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Abstract—We study the performance of multi-hop networks
composed of millimeter wave (MMW)-based radio frequency
(RF) and free-space optical (FSO) links. The results are obtained
in the cases with and without hybrid automatic repeat request
(HARQ). Taking the MMW characteristics of the RF links into
account, we derive closed-form expressions for the networkout-
age probability. We also evaluate the effect of various parameters
such as power amplifiers efficiency, number of antennas as well
as different coherence times of the RF and the FSO links on the
system performance. Finally, we present mappings between the
performance of RF-FSO multi-hop networks and the ones using
only the RF- or the FSO-based communication, in the sense that
with appropriate parameter settings the same outage probability
is achieved in these setups. The results show the efficiency of
the RF-FSO setups in different conditions. Moreover, the HARQ
can effectively improve the outage probability/energy efficiency,
and compensate the effect of hardware impairments in RF-FSO
networks. For common parameter settings of the RF-FSO dual-
hop networks, outage probability 10−4 and code rate3 nats-per-
channel-use, the implementation of HARQ with a maximum of
2 and 3 retransmissions reduces the required power, compared
to the cases with no HARQ, by13 and 17 dB, respectively.

I. I NTRODUCTION

To address the demands on the next generation of wireless
networks, a combination of different techniques are consid-
ered among which free-space optical (FSO) communication
is very promising [1]. FSO systems provide fiber-like data
rates through the atmosphere using lasers or light emitting
diodes (LEDs). Thus, FSO can be used for a wide range of
applications such as last-mile access, back-hauling and multi-
hop networks. In the radio frequency (RF) domain, on the
other hand, it has been recently concentrated on millimeter
wave (MMW) communication as a key enabler to obtain suf-
ficiently large bandwidths so that it is possible to achieve data
rates comparable to those in the FSO links. In this way, the
combination of FSO and MMW-based RF links is considered
as a powerful candidate for high-rate reliable communication
in, e.g., vehicle- and infrastructure-to-infrastructurenetworks.
This is particularly interesting because, as we show in the fol-
lowing, with proper parameter settings the outage probability
of the RF-FSO networks can be mapped to the ones in the
cases with only the RF- or the FSO-based communication.

The RF-FSO related works can be divided into two cate-
gories. The first group are papers on single-hop setups where
the link reliability is improved via the joint implementation
of RF and FSO systems. Here, either the RF and the FSO

links are considered as separate links and the RF link acts
as a backup when the FSO link is down, e.g., [1]–[3], or the
links are combined to improve the system performance [4]–[6].
Also, the implementation of hybrid automatic repeat request
(HARQ) in RF-FSO links has been considered in [6]–[8].

The second group are the papers studying the performance
of multi-hop RF-FSO networks. For instance, [9] analyzes
decode-and-forward techniques in multiuser relay networks
using RF-FSO. Then, [10], [11] study RF-FSO based relaying
with an RF source-relay link and an FSO or RF-FSO relay-
destination link. Also, considering Rayleigh fading conditions
for the RF link and amplify-and-forward relaying technique,
[12], [13] derive the end-to-end error probability of the RF-
FSO based setups and compare the system performance with
RF-based relay networks, respectively. Finally, the impact
of pointing errors on the performance of dual-hop RF-FSO
systems is studied in [14], [15].

In this paper, we analyze the performance of multi-hop RF-
FSO systems from an information theoretic point of view.
Considering the MMW characteristics of the RF links and
heterodyne detection technique in the FSO links, we derive
closed-form expressions for the system outage probability
(Lemmas 1-3). Our results are obtained for the decode-and-
forward relaying approach in different cases with and without
HARQ. Specifically, we show the HARQ as an effective
technique to compensate for the imperfect properties of the
RF-FSO system and to improve the network reliability/energy
efficiency. Finally, we present mappings between the perfor-
mance of RF- and FSO-based hops (Corollary 1), and analyze
the effect of various parameters such as the power amplifiers
(PAs) efficiency, different coherence times of the links and
number of antennas on the network outage probability.

As opposed to [1]–[8], we consider multi-hop systems.
Also, our paper is different from [1]–[15] because our analyt-
ical/numerical results on the outage probability as well asour
discussions on the effect of imperfect PAs and HARQ have not
been presented before. The differences in the problem formu-
lation and the channel model makes our analytical/numerical
results as well as our conclusions completely different from
the ones in the literature.

