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Abstract—Traditional visible light positioning (VLP) systems
estimate receivers’ coordinates based on the known light-emitting
diode (LED) coordinates. However, the LED coordinates are not
always known accurately. Because of the structural changes of
the buildings due to temperature, humidity or material aging,
even measured by highly accurate laser range finders, the LED
coordinates may change unpredictably. In this paper, we propose
an easy and low-cost method to update the position information of
the LEDs. We use two optical angle-of-arrival (AOA) estimators
to detect the beam directions of the LEDs. Each AOA estimator
has four differently oriented photodiodes (PDs). Considering the
additive noises of the PDs, we derive the closed-form error
expression for the proposed LED coordinates estimator. Both
analytical and Monte Carlo experimental results show that the
layout of the AOA estimators could affect the estimation error.
These results may provide intuitive insights for the design of the
optical indoor positioning systems.

I. INTRODUCTION

VLP systems have aroused increasing attention from re-
searchers for their high accuracy and low cost when light-
of-sight channels exist. VLP algorithms had been roughly
classified into three categories [1]: received signal strength
(RSS), time of arrival (TOA) or time difference of arrival
(TDOA), and angle of arrival (AOA).

Among different VLP algorithms, AOA has become one
of the most popular topics. In the AOA-based systems, the
transmitters or receivers are usually specially structured to
detect the incident light directions, and these direction infor-
mations are combined to estimate the position of the receiver.
In [2], an image sensor was exploited at the receiver to detect
the signals from several beacon LEDs at the transmitter, and
based on these signals, the receiver was localized. However,
a drawback of image sensors is their narrow bandwidth,
which hampers their applications in high rate visible light
communication (VLC) systems. Reference [3], [4] proposed
a quadrant photodiode angular diversity aperture (QADA) as
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an AOA estimator to obtain the incident light direction to the
receiver. In [8], the optimal arrangement of PDs was derived
for the AOA estimator to achieve the incidence vector from the
receiver to the beacon LED. Although realized through var-
ious techniques, aforementioned positioning systems demand
accurate coordinate informations of the beacon LEDs.

In this paper, to cover the loophole of the traditional VLP
systems, we aim to propose an efficient LED coordinates
estimator. Such an estimator consists of two AOA estimators
in [8], and the locations of AOA estimators are premeasured.
Each AOA estimator could estimate the incident vector from
the AOA estimator to the LED. The main contributions of this
work can be summarized as follows:
• An efficient LED localization system is proposed to avoid

laborious measurement works with laser range finders.
• Both thermal noise and shot noise are considered to

analyze the performance of the AOA estimator.
• Closed-form error expression is derived for the proposed

LED localization system, providing a useful mathematical
tool for the error analysis of such systems.

II. SYSTEM MODEL

A. Beacon LED Localization System

As shown in Fig. 1, a beacon LED is placed on the
ceiling with its three-dimensional (3D) coordinates denoted
by a 3 × 1 vector t. Two AOA estimators have their 3D
coordinates at a1 and a2. Two normalized incidence vectors
are oriented from the AOA estimators to the LED, which are
rk = (t−ak)/||t−ak|| (k = 1, 2). The AOA estimators could
provide the incidence vector samples r̂1 and r̂2, where r̂k is the
estimation of rk. Therefore, the proposed localization system
is to design a function g(·) that can output the estimation of
the LED coordinates t̂, i.e.

t̂ = g(a1, a2, r̂1, r̂2). (1)

The relation in (1) will be developed in the latter context, and
the estimation error ||t− t̂|| will also be analyzed.

B. Lambertian Model and the Received Signal

Lambertian model is a widely used model for describing the
radiation of LEDs. As shown in Fig. 2, a beacon LED emits its
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Fig. 1. Demonstration of the beacon LED localization system. The LED is
placed on the ceiling whose unknown 3D coordinates are denoted by t. Two
AOA estimators are set on the ground whose 3D coordinates are denoted by
a1 and a2. The incidence vectors from the AOA estimators to the beacon
LED are denoted by r1 and r2. Each AOA estimator consists of four PDs.
The normalized normal vector of each PD is vk,q (k = 1, 2 q = 1, 2, 3, 4).
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Fig. 2. Demonstration of Lambertian radiation model. θ is the radiation angle
of the beacon LED and φ is the incidence angle of the PD. d is the distance
between the LED and the PD.

light to a PD with the radiation angle θ. The distance between
the LED and the PD is d, and the incidence angle of the light
beam is φ. According to the Lambertian model, the received
power is expressed as [5]

Pr = Pt
(m+ 1)s

2πd2
cosm θ cosφ (2)

where Pr is the received luminous flux of the PD; Pt is the
transmitted power of the LED; s is the effective receiving
area of the PD; m is a constant parameter related to the
LED. Considering the thermal noise and the shot noise [6],
the received signal power with noise P̂r is

