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2 Bordenave, Foss, Shneer
1. Introduction and stability result

1.1. A spatial ALOHA

We consider a random spatial service system governed by an ALOHA-type algo-
rithm. More precisely, time is slotted, during a time slot n = 1,2, .. a random number
&, of users arrive in the system, and at each slot every user in the system requires
service (transmission) with a certain (transmission) probability independently of all
other users. The sequence {&,} is assumed to be i.i.d.

The ALOHA multi-access algorithm was first proposed by Abramson [I]. The
slotted scheme was introduced by Roberts [I5]. We consider the latter setting. In
the conventional centralised slotted ALOHA model, there is a single server. At the
beginning of a time slot n, the total number W,, of users in the system is known, and
each of them asks for service (transmission) with probability Win independently of all
others. If two or more users attempt transmissions simultaneously, then transmissions
collide, the users remain in the system and try to transmit later. All service times are
equal to 1, and the server is free at the beginning of any time slot. It is easy to show
that for this system the maximum throughput is equal to e~!. Further, the Markov
chain {W,,} is positive recurrent if E¢; < e~! and transient if E¢; > e~ 1.

When the information on the numbers W,, of users is unavailable, various decen-
tralised adaptive algorithms have been introduced and studied. Algorithms of this type
use the information on what has occurred in the previous time slot: either a conflict or
a successful transmission or no attempted transmissions. More precisely, let B,, be the
number of users trying to transmit during a time slot n. In a decentralised algorithm,
only the values of min{ B,,, 2} are available at time n+1. Assuming that at any time slot
n the transmission probability is the same for all users, Hajek [I1] proved that if {&,}
are i.i.d. with a finite exponential moment, then E,, < e~ ! = 0.37 is still necessary
and sufficient for the existence of a stable algorithm. Mikhailov [I4] generalised this
result by weakening the exponential moment assumption to the requirement for only
the second moment to exist, while Foss [9] generalised it further by dropping this as
well as the independence assumption. We also refer to Ephremides and Hajek [6] for a

survey which includes, in particular, results in this direction.

The model described above ignores the network’s spatial diversity. In this paper we
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present a new model which allows the possibility for interaction between users to occur
only when the distance between these users is small. A limited spatial interaction
is a common feature of wireless networks and is thus very important for practical
consideration.

In this paper we consider only spatial centralised schemes (protocols) where the total
number of users in a neighbourhood is known. The study of decentralised protocols is
a subject of our future research. Our main result establishes the stability of the model
under consideration. For that, we use the fluid approximation approach. We show that
the state is repelled by the boundary, and in the interior, the Euclidean norm turns
out to be a Lyapunov function for the fluid model. Other results of the paper include
convergence rates to stationarity and local (in)stability.

The remainder of the paper is organised as follows. The rest of this introduction is
devoted to the description of the model and the statement of our main stability result.
In Section 2] we prove that fluid limits of the workload in the system satisfy a certain
differential equation. Section B is devoted to the analysis of the behaviour of fluid
limits on the boundary of the positive orthant. In Section [l we present a proof of our
main stability result and formulate one of its possible generalisations. Section [l deals
with rates of convergence towards the steady state. Sections [6 and [7 contain some
interesting results on the behaviour of solutions to the differential equation. Finally, in
Section [§] we conclude with some extensions of our model, which are in a certain sense
more applicable to real systems. In particular, these extensions include systems where
various changes in environment conditions may result in changes in the radius and/or

direction of interference between the message transmissions).

1.2. Model description

Let G = (V, €) be an undirected graph with a finite set of vertices, say V = {1, ..., K'}.
We suppose that G is connected. For the graph G we use the standard notion of the
graph distance. For i € V, let V; = {i} U {j € V : such that (i,5) € £} be the
neighbourhood of a vertex i, i.e. the set of vertices at a maximum distance of 1 from
i in the graph. In the particular case where all vertices have the same number of
neighbours, we denote by V the cardinality of V;, card(V;) = V.

We introduce now a service system with spatial (neighbourhood) interactions as-
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sociated with the graph G. We assume that time is slotted, i.e., arrivals and services
may occur only at times n = 1,2,.... Suppose that there is a service station at
each vertex of G. The arrival process is denoted by A = (A(n))nen, where A(n) =
(A1(n), ..., Ax(n)) € N¥ and A;(n) is the number of users arriving at time n at a
vertex i. For s < t, denote by A(s,t) = ZLﬂ (1] A(n) the vector representing the
number of users arriving between time instances s and t—. We suppose that (A(n)) is
an i.i.d. sequence (while the coordinates of the vectors may be dependent). We also
suppose that EA;(n) = A\; > 0 for i = 1,..., K. If values of A\; do not depend on i,
then we write \;, = A\, 1 =1,... K.