Our results show that there are mappings between the
performance of RF-FSO multi-hop networks and the ones
using only the RF- or the FSO-based communication, in the
sense that with proper scaling of the channel parameters the978-1-4799-5863-4/14/$31.00c©2014 IEEE



same outage probability is achieved in these setups (Corollary
1). While the outage probability is sensitive to the number of
RF-based transmit antennas for short codewords, the outage
probability reduction due to increasing the number of antennas
is negligible for the cases with long codewords. The PAs
efficiency affects the network outage probability considerably.
However, the HARQ protocols can effectively compensate the
effect of hardware impairments. Finally, the HARQ improves
the outage probability/energy efficiency significantly. For in-
stance, consider common parameter settings of the RF-FSO
dual-hop networks, outage probability10−4 and code rate3
nats-per-channel-use (npcu). Then, compared to the cases with
open-loop communication, the implementation of HARQ with
a maximum of2 and 3 retransmissions reduces the required
power by13 and17 dB, respectively.

II. SYSTEM MODEL

Consider aT total-hop RF-FSO system, withT RF-based
hops andT̃ = T total − T FSO-based hops. As seen in the
following, the outage probability is independent of the order
of the hops. Thus, we do not need to specify the order of
the RF- and FSO-based hops. Thei-th, i = 1, . . . , T, RF-
based hop uses a multiple-input-single-output (MISO) setup
with Ni transmit antennas. We define the channel gains as
g
ji
i

.
= |hji

i |2, i = 1, . . . , T, ji = 1, . . . , Ni, wherehji
i is the

complex fading coefficients of the channel between theji-th
antenna in thei-th hop and its corresponding receive antenna.

Here, we present the analytical results for the Rician channel
model of the RF-based hops, which is an appropriate model for
near line-of-sight conditions and has been well established for
different millimeter wave-based applications, e.g., [16]–[18].
Let us denote the probability density function (PDF) and the
cumulative distribution function (CDF) of a random variable
X by fX(·) andFX(·), respectively. With a Rician model, the
channel gaingjii , ∀i, ji, follows the PDF

f
g
ji
i

(x) =
(Ki + 1)e−Ki

Ωi

×

e
− (Ki+1)x

Ωi I0



2

√

Ki(Ki + 1)x

Ωi



 , ∀i, ji, (1)

whereKi andΩi denote the fading parameters in thei-th hop
andIn(·) is then-th order modified Bessel function of the first
kind. Also, the sum channel gainGi =

∑Ni

ji=1 g
ji
i follows

fGi
(x) =

(Ki + 1)e−KiNi

Ωi

(

(Ki + 1)x

KiNiΩi

)

Ni−1

2

×

e
− (Ki+1)x

Ωi INi−1



2

√

Ki(Ki + 1)Nix

Ωi



 , ∀i. (2)

Finally, to take the non-ideal hardware into account, we
consider the state-of-the-art model for the PA efficiency where
the output power at each antenna of thei-th hop is determined
according to [19, eq. (3)], [20, eq. (1)]

Pi

P cons
i

= ǫi

(

Pi

Pmax
i

)ϑ

i

⇒ Pi = 1−ϑi

√

ǫiP
cons
i

(Pmax
i )ϑi

, ∀i. (3)

Here, Pi, P
max
i and P cons

i , ∀i, are the output, the maximum
output and the consumed power in each antenna of thei-
th hop, respectively,ǫi ∈ [0, 1] denotes the maximum power
efficiency achieved atPi = Pmax

i andϑi ∈ [0, 1] is a parameter
depending on the PA classes.

The FSO links, on the other hand, are assumed to have
single transmit/receive terminals. Reviewing the literature and
depending on the channel condition, the FSO link may follow
different distributions. Here, we present the results for the
cases with exponential and Gamma-Gamma distributions of
the FSO links. For the exponential distribution of thei-th FSO
hop, the channel gaiñGi follows

fG̃i
(x) = λie

−λix, ∀i, (4)

with λi being the long-term channel coefficient of thei-
th, i = 1, . . . , T̃ , hop. Moreover, with the Gamma-Gamma
distribution we have

fG̃i
(x) =

2(aibi)
ai+bi

2

Γ(ai)Γ(bi)
x

ai+bi
2 −1Kai−bi

(

2
√

aibix
)

, ∀i. (5)

Here, Kn(·) denotes the modified Bessel function of the
second kind of ordern and Γ(x) =

∫∞
0

ux−1e−udu is the
Gamma function. Also,ai and bi, i = 1, . . . , T̃ , are the
distribution shaping parameters which can be expressed as
functions of Rytov variance, e.g., [8].

