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Abstract—A common approach to obtain channel state infor-
mation for massive MIMO networks is to use the same orthogonal
training sequences in each cell. We call this the full-pilot reuse
(FPR) scheme. In this paper, we study an alternative approach
where each cell uses different sets of orthogonal pilot (DOP)
sequences. Considering uplink communications with matched
filter (MF) receivers, we first derive the SINR in the large system
regime where the number of antennas at the base station, the
number of users in each cell, and training duration grow large
with fixed ratios. For tractability in the analysis, the orthogonal
pilots are drawn from Haar distributed random unitary matrices.
The resulting expression is simple and easy to compute. As shown
by the numerical simulations, the asymptotic SINR approximates
the finite-size systems accurately. Secondly, we derive the user
capacity of the DOP scheme under a simple power control and
show that it is generally better than that of the FPR scheme.

I. INTRODUCTION

One of the candidates for 5G technology is the massive
Multiple-Input and Multiple-Output (MIMO) system (see e.g.,
[L], [2]]) introduced by Marzetta in [3]. In massive MIMO cel-
lular networks, a large number of small and low-cost antennas,
in the order of hundreds, is employed at base stations (BSs).
This enables an aggressive spatial multiplexing which can lead
to a ten times capacity increase compared to conventional
MIMO systems [2]], [3].

A common approach in the uplink training of massive
MIMO systems is the full-pilot reuse (FPR) where the same
orthogonal training sequences are used in each cell, see e.g.,
[30, [4], [S]. The other approach proposed in [3] is to use
different orthogonal pilots in different cells and we denote this
approach as the DOP scheme. To the best of our knowledge,
this scheme is largely unexplored.

It is argued in [3] that this scheme gives little difference in
terms of the achieved SINRs compared to the FPR scheme.
However, in the DOP, we get a small amount of contamination
from all inter-cell users rather than a (potentially) large amount
from a few users (those with the same pilot sequence) and
this can lead to a better user capacity (see [6]). Note that
the analysis in [3], [6] is performed in the regime where the
number of antennas (V) tends to infinity and the number users
(K) is finite (K < N). This implies that the cell-loading
(K/N) is close to zero. It should be noted that the analysis in
this regime gives a loose approximation for finite-size systems
and can also converge slowly [4], [7]].

In this paper, we generalize the performance analysis of the
DOP scheme for arbitrary numbers of cell-loading. We obtain
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the approximation of the SINR by performing the analysis
in the large system regime where the number of antennas at
the base station, the number of users in each cell, and the
number of training symbols go to infinity with fixed ratios.
For analytical tractability, we choose the training pilots from
Haar-distributed random unitary matrices. This approach has
been used previously in CDMA systems, see for example [3]
and [9]. Our numerical simulations show that the asymptotic
results approximate the finite-size systems accurately. In the
analysis, we show that the pilot contamination in the asymp-
totic SINR expression is the average of the square of received
powers of all users from the interfering cells (see also [3]] for
a similar conclusion). This result differs from that obtained in
the FPR case [3], [4], [15], where the pilot contamination is the
sum of the received power of users from the interfering cells
that use the same training sequence.

In this paper, we also consider another performance crite-
rion, i.e., the user capacity. In the downlink with maximum
ratio transmission (MRT) precoders, the user capacities of
massive MIMO networks for single and multi-cell scenarios
have been characterized in [10], [11], respectively. Recent
work [6] studies the uplink user capacity when the cell-loading
approaches zero. Here, we derive the uplink user capacity
for arbitrary numbers of cell-loading under a simple power
control where the uplink transmit power of a user is the
inverse of the slow path-gain of that user (see also [12]). Our
numerical simulations show that even though all users from
the interfering cells contribute to the pilot contamination in
the DOP scheme, its user capacity can be larger compared to
that of FPR. Other related work is [12] that investigates the
optimal number of users that maximizes the spectral efficiency
of massive MIMO networks.