Let W(n) = (Wi(n), ..., Wk (n)) € RE, where W;(n) is the number of users at vertex
i at time n. At time n, a user at vertex ¢ attempts transmission independently of the

others with probability 1/ W;(n). This user receives service if he is the only user

JEV:
attempting transmission in V; at time n. We suppose that all service times are equal to

1 and that any user leaves the system immediately upon service completion. Let N;(n)

be the number of users attempting transmission at time n at vertex ¢. Then N;(n) is
1

2jev, Wi(n)

i < K} are independent variables conditioned on W(n). The sequence {W(n)} forms

a binomial random variable with parameters | W;(n), and {N;(n),1 <

a time-homogeneous irreducible Markov Chain, which satisfies the recursion

Wi(n) = Wiln = 1)+ Ai(n) = 1(Ni(n— 1) =1) J] 1(N;(n—1)=0). (1)
JjeVi\{i}

To explicitly show the dependence of W(n) on the initial condition W(0) = z, we
may sometimes write W*(n).

If z; > 0, then the i-th component of the drift vector is given by the expression

B [ W)= W)W (0) = 2 ]= A—— (1‘ 1 ) 1l (1_¥>1 

2kev; Tk 2kev, Tk JEViN (i} 2kev; Tk
(2)
and if z; = 0, then E [ W;(1) — W;(0)|W(0) =z |= A;.

We rewrite the expression for the drift vector in the following way:

E [W(1) - W)W (0) == ]= A~ Glx).
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Here ) is a K-dimensional vector with its i-th component being equal to A; and G(z) =

(G1(x),...,Gk(x)) is a function from RE to RE defined by
z;

:Eifl
xi . 1 N . ‘
Zkew Tr (1 ZkGVi xk) HjGVi\{i} (1 ZkEVj Ik) s if x; > 0,

0, if x;,=0.

For z € RE we denote ¢;(x) = inv% Let ¢(z) = (¢1(), ..., px (x)). Note that G;
iev;
is bounded from above by 1 and if )7, .y, xx > 0 then

lim Gi(tz) = Gi(z) = ¢s(x)e” =ievi 9100,

t——+o0

In particular, G; is a homogencous function of order 0, i.e. Gi(cz) = G;(z) for any
c>0.

We now comment on the model. In this paper, we mostly consider the symmetric
case, where \; = X for all ¢ = 1,..., K and the graph G is (V — 1)-regular: the
cardinality of V; is equal to V for all i. Notice that, even in this case, the graph G is
not necessarily completely symmetric.

Note also that the system is not monotone. Indeed, z < y (component-wise) does
not imply that W¥(1) stochastically dominates W*(1). Neither is the system monotone
with respect to the graph structure: if Gy is embedded into G2, this does not imply that
the workload process built on graph G is stochastically dominated by the workload
built on graph Gb.

We also present a number of generalisations to a non-symmetric case. In partic-
ular, using methods suggested recently in [18], we formulate in Remark [l sufficient
conditions for the stability of the system with space-inhomogeneous input. Some other

generalisations of the model are proposed in Section [8

1.3. Stability result

We first explain the intuition hidden behind the result. Consider the symmetric
case, \; =\, card(V;) =V, i=1,... K.

The access protocol favours an equilibrium of the workload in the network: assume
that the workload at node 4 is much larger than the workload in its neighbouring
nodes, V; \ {i}. Then ¢;(x) is close to 1, whereas ¢,(x) is close to 0 for all the other

nodes j in V;. Thus the workload at node j in V; will tend to get closer to the
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workload at node ¢. From this balance mechanism one can guess that the diagonal
A={r eRE : 2y = xy... = v} is an attractive set.
If the workload vector belongs to the diagonal: W(0) = ¢l where ¢ € N, then we

obtain:

Ve—1
E(W(1) — W(0)[W(0) = cl) = ()\ -7 (1 - %) ) 1.

Hence, as c tends to infinity, the drift vector converges to (A —e™1/V)1.

So finally, we end up with the conjecture that if A < e~!/V, then the Markov chain
W is ergodic. This conjecture is clearly true for the fully isolated graph and for the
complete graph.

