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Abstract—In this paper, we investigate and analyse the per-
formance of amplify and forward (AF) relay system connecting
a group of independent sources to their destinations employing
a random carrier sense multiple access (CSMA) protocol. The
sources are isolated from their destination and the only means
for them to communicate with their destination is through
the common relay. Sources are arbitrarily distributed around
the relay and experience Rayleigh fading channels. This paper
develops a new and more accurate model for multiple access
interference at both the relay and destination which takes into
account random sources location and the effects of fading and
thermal noise at both the relay and destination. Moreover,
the effect of the hidden nodes on the system performance is
considered as a randomly occurring factor. This leads to the
derivation of new analytical expressions for the overall spectral
efficiency (SE) which can be used to estimate the throughput of
the CSMA-based relay in Rayleigh fading channels and to study
the impact of the different system parameters on their efficiency.
The accuracy of the new mathematical results is confirmed by
Monte Carlo simulation.

Index Terms—Amplify and forward, carrier sense multiple
access, moment generation function, Rayleigh fading, hidden
nodes.

I. INTRODUCTION

Cooperative wireless networks can provide higher through-

put and are considered an effective solution to coverage exten-

sion. One possible cooperative wireless network scenario is the

multiple access relay, where a common relay helps multiple

source nodes to communicate with their destination with the

aim of improving system performance [1], [2]. Multiple access

techniques are used to allow a large number of users to share

the allocated frequency band in the most efficient way.

The mechanism of packet radio access schemes can be sum-

marized as dividing the transmitted data into packets, where

each packet is considered as a different user and transmitted

individually. ALOHA is generally considered as the first

wireless packet radio system [3]. When the transmitter is ready

to send an information packet, the packet is sent to the receiver

as soon as a channel between them is available. However, if

several transmitters are simultaneously attempting to send their

packets, interference can occur which leads to a decrease in the

efficiency of system performance. Pure ALOHA, or unslotted

ALOHA, is a part of the ALOHA system, where the starting

time of transmission for each transmitter, is randomly chosen

[4]. However, if the transmitter checks whether the channel

is available or busy with other transmissions, before it sends

its signal, this can avoid interference. If the channel is sensed

idle, the user will send its signal, otherwise it will wait. This

is called carrier sense multiple access (CSMA), which lead

to a more efficient system compared to the ALOHA protocol,

where no two users transmit at the same time [5], [6]. CSMA

has many applications, particularly in public areas, such as

university campuses, train stations, and airports where many

users try to connect to one access point. The same is true of

private venues such as office buildings. In such cases CSMA

can be applied to organize access to the main core point.

The ideal scenario for wireless communication networks

employing the CSMA protocol is that no two sources send at

the same time. However, in the complicated media applications

in modern, urban, cities collisions usually happen. One of

the most common reasons is hidden nodes. Two, or more,

nodes are hidden, when they are not in range of each other,

i.e. there is no access or direct connection between them [7].

However, in wireless networks, hidden nodes can occur where

the sources are in range of each other, but cannot hear each

other. For instance, when one or more source is hidden from

the others due, for example, to restrictive environments such

as the presence of building or any kind of vehicle, interference

between users occurs, and leads to a reduction in system

performance.

The effect of the hidden node problem on visible light

communication has been studied in [8], where the authors

simulate the uplink system performance using slotted CSMA

random access procedure. The performance analysis of IEEE

802.11 ac distributed coordination function with hidden nodes

has been proposed in [9]. The effect of hidden and exposed

nodes on the performance of high throughput mesh networks

was introduced in [10], where the authors designed improved

channel access mechanisms, utilizing frame aggregation with

high throughput wireless standards.

In this paper, we analyse the performance of a relay con-

necting a group of independent sources to their destination,

employing a random CSMA type protocol. The sources are

isolated from their destination, and the only way they can

reach it is through the common relay, which acts as a blind AF

relay. Sources are randomly distributed around the relay, and

experience Rayleigh fading in their channels. We develop a

new and more accurate model for multiple access interference

at both the relay and destination, taking into account (in addi-

tion to the random sources locations) the effects of fading and



thermal noise at both the relay and the destinations. Moreover,

the effect of the hidden nodes on the system performance is

considered as a randomly occurring factor. To the best of the

authors’ knowledge, there is little prior work which considers

the effect of hidden nodes as random parameter.