A. Data Transmission Model

We consider the decode-and-forward technique where at
each hop the received message is decoded and re-encoded,
if it is correctly decoded. Thus, the message is successfully
received by the destination if it is correctly decoded in allhops.
Otherwise, outage occurs. As the most promising HARQ ap-
proach leading to lowest outage probability [21], we consider
the incremental redundancy (INR) HARQ with a maximum
of Mi retransmissions in thei-th, i = 1, . . . , T total, hop.
Using INR HARQ with a maximum ofMi retransmissions,
qi information nats are encoded into a codeword of length
MiL channel uses. Then, the codeword is divided intoMi

sub-codewords of lengthL channel uses which are sent in the
successive retransmissions. Thus, the equivalent data rate at
the end of roundm is qi

mL
= Ri

m
npcu whereRi =

qi
L

denotes
the initial code rate in thei-th hop. In each round, the data
is decoded based on all sub-codewords received up to the end
of that round. The retransmission continues until the message
is correctly decoded or the maximum permitted transmission
round is reached. Finally, note that settingMi = 1, ∀i, repre-
sents the cases without HARQ, i.e., open-loop communication.

III. A NALYTICAL RESULTS

Considering the decode-and-forward approach and because
independent channel realizations are experienced in different
hops, the system outage probability is given by

Pr (Outage) = 1−
T
∏

i=1

(1− φi)

T̃
∏

i=1

(1− φ̃i). (6)

Here,φi and φ̃i denote the outage probability in thei-th RF-
and FSO-based hops, respectively. Thus, to analyze the outage



probability, we need to findφi andφ̃i, ∀i. Following the same
procedure as in, e.g., [21] and using the properties of the
imperfect PAs (3), the outage probability of thei-th RF- and
FSO-based hops are obtained as

φi = Pr

(

1

MiCi

×

Mi
∑

m=1

mCi
∑

c=(m−1)Ci+1

log

(

1 + 1−ϑi

√

ǫiP
cons
i

(Pmax
i )ϑi

Gi(c)

)

≤ Ri

Mi

)

,

(7)

and
φ̃i = Pr

(

1

MiC̃i

×

Mi
∑

m=1

mC̃i
∑

c=(m−1)C̃i+1

log
(

1 + P̃iG̃i(c)
)

≤ Ri

Mi

)

, (8)

respectively. Here,̃Pi represents the transmission power in the
i-th, i = 1, . . . , T̃ , FSO-based hop and we have considered
heterodyne detection technique in (8). Also,Ci, i = 1, . . . , T,
andC̃i, i = 1, . . . , T̃ , represent the number of channel realiza-
tions experienced in each HARQ-based transmission round of
the i-th RF- and FSO-based hops, respectively (for simplicity,
we present the results for the cases with normalized symbol
rates. Using the same approach as in [5], it is straightforward to
represent the results with different symbol rates of the links).
In the sequel, we present closed-form expressions for (7)-
(8), and, consequently, (6). Here, we concentrate on the cases
with long codewords where multiple channel realizations are
experienced during data transmission in each hop, i.e.,Ci and
C̃i, ∀i, are assumed to be large. For performance comparison
in the cases with short and long codewords, see Fig. 4. Indeed,
to find the expressions, we need to implement approximation
techniques. However, as seen in Section IV, the analytical
results mimic the numerical results with high accuracy.

To approximate (7), we first represent an approximation for
the PDF of the sum channel gainGi, ∀i, as follows.

Lemma 1: For moderate/large number of antennas, which
is of interest in MMW communication, the sum gainGi, ∀i,
is approximated by an equivalent Gaussian random variable
Zi ∼ N (Niζi, Niν

2
i ) with ζi = Si(2), ν2i = Si(4) − Si(2)

2

andSi(n)
.
=
(

Ωi

Ki+1

)
n
2

Γ
(

1 + n
2

)

Ln
2
(−Ki). Here,Ln(x) =

ex

n!
dn

dxn (e−xxn) denotes the Laguerre polynomial of then-th
order andKi,Ωi are the fading parameters as defined in (1).

