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ABSTRACT Sparse regression is another direction recently explaeH

Convex optimization problems are common in hyperspectraiix- [ [Z0], which has connections with both the statistical tirelgeo-
ing. Examples include: the constrained least squares (@h&}he  Mmetrical frameworks. In this approach, the problem is fdated as
fully constrained least squares (FCLS) problems, whictuaesl to ~ that of fitting the observed (mixed) hyperspectral vectath eparse
compute the fractional abundances in linear mixtures ofkngpec-  (i-€., containing a small number of terms) linear mixtures of spec-
tra; the constrained basis pursuit (CBP) problem, whichsiduto  tral signatures from a large dictionary availablgriori. Estimating
find sparsei(e., with a small number of non-zero terms) linear mix- the endmembers is thus not necessary in this type of metiats.
tures of spectra from large libraries; the constrainedsbpsisuit  tice that the sparse regression problems in this contextarstan-
denoising (CBPDN) problem, which is a generalization of Btt ~dard, as the unknown coefficients (the fractional abundgreen to
admits modeling errors. In this paper, we introduce two néw a one (the so-calledbundance sum constrairtASC) and are non-
gorithms to efficiently solve these optimization probleinased on  negative ébundance non-negativity constrattANC). These prob-
the alternating direction method of multipliers, a methoohf the ~ lems are thus referred to aenstrained sparse regressi¢GSR).
augmented Lagrangian family. The algorithms are termedS$Un Several variants of the CSR problem can be used for HU; some
(sparse unmixing by variable splitting and augmented Lagizn) examples follow. In the classicebnstrained least squar¢€LS) the
and C-SUnSAL ¢onstrained SUnSALC-SUnSAL solves the CBP  fractional abundances in a linear mixture of known speatezaeati-
and CBPDN problems, while SUnSAL solves CLS and FCLS, agnated by minimizing the total squared error, under the ANGe T
well as a more general version thereof, caltedstrained sparse re- fully constrained least squarg$CLS) adds the ASC to the CLS
gression(CSR). C-SUNSAL and SUnSAL are shown to outperform problem. Although no sparseness is explicitly encourageGLiS

off-the-shelf methods in terms of speed and accuracy. and FCLS, under some conditions (namely positivity of thectia)
it can be shown that the solutions are indeed spais€@jstrained

basis pursui{CBP) is a variant of the well-knowasis pursui{BP)
criterion [B] under the ANC; as in BP, CBP uses thenorm to ex-

Hyperspectral unmixingHU) is asource separation problemvith pl_icitly encourage sparseness Qf the f_rgctional abgndaecmrs.
applications in remote sensing, analytical chemistry, ather areas T inally, constrained basis pursuit denoisifgBPDN) is a general-
[2[11/12[18]. Given a set of observed mixed hyperspecéetors ization of CBP that admits modeling erroesd, observation noise).
HU aims at estimating the number of reference spectra dtite

member} their spectral signatures, and their fractional abundan 1.1. Contribution

usually under the assumption that the mixing is lineal[Bl, 1 . . . N
Unlike in a canonical source separation problem,gbiercesin In this paper, we introduce a class of alternating directigp-

HU (i.e, the fractional abundances of the spectra/materials Meserithdms to solve ks]everal ng‘) rl)roplims (narEer ((j:LSl, BFCL.S’ CBP,
in the data) exhibit statistical dependentcy![16]. This elbtaristic, S.n QBPDN)the ?ropcl)gel' algorithms ar ase ﬁ.art] gnatlng
together with the high dimensionality of the data, placestéyond irection method of multiplier¢ADMM) [91 8 [7], which decom-

the reach of most standard source separation algorithonsfalster- poses a difficult prpblem Into a.sequencle.of simpler onesceSin
ing active research in the field ADMM can be derived as a variable splitting procedure fokaw

Most HU methods can be classified as statistical or georatric 2Y the adoption of an augmented Lagrangian method to sokve th