The following notations are used in this paper. The boldface
lower and upper case letters denote vectors and matrices,
repectively. Iy denotes an N x N identity matrix. E[-] and %
denotes respectively the statistical expectation and the almost
sure convergence. The circularly symmetric complex Gaussian
(CSCG) vector with zero mean and covariance matrix X is
denoted by CN(0,X). |a| and R[a] denote the magnitude
and the real part of the complex variable a, respectively.
|| - || represents the Euclidean norm. Tr (-), ()7 and ()" refer
to the trace, transpose and Hermitian transpose, of a matrix
respectively.
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II. SYSTEM MODEL

We consider a multi-cell communication system with L-
cells. Each cell has a base station equipped with N antennas
and the number of users in cell 7 is denoted by K;. The channel
between user k in cell j and the BS in cell ¢ is denoted by
the column vector gy;; that can be modeled as

8rji = \/ Lrjilkji (1)

where hyj; ~ CN(0,Iy) represents the fast-fading channel
coefficients. It is assumed that the slow-fading coefficient ¢;;;
is distance-dependent and the shadowing effect is ignored. The
channel variations follow the block channel fading model and
one block duration is equal to the channel coherence time.
We also consider the time-division duplex (TDD) proto-
col with perfect channel reciprocity between the uplink and
downlink channels. In this paper, we focus on the uplink trans-
mission where all scheduled users transmit simultaneously to
their base station (BS). In the pilot-based TDD training, the
BS estimates each user channel from the pilot symbols sent by
each user in the uplink transmission. The BS uses the channel
information to decode the transmitted symbols from its users.
We should note that the uplink training and the uplink data
transmissions should occur in one coherence block time.

A. Uplink Training

Let T be the length of the channel coherence time (in
symbols). Let 7 < T be the uplink training interval or the
number of training symbols. In this training phase, each user
in each cell sends the pilot symbols to their BS. We assume a
synchronized training, where all cells perform the training at
the same time and with the same training period 7. Let hEC j]z
be the n-th element of hy;; that represents the channel from
the corresponding user to the n-th antenna of BS 7. Also, let
q,(fi) be the pilot symbol sent by user k in cell ¢ at time ¢ and
ori be the corresponding average training power. Note that,
in the uplink training, BS 7 will estimate the channels of its
users hy;;. Since our assumption that the elements of hy; are
independent, therefore we can estimate each element of the
channel vector hy;; independently. The received signal vector
at the n-th antenna of BS for 7 training symbols is

L K;

=

j=1k=1

pk]z kﬂ%g + 1’1[ nl (2)

where y" = [y )T qp = [q,%-),...,q,(c;)] , and

ngn] = [n[ﬁ],...,n[g}]T ~ CN(0,0%I;) is the receiver
noise vector. We also denote py;; = ok;¢k;; as the received
power of user k from cell j at BS 7. From @), we can see
that BS ¢ also receives the training transmissions from other
cells. It is assumed that the BS knows all the path-gains and
training sequences of all users perfectly. We also assume that
the training matrix for cell j, Q; = [qij,q2;j,- - ,9k,;]
is obtained by extracting K; < 7 columns of a 7 X 7
Haar-distributed random unitary matrix ; (see also [8], [9]).
Thus, Q'J'-' Q; = Ix which implies that the training sequences

are orthogonal (orthonormal) across the users in the same
cell. It is assumed that {;,j = 1,...,L are independent
[O]. In other words, different cells employs different sets
(independent) of orthogonal training sequences. It is in contrast
to the majority of works in massive MIMO where the same
orthogonal training sequences are used in each cell.