Proof. Using central limit Theorem (CLT) for moderate/large
number of antennas, the random variableGi =

∑Ni

ji=1 g
ji
i

is approximated by the Gaussian random variableZi ∼
N (Niζi, Niν

2
i ). Here, from (1),ζi andν2i are found as

ζi =

∫ ∞

0

xf
g
ji
i

(x)dx =
(Ki + 1)e−Ki

Ωi

×
∫ ∞

0

xe
− (Ki+1)x

Ωi I0



2

√

Ki(Ki + 1)x

Ωi



dx, (9)

and

ν2i = ρi − ζ2i ,

ρi =

∫ ∞

0

x2f
g
ji
i

(x)dx

=
(Ki + 1)e−Ki

Ωi

∫ ∞

0

x2e
− (Ki+1)x

Ωi I0



2

√

Ki(Ki + 1)x

Ωi



dx,

(10)

respectively. Then, using the variable transform
t =

√
x, some manipulations and the properties of

the Bessel function 1
b2

∫∞
0 xn+1e−

x2+c2

2b2 I0
(

cx
b2

)

dx =

bn2
n
2 Γ
(

1 + n
2

)

L
(

−c2

2b2

)

, ∀c, b, n, the mean and the variance

ζi, ν
2
i are determined as stated in the lemma.

Lemma 2: The outage probability (7) is approximated by
(15) with µ̂i and σ̂2

i given in (12)-(13), respectively.

Proof. Replacing the random variable
1

MiCi

∑Mi

m=1

∑mCi

c=(m−1)Ci+1 log
(

1 + 1−ϑi

√

ǫiP
cons
i

(Pmax
i

)ϑ
i

Gi(c)
)

by its equivalent CLT-based Gaussian random variable
Ui ∼ N

(

µ̂i,
1

MiCi
σ̂2
i

)

, the probability (7) is approximated
by

φi ≃ Pr

(

Ui ≤
Ri

Mi

)

,Ui ∼ N
(

µ̂i,
1

MiCi
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i

)

, (11)

where
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Here,(a) and (b) in (12) and (13) come from approximating
fGi

(x) by fZi
(x) defined in Lemma 1 and the approximation

log
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Then, using the CDF of Gaussian random variables and the
error function erf(x) = 2√

π

∫ x

0
e−t2dt, (11) is determined as

φi ≃
1

2



1 + erf





√
MiCi

(

Ri

Mi
− µ̂i

)

√

2σ̂2
i







 , ∀θ > 0. (15)

Note that, in (15),θ > 0 is an arbitrary parameter and, based
on our simulation, accurate approximations are obtained for a
broad range ofθ > 0.

Finally, the following lemma represents the outage proba-
bility of the FSO-based hops.

Lemma 3: The outage probability of the FSO-based hop,
i.e., (8), is approximately given by

φ̃i ≃
1

2



1 + erf





√

MiC̃i
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Ri

Mi
− µ̃i

)

√
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 . (16)

Here,µ̃i and σ̃2
i are given by (17)-(18) and [8, eq. 43-44] for

the exponential and the Gamma-Gamma distributions of the
FSO links, respectively.

Proof. Using CLT, the random variable
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i ), where for the exponential distribution
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Here, Ei(x) =
∫∞
x

e−tdt
t

represents the exponential integral
function. Moreover,(c) and (d) are obtained by partial inte-
gration. Then, denoting the Euler constant byE , (e) comes
from variable transform1 + P̃ix = t, some manipulations
as well as the definition of Gamma incomplete function
Γ(s, x) =

∫∞
x

ts−1e−tdt and the generalized hypergeometric
function n1

Fn2(·). For the Gamma-Gamma distribution, on
the other hand, the PDFfG̃i

in (17)-(18) is replaced by (5) and
the mean and variance are calculated by [8, eq. 43] and [8, eq.
44], respectively. In this way, following the same arguments
as in Lemma 2, the outage probability of the FSO-based hops
is approximated by (16).