P̂r = Pr + n (3)

where the noise n is expressed in the form of luminance flux.
The received optical power would be further converted into the

electrical current by the PD, and the converted current signal
with noise µ̂ is

µ̂ =
Rp
s
(Pr + n) = µ+ nµ (4)

where Rp is the conversion efficiency of the PD; µ =
Rp

s Pr;
nµ = n

Rp

s is the noise of current. Referring to the minimum
mean square error (MMSE)-fit noise model of [7], the variance
of nµ is expressed as

(σµ)2 = 8.0185× 10−18 + 1.869× 10−11µ (5)

where (σµ)2 is the variance of nµ.

C. AOA Estimator and the Error Vector of the Estimated
Incidence Vector

As shown in Fig. 1, the kth AOA estimator [8] consists of
four specially oriented PDs, and their normalized normal vec-
tors are denoted by 3×1 vectors vk,q (k = 1, 2 q = 1, 2, 3, 4).
Such an AOA estimator is used to estimate the incidence vector
rk. Considering the noise in (3), the estimated incidence vector
r̂k is expressed as

r̂k = rk + nk, k = 1, 2 (6)

where nk is the 3×1 error vector of the kth estimated incidence
vector. To derive nk, we need to review the process of the AOA
estimation in [8] and convert it to the current form. First we
could calculate the received light current µ̂k,q of the qth PD
in the kth AOA estimator as

µ̂k,q = RpPt
m+ 1

2πd2k,q
cosm θk,qvTk,qrk,q + nµk,q (7)

where dk,q is the distance from the beacon LED to the qth PD
in the kth AOA estimator; θk,q is the radiation angle of the qth
PD in the kth AOA estimator; rk,q is the normalized incident
vector from the qth PD of the kth AOA estimator to the beacon
LED; nµk,q is the noise of the qth PD in the kth AOA estimator
in the form of current. Since the size of the AOA estimator is
small, we could assume dk,q = dk, θk,q = θk and rk,q = rk
[9], [8], which means all the PDs in an AOA estimator share
the same incidence vector. With this assumption, we could
rewrite (7) as

µ̂k,q = µmax,kvTk,qrk + nµk,q (8)

where
µmax,k = RpPt

m+ 1

2πd2k
cosm θk. (9)

Combining the light current expressions for the four PDs in
(8), we obtain the received current vector

µ̂k = µmax,kVPDrk + nµk (10)

where

µ̂k = (µ̂k,1, µ̂k,2, µ̂k,3, µ̂k,4)
T

nµk = (nµk,1, n
µ
k,2, n

µ
k,3, n

µ
k,4)

T (11)



and VPD is the normal vector matrix of the PDs as

VPD = (vk,1, vk,2, vk,3, vk,4)T . (12)

Applying the least square (LS) method to (10) [8, eq. (5)], we
could obtain

r̂k = rk +
1

µmax,k
(VTPDVPD)−1VTPDnµk . (13)

Comparing (13) with (6), nk is expressed as

nk =
1

µmax,k
(VTPDVPD)−1VTPDnµk . (14)

To minimize the average power of the AOA estimation error
E[||nk||2], VPD is optimized to [8, eq. (20)]

V∗PD =

√
2

3


cos π2 , sin π

2 ,
1√
2

cosπ, sinπ, 1√
2

cos 3π
2 , sin 3π

2 ,
1√
2

cos 2π, sin 2π, 1√
2

 (15)

where V∗PD is the optimal normal vector matrix when the shot
noise is not considered. In this work, we adopt V∗PD as our
normal vector matrix.

III. LED LOCALIZATION ALGORITHM

The incidence vector rk is defined as1

rk =
t− ak
||t− ak||

=
t− ak
dk

k = 1, 2 (16)

where dk = ||t − ak|| is the distance from the kth AOA
estimator to the beacon LED, while rk, ak and t are all 3× 1
vectors expressed as

rk =

rk,1rk,2
rk,3

 , ak =

ak,1ak,2
ak,3

 , t =

t1t2
t3

 . (17)

From (16), we obtain

t = a1 + d1r1 = a2 + d2r2 (18)

which can be transformed to(
r1, r2

)( d1
−d2

)
= a2 − a1. (19)

With the LS method, we get(
d1
−d2

)
= (ATA)−1AT (a2 − a1) (20)

where

A =
(
r1, r2

)
(21)

and ATA is calculated as

ATA =

(
rT1 r1, rT1 r2
rT2 r1, rT2 r2

)
=

(
c1, c2
c2, c3

)
(22)