Let us focus on obtaining the estimate for h@i.

lating the observation vector ygn]

By corre-

with the training vector qg;,

we have
qkzyz =V pk”hgcz]l—i_z Z Vv pm7lhmﬂqkzqm]+nk1 (3)
j#i m=1
where 7" = ¢finl"” ~ CAN(0,02). The minimum mean-

square estimation (MMSE) is employed based on the obser-
vation (3). Note that since BS ¢ knows Pkji» and qkj ,Vk, j, the
vector y[ "l is Gaussian. Moreover, the scalars q;, yz[ " and hgg]l
are jointly Gaussian. The MMSE estimate for hgml is given by

i) __Vki_ H_[n]

L= gy @)
kit \//m kiJq

where

Phii
Vki = L K, - : (%)
Prii + Z Z pmjilAlam > + o

J#i m=1

Note that \/U—% is the scalar estimator for hgﬂ]z based on

the observation (@) and vy; is the variance of the channel
estimate. It can be checked that the channel estimates for
different users (in the same cell) are correlated. In contrast,
they are uncorrelated in the FPR scheme. From (@), we can
model ﬁm ~ CN (0,vy;). Note that we have removed the
index n in the notation for the channel estimation variance
because it does not depend on n The channel estimate vector,

hy; = [th}l, fbfl-]i, . hﬁ]} can be expressed as follows

pm_]z 1’1]”
i = Uk | B + al ki +
(6)

where ny; = [n?], e [N]] ~CN (O O'QIN) Note that

hyi; ~ CN (0, U;WIN) By the property of MMSE, we can
model hy;; = hy;; + hyy;, where hy; ~ CN (0 0, (1 —vgi)In)
is the channel estimation error vector. Moreover, hy;; and h;m
are independent. Note that the second term of (6) is the pilot
contamination term which includes the channels of all users
from the interfering cells. In the FPR scheme, only users that
have the same training sequence contribute to this term.



B. Uplink Data Transmission

The uplink data transmission will take the duration of T'— 7
symbols. Let s;; be the transmitted symbol from user k in cell
j with the average power py;. The received signal at BS ¢ is

L K;
W =Y N \priligibigisk + 0 7

j=1k=1

where n; ~ CN(0,0%Iy) is the receiver noise at BS i. It
is assumed that s;; ~ CA/(0,1) and is independent of other
users’ data symbols. For the rest of the paper, we assume
Pkj = Ok; and thus, prji = Prjlej.

Let us consider user k at cell 7. A linear receiver, denoted
by ci, is used by BS ¢ to decode the received data symbols.
The estimate for symbol sg; is

= ng Z Z VPrjihkjisk; + Ckznz

Jj=1 k=1

Bpi = chhu, =

In this paper, we consider the MF receiver due to its low
complexity. A more sophisticated LMMSE receiver is left for
future works. The receiver is constructed by using the channel
estimate, i.e., cg; = hy;;. The resulting SINR, denoted by vy,
can be written as follows
pkiiHﬁkiiH4
K ®)
Git DD pmjilhfhmil? + oy |?
(d,m)#(i,k)

Vi =

where &; = p;ﬂ-i|hﬂiihkii|2 is the self interference noise.

III. ASYMPTOTIC ANALYSIS

In this section, we derive the asymptotic uplink SINR (8) by
analyzing it in the large system regime, i.e., when K;, NV and
7 tend to infinity with K;/N and K ; /7 being finite constants.
The derivation relies on results in random matrix theory [13],
[14], as well as the results on Haar-distributed random matrices
(see e.g., (8], 9], [L14]).

Theorem 1: Let Fji = d1ag (pljh P2jis " ,pK].ji). Suppose
that the empirical spectral distribution (e.s.d.) of I'j; converges
to a non-random distribution Fy,,. As K;, N,7 — oo with
% — «a; and % — K;, the uplink SINR ~y; converges
almost surely to 7; which is given by

2 —
Ui
’7]”‘ _ - Plii Vk 7 (9)
prii 0 E[Mj] +0rs Y B[]
j=1 J#i
where y
D = Pkii (10)

L
pkii‘i'Z’{jE F i —|—0’

J#i
and [;; is a random variable with distribution Fr,.
Proof: See Appendix [Al [ |

Remark 1: In practice, i.e. when the distribution of F i is
difficult to obtain or K; is relatively small, we can replace
E [l ;;] with its empirical value K% >k Phiji-

As mentioned previously, the large system analysis is per-
formed to obtain the approximation for the uplink SINR.
In practice, the parameters K;, N and 7 are finite and the
approximation (9) uses the ratios of those parameters (a; and
;). As shown in Section [Vl (9) can approximate the finite-
size systems accurately. Moreover, we can infer from () that
the uncertainty due to the fast fading has been removed and
only that from the large-scale fading (py;;) remains.

