|h2|2, Z

∆
= E|h0|2, S

∆
= EI

∑LR

k=1 |dR,k|2 and

T
∆
= EI

∑L1

k=1 |dT1,k|2. Note thatX , Y andZ are exponential
RVs with meansEΩ1, EΩ2 and EΩ0, respectively, where
Ωi indicates the variance ofhi, i ∈ {0, 1, 2}. Letting γm =
min {γT1,1, γT1,2}, then with the help of total probability
theorem, the CDF ofγUB

T1
conditioned onS and T can be

written as in (9), whereFγm|{S,T}
(x) is the CDF of γm

2Similar as in [6] and [10], the assumption of equal power allocation dose
not make the analysis in this work lose generality because the variances of
the channel coefficients betweenT1, T2 andR may be different.

3Herein, three time slots required for the TDBC protocol account for the
pre-log factor of 1/3.



γTi
=

E|h0|2

EI

∑Li

k=1 |dTi,k|2 + 1
+

A2
jE

2|h1|2|h2|2

(A2
1 +A2

2)E|hi|2
(
EI

∑LR

k=1 |dR,k|2 + 1
)
+ EI

∑Li

k=1 |dTi,k|2 + 1
, (4)

FγUB
T1

|{S,T} (ϕ) = 1− Pr (γT1,D > ϕ|T )− Pr (γT1,D < ϕ, γm > ϕ− γT1,D|S, T )

= 1−
∫ ∞

ϕ

fγT1,D
|T (r) dr −

∫ ϕ

0

(
1− Fγm|{S,T}

(ϕ− r)
)
fγT1,D|T (r) dr

(9)

conditioned onS andT which can be written as

Fγm|{S,T}
(x) = 1−

2∏

i=1

(

1− FγT1,i|{S,T} (x)
)

= 1− exp

(

−T + 1

EΩ1
x

)

exp

(

−S + ω1T + 1 + ω1

ω2EΩ2
x

)

(10)
andfγT1,D

|T (x) is the PDF ofγT1,D conditioned onT which
can be expressed as

fγT1,D |T (x) =
T + 1

EΩ0
exp

(

−T + 1

EΩ0
x

)

. (11)

Then the CDF ofγUB
T1

can be obtained by averaging the
conditioned CDF with respect to the PDFs ofS andT , i.e.,

FγUB
T1

(ϕ) =

∫ ∞

0

∫ ∞

0

fS (s)fT (t)FγUB
T1

|{S,T} (ϕ) dsdt

= 1−
∫ ∞

0

∫ ∞

ϕ

fT (t) fγT1,D |T (r)drdt

︸ ︷︷ ︸

P1(ϕ)

−
∫ ∞

0

∫ ∞

0

∫ ϕ

0

fS (s) fT (t) fγT1,D
|T (r)

×
(
1− Fγm|{S,T}

(ϕ− r)
)
drdsdt,

(12)
where fS (s) and fT (t) are the PDFs of RVsS and T ,
respectively. Note thatT is the sum of a finite number
of exponential RVs with different means. Hence with the
help of [12], the PDF ofT can be written asfT (t) =
∑L1

k=1
pk

EI
exp

(
− t

EIρ1,k

)
, whereρ1,k is the variance ofdT1,k

and pk =
∏L1

j=1,j 6=k
1

ρ1,k−ρ1,j
for L1 ≥ 2 and pk = 1

ρ1,k
for

L1 = 1. Substituting the expressions offT (t) andfγT1,D
|T (r)

into (12), we can obtain

P1 (ϕ) = exp

(

− ϕ

EΩ0

)
∑

j

pjEΩ0/EI

ϕ+ EΩ0/EIρ1,j
. (13)

Moreover, denotingρR,k as the variance ofdR,k, the PDF of
S can be given byfS (s) =