[2]. In the (statistical) Bayesian framework, all inferenelies on resulting congtrgmed proplgm, we term our algorithms gsSEAL
the posterior probability density of the unknowns, givem dhserva- (spectral unmixing by splitting and augmented Lagrangiand C-
tions. According to Bayes’ law, the posterior probabiligngity re- SUnSAL (cons;ralned $UnSAL . .
sults from two factors: the observation model (the liketitip which The paper is organized as follows. Secfipn 2 introducestinata

formalizes the assumed data generation model, possiblydimng and formu(ljatﬁs the optimidzation problemsr.] Section 3 r?"i""e_
random perturbations such as additive noise; the priorchvhiay ADMM and the associated convergence theorem. Section @-intr

impose natural constraints on the endmembers. fonnegativity) ~ duces the SLIJ”SAlL and E'SU”_SAL algccj)ritk;]ms. SectLon S present
and on the fractional abundancesg(, belonging to the probability ~€XPerimental results, and Section 6 ends the paper by pregen

simplex, since they are relative abundances), as well aghspec- €W concluding remarks.
tral variability [6,[15/17].

Geometrical approaches exploit the fact that, under treatin 2. PROBLEM FORMULATION: CLS, FCLS, CRS, CBP,
mixing model, the observed hyperspectral vectors beloraygim- CBPDN
plex set whose vertices correspond to the endmembers. fohere
finding the endmembers amounts to identifying the vertidebat Let A € R**™ denote a matrix containing thespectral signatures
simplex [1[2[ 19 117,14, 14, 21]. of the endmembersc € R™ denote the (unknown) fractional abun-

1. INTRODUCTION


http://arxiv.org/abs/1002.4527v2

dance vector, angt € R”* be an (observed) mixed spectral vector.

In this paper, we assume thAtis known; this is the case the CSR
approach[[10], wherd is a library with a large number of spectral
signatures, thus usually > k. Matrix A can also be the output of
an endmember extraction algorithm, in which case usualty k.
The key advantage of the CSR approach is that it avoids thmast
tion of endmembers, quite often a very hard problem.

The CLS, FCLS, and CSR problems are, respectively, defined as

(Pes): min (1/2)]|Ax — yl|3 o
subject to: x > 0;

(Prcrs):  min (1/2)[[Ax — yll3 2
subjectto:x >0, 17x = 1;

(Pcsp): min (1/2)[|Ax — y |15 + Allx[h 3

subjectto: x > 0,

where||x||2 and||x||: denote th&; and¢; norms ofx, respectively,
A > 0 is a parameter controlling the relative weight between/the

Algorithm ADMM
1. Setk =0, chooseu > 0, up, anddp.

2. repeat

3 Xp41 € argminy f1(x) + 5[|G x — uy, — di 13

4. Uy € argming f2(u) + %||ka+1 — = dk||§

5 diy1 < dp — (G Xpy1 — Upy1)

6 k+—k+1

7. until stopping criterion is satisfied.

Fig. 1. The alternating direction method of multipliers (ADMM).

Theorem 1 ([7]) LetG have full column rank andl,, f» be closed,
proper, and convex. Consider arbitrary> 0 andug,do € RP.
Consider three sequencég, € R", k 0,1,...}, {ux €
RP, k=0,1,..},and{d, € R?, k =0, 1, ...} that satisfy

xier = argmin fi(x) + 5Gx-ui—dil}  (7)
wer = argmin fo(u) + 5l|Gxi—u—dil}  (8)
dit1 = di — (GXpt1 — Ukt1). 9)

Then, if [8) has a solution, the sequereg, } converges to it; other-

and/; terms,1 denotes a column vector of 1's, and the inequality wijse, at least one of the sequendes } or {d;} diverges.
x > 0 is to be understood in the componentwise sense. The con-

straintsx > 0 and17x = 1 correspond to the ANC and ASC,
respectively.

The CLS problem corresponds tedx with A\ = 0. The FCLS
problem would also be equivalent tg.& if the ASC was enforced

4. APPLICATION OF ADMM

In this section, we specialize the ADMM to each of the optiatian

in @), since the’; norm would be constant in the feasible set. Theproblems stated in Sectifh 2.