1To clearly state the localization algorithm, noise is omitted in this section,
but detailed discussion on the noise impact will be given in section V.

where c1, c2 and c3 are

c1 = rT1 r1, c2 = rT1 r2 = rT2 r1, c3 = rT2 r2 (23)

and the inverse matrix of ATA is obtained as

(ATA)−1 =
1

c1c3 − c22

(
c3, −c2
−c2, c1

)
. (24)

The rest part of (20), i.e. AT (a2 − a1), is calculated as

AT (a2 − a1) =

(
rT1 (a2 − a1)
rT2 (a2 − a1)

)
=

(
f1
f2

)
(25)

where f1 and f2 are

fk = rTk (a2 − a1), k = 1, 2. (26)

Together with (20), (24) and (25), d1 and d2 are expressed as
d1 =

c3f1 − c2f2
c1c3 − c22

d2 =
c2f1 − c1f2
c1c3 − c22

.

(27)

We could derive the estimation of t with (18) and (20) as

t̂ =
a1 + d1r1 + a2 + d2r2

2

=
a1 + a2

2
+

A
2

(
1, 0
0, −1

)
(ATA)−1AT (a2 − a1)

(28)

where t̂ is the estimation of t, A is the output of the AOA es-
timators, and a1, a2 are the known AOA estimators’ positions.

IV. ERROR ANALYSIS

According to (14) and (15), nk is calculated as

nk =

nk,1nk,2
nk,3

 =

√
6

4µmax,k

 nµk,4 − n
µ
k,2

nµk,1 − n
µ
k,3

1√
2

∑4
q=1 n

µ
k,q

 . (29)

where nµk,1, nµk,2, nµk,3 and nµk4 are independent. We could
calculate the auto-covariance matrix Cnk

= E
{

nknTk
}

as

Cnk
=

 E[n2k,1], 0, E[nk,1nk,3]

0, E[n2k,2], E[nk,2nk,3]

E[nk,3nk,1], E[nk,3nk,2], E[n2k,3]

 .

(30)
Since a1 and a2 are fixed parameters, we should rewrite (1)
as

t̂ = g(r̂1, r̂2). (31)

According to (5) and (29), the noise nk could be assumed as
a tiny disturbance to the incidence vector rk. Therefore, we
could apply Taylor series expansion to (31) at point t, where
r̂k = rk,

t̂ = g(r1, r2) +
2∑
k=1

∂g(r̂1, r̂2)
∂r̂k

∣∣∣∣
r̂k=rk

(r̂k − rk) + · · ·

≈ t +
2∑
k=1

∂ t̂
∂rk

nk.

(32)



Subtracting t from both sides of (32), the estimation error er
is obtained as

er = t̂− t ≈
2∑
k=1

∂ t̂
∂rk

nk (33)

where

er = (er,1, er,2, er,3)
T , (34)

Equation (33) reveals the relation between the estimation
error er and the noise nk. The derivatives in (33) essentially
determines how robust the LED coordinate estimator is to the
additive noise. Equation (28) leads to

∂ t̂
∂rk

=
1

2

(
r1
∂d1
∂rk

+ d1
∂r1
∂rk

+ r2
∂d2
∂rk

+ d2
∂r2
∂rk

)
=

1

2

(
r1
∂d1
∂rk

+ dkI3 + r2
∂d2
∂rk

) (35)

where I3 is the 3×3 unit matrix. From (27), we could calculate
∂d1
∂r1 and ∂d2

∂r1 as

∂d1
∂r1

= − c3f1 − c2f2
(c1c3 − c22)2

(2c3rT1 − 2c2rT2 )

+
1

c1c3 − c22

[
c3(a2 − a1)T − f2rT2

]
∂d2
∂r1

= − c2f1 − c1f2
(c1c3 − c22)2

(2c3rT1 − 2c2rT2 )

+
1

c1c3 − c22

[
c2(a2 − a1)T + f1rT2 − 2f2rT1

]
.

(36)

Similarly, ∂d1∂r2 and ∂d2
∂r2 are calculated as

∂d1
∂r2

= − c3f1 − c2f2
(c1c3 − c22)2

(
2c1rT2 − 2c2rT1

)
+

1

c1c3 − c22

[
2f1rT2 − c2(a2 − a1)T − f2rT1

]
∂d2
∂r2

= − c2f1 − c1f2
(c1c3 − c22)2

(
2c1rT2 − 2c2rT1

)
+

1

c1c3 − c22

[
f1rT1 − c1(a2 − a1)T

]
.