∑LR

k=1
qk
EI

exp
(
− s

EIρR,k

)
, where

qk =
∏LR

j=1,j 6=k
1

ρR,k−ρR,j
for LR ≥ 2 and qk = 1

ρR,k
for

LR = 1. By substituting the PDFs ofS andT into (12) and
using the results of Appendix, the third term in the right-hand

side of (12) (denoted byP2 (ϕ)) can be evaluated as

P2 (ϕ) =
ω2

E2
I

exp

(

− ϕ

Eλ1

)
∑

j

∑

k

pjqk
ϕ+ βj,k

×
(

E2Ω2λ2

ϕ+ Eλ2/EIρ1,j
− E2Ω0Ω2

ϕ+ EΩ0/EIρ1,j
exp

(

−Φb

E
ϕ

)

+

(

1 +
EΩ0

ϕ+ βj,k

)

Θk (ϕ) +

(
1

ω2
+

EΩ0Ω2Φa

ϕ+ βj,k

)

Ξj (ϕ)

)

,

(14)
whereΦa = 1

Ω0
− 1

Ω1
− ω1

ω2

1
Ω2

6= 0, Φb = 1
Ω0

− 1
Ω1

− 1+ω1

ω2Ω2
,

βj,k = EΩ0

EI
( 1
ρ1,j

+ ω2ΦaΩ2

ρR,k
), λ1 = ( 1

Ω1
+ ω1+1

ω2

1
Ω2

)−1 and
λ2 = ( 1

Ω1
+ ω1

ω2

1
Ω2

)−1. Θk (ϕ) andΞj (ϕ) can be expressed4

as in (15) and (16) at the top of the next page, whereϑj =
ϕ
Φa

( 1
Ω1

+ ω1

ω2

1
Ω2

)+ E
ΦaEIρ1,j

. Ei(·) andφ (·) are the exponential
integral [13, 3.351.6] and lower incomplete gamma function
[13, 8.350.1], respectively. Besides, for the case ofΦa = 0,
P2 (ϕ) can be written as [Appendix]

P2 (ϕ) =
ω2

E2
I

exp

(

− ϕ

Eλ1

)
∑

j

∑

k

pjqk

× 1

ϕ+EΩ0/EIρ1,j

(

1+
EΩ0

ϕ+ EΩ0/EIρ1,j

)

Θk (ϕ) .

(17)

Then we will test the convergence of the infinite series
involved in the expressions ofΘk (ϕ) andΞj (ϕ). Defining

∆l (η1, η2, η3, η4) =
ηl1η

−(l+1)
4

(η2ϕ+ η3)
l+1

φ (l + 1, ϕη4) , (18)

where 0 < η1 ≤ η2 and η3 > 0. Then it can be
shown thatΘk (ϕ) = ∆l

(
1

EΩ2
, 1
EΩ2

, ω2

EIρR,k
, Φb

E

)
(Φb > 0)

and Ξj (ϕ) = exp
(
−Φb

E
ϕ
)
∆l

(
Φa

E
, 1
EΩ0

, 1
EIρ1,j

,−Φb

E

)

(Φb < 0 < Φa), thus it is sufficient to prove that the infi-
nite series

∑∞
l=1 ∆l (η1, η2, η3, η4) is convergent. Using [13,

3.381.1], it can be shown that

lim
l→∞

l
√

∆l (η1, η2, η3, η4)

= lim
l→∞

l

√

ηl
1

(η2ϕ+η3)
l+1

∫ ϕ

0
rl exp (−η4r)dr

≤ lim
l→∞

l

√

ηl
1
ϕl

(η2ϕ+η3)
l+1

∫ ϕ

0 exp (−η4r)dr

=
η1ϕ

η2ϕ+ η3
< 1

(19)

4Note that the series expression ofΘk (ϕ) (for Φb > 0 in (15)) is also valid
for the case ofΦb < 0. However, we present another closed-form expression
without infinite series to facilitate the computation ofΘk (ϕ) whenΦb < 0.
Similarly, it can be seen the series expression ofΞj (ϕ) (for Φb < 0 < Φa

in (16)) is always valid except for the case (Φa = 0 or Φb = 0).