Lemmas 1-3 lead to the following corollary statement about
the performance of multi-hop RF-FSO systems.

Corollary 1: With long codewords, there are mappings
between the performance of FSO- and RF-based hops, in the
sense that, with proper parameter settings, the same outage
probability is achieved in these hops.

Proof. The proof comes from Lemmas 1-3 where for different
hops the outage probability is given by the CDF of Gaussian
random variables. Thus, with parameter settings of(µ̂i, σ̂i)
and (µ̃i, σ̃i) in Lemmas 2-3, the same outage probability is
achieved in these hops. In this way, the performance of RF-
FSO based multi-hop networks can be mapped to the ones
using only the RF- or the FSO-based communication.

IV. SIMULATION RESULTS

Throughout the paper, we presented different approximation
techniques. The verification of these results is demonstrated in
Fig. 1 and, as seen in the sequel, the analytical results follow
the simulations with high accuracy. Then, to avoid too much
information in each figure, Figs. 2-4 report only the simulation
results. Note that in all simulations we have checked the results
with the ones obtained analytically and they match tightly.

The simulation results are presented for homogenous setups.
That is, different RF-based hops follow the same long-term
fading parametersKi, ωi, ∀i, in (1)-(2), and the FSO-based
hops also experience the same long-term channel parameters,
i.e., λi, ai andbi in (4)-(5). Also, we considerMi = Mj and
Ri = Rj , ∀i, j = 1, . . . , T. In all figures, we set̃Pi = NiP

cons
i

such that the total consumed power at different hops are the
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Figure 1. On the tightness of the results in Lemmas 1-3. IdealPA, dual-hop
network,Mi = 1, Ri = 1, 2, Ci = 10, C̃i = 30, T = 1, T̃ = 1, Ni = 20.
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Figure 2. Outage probability of dual-hop RF-FSO network fordifferent
PA models and maximum number of retransmissions,Mi,∀i. Exponential
distribution of the FSO link,T = 1, T̃ = 1, Ci = 10, C̃i = 20, Ri = 3

npcu, andNi = 60, ∀i.

same. Then, using (3), one can determine the output of the RF-
based antennas. Also, because the noise variances are set to1,
P̃i (in dB, 10 log10 P̃i) is referred to the SNR as well. In Figs.
1 and 4, we assume an ideal PA. The effect of non-ideal PAs is
verified in Figs. 2 and 3. With non-ideal PAs, we consider the
state-of-the-art parameter settingsϑi = 0.5, ǫi = 0.75, Pmax

i =
25 dB, ∀i, unless otherwise stated [19], [20]. The parameters
of the Rician RF PDF (1) are set toωi = 1,Ki = 0.01, ∀i,
leading to unit mean and variance of the channel gain dis-
tribution f

g
ji
i

(x), ∀i, ji. With the exponential distribution of

the FSO-based hops, we considerfG̃i
(x) = λie

−λix with
λi = 1, ∀i. Also, for the Gamma-Gamma distribution we

set fG̃i
(x) = 2(aibi)

ai+bi
2

Γ(ai)Γ(bi)
x

ai+bi
2 −1Kai−bi

(

2
√
aibix

)

, ai =
4.3939, bi = 2.5636, ∀i, which corresponds to Rytov variance
1 [8].

The simulation results are presented in different parts as
follows.

On the approximation approaches of Lemmas 1-3: Consid-
ering an ideal PA andMi = 1, Ri = 2 npcu, andCi = 10, ∀i,
Fig. 1 verifies the tightness of the approximation schemes
of Lemmas 1-3. Particularly, we plot the outage probability
of a dual-hop RF-FSO setup versus the SNR. Here, we set
Mi = 1, Ri = 1, 2 npcu, andCi = 10, C̃i = 30, Ni =

20, T = 1, T̃ = 1∀i, and the results are presented for the
cases with ideal PAs at the RF-based hops. As it is observed,
the analytical results of Lemmas 1-3 mimic the exact results
with very high accuracy. As a result, (15) and (16) can be
effectively used to analyze the data transmission efficiency
of the RF-FSO multi-hop networks, as well as the multi-hop
networks with only the RF- or the FSO-based communication.