We derive a new analytical expression for the overall

spectral efficiency (SE) which can be used to estimate the

throughput of the CSMA-based relay in Rayleigh fading

channels, and to study the impact of the different system

parameters on system efficiency. The signal-to-interference

plus noise ratio (SINR) in this model is a ratio of a large

number of random variables. However, the direct approach

to finding the overall SE may require at least (3K+2)-fold

numerical integrations, which is generally difficult to obtain.

We use Lemma1 (see below) to evaluate this average, where

the result includes a simple mathematical equation that can be

easily evaluated.

We derive explicit expressions for the SE of these models,

where the new results are expressed in terms of the weights

and abscissas of a Laguerre orthogonal polynomial. Further-

more, simulations are provided to validate our analysis. The

results show that the SE of the proposed system is affected

by factors such as number of sources, source status, thermal

noise, and the radius of the coverage area.

The remainder of this paper is organized as follows. In

Section II, the system model is briefly described. The problem

formulation is explained in Section III. The SE analysis and

the exact-form are presented in Section IV. In Section V, the

results are presented and discussed. Finally, conclusions are

drawn in Section VI.

Notations: Bold lower case letters denote vectors, E[.]

denotes the expectation operator, Pr(.) denotes the probability

function, |.| denotes the absolute value, we use ∼ CN(0, 1) to

stand for a circularly symmetric complex Gaussian distribution

with zero mean and variance 1.

II. SYSTEM MODEL

The system model under consideration is shown in Fig. 1;

there are K sources each communicating with the destination

through a common relay. The sources are distributed uniformly

in the service area around the relay, and the service area is

considered as a circle with radius A. There are no direct

links between the sources and the destinations because the

channel between them is not reliable due to strong shadowing

effects, such as inside buildings and tunnels, or deep fading.

The sources, destination, and the relay are each equipped

with single antenna. Carrier sense multiple access (CSMA)

protocol operates between the sources and relay, while the

sources share the same frequency band. Each source has a

random location, and the distance between each source and the

relay r is represented by a random variable with distribution

f(r) = 2r/A2, (r ≤ A). When the source i is randomly

chosen to communicate with its destination, the probability of

its transmitted frames being successfully transmitted is unity.

The communication between the sources and destination is

divided into two phases. In first phase, the source wishing
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Fig. 1: System Model

to transmit its signal first listens to the channel to see if the

another source is sending (carrier sense). If the channel is

free, the source will send its signal, and if it is busy, will wait

for a random time before trying again (Non-persistent). The

received composite signal at the relay can be expressed as

yr =
K∑

k=1

√
pkhkδkr

−α
2

k xk + ng (1)

where pk is the transmitted power by source k, xk is the

transmitted symbol with unit power, hk is the complex channel

gain between source k and the relay, rk is the random distance

between source k and the relay, α is the path loss exponent,

ng is the additive white Gaussian noise (AWGN) at the relay,

with zero mean and Ng variance, and δk represents the status

of each source where

δk =

{
1 if source k is hidden
0 otherwise

(2)

The relay will receive yr and amplify it by gain G. In order

to satisfy the peak power concentration, the gain of the relay

is given as

G =

√√√√√√
pg

K∑
k=1

pk |hk|2 δkr−α
k +Ng

(3)

where pg is the transmitted power of the relay. In the second

hop, the relay forwards the composite signal received from

all sources. The received signal at the destination i from ith



source can be expressed as

yi = Ggil
−α

2
i

×
⎛
⎝(√

pihir
−α

2
i xi + ng

)
+

⎛
⎝ K∑

k �=i

√
pkhkδkr

−α
2

k xk

⎞
⎠

⎞
⎠+nD

(4)

where gi is the complex channel gain between the relay and

the destination i, li is the distance between the relay and the

destination i, and nD is the AWGN at the destination with zero

mean and variance ND . We assume that the destinations are

randomly distributed around the relay. The SINR at destination

i (SINRi) can be written as

SINRi =
pi |hi|2 |gi|2 r−α

i l−α
i

|gi|2 l−α
i

(
Ng +

∑K
k �=i pk |hk|2 δkr−α

k

)
+ND/G2

.

(5)

Substituting the gain of the relay as given in (3) into the

expression for SINRi in (5), we get (6), which shown at the

top of next page.