Now, let us compare (@) with the limiting SINR in the FPR
scheme, denoted by 7;,, given by (see also [4, eq. (23)])

2 =S
’_}/Zi PlriiVii (11)
lez Qi E 71 + Ulm Z Pkji
JFi
where
0 = Pkt =P 1y
Prii + Zpkji + 02 Zpkji + 02
i j=1

Observing the denominator of (@), the first term is the
total interference (the intra- and inter-cell interference). This
term also appears in the denominator of (II). Thus the
limiting interference power is the same for both FPR and DOP
schemes. The second term in the denominators of (O) and (I1)
is the pilot contamination contributed by the users from the
interfering cells. However, this term takes different forms in
both schemes . In DOP, the pilot contamination is caused by all
users in each interfering cell in the form of the second moment
of the interference powers. In contrast, the pilot contamination
in the FPR scheme is caused only by the users with the same
training pilot sequence.

Remark 2: In common massive MIMO setups, i.e., when
N — oo and Kj is finite (K; < N), or equivalently a; — 0,
©) will reduce to

—1
L K;j

Z > i

g;ﬁlm 1

1 ~ s = 2.,
(}}_}Hlo Vii Pkii (13)

where we use Ki] Yok i ;i to represent & [F?J in finite system
dimensions. This agrees with the result in [3].
Now, let us consider a simple power control scheme where

Dkj = é . Thus, the received power pij; = P, is the
same for all users in cell 7 (see also [12]). Consequently, Lj;
becomes

P,Lj;, j#i

L. — diag (i fosi
where L;; = diag (flu Tars

¢
. 7@;; “) Suppose that the

e.s.d. of Lj; converges almost surely to a deterministic dis-
tribution Fy, . Then, it is straightforward from Theorem @M to



show that the limiting SINR under the power control, denoted
by 4, 18

W=7 = % (14)
Za E [Lj;] +oF Zli E|
J#i
where
o = 1 (15)
1+ an Lji] +02/P,

J#i

and L;; is a random variable whose distribution Fi ..

We can see from and (I3) that the limiting SINR and
channel estimation variance under power control are the same
for all users in cell i. Moreover, 4! is deterministic since
it does not depend on the random locations (or particular
realizations of the locations) of the users. Under the same
power control, the limiting SINR for the FPR scheme is

~SP @le
i = 7L L g (16)
P —s, kji
> B L] + o3 ézj
j=1 j#i ki
~1
where 0;" = (1—}—2]2&15&11‘/&]@- +02/Pu) . It is ob-

vious that Yo still depends on the particular realizations
of ly;; = *rii/t,;;. Note that, for a particular realization
of i, ZJL#E;W and ZJL# i;i can be larger or smaller
than Z#Z mj [Lj;] and ZJ# r;E[L2], respectively. Con-
sequently, 7, can be smaller or larger than 7.

IV. USER CAPACITY UNDER POWER CONTROL

Here we will characterize the user capacity based on the
limiting SINR under power control (I4). Recall that the
limiting SINR, 47, is deterministic and is the same for all
users in cell 7. Now, let us assume that all users in cell 7 have
the quality of service (QoS) requirement,

AP > A (17)

where 7" is the minimum required SINR for users in cell .
Then, the user capacity is defined as the number of users per
degree of freedom (), or «;, that satisfies the QoS (I7), see
also [10], [11]. From (17), we have

L
i+ a;E[L;] <of

J#i 1

REE

J#i

(18)

To get more insights on the user capacity, let us consider the
simplest case where K; = K, so that o; = «a, k; = k. Note
that K affects both o and x and we can write o = f = = K0
with @ = . For a given degree of freedom, there are two
ways of defining « that satisfies the QoS in (I7), either by
fixing 7 or k.