CBP and CBPDN problems are also equivalent to particulaasabs
Pcsg, as stated next.
The CBP optimization problem is
(Pcep): 4)

min ||x||1
X

subjectto: Ax =y, x>0.

Notice that Rgp corresponds to gsg with A — 0. The CBPDN
optimization problem is
®)

(PceppN): min |x|[1

subject tol| Ax — y|l2 <46, x> 0.

Problem Rsg is equivalent to Bgppy in the sense that for any
choice ofd for which Regppy is feasible, there is a choice affor
which the solutions of the two problems coinciflel[20]. Fipaho-
tice that Rgp corresponds to dsppn With § = 0.

As in (3), we do not enforce the ASC i (4) aidl (5), as this would

convert those optimization problems into feasibility angisace the
objective function would be constant in the feasible set.

3. THE ADMM

Consider an unconstrained problem of the form

min f1(x) + f2(G x),

x€R” (6)
wheref; : R” = R, fo : R? — R, andG € RP*", The ADMM
[7.18,8], the key tool in this paper, is as shown in [Elg. 1. Taleofv-
ing is a simplified version of a theorem of Eckstein and Béxise
stating convergence of ADMM.

4.1, ADMM CSR: the SUnSAL Algorithm
We start by writing the optimizationd3g in the equivalent form

min (1/2)[[Ax = I3 + Allx[ls + wen (x), (10)

where.s is the indicator function of the set (i.e, ts(x) = 0 if
x € S andis(x) = o if x ¢ S). We now apply the ADMM using
the following translation table:

1i%) = 5 l1Ax — 3 (a1
F2() = N + 5 () 12)
G=1 (13)

With the current setting, step 3 of the ADMM (see Fig. 1) re-
quires solving a quadratic problem, the solution of which is

Xpt1 < B 'w (14)

where
B=A"TA+pul (15)
w = A"y + p(ug +dy). (16)

Step 4 of the ADMM (Fig. 1) is simply
Wepr ¢ argmin (1/2)[lu — w3 + (A/p) Julls + ey (w) (17)

wherevy, = x,11 — di. Without the termern , the solution of[(1I7)
would be the well-known soft threshold| [5]:

W41 ¢ SOft(vp, A/p). (18)



Algorithm SUnSAL
1. Setk =0, chooseu > 0, up, anddp.
2. repeat

3 w ATy + p(uy + dy)

4. Xk+1 B71W

5. Vi < Xg+1 — dk

6 uyq + max{0,soft(vy, \/u)}
7 diy1 + dg — (Xpr1 — Ugy1)

8 k+—k+1

9. until stopping criterion is satisfied.

Fig. 2. Spectral unmixing by variable slitting and augmented La-

grangian (SUnSAL).

A straightforward reasoning leads to the conclusion thaeffect of
the ANC termeg: is to project onto the first orthant, thus

Up41 < max{0, softvi, \/u)}, (19)
where the maximum is to be understood in the componentwissese

Algorithm SUnSAL (FCLS version)
1. Setk =0, chooseu > 0, up, anddp.

2. repeat

3 w ATy + p(uy, +dy,)

4. Xpi1 — B lw - C(1TB lw — 1)
58 Vi & Xg+1 — dg

6 uyq < max{0,vy)

7

8

9

diy1 < di — (Xp+1 — Ugt1)
k+—k+1
until stopping criterion is satisfied.

Fig. 3. SUnSAL for the FCLS problem.

Fig.[3 shows the FCLS version of the SUnSAL algorithm, which
solves the FCLS problerhl(2). We note that, in any SUnSAL weersi
the ANC can be deactivated trivially.

4.3. ADMM for CBP and CBPDN: the C-SUnSAL Algorithm

Fig.[2 shows the SUNnSAL algorithm, which solves the CSRGiven that the CBP problem corresponds to CBPDN with 0, we
problem [B). SUNSAL is obtained by replacing lines 3 and 4 ofaddress only the latter. Problemgppy is equivalent to

ADMM by ([4) and [19), respectively.