The reasons that led to this conjecture appear to be wrong (this will follow from
the results of Sections [6] and [7] which show that in general the main diagonal is not
attractive). However, the conjecture itself is true and we can formulate our main

stability result that will be proved in Section @

Theorem 1. Assume the model to be symmetric.

(i) If \ < e=1/V, then the Markov chain W is positive recurrent.

(ii) Assume further that P(A1(1) = As(1) = ... = Ag(1) = 0) > 0. Then W is
ergodic, i.e. there exists a unique stationary distribution and the distribution of W,

converges to the stationary one in the total variation norm.

Our proof of (i) is based on the fluid approximation approach. We will show that
all fluid limits satisfy a certain differential equation and then proceed with the analysis
of that equation. The proof of (ii) is standard: the state 0 = (0,0, ...,0) is achievable
from any other state and from itself. So, the state 0 is positive recurrent (due to (i))
and the Markov chain W is aperiodic. The ergodicity follows.

Our heuristics suggest also that if A > e~1/V then W is transient. Corollary @ in

Section [(] is a partial result which corroborates this intuition.

2. Fluid approximation method

This section deals with a general (not necessarily symmetric) graph.
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2.1. General properties

In what follows, we endow R with the L'-norm: |z| = Zszl |zk|. Let (z™),n € N,
be a sequence in N¥ such that lim,, [2"| = co. For t € [0, T}, we define:

gy = W),
B

To simplify the notation, for ¢t € Ry, we set W (t) = W([t]).

Let D([0, T],RX) denote the space of cadlag functions from [0,7] to R¥ endowed
with the usual Skorokhod topology. This means that the distance between the functions
f1 and f3 is defined by

dr(f1, f2) =inf sup {|g(t) —t[ + p(f1(9(t)), f2(t))},
t€[0,T]
where p is the L'-metric in R¥ and the outer infimum is taken over all monotone

continuous functions g : [0,7] — [0,T] such that g(0) = 0 and g(7") = T. Denote by

D([0,00)) the space of R¥—valued cadlag functions on [0, c0) with the metric

N oer_dr(fifa)
d(f1,f2)—z2 1+dr(f1, f2)

T=1

Note that X™ € D([0, T, RE), for all n.

Lemma 1. (i) For any sequence x™ such that |z"| — oo, the family {(X™),n € N}
almost surely has a compact closure in the Skorokhod topology, and any accumulation
point z of {X,} is almost surely continuous.

(i1) Function z is Lipschitz with the constant ntlauc{z:iK:1 i, K}

Proof. (i) One can easily obtain a proof of this statement along the lines of the
proof of [3], Theorem 4.1 or [I7], Theorem 7.1. Formally, the proofs of the mentioned
theorems are given for multi-class networks. However, as pointed out in [I0], the
tightness of such families holds under weaker conditions (see [10], Assumption 2.19).

(ii) Since G; are bounded by 1 from above,

X7(t) = X[ (s)] < max{'A“'w"“'w"i)I K|x”|<t—s+1/|x"|>}

|z 7 |27
1 L="t]
B PR |

IN
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where By, is the total number of arrivals at time k. Sequence { By }ren consists of i.i.d.
random variables with EBj, = K \. By the law of large numbers, the result now follows

if we let n — oo.

Definition 1. Any accumulation (in the Skorokhod topology) point z of the sequence
X™is a fluid limit. The collection of all fluid limits is called the fluid model.

It follows from the definition of X™ and z that |z(0)| = 1 and that z;(¢) > 0 for all
i=1,...,K and for all ¢.

Corollary 1. The sample-path trajectories of fluid limits are self-similar. More pre-
cisely, for any fluid limit z and for any u > 0 such that P(|z(uw)| > 0) > 0, the random
process {Z(t),t > 0} with conditional distribution

PG()e) =P (ZI(:(:)It) e \z(u)>

is also a fluid limit on the event |z(u)| > 0.

This result may be obtained along the lines of the proof of Stolyar [I7], Lemma 6.1.

However, the remark given in the proof of Lemmal/[ll (i) also applies here.

Definition 2. We say that the fluid model is stable if there exists a deterministic time
to and € > 0, such that |z(¢)| < e a.s. for t > tg, for all fluid limits z. Due to the self-
similarity of fluid limits, this is equivalent to saying that there exists a deterministic

time ¢ such that |z(¢)| = 0 a.s., for all fluid limits z.