A. Fixed T

Recall that & = k6. By substituting the expression for 07

in (13) into (I8), we obtain

Aik® + Bik — — <0 19)

th
%

where
L L
Ai=0 Y E[Li] | (D E[Li]
j=1 i
L L
Bi=0(1+0%/P)Y E[Li]+> E[%]
j=1 e
Now we need to find the range of x (or «) such that
holds with A;, B;, %Fh > (0 and 0 < k < 1. The left hand side

of (I9) is a quadratic equation with one positive root and one
negative root. The positive root (solution) is

—-B; +,/B? + %4
7 7t
2A; '
It is easy to check that the left hand side of (19) is a convex

function and has a negative value at x = 0. Thus, will
hold when

(20)

Ky =

0< k<K,
Equivalently, the cell loading that satisfies is

0<a<a,, witha, =k.0. 21

Now, we will check the condition where x, < 1 holds. It is
equivalent to , /B? + 4Al < 2A;+ B;. By squaring both sides

and performing some algebralc manipulations, x, < 1 holds
when

1
— < Ai + B
i
Otherwise, we set k. = 1 (or o, = 6).

Considering 20) and 1), it can be easily checked that c,
is an increasing function of 7. Thus, a larger 7 will increase
the user capacity.

B. Fixed k

In this case, « is fixed and thus 7 varies as K varies. The
corresponding user capacity is simply given by

Hzﬁfl [ }
1+Zj;£i [ji]

Since a,; > 0, the right-hand side of the above equality must

satisfy
1 L
2
i [ET
It is obvious that the choice of x affects the user capacity. It
can be checked that o7 (% - /@Zf i B [[fl]) is increasing
as k decreases. Note that by decreasing x, we have a better

a<a, = @p (22)

—_ 2



quality of channel estimates that obviously increases the user
capacity.

Remark 3: As discussed in both subsections above, increas-
ing 7 (or decreasing ) will result in a higher user capacity. On
the other side, this will reduce the uplink transmission time
and consequently the cell sum rate. This trade-off is also a
concern raised in [3]. One way to handle this trade-off is to
find an optimal 7, for K < 7 < T, that maximizes the cell
sum rate. It is obvious that 7 = T is never an optimal solution
since it gives a zero sum-rate. Thus, the optimal 7 is either at
7 =K oratT € (K,T). Let us consider the worst case in
terms of the user capacity, i.e., 7 = K (or kK = 1). The user
capacity in this case is easily obtained from 22) (or @2I))) and
is given by

1 L 72
3~ Lim B L]
L T L = o2\’
(1 + 2% E [sz-]) (1 + 2B [La] + p—u)
The numerical simulation for this case is shown in Figure [
in the following section. We can see that the user capacity of

the DOP scheme is considerably larger compared to that of
the FPR scheme.

Ay =

V. NUMERICAL SIMULATIONS

In this section, we will validate the approximation of our
large system results for finite K;, N, and 7. We consider
a 7—cell hexagonal layout where the inner cell radius is
normalized to 0.9 and the distance between the base stations
is normalized to 2. The users are uniformly distributed across
the cell. We adopt the bounded path-loss model where the
slow path-gain is modeled as {y;; = (1 + diji)_l where
is the path-loss exponent and dj;; is the distance between
user k in cell 7 and BS i. We set ( = 3.7 and ignore
the shadowing effect in the model. The experiment takes
parameters P, = 0 dB, K; = K = 20, x = 2 and the
number of antennas varies from 50 to 500 with interval 50. We
generated 500 channel realizations according to the Rayleigh
distribution. Figure [1| shows the SINR (in decibels) as the
number of antennas at the BS increases. We can see that the
SINR obtained from the large system analysis or LSA (@) can
approximate the simulation results (finite-size systems, i.e.,
with K = 20) accurately. Observe that the SINR obtained by
using the conventional approach in massive MIMO (K < oo
but N — o0), acts as the upper-bound for the finite-size
systems. The figure also implies that this approach gives quite
a loose approximation compared to the large system approach
(see also [7] for the convergence behavior of massive MIMO
systems). Observe that for N = 100, the SINR gap between
the massive MIMO approximation and the finite size result
is about 9 dB. This gap reduces as N increases and it is
approximately 2.3 dB when N = 500.