The objective function[{10) is proper, convex, lower semi-

continuous, and coercive, thus it has a non-empty set ofmiiers
(see [20], for definitions of these convex analysis congegtanc-
tions f1 and f» in (1) and [IR) are closed a@ = I is obviously

min Ix[l1 + tB(y,s) (AX) + &, (%), (28)

where B(y,d) = {z : ||z —yl[l2 < 6} is a radiuss closed ball
aroundy. To apply the ADMM we use the following definitions:

of full column rank, thus Theorem 1 can be invoked to ensure

convergence of SUnSAL.

Concerning the computational complexity, we refer thatyyn
perspectral applications, the rank of matBExis no larger that the
number of bands, often of the order of a few hundred, 18us can
be easily precomputed. The complexity of the algorithm pemar
tion is thusO(n?), corresponding to the matrix-vector products.

4.2. ADMM CLSand FCLS

To solve the CLS problem, we simply run SUnSAL with= 0.
The algorithm to solve FCLS problem is also very similar tonSU
SAL, with a modification in step 4 linked to the ASC. To deritet
ADMM algorithm to solve the FCLS problem, let us write the iept
mization [2) in the equivalent form

min (1/2) A% = yl5 + ¢y (17 %) + ey (%), (20)

wheret;13(17x) enforces the ASC. We now apply the ADMM us-
ing the following translation table:

f109) = 3 1A%~ yI3 4+ 0 (17x) (21)
Fa(3) = 12y () 22)
G=1 (23)

The resulting ADMM algorithm is similar SUnSAL with = 0,
with one difference: step 3 of the ADMM (see Fig. 1) requirely's
ing a quadratic problem with linear equality constraing solution
of which is

X1 — B 'w—CA"B 'w —1) (24)
where
B=ATA+ul (25)
c=B "11"B '1)! (26)
w=ATy+ w(ug + dg). (27)

fix)=0 (29)
f2(1) = gy (1) + Aluzfls + ez (u2) (30)
G=[A"1]". (31)

whereu = [u;” uzT}T. With the above definitions, the solution of

line 3 of ADMM (see Fig. 1), a quadratic problem, is

Xkt1 Bflw, (32)

where
B=ATA+1 (33)
w=A"(urp +dig) + (w2 +dag). (34)

Because the variablea; and u. are decoupled, line 4 of
ADMM (Fig. 1) consists in solving two separate problems,
Ui pt1 € arg m&n (1/2)]Ju — V1,k||§ + LBy, (1) (35)

w1 € argmin (1/2)][u — w3 + (/) [ulls + ez, ()

(36)

where
Vl,k = AX;C+1 — de (37)
Vo k = Xk41 — dok. (38)

The solution of[(3b) is the projection onto the bBl(y, §), given by

v, [vik—yl2 <6
ten e enly, O = {y + A vk =yl > 8
(39)

Similarly to {19), the solution of(36) is given by
Uz ;41 < max{0, soft(rak, A\/p)}. (40)



Algorithm C-SUnSAL

1. Setk + 0, chooseu > 0, u1,0,d1,0, uz,0, anddzyo.
2. repeat

3. W AT(ullk +dyx) + (ugr +dag)
4, Xpt1 < B lw

5. Vig < Axpy —dig

6. uy ki1 ¥y, 0) (V1K)

[ Vo < Xp+1 —dag

8. U2 k41 < max{O,SOﬂ(ug’k,)\/,u)}

9! di k1 < dik — (AXp1 — U1 kq1)
10. dopy1 ¢ dogp — (Xpr1 — U2 41)

11. k+k+1

12. until stopping criterion is satisfied.
Fig. 4. Constrained spectal unmixing by variable slitting and-aug

mented Lagrangian (C-SUnSAL).

Fig. [4 shows the C-SUnSAL algorithm for CBPDN, which re-
sults from replacing line 3 of ADMM (Fig. 1) by (32) and line 4 o

Table 1. RSNR values and execution times for the Gaussian library

defined in the text (average over 10 runs).

SUnSAL C-SUnSAL | sgnonneg
SNR || RSNR | time | RSNR | time | RSNR | time
(dB) (dB) (sec) | (dB) (sec) (sec)
20 10 0.12 3 0.12 3 31
30 32 0.12 27 0.12 25 32
40 37 0.12 30 0.12 27 48
50 438 0.12 47 0.12 42 57

Table 2. RSNR values and execution times for the USGS library
(average over 10 runs).