Definition 2 of fluid stability has become standard and appears in most papers

dealing with the fluid approximation method.

2.2. Fluid model criterion for stability

In this subsection we formulate a stability theorem for fluid limits which will imply

Theorem [T (i).
Lemma 2. If the fluid model is stable then W 1is positive recurrent.

Proof. One can again obtain a proof of this assertion by following the lines of the

proofs of Dai [3] or Stolyar [I7] which are given for multi-class networks.

By Lemma 2] Theorem [I] (i) will follow from the next statement.
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Theorem 2. If A < e~ !/V, then the fluid model is stable.

Our proof of Theorem [2is given in Section @

2.3. Fluid limit evolution equation

In what follows we write

zi(t)
> zi(t)

JEV;

pi(t) = di(2(t)) = (3)
Theorem 3. Take any fluid limit z and fix t > 0. Assume that 3 ... z;(t) > 0 for
all i. Then z;(t) is differentiable at point t if t > 0, and has a right derivative at point
t if t = 0. Moreover,

x
z;(t) = Xi —pi(t)e 7=V =X\ — Gi(zi(t)), (4)

where z;(t) is the (right) derivative.

Under the assumptions of the Theorem, this differential equation admits a unique
solution.
Fluid limits with an initial condition on the boundary (3 ¢y, 2j(0) = 0 for some i)

are analysed in Section

Proof of Theorem[3. Two cases are possible: either z;(¢t) > 0, or z;(t) = 0 and
> jev, #j(t) > 0. We treat these two cases separately.
(i) Suppose first that z;(t) > 0. To treat this case, we need the following technical

result.
Lemma 3. There ezists C > 0 such that |G;(x) — Gi(z)| < min(1,C/x;) if z; > 2.

Proof of Lemmald Using that |e”¥% — e¥2| < |y; — yo| for all y1,y2 > 0, we obtain

1
m(1-—t
< Zke%xk>|

1 Iy
+ ziln|1— + j ' (5)
J;Vi < ’ ( ZkEVj ‘Tk) Zkevj xk)

1 y?
For every j, denote y; = —————. From the inequality |In(1 —y) + 3| < ——
! Zkevj Tk 2(1-y)?

|Gi(z) = Gi(z)] <
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for y € (0,1) we obtain that

02
|Gi(x) = Gi(x)| < yz+y7122+2&32
21 -y)? S 2(1-yy)

The statement of the lemma now follows from the inequalities
y; <1l/mi, z;y; <1 and y; <1/2
for all j € V;.

Assume now that ¢ = 0 (the result for an arbitrary ¢ follows from the self-similarity
of fluid limits). Let x = z(0). Suppose that s < x;. Let k < |z"|s, then W7 (k) >

xp — k> |a"| (2} /|z"| — s5). Hence, W™ (k) > 2 for k < |z"|s, for large enough n.
zi(s) — zi(0) ~
s

We need to show that lim_,q = \; — G;(2(0)). Consider the decompo-

sition
1 Llz™]s]—1 . .
X6 - XPO0) = o (W) - W ()
k=0
1 Llz™]s]—1
- Ly E[W (k4 1) — WE" (W M
i
= Ux§l (W (1) = EIWE (s + D)W ()]
|In| P [ [ [
[lz™]s]—1 Llz™|s]
1 n 1
= N —G(W* (k) + 3 6
= ,; ( (W=" (k) |xn|kz;: r (6)
where

=W ) =B (WE R (k= 1)) = A3(k) = X+ aik) B (a:(0)] W (k= 1)

. 1 m"l s
with g;(k) = I(N;(k—1) = 1) ey, gy L(V; (k=1) = 0). We have o LBl a4, (k) —
Ai) — 0 a.s. as n — o0o. So we can apply Theorem VIIL.3 of Feller [8] (with b, = 1/k)
to deduce that

Ll=™]s]
(k) —E (a®mW" (:=1))) >0 as. (7)
k=1

1
||
as n — o0o.
It remains to find the limit of the first term in the RHS of equation (@). Decompose

this term as follows:



A Random Multiple Access Protocol 11

|I—1n| Lf (h = Gl k) = ﬁ Uxfl (Ai e (X" (%))) +e(s,m),

k=0 k=0
where by Lemma [3]
[lz™]s]—1 1 1 [|lz™]s]—1 1
le(sm)l < Oy ];J 7w < O ];J il

as n — oo uniformly in s < x;. Further, from the uniform convergence of X" to z and

the continuity of G we deduce that
Lz"[s]—1 _
> Gi(=())
zi(s) — 2i(0) — ) — lim —*=0 '

s n—o0 |z™|s

nigl ~
Since le"l Z,E‘il 5] Gz(z(%)) is a Riemann sum of a continuous bounded function, it

converges to [ Gy (2(w))du, so

i 260 =2 g S Gl s (8)

s—0 S s—0 S

(ii) Now consider the second case, 2;(0) = 0 and .y, 2;(0) > 0. Notice that
Gi(2(0)) = 0. In view of equations () and (7)) it suffices to show that

L="|s]—1

S G ) =0, )

k=0

. . 1
lim lim
s—0t n—oo |x”|s
By the assumption, there exists j € V; such that z;(0) = lim, x;l/|x"| >a > 0.
Let € > 0, then there exists ng such that for all n > ng, 2% /|2"| > a and 2} /|z"] < e.
Fix 0 < s < a and ¢ < a. Then for n large enough, W=" (k) < e|z™| + A;(0, k),
Wi (k) > alz™| — k and

elz™| + Ai (0, k)

- (a+te)|an| -k

By the strong law of large numbers, lim; o A;(0,¢)/t = A\; a.s. Let X > A\ We
may choose |z| and n large enough and then kg such that for kg < k < s|z™|,

ela™| + Mk

Gi(W* (k)) < Wv
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and
Lz"[s]—1 Lz"[s]—1 5y
1 n ko g 1 k)\
— G;wWe (k) < o4& _
] g W ®) < Tt e et g pPTI:
Direct computations show that
ll="|s]-1 5
1 kA ~ s
lim — — == In(1 — —)).
ngm |.’L'"| kZ:O alxnl_k (s+a n( a))
Then
Ll="|s]—1 . _ s
li G; Wm — = In(1 — — 8.
1msup Z )_a—|—a—s (s + aln( a)) a.s

Since the last inequality holds for all € > 0 and A > Ai, we have

Lz"]s]—1
lim sup = Z G (W*" (k) < —Xi(s +aln(l — 2))
" k=0

It then follows immediately that

L="|s]—1

lim lim sup
s—0t

The proof of Theorem 3 is now complete.

We also need a further result that may be deduced from Theorem Bl Let H = {x €
RE:2; >0 forall i=1,...,K} be the interior of the positive orthant.

Lemma 4. Assume that z(0) € H, then either
(1) there exists ¢ such that z(c) =0 and z(t) € H for allt € (0,c) or
(ii) z(t) remains in H for all t > 0.

Proof of Lemmal[{ Restricted on the open set H, the RHS of equation ) is a
continuous function. Therefore, the solutions of equation (@) are locally uniquely
defined as long as z(t) remains in H. Now, suppose, to the contrary, that ¢ — z(¢)
leaves H at time c at a point y = lim;_,._ 2(t) € 0H\{0}.

Let a; = limsup,_,.- #(2(t)), a; € [0,1]. Since y # 0, there exist ¢; and iz such
that y;, = 0 and y;, > 0. The connectivity of G implies that there exists k£ such
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that yr = 0 and Zjevk yr > 0 (for that, consider any path from iy to i3). Hence,
ar =0 and lim; .- Fi(¢p(2(¢))) = X > 0, this implies that ¢ — x4 (¢) increases in a left

neighbourhood of ¢, which contradicts y, = lim;—, . z(t) = 0.

Lemma [l implies that for an initial condition in H the fluid limit z(¢) remains in H
or finally reaches 0 at time c. It also implies that if z(0) = lim,, 2™ /|z™| € H then the

fluid limit is deterministic.

3. Properties of the fluid limit on the boundary

In this section we work with the general case (we no longer make the symmetry

assumptions).

Conjecture 1. We conjecture that all coordinates of any fluid limit z have right
derivatives at point 0 (even if there exists i such that x; = z;(0) = 0 for all j € V;).
We also conjecture that the right derivative z (0) of a fluid limit {z(t),t > 0} does not
depend on the sequence ™ and only depends on x = lim,, 2™ /|x™|. If this is true, then

all fluid limits are deterministic functions.

In this Section, we prove a weaker statement which implies that the boundary of
the positive orthant does not play any role in determining the stability conditions for
the fluid model. Denote

T = inf{t > 0: |2(t)| < h}.