On the effect of HARQ and imperfect PAs: Figure 2 shows
the outage probability of a dual-hop RF-FSO network for
different maximum numbers of HARQ-based retransmission
roundsMi, ∀i. Also, the figure compares the system per-
formance in the cases with ideal and non-ideal PAs. Here,
the results are presented for the exponential distributionof
the FSO link,T = 1, T̃ = 1, Ci = 10, C̃i = 20, Ri = 3
npcu, andNi = 60, ∀i. As demonstrated, with no HARQ, the
efficiency of the RF-based PAs affects the system performance
considerably. For instance, with the parameter settings of
the figure and outage probability10−4, the PAs inefficiency
increases the required power by3.5 dB. On the other hand, the
HARQ can effectively compensate the effect of imperfect PAs,
and the difference between the outage probability of the cases
with ideal and non-ideal PAs is negligible forM > 1. Finally,
the HARQ improves the energy efficiency significantly. As an
example, consider the outage probability10−4, an ideal PA
and the parameter settings of Fig. 2. Then, compared to the
open-loop communication, i.e.,Mi = 1, the implementation
of HARQ with a maximum of 2 and 3 retransmissions reduces
the required power by 13 and 17 dB, respectively.

System performance with different numbers of hops: In
Fig. 3, we show the outage probability in the cases with
different numbers of RF- and FSO-based hops, i.e.,T, T̃ . As
expected, the outage probability increases with the numberof
hops. However, the outage probability increment is negligible
particularly at high SNRs because the data is correctly decoded
with high probability in different hops as the SNR increases.
Finally, the figure indicates that the outage probability of
the RF-FSO based multi-hop network is not sensitive to the
distribution of the FSO-based hops at low SNRs. Intuitively,
this is because at low SNRs and with the parameter settings
of the figure the outage event mostly occurs in the RF-based
hops. However, at high SNRs where the outage probability
of different hops are comparable, the PDF of the FSO-based
hops affects the network performance.

On the effect of RF-based transmit antennas: Figure 4
demonstrates the effect of the number of RF transmit antennas
on the network outage probability. Also, the figure compares
the system performance in the cases with short and long
codewords, i.e., in the cases with small and large values of
Ci, C̃i. Here, we consider Gamma-Gamma distribution of the
FSO-based hops, ideal PAs,Ri = 1.5 npcu,Mi = 1, Ti =
T̃i = 1, ∀i, and SNR= 10 dB. As seen, with short codewords,
the outage probability decreases with the number of RF-
based transmit antennas monotonically. With long codewords,
however, the outage probability is (almost) insensitive tothe
number of antennas forNi ≥ 3. This is because, with the
parameter settings of the figure, the data is correctly decoded
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i
= 25 dB,

Mi = 2, Ni = 20, Ri = 2 npcu,Ci = 10, and C̃i = 20, ∀i.

5 10 15 20 25
10

−8

10
−6

10
−4

10
−2

10
0

Number of transmit antennas in RF hops, N
i

O
ut

ag
e 

pr
ob

ab
ili

ty

 

 

T = 2, T̃ = 2

T = 1, T̃ = 1

Ci = C̃i = 1, ∀i

Ci = C̃i = 20, ∀i

Ci = C̃i = 30, ∀i

Figure 4. Outage probability for different number of transmit antennas in the
RF-based hops. Gamma-Gamma distribution of the FSO-based hops, ideal
PA, Ri = 1.5 npcu,Mi = 1, Ti = T̃i = 1,∀i, and SNR= 10 dB.

with high probability as the number of antennas increases.
Finally, the outage probability decreases withCi, C̃i, because
the HARQ exploits time diversity as more channel realizations
are experienced within each codeword transmission.

V. CONCLUSION

We studied the performance of RF-FSO multi-hop networks
using long codewords. Considering different channel condi-
tions, we derived closed-form expressions for the network
outage probability in the cases with and without HARQ. As
demonstrated, there are mappings between the performance of
RF-FSO based multi-hop networks and the ones using only the
RF- or the FSO-based communication. Moreover, the HARQ
can effectively improve the energy efficiency and compensate
the effect of hardware impairments. Finally, while the outage
probability decreases with the number of RF transmit antennas,
the network outage probability is not sensitive to the number of
RF antennas for long codewords. Extension of our results can
be found in [22] where we analyze the network ergodic rate
and the required number of antennas in different conditions.
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