Rewriting Equation (6), the final form of SINRi can be

expressed as

SINRi =

pi|hi|2r−α
i∑K

k �=i pk|hk|2δkr−α
k +Ng

pg|gi|2l−α
i

ND

pg|gi|2l−α
i

ND
+

pi|hi|2r−α
i∑K

k �=i pk|hk|2δkr−α
k +Ng

+ 1
. (7)

III. PROBLEM FORMULATION

In communication systems, the SE describes the data rate

that can be achieved for a specific bandwidth. In this section,

we derive the achievable SE of the two-phase relay system

which can be expressed as

� =
1

2
E

{
K∑

k=1

[log2(1 + SINRk )]

}
(8)

where [log2(1+SINRk )] is the instantaneous SE of the source

k, and the factor 1
2 comes from the fact that communication

between the source and destination is performed in two phases

[11]–[13]. As we assume that users are statically identical, the

overall SE of this model can be written as

� =
K

2
E {[log2(1 + SINR1)]} (9)

where SINR1 is the SINR of the first user; The expectation

in (9) is with respect to the random variable SINR1, which

is a ratio containing a large number of random variables. It is

difficult to derive a closed-form expression for its distribution.

The overall SE of our proposed model can be found from (9),

where we need to find the expectation of this equation with

respect to the following set of (3K + 2) random variables:

h = {h1, h2, ........., hK}, r = {r−α
1 , r−α

2 , ....., r−α
K }, δ =

{δ1, δ2, ........., δK}, gi, and li. The direct approach to compute

this expectation is difficult in general, as it may require the

computation of (3K + 2)-fold convolution integrals. In this

paper we use the simple and useful Lemma1 to evaluate the

averaging in (9).

Lemma 1. : [14, Eq. (9)] In the special case where two
random variables U and V are independent. it follows that

E

[
ln

(
1 +

UV

1 + U + V

)]
=∫ ∞

0

1

z
(1−MU (z)) (1−MV (z)) e−zdz (10)

where MU (z) = E[e−zU ] and MV (z) = E[e−zV ] are the

moment generation functions of U and V , respectively. From

(10), the overall SE in (9) can be obtained as

� =
K

2
(log2e)

× E

⎡
⎣∞∫

0

1

z
(1−MU (z)) (1−MV (z)) e−zdz

⎤
⎦ . (11)

Equation (11) can be expressed in terms of the weights and

abscissas of a Laguerre orthogonal polynomial

� =
K

2
(log2 e)

N∑
n=1

ξnE {(1−MU (βn)) (1−MV (βn))}+RN (12)

where βn and ξn are the sample points and the weights factors

of the Laguerre polynomial, respectively, tabulated in [15, eq.

(25.4.45)]. The remainder, RN , is sufficiently small for N ≥
15, that (12) provides an efficient numerical evaluation of the

required SE. In the next section, we evaluate (12) in case of

Rayleigh fading, and we show how we can use Lemma 1 to

simplify the above equation.

IV. SPECTRAL EFFICIENCY ANALYSIS

In the first scenario, all channels are assumed to be subject

to independent and identical distributed complex Gaussian fad-

ing, with zero mean and unit variance, e.g., hi, gi � CN(0, 1),
where i = {1, 2, . . . ,K}. As a result, the magnitude of

channels, hi and gi , follows a Rayleigh distribution. There-

fore, the distribution of power channel gains, |hi|2 and |gi|2
becomes exponential distribution. To find the SE , we need

to find MU (z) and MV (z). Let U =
pi|hi|2r−α

i∑K
k �=i pk|hk|2δkr−α

k +Ng

and V =
pg|gi|2l−α

i

ND
. Without any loss of generality we

assume equal transmission of power for all sources. Therefore,

γg = pi

N0
and γD =

pg

N0
, where γg and γD are the signal to

noise ratio (SNR) at the relay and destination, respectively.

A. The MGF of U

As mentioned earlier, U is a ratio containing a large number

of random variables. Therefore, to find MU (z), we need to

find the distribution of U . The complementary cumulative

distribution function (CCDF) is

Pr (U > u) = Pr

(
|hi|2 r−α

i∑K
k �=i |hk|2 δkr−α

k + a
> u

)
(13)



SINRi =
pi |hi|2 Pg |gi|2 r−α

i l−α
i

pg |gi|2 l−α
i

(
Ng +

K∑
k �=i

pk |hk|2 δkr−α
k

)
+ND

(
K∑

k=1

pk |hk|2 δkr−α
k +Ng

) . (6)

where a = 1
γ . Therefore (13) can be rewritten as

Pr (U > u) = Pr

⎛
⎝|hi|2 > urαi

⎛
⎝ K∑

k �=i

|hk|2 δkr−α
k + a

⎞
⎠

⎞
⎠ .