Figure [2] compares the cdf of %" and 7/. Note that 5"
is a deterministic quantity. Hence, its cdf is a unit impulse
located at ﬁf . To produce the curves, we set « = 0.1 and
x = {3, 2,1}. Note that, 7 depends on x while 7;:” does
not. It is obvious from the curves for 47 that smaller x
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Fig. 1. The asymptotic SINR obtained from the simulation, large system

analysis (LSA) and the conventional approach (N — oo but K is finite) in
massive MIMO systems.
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Fig. 2. CDF of 4,7 (solid) and 47 (dashed) for o = 0.1 and & = {1, 2,1}

gives a better performance (SINR). The figure also reveals
that there is some probability that ¥ is larger than 7, and
vice-versa. For example, when x = 1, there is a 30% chance
that 47 is larger than 7,;”. When smaller x = % is used, the
probability becomes higher i.e., around 75%. This probability
also changes when « varies. Thus, it is interesting to see how
the user capacity (which is related to «) is affected by both

schemes.

The user capacity for the different orthogonal training se-
quences (DOP scheme) has been presented in Section For
the FPR scheme, the formulation of user capacity is slightly
different since 7,:” is a random quantity contributed by the
large-scale fading terms of the pilot contamination. Hence,

the user capacity region, for the simplest case (K; = K, Vj)
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Fig. 3. User Capacity of the FPR (solid) and the DOP (mark/dashed) schemes

for different values of 6 = %

is defined as the value of « that satisfies

Py =) =1-5 (23)
where (3 is the outage probability. The above is equivalent to
P(Xk <0)>1—-por Fx,,(0) > 1—  where

s L L
g 7 72
1+P—U+Z€kﬁ +Z€k‘ji_

1
? .
i i i

L
Jj=1

Figure [3] presents the comparisons of the user capacities of
the FPR obtained from with 8 = 0.05 and of the DOP
represented by «; in with 6 = {0.5,1,1.5}. As expected,
higher outages lead to higher user capacities for the FPR while
higher 0 (higher 7 with NV fixed) gives higher user capacities
for DOP. In general, we can see that the FPR has a higher
user capacity compared to the DOP for very low v (less than
—6 dB) and the reverse occurs for low to high v's. The user
capacity of the FPR scheme is zero starting at 'y}h = —2 dB for
outage probability 5% and at 4" = 0 dB. On the other hand,
the user capacities for the DOP scheme are about 0.28 — 0.35
and 0.2 when 7" = —2 dB and 7" = 0 dB, respectively. This
shows the advantage of the DOP scheme over the FPR scheme
in terms of user capacity and is consistent with the findings
in [6]. A similar conclusion can be drawn by comparing the
user capacities of FPR and «a,; of DOP with x = {0.5,1} as
shown in Figure @l Even for the worst case, k = 1, the user
capacities of the DOP are higher than those of the FPR at all
considered values of 7. For example, at v{" = —10 dB, the
user capacities in the FPR scheme and the DOP scheme are
about 1.1 and 1.7, respectively. Hence, for example, if the BS
has 500 antennas, the DOP scheme can admit 300 more users
than the FPR scheme can.
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Fig. 4. User Capacity of the FPR (solid) and the DOP (mark/dashed) schemes
for different values of k.