SUnSAL C-SUnSAL | sgnonneg
SNR || RSNR | time | RSNR | time | RSNR | time
(dB) (dB) (sec) | (dB) (sec) (sec)
30 6 0.13 15 0.13 -7 22
40 17 0.13 12.2 0.13 10 32
50 23 0.13 14.5 0.13 15 47

ADMM by (B9)—-(40). As mentioned above, C-SUNSAL can be used

to solve the CBP problem simply by settifg= 0. As in SUnSAL,
the ANC can be deactivated trivially.

The objective function[{28) is proper, convex, lower semi-
continuous, and coercive, thus it has a non-empty set ofnizers.
Functions f; and f» in (29) and [(3D) are closed an@ in (31)
is obviously of full column rank, thus Theorem 1 can be inwbke

to ensure convergence of C-SUnSAL. Concerning the computa-

tional complexity, the scenario is similar to that of SUnSAhus
complexity of C-SUNSAL i (n?) per iteration.

At this point, we make reference to the wdrk[22], which hawal
addressed the CSR probldnh (3) aiming at hyperspectralcapipins.
The algorithm therein proposed, although different froomSHKL,
has some similarities that result from the strong connestimetween
the split Bregman framework adopted iri [22] and the ADMM (for
these connections sexg, [23]).

5. EXPERIMENTS

We now report experimental results obtained with simulatath
generated according ® = Ax + n, wheren € R* models addi-
tive perturbations. In hyperspectral applications, thes¢urbations
are mostly model errors dominated by low-pass components. F
this reason, we generate the noise by low-pass filtering lesngb
zero-mean i.i.d. Gaussian sequences of random variabkedefve
the signal-to-noise ratio (SNR) as

E[l||Ax||?
SNR= 101log;, <7]é|[‘|‘n||g]2]) }

The expectations in the above definition are approximatéul sam-
ple means over 10 runs. The original fractional abundancexe

x are generated in the following way: giventhe number of non-
zero components ir, we generate random samples uniformly in the
(s — 1)—simplex and distribute randomly theseralues among the
components ok. We considered two libraries.€., matricesA):

a 200 x 400 matrix with zero-mean unit variance i.i.d. Gaussian
entries and 24 x 498 matrix with a selection of 498 materials
(different mineral types) from the USGS library denotedtss.

As far as we know, there are no special purpose algorithms for
Of course these

solving the CSR, CBP, and CBPDN problems.

http://speclab.cr.usgs.gov/spectral.lib06

are canonical convex problems, thus they can be tackledstatir
dard convex optimization techniques. Namely, the CLS, tvigca
particular case of CSR, can be solved with the MATLAB funetio
| sqnonneg, which we use as baseline in our comparisons.
Tables 1 and 2 report reconstruction SNR (RSNR), defined as

_ RIS
RSNR= 1010g10 (M 5

whereX is the estimated fractional abundance vector, and exetutio
times, for the two libraries referred above. Tiheqnonneg is run
with its default options. SUnSAL and C-SUnSAL run 200 iteras,
which was found to be more than enough to achieve convergence

We highlight the following conclusions:a) the proposed algo-
rithms achieve higher accuracy in about two orders of mageit
shorter time. This is a critical issue in imaging applicatwhere an
instance of the problem has to be solved for each pikélthe lower
accuracy obtained with the USGS matrix is due to the fact ttat
spectral signatures are highly correlated resulting in ahrharder
problem than with the Gaussian matrix.

6. CONCLUDING REMARKS

In this paper, we introduced new algorithms to solve a claspt-
mization problems arising in spectral unmixing. The praubalgo-
rithms are based on thadternating direction method of multipliers
which decomposes a difficult problem into a sequence of Empl
ones. We showed that sufficient conditions for convergenesat-
isfied. In limited set of experiments, the proposed algariiwere
shown to clearly outperform an off-the-shelf optimizationl. On-
going work includes a comprehensive experimental evalnatf the
proposed algorithms.
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