(14)
Equation (14) contains more than one random variable, there-
fore we condition firstly on (h, r, δ) to get the conditional
CCDF

Pr (U > u | h, r, δ) =

Pr

⎛
⎝|hi|2 > urαi

⎛
⎝

K∑
k �=i

|hk|2 δkr−α
k + a

⎞
⎠ | h, r, δ

⎞
⎠ . (15)

Equation (15) is conditional on (h, r, δ). Since |hi|2 has an

exponential distribution

Pr (U > u | h, r, δ) = e−urαi (
∑K

k �=i|hk|2δkr−α
k +a). (16)

Since the sources are independent, the random variables

|hk|2,rk, δk for k = 1, 2, ...,K are mutually independent

random variables. Average the independent random variables{
|hk|2 , rk, δk, k = 1, 2, ...,K, k �= i

}
, we obtain from (16)

Pr (U > u) = E
[
e−urαi (

∑K
k �=i|hk|2δkr−α

k +a)
]
=

K∏
k �=i

E
[
e−urαi

∑K
k �=i|hk|2δkr−α

k

]
e−uarαi =

K∏
k �=i

E

[
1

1 + urαi δkr
−α
k

]
e−uarαi (17)

The term δk is a random variable representing the status of

each source, whether it is hidden or not. In this system, we

model δk by independent Bernoulli random variable, where the

probability, Pr(δi = 1)= ρ and Pr(δi = 0)= 1− ρ. Therefore,

the probability Pr (U > u) , in (17) can be shown to be

Pr (U > u) =
K∏
k �=i

E

[
1 + ρ− ρ

1 + urαi r
−α
k

]
e−uarαi (18)

where ρ is the probability that the source is hidden or not, and

takes a value in the range 0 ≤ ρ ≤ 1. The expectation in (18)

is with respect to the distance rk. As far as the distribution of

rk is concerned, it can be shown that their probability density

function (PDF) is f(r) = 2r/A2, r ≤ A. Equation (17) can

now be written as

Pr (U > u | ri) =(∫ A

0

1− ρ+
ρ

1 + urαi r
−α
k

2rk
A2

drk

)K−1

e−uarαi . (19)

The integral in (19) can be evaluated in closed form to obtain

Pr (U > u | ri) =(
1− ρ+ ρ(1− 2F1(1;

2

α
;
2 + α

α
;− Aα

uriα
))

)K−1

× e−uarαi (20)

where 2F1(a; b;u) is the confluent hypergeometric function.

On averaging ri we obtain

Pr (U > u | K) =∫ A

0

(
1− ρ2F1(1;

2

α
;
2 + α

α
;− Aα

uriα
)

)K−1

× 2ri
A2

e−uari
α

dri. (21)

The cumulative distribution function (CDF) of U is given by

1−Pr (U > u) . Integration MU (z) = E
[
e−zU

]
, by parts we

obtain

MU (z) =

∫ ∞

0

e−zUf(U)dU

= 1− z

∫ ∞

0

∫ A

0

(
1− ρ2F1(1;

2

α
;
2 + α

α
;− Aα

urαi
)

)K−1

e−u(z+
rαi
γ ) 2ri

A2
dudri. (22)

Equation (22) can also be expressed in terms of the weights

and abscissas of a Laguerre orthogonal polynomial

MU (z) =

1− z

B∑
b=1

μb

∫ A

0

γr−α
i

(
1− ρ2F1(1;

2

α
;
2 + α

α
;− Aα

λbγ
)

)K−1

× e−zλbγr
−α
i

2ri
A2

dri +RB (23)

where λb and μb are the sample points and the weights factors

of the Laguerre polynomial, respectively, tabulated in [15, eq.

(25.4.45)]. For B ≥ 15, the remainder, RB , is sufficiently

small to be ignored.

B. The MGF of V

For MV (z), where V =
Pg|gi|2l−α

i

ND
= γD |gi|2 l−α

i , MV (z)
can be obtained as

MV

(
z | l−α

i

)
= E

[
e−zV

]
=∫ ∞

0

e−zV λe−λV dV =
1

1 + zγDl
−α
i

. (24)

The term li represents the random distance between the

gateway and the destination i, which has a distribution given

by f(l) = 2l
A2 , l ≤ A. From (17) it follows that



MV (z) =∫ A

0

1

1 + zγDl
−α
i

2li
A2

dli = 1− 2F1(1;
2

α
;
2 + α

α
;− Aα

zγD
).