VI. CONCLUSION

In this paper, we consider the performance analysis of up-
link massive MIMO systems with different sets of orthogonal
training pilots in different cells employed during the uplink
training. We obtained a novel expression for the asymptotic
SINR in the large system regime that approximates finite-
size systems accurately. We show that under a simple power
control, the asymptotic SINR is a deterministic quantity and
its denominator contains the average interference and mean-
squared interference (pilot contamination) of all users from
the interfering cells. We also derived the user capacity of
the system and compared to that of the FPR scheme. Our
simulation results showed that the DOP generally gives a better
user capacity even for low values of the required SINRs.

APPENDIX A
PROOF OF THEOREM[I]

We begin the proof by establishing the limiting result for
the channel estimate variance vg;. Then, we proceed to obtain
the limiting results for the numerator and the denominator
of the uplink SINR ~;; which are denoted by Ay; and By;
respectively. In the proof we use the following definitions and
results from large random matrices.

Definition 1 ([15 Definition 2.6]): Two infinite sequences
a, and b, are defined to be asymptotically equivalent as n —
o0, denoted by a,, < by, if only if |a, — b,| = 0.

Definition 2 ([15 Definition 2.7]): Two infinite sequences
ak,n and by ,, indexed by k = 1,2,--- ,n, are defined to be
uniformly asymptotically equivalent as n — oo, denoted by

k . . s,
Ak, =X bin, if only if gzaﬂakm — bl 25%0.

Lemma 1 ([I3 Lemma 2.5]): If ap, =

% ZZ:]. ak,n = % ZZ:]. bkvn'
Lemma 2 (16 Lemma 1]): Let A € CN*N be a deter-
ministic matrix with uniformly bounded spectral radius for

bk,n, then



all N. Let x = \/—%[$1,$2,"' ,xn]"T where the z;’s are
ii.d with zero mean, unit variance and finite eighth moment.
Let y be a similar vector independent of x. Then, we have
xAxH — +Tr(A) =5 0, and xAy" &5 0.

The following lemma which involves the columns of an
isometric matrix is analogues to Lemma [2|

Lemma 3: Let w € CV be a column of an isometric matrix]
W and z be a column of an isometric Z matrix independent
of W. Let A be as defined in Lemma [2| and independent of
W and Z. Then, wHAw — £ Tr(A) £ 0 and wHAz 2% 0.

In the following subsections, we use the notation X for
matrix X with k-th column removed. If X is a diagonal matrix,
X% denotes X with both k-th column and k-th row deleted.

A. The large system limit for vy;

Here, we only need to find the asymptotic limit for the
second term in the denominator of vy; in (@). That term can
be written as Z j#i q,ﬂQ I‘”Q ki Smce g 1s independent
of Q; for j # i, qlﬂQJ sz ki = TI‘ (Q] J’LQ )
Lemmal[3l By employing the trace property, the right hand srde
is equal to 2Tr (Tj;). Suppose that the e.s.d. of I'j; converges
almost surely to the non-random limiting spectral distribution
(Ls.d) Fr,, as Kj,7 — oo with 2 — x; LTr(Ty) =
% +Tr (T'j;) converges almost surely to #;E [[';;] where T j;
is a random variable with distribution Fr,,. Consequently,
Ui =25 Ty;, where Ty; is defined in (I0).

B. The large system limit for Ay;

__From the channel model described in subsection [=AL
hy;; ~ CN (0, vk In). By using Lemma 2] %Hhk“HQ = Uk

. a.s. _ 1 a.s. _ 2
Since vy; — Ui, We have xz Agi = prii (Upi)”.

C. The large system limit for By;

First let us con51der the self interference noise (£g;). Note
that while Nh,mh;m = 0 by Lemma 2 Consequently,
&k —) 0. For the noise term, while —||h;m||2 2% ki
we have w7 [hgsil|2 <55 0. Thus, the noise term converges to
zero almost surely.

For the intra-cell interference term, it can be written as
N2 h,mH“[k]I‘“[k]H“[k]hk“ Since h;m is independent of
H,;;; and T’ and by applying Lemma 2] and the rank-
one perturbation lemma [14], the intra-cell interference is
asymptotically equrvalent to Y Tr( L H”I‘”HZ) Note that
L Tr( L H”I‘“H ) is the ﬁrst moment of the e.s.d. of
%H“I‘ H . It can be shown that (see also [13| eq. 2.118]),
this moment converges almost surely to «;E [[;;]. Hence, the
intra-cell interference power converges to a;U;E [[;;] almost
surely.