Θk (ϕ) =







∞∑

l=0

EΩ2

(ϕ+ ω2EΩ2/EIρR,k)
l+1

(
Φb

E

)−(l+1)

φ

(

l+ 1,
ϕΦb

E

)

,Φb > 0

EΩ2 exp

(

−Φb

E

[

ϕ+
ω2EΩ2

EIρR,k

])(

Ei

(
Φb

E

[

ϕ+
ω2EΩ2

EIρR,k

])

− Ei

(
ω2ΦbΩ2

EIρR,k

))

,Φb < 0

EΩ2 ln

(
EIρR,k

ω2EΩ2
ϕ+ 1

)

,Φb = 0

(15)

Ξj (ϕ) =







E

Φa

exp

(
Φbϑj

E

)(

Ei

(

−Φb (ϕ+ ϑj)

E

)

− Ei

(

−Φbϑj

E

))

,Φa > Φb > 0

exp

(

−Φbϕ

E

) ∞∑

l=0

EΦl
aΩ

l+1
0

(ϕ+ EΩ0/EIρ1,j)
l+1

(

−Φb

E

)−(l+1)

φ

(

l + 1,−ϕΦb

E

)

,Φb < 0 < Φa

E

Φa

exp

(

−Φb

E

[

ϕ−
ϕ+ EΩ0

EIρ1,j

Ω0Φa

])(

Ei

(

−Φb

E

ϕ+ EΩ0

EIρ1,j

Ω0Φa

)

− Ei

(

Φb

E

[

ϕ−
ϕ+ EΩ0

EIρ1,j

Ω0Φa

]))

,Φb < Φa < 0

E

Φa

ln

(
1 + ϕEIρ1,j/EΩ0

1 + ϕEIρ1,j/λE

)

,Φb = 0

(16)

By the root test [14], it can be seen that the infinite series in
(15) and (16) are always convergent whenϕ < ∞.

Finally, the lower bound of the outage probability for the
AF-based TDBC protocol in the presence of CCI can be
derived by substituting (13) and (14) (or (17)) in to (12), i.e.,

POUT−LB
T1

(Rt) = FγUB
T1

(ϕ) = 1− P1 (ϕ)− P2 (ϕ) . (20)

B. Asymptotic Analysis

To offer an intuitive observation into the effect of CCI on
the outage performance, we develop asymptotic analysis on the
outage probability based on the analysis of subsection A. Ac-
cording to [15][16], the asymptotic expression can be derived
by performing McLaurin series expansion toFγUB

T1

(ϕ) and
taking only the first two order terms. Wherein the McLaurin
series expansion ofΘk (ϕ) can be given by

Θk (ϕ) = Θk (0)+Θ
(1)
k (0)ϕ+

Θ
(2)
k (0)

2
ϕ2 +O

(
ϕ2
)
, (21)

whereO (δ) indicates the higher order term ofδ andΘ(n)
k (0)

(n=1, 2) can be determined by5 [13, 0.410]:

Θ
(1)
k (0) =

[

g (ϕ, r)|r=ϕ

]

ϕ=0

Θ
(2)
k (0) =

[

dg (ϕ, r)

dϕ

∣
∣
∣
∣
r=ϕ

+
d

dϕ

(

g (ϕ, r)|r=ϕ

)
]

ϕ=0

,

(22)
whereg (ϕ, r) =

(
ϕ−r
EΩ2

+ ω2

EIρR,k

)−1
exp

(
−Φb

E
r
)
. Moreover,

the McLaurin series expansion ofΞj (ϕ) can be calculated us-
ing the similar method as in the above. Finally, the asymptotic

5Note theΘ(n)
k

(ϕ) here is obtained by taking the derivative of its integral
expression which is given by (26).

expression ofFγUB
T1

(ϕ) can be written as6

FγUB
T1

(ϕ) ≈
(
EI

E

)2
ϕ2

2Ω0




∑

j

∑

k

pjqkρ
2
R,k

ω2Ω2

(
ρ1,j
EI

+ ρ21,j

)

∑

j

pj

(

ρ1,j
E2

Iλ1
+

(
1

λ1
+

1

λ2

)
ρ21,j
EI

+
2ρ31,j
λ2

)

 .