(25)

Substituting (25) and (23) into (12) leads to the tractable

explicit expression for the overall average SE in Rayleigh

fading. The new result includes only one integration. It is

worth remembering that according to (9), the direct method

to find the overall SE requires a (3K + 2)-fold convolution

integral.

V. NUMERICAL AND SIMULATION RESULTS

In this section, the SE achieved by the multiple-access

AF relay is evaluated using Monte-Carlo simulations, and

compared to the derived asymptotic results In addition, the

complex channels gains are modelled as Rayleigh distribu-

tions. It can be assumed that γD = γ, without loss of

generality. Different graphical plots of SE are presented below,

corresponding to various numbers of users, γ values, radius of

the coverage area, and source status.

Table I: SIMULATION PARAMETERS

Parameter Value
Path-loss exponent α 3
Radius area A 1km
SNR (γ) 10dB
Number of sources 10

In Fig. 2, the SE is plotted in bits/s/Hz, as function of the

number of sources for different probability that the source is

hidden (ρ). From this figure, it is clear that, for all values

of ρ, as the number of sources increase, the SE increases

correspondingly until it attains a maximum value, after which

there is a gradual decrease in the value of the SE. This is

because increasing the number of sources, increases interfer-

ence effects which leads to drop in the system performance.

It can be also be seen that decreasing the value of ρ gives

better performance (greater value of SE) due to the sources of

useful signals increasing, which leads to a better SINR value.

However, decreasing the value of ρ shifts the peak value of

the SE to a higher value of K.

Fig. 3, shows the SE as a function of source status (probability

that source is hidden) with increasing signal to noise ratio (γ
=10, 20, and 30 dB). It can be seen that for low values of

ρ, improving signal to noise ratio, so that the effect of the

noise is limited, improves system performance and gives a

substantial increase in SE. As ρ increases, the probability of

hidden nodes is increased, interference is increased and the

SE decreases asymptotically. As would be expected, the effect

of γ on performance of the system is positive, with higher γ
leading to better performance.

Fig. 4, shows the SE as a function of SNR. It is clear that

for all values of γ the SE decreases with increase in the

probability that the source is hidden (ρ). For example, at high
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Figure 2: SE as function in number of sources (K)
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Figure 3: SE as function in source status (ρ)

values of SNR (γ = 30 dB), we see that decreasing ρ from

1.0 to 0.5 increases the system performance dramatically by

about 1.5 bits/s/Hz. This is interpreted as showing that, in

interference limited systems the noise contribution becomes

minimal (1/γ → 0 ), and that as ρ decreases the interference

in the system decreases.

In Fig. 5, the SE is plotted as function of the radius (A) of a

circular coverage area. The smaller the area covered the greater

the value of the SE. As A increases, the path loss distance is

also increased, which leads to a decrease in the power of the

useful signal. It can be seen that the higher the value of ρ
the worse the system’s performance and that SE decreases

asymptotically to zero with increase in A.

VI. CONCLUSIONS.

In this paper, we have analyzed in detail the performance

of a relay connecting a group of independent sources to their
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destination, employing a random CSMA protocol. Moreover,

the effect of hidden nodes on system performance (SE) is

considered. The sources are randomly distributed around the

relay within a circular area of radius A, and the destination

are equipped with single antenna. We have derived analytical

expressions for the overall SE, where we assumed the channels

between the sources, gateway, and destination are subject

to Rayleigh fading channels. The performance analysis of

this model is difficult to obtain in general using the direct

approach, as it may require the computation of (3K +2)-fold

convolution integral to find the distribution of the SINR1. As

result, we used a useful Lemma 1 to evaluate the performance

of the model and produce a relatively simple equation that

can be more easily evaluated. Our result reflects the fact

that the mathematical analysis and the useful Lemma 1

can be used in different system models. We validated the

accuracy of our results with Monte Carlo simulations. We also

examined the impact of increasing the number of sources on

the performance of such a system and showed that, as the

number of sources increased, the SE also increased, and then

saturated. In addition, we used the model to evaluate the effect

of important factors such as SNR, and source status on the

system performance.
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