Now, let us consider the inter-cell interference term. The
(normalized) interference from cell j can be written as Zy;; =

L bl H,,T; H % hyi. Let us rewrite (6)
Uki

N

'An N x K isometric matrix with K < N is obtained by taking K
columns of an N x N Haar-distributed random matrix [15} Definition 2.14].

ﬁkii = H]zI‘JZQ ki + Zki

l A
where zy; = 'Ukihkii'i‘\/v—k—i (ZIL#Z- s HiLy; Ql'aw + nm‘)-

Vi

Let acj = \/TT JZI‘JZQ qr; that represents the (pilot)
contamination from cell 5. Thus,

1 1 y
N2 N2 2 Qe, gHWI‘jiHjiaCJ

+ W?R {zH;;T;Ha. ;).

H
Ikij = H]zI‘szjiZki

It is easy to check that z,, and a.; are (mutually)
independent.  Furthermore, 2z, and a.; are zero
mean Gaussian vectors with variances y;In  with

2
Vi v+ (02+ZIL¢{U} qzlinI‘liqu;n) and
;j:l q.Q,T ”Q qri» respectively. Let us denote Zy;j 1, Trij 2
and Zp;j3 respectrvely for each term of Z;;. Considering
ZIkij1, it is obvious that zy; is independent of H;;I';;H ;.
Hence, Zp;j,1 < wﬁ;’ Tr (%HjiI‘jiHji). As shown previously
. QT Q' qr: == ki E (). Thus, 1k =5 ty; where

L L
_ 2.
Ui = = | priz + 0% + Z K [T3]
kit T
1#{i,5}

Moreover, + Tr (+ H;;I'j;H;;) converges to o E [I'j;] almost
surely. Thus,

a.s U B i L
oy QOB () ot S kB
1#{i,5}

Trijn
Pkii

For Zy;;,2, we have

v, 1
p: (NquZQ I‘JZHHH T HYH; rﬂo q,ﬂ)

2 2
w2, N 1 1 y
Yki o N 2 ((=mTEY ) )
Phii TN <<N e

The last term in the last line is the second moment of the

Trijo =

X

e.s.d. of & H;;T';;HY,. It can be shown that (see also [13| eq.
2.118]) it converges almost surely to a;E [%]+a2 (E[])%
By writing & = 24 Ijgj — 21, we obtain
a.s, Uk 2 2
Thige = 2 2K (E [F5i] + o (B[T5al) ) :

Let us consider the term N2 z,ﬂH”I‘ﬂH Ac ;I Ly 3. It
can be written as

Ui

Nz\/ Pkii

= \//m Z v Pmji qqukl)zk1H F H hmji

KM H,, T HYH, T2 QY

\/ 1 H

Z]”hm]lh hmji

mji

K
N\/[m Z pm]1 qmqul) N




It can be checked that all the summands of the last equation
are asymptotically equivalent to zero. Therefore, by using
Lemma (1l Zy;; 3 2500,

Summing up over all interfering cells, the limiting result for
the total inter-cell interference ot Lij 1s

oS [13)
kit i
03 - L
+ pi prii + ) B[N + 0% | Y- B[]
kii

I£i i
Using the definition for ©y; in (I0), the second term can be
simplified to ;Y ,; 0 E[['ji]. Thus,

L L
a.s, _ Uk
D Tuig <% O | DB+ = k(5]
i#i i Phit i
Bringing up the limiting results for each term of By, we obtain

L

1 a.s, _

_Bki — Uki ZO&jE [Fﬂ] +
j=1

_ L
Vki 2
K;E (T,
Phii ; BT
By putting the large system results for Ay; and By;, () follows
immediately and this completes the proof.

N2
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