(23)
Through the asymptotic expression, it can be seen that when
the ratio of useful power to interference power is constant,the
AF-based TDBC protocol dose not achieve any diversity.

IV. SIMULATION RESULTS

In this section, we provide the simulation results to ver-
ify our theoretical analyses on the outage probability. It is
assumed thatT1, T2 and R are located in a straight line
and R is betweenT1 and T2. The distance between two
terminals is normalized to 1 and the path loss exponent is
set to 4 [17], thus the variances ofh0, h1 and h2 can be
computed asΩ0 = 1, Ω1 = D−4

1 and Ω2 = (1−D1)
−4,

respectively, whereD1 indicates the normalized distance be-
tween T1 and R. The normalized distances between node
N and the interferers that interfereN are assumed to be
evenly distributed on the interval(α1, α2) = (1, 1.5), where
N ∈ {T1, T2, R}. Hence,ρR,k and ρi,k can be determined
by ρR,k = (α1 + (k − 1) (α2 − α1)/ (LR − 1))

−4 andρi,k =
(α1 + (k − 1) (α2 − α1)/ (Li − 1))

−4.
In Fig. 2, the outage performance atT1 is presented as

a function of the transmit powerE, whereE/EI is fixed

6The asymptotic expression here is obtained based on the expression of
F
γUB
T1

(ϕ) in the case ofΦa 6= 0, however, for the case ofΦa = 0, it can

be verified that this expression is also valid.
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Fig. 2: Outage performance atT1 with fixedE/EI , whereD1

= 0.5,ω1 = 0.5 andRt = 1 bit/s/Hz.
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Fig. 3: Outage performance atT1 versusE/EI , whereEI =
5dB, D1 = 0.5,ω1 = 0.5 andRt = 1 bit/s/Hz.

at 30dB. The outage performance of the scenario without
interference is also presented as a benchmark. It is seen that the
outage performance degrades as the numbers of interferers in-
crease. Furthermore, the slope of outage probability curves are
steep in the low SNR region (E < 15dB). This is because the
power of AWGN dominates the interference power. While a
performance floor can be observed in the high SNR region due
to the dominant role of interference power. This phenomenon
also indicates that the achievable diversity order of the TDBC
protocol in the interference-limited scenario is zero. Fig. 3
studies the outage performance atT1 againstE/EI . From
Fig. 3, it can be seen that the outage probability increases
as the numbers of interferers as well asEI/E increase as
expected. Finally, a fine agreement between the analytic results
and simulations can be observed from the figures.

Fig. 4 investigates the effect of relay placement on the
outage performance, where numbers of interferers that affect
T1 and R may different. Without loss of generality, we set
L1 = 1 and let LR increase from 1, 5, 10 to 15. Then
we examine the outage performance atT1 as a function

of D1. It is seen from the figure that the optimal relay
placement moves towardT2 as the number of interferers
(and total interference power) that affects the relay increases.
This is because the AF operation adopted by the relay. From
equation (4), we can see that, for given(α1, α2), whenLR

increases, to decrease the amplified interference (i.e., the term
(
A2

1 +A2
2

)
E|h1|2

(
EI

∑LR

k=1 |dR,k|2 + 1
)
), the relay should

move towardT2 to decrease|h1|2.

V. CONCLUSIONS

In this paper, we study the effect of CCI on the AF-based
TDBC protocol. Lower bound of the outage probability is
derived and is shown to provide a good match with the sim-
ulation results. Meanwhile, a simpler asymptotic expression
of outage probability is also provided. We show through both
analytic and simulation results that the achievable diversity
of the TDBC protocol in the interference limited scenario is
zero. Moreover, we investigate the effect of relay placement on
the outage probability and show that when only consider the
outage performance at one terminal (e.g.T1), as the number
of interferers that interferes the relay increases, the optimal
relay placement needs to move towardT2 in order to obtain
the optimal outage probability atT1.