(37)

By substituting (36) and (37) into (35), we could derive ∂ t̂
∂r1

and ∂ t̂
∂r2 . With (29), (35), (36) and (37), we could calculate

(33) and achieve the auto-covariance matrix of er as

E{ereTr } ≈ E

{( ∂ t̂
∂r1

n1 +
∂ t̂
∂r2

n2

)( ∂ t̂
∂r1

n1 +
∂ t̂
∂r2

n2

)T}
=

∂ t̂
∂r1

Cn1

( ∂ t̂
∂r1

)T
+

∂ t̂
∂r2

Cn2

( ∂ t̂
∂r2

)T
.

(38)

Therefore, the theoretical LED positioning error eps could be
denoted by

eps =
√
E[e2r,1] + E[e2r,2] + E[e2r,3] =

√
tr(E{ereTr })

≈

√
tr

(
∂ t̂
∂r1

Cn1

( ∂ t̂
∂r1

)T
+

∂ t̂
∂r2

Cn2

( ∂ t̂
∂r2

)T) (39)

where tr(·) denotes the trace of a matrix. Equation (39) is a
novel and important equation that relate the noise statistics to
the LED localization error at a certain point. With this new
analytical tool, we could avoid resorting to time-consuming
Monte Carlo simulations and evaluate the system error effec-
tively.

V. SIMULATION RESULT

We use the estimated incidence vector r̂k in (6) as the
input of the LED localization algorithm in (28). To test the
proposed system, a room of 4× 4× 4 m3 is constructed, with
a beacon LED on the ceiling and two AOA estimators on the
ground. In other words, the z-coordinates of the beacon LED
and the AOA estimators are 4 m and 0 m, respectively. Each
AOA estimator has four differently oriented PDs. The transmit
power Pt = 5000 lm, the effective receiving area of each PD
s = 15 mm2, the conversion efficiency Rp = 22nA/lux, and
the constant m = 1.
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(a) Theoretical calculations of eps.
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(b) Simulation results of eps.

Fig. 3. Theoretical calculations and simulation results of eps are plotted
in subfigure (a) and subfigure (b) respectively. Two AOA estimators are set
at (0 m, 2 m, 0 m)T and (4 m, 2 m, 0 m)T . The blue stars denote the
AOA estimators, whose 3D coordinates are marked in the figure. x and y
coordinates represent the horizontal coordinates of the beacon LED.

In this section, we would investigate whether the result
in (39) agrees with the simulation results from the Monte
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Fig. 4. Theoretical calculations and simulation results of eps are plotted in
subfigure (a) and subfigure (b) respectively. Two AOA estimators are set at
(1.5 m, 2 m, 0 m)T and (2.5 m, 2 m, 0 m)T . The blue stars denote the
AOA estimators, whose 3D coordinates are marked in the figure. x and y
coordinates represent the horizontal coordinates of the beacon LED.

Carlo experiments. We use the noise model in (5), and prepare
two typical placements of the AOA estimators. Then, we plot
the theoretical calculations of eps in subfigures (a) of Figs.
3-4, and plot the Monte Carlo simulation results of eps in
subfigures (b).

As shown in Figs. 3-4, the theoretical calculations and the
Monte Carlo simulation results fit well, which proves the
derivation in (5) to be correct. In these two figures, eps is
minimized between the AOA estimators, which counters the
intuition that the error is minimized right above the AOA
estimators where the received power of one AOA estimator
reaches its maximum. As shown in Fig. 3, the maximum
positioning error eps is below 5 cm, indicating low overall
estimation error under such placement of the AOA estimators.
In Fig. 4, two AOA estimators are placed closer, and the max-
imum estimation error is over 10 cm. Under such arrangement
of the AOA estimators, poor overall localization performance
turns out. A feasible explanation for this is that, when the
AOA estimators are close, a1 ≈ a2, thus c1c3 ≈ c22 as defined
in (23). Therefore, the factor 1/(c1c3 − c22) in (36) and (37)

increases greatly, which brings an unwanted magnification for
eps.

In summary, we should be cautious about the placement of
the AOA estimators. Referring to the eps in (39), the two AOA
estimators should not be set too close to each other.

VI. CONCLUSION

In this paper, a beacon LED localization system is proposed
to reduce the uncertainty of the LED positions. Two AOA
estimators are exploited to estimate the incidence vectors from
the AOA estimators to the LED. With the incidence vectors
and the positions of the AOA estimators, the proposed system
could localize the LEDs. To evaluate the estimation error of
the system, we derive a closed-form error expression in terms
of both thermal noise and shot noise. Based on the analytical
error results, the placement of the AOA estimators could affect
the error greatly, and a reasonable advice for the placement
is that the two AOA estimators should not be set too close
to each other. With this proposed system, we have a new
approach to build beacon LED coordinates databases without
laborious measurements, and the mathematical tool quantifies
the localization error and provides insights into the indoor
optical positioning system design.
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