APPENDIX

Substituting the PDFs ofS andT into (12) and interchang-
ing the integration order, we can obtain

P2 (ϕ) =
1

E2
I

exp

(

−
(

1

Ω1
+

ω1 + 1

ω2Ω2

)
ϕ

E

)
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pjqk
EΩ0
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0

exp

(
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E
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0
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−
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∫ ∞
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E
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1
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ϕ

E
+

1
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]

t

)

× (t+ 1) dtdr.
(24)

Case1 (Φa 6= 0): In this case, solving the integrals with respect
to s and t, we can yield

P2 (ϕ) =
ω2

E2
I

exp
(

−
(

1
Ω1

+ ω1+1
ω2Ω2

)
ϕ
E

)

×∑
j

∑

k

pjqk

ϕ+
EΩ0
EI

(
1

ρ1,j
+

ω2ΦaΩ2
ρR,k

)

×
{[

EΩ2

ϕ

E

(
1

Ω1
+

ω1
ω2

1
Ω2

)
+ 1

EIρ1,j

− EΩ2
ϕ

EΩ0
+ 1

EIρ1,j

exp
(
−Φb

E
ϕ
)

]

+

(

1 + EΩ0

ϕ+
EΩ0
EI

(
1

ρ1,j
+

ω2ΦaΩ2
ρR,k

)

)

Θk (ϕ)

+

(

1
ω2

+ EΩ0Ω2Φa

ϕ+
EΩ0
EI

(
1

ρ1,j
+

ω2ΦaΩ2
ρR,k

)

)

Ξj (ϕ)
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(25)
whereΘk (ϕ) andΞj (ϕ) are expressed as

Θk (ϕ)=
∫ ϕ

0
1

ϕ−r
EΩ2

+
ω2

EIρR,k

exp
(
−Φb

E
r
)
dr

Ξj (ϕ)=
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1
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)
ϕ

E
+ 1
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exp
(
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E
r
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dr

(26)



When Φb > 0, to solve the integralΘk (ϕ), we
apply Taylor series expansion

(
ϕ−r
EΩ2

+ ω2

EIρR,k

)−1
=

EΩ2

∑∞
l=0 r

l
/

(ϕ+ ω2EΩ2/EIρR,k)
l+1. Then based on [13,

3.381.1], the integral can be solved into

Θk (ϕ) =
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EIρR,k

)l+1

(
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E

)−(l+1)
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l + 1,
ϕΦb

E

)

.

(27)
WhenΦb < 0, Θk (ϕ) can be solved by replacing(ϕ− r) with
t, and then using the integral result reported in [13, 3.352.1],

Θk (ϕ) = exp
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E
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1
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(28)
On the other hand, using [13, 3.352.1] onΞj (ϕ)
when Φa > Φb > 0, we can yield Ξj (ϕ) =
E
Φa

exp
(Φbϑj

E

)(
Ei
(
−Φb(ϕ+ϑj)

E

)
− Ei
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. To solve the

integralΞj (ϕ) whenΦb < 0 < Φa, similar approach as in
the case ofΦb > 0 for Θk (ϕ) can be used, then we obtain
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Using the similar method as in the case ofΦb < 0 for Θk (ϕ),
it can be shown that, whenΦb < Φa < 0,

Ξj (ϕ) = − E

Φa

exp

(
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.

(30)
Moreover, it is very easy to verify thatΘk (ϕ) and Ξj (ϕ)
can be expressed as in (15) and (16) whenΦb = 0, thus the
derivations details for this case are omitted.

Case2 (Φa = 0): In this case, it is easy to verify by using
the equationΦa = 0 that the sum of the first term and third
term in bracket{·} of (25) equals to zero, thusP2 (ϕ) can be
simplified to (17).
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