Denote also A, = min{A,...,Ax} > 0. Since |z(0)| = 1, max; z;(0) > 1/K. The
inequality z; (t) > Ax — 1 for all 7 and ¢ also implies that

3

Til—e = m (10)

Theorem 4. There exist positive constants b and ey such that, for any e € (0,e9),

min; z;(t) > be for any t € [ce,1—c) where c = 1/K (1 — \,).

From the self-similar property of fluid limits, the following corollary is immediate.

Corollary 2. For any h > 0, z;(t) > 0 for all 0 < t < 73, and all 7.

Lemma [4] and Corollary [2 imply the following.
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Corollary 3. Assume that |z(0)| > 0, then either
(i) there exists ¢ such that z(c) = 0 and z(t) remains in H for allt € (0,¢) or
(i1) z(t) remains in H for all t > 0.

We do not present proofs of these statements here as they are rather obvious.
The rest of this Section is devoted to the proof of Theorem [l We begin with two

technical lemmas.

Lemma 5. There exist positive constants K1 > 1 and Ko such that, for any fluid limit

z, if zi(t) > Ki1z;(t) for two neighbouring nodes i and j, then z;(t) > K.

Proof of Lemmald The existence of z; (t) is guaranteed by Theorem[l Since } 7, . 2k (t) >

zi(t) > 0, we have

/ zj(t) zj(t) 1
. = > S A SV . =
zj(t)>)\ A > A 1 ;

Sy, 0 T w0 + 50

and we may take K1 = 2/, — 1 and Ky = \,./2.

Lemma 6. There exist constants Cy > Co > 0 such that for any h > 0 one can choose
hi > 0 such that if |2(0)] > hy and min; 2;(0) > C1h then min,; z;(t) > Cahy for all

t<Ty.

Proof of Lemmal@l Denote by D the maximum graph distance in G (the diameter

of G). Put Cy = C1

—p—1- We may prove Lemma [f] for h = 1. The

1
W and CQ = I
result for an arbitrary h follows from the self-similarity of fluid limits.

It is sufficient to show that for any ¢ < 71 if min; z;(t) > Cp then there exists
0 < s < oo such that

min z;(t +s) > Cy (11)

and

minz;(u) > Cy forall ¢t <u<t+s. (12)

Indeed, assume that ([I)-(I2) hold and Lemma[6lis not valid. Then there exists t < 7y
such that min; z;(t) < Ca. It then follows from the continuity of fluid limits that there
is a last moment v < ¢ when min,; z;(v) > Cy. However, it follows from (II))-(I2])

that there exists s > 0 such that min; z;(v + s) > C7 and min; z;(u) > Cs for all
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v <wu < v+s. Clearly, v+ s < t, which contradicts our assumption that v is a last
moment before ¢t when min; z;(v) > Cy.

Now let ¢ be any time such that ¢ < 71 and min; z;(¢) > C;. Note that max; z;(t) >
1/N = C; KP* since t < 7. To simplify the notation, assume that z; (t) = max; z(t).
Let T be such that z; (t+u) > C1 KP for all 0 < u < T. Again note that z; (u) > A—1
for all ¢ and w. This implies that

s QETT —KP)  GEPK —1)
- 11— 11— '

(13)

Let d be the maximum distance in G from node 1. Clearly, d < D. For j =1,...,d,
denote by A; the set of nodes at distance j from node 1.

We show that there exists 0 < s < T such that (1)) and (2] hold. First, we show
that min z;(u) > Cy for all t < u < t+ T. Note that z;(u) > C; for all i € A; and
t <wu<t+T. Indeed, assume that there exist i € A; and t < u < t + T such that
z;(u) < C1. Then, by continuity, there is a last moment ¢ < u; < u such that z;(u;) >
C:. Lemma [B] implies that z; (u1) > K5 > 0 and hence, there exists time us > u; such
that z;(uz) > C4, but this contradicts our assumption on w;. Using induction and
following the same arguments, we can show that z;(u) > C;/K7 ™" for all i € A; and
t<wu<t+Tforany j =1,...,d. Hence, min; z;(u) > C’l/Kf_l > C /KPPt = ¢y
forallt<u<t+T.

Let us now show that there exists 0 < s < T such that (II) holds. For every

j=1,...,d, denote by ¢; the time needed to achieve the level Clefj starting from
Ci(K{™'-1)

—— Note that
KK}

the level Cy /K{_1 and moving with speed Ks. Clearly, t; =

(II) and ([@2) hold with s = Zd: T > zd: t;j. Indeed, minjec 4, z; will achieve the
level C1 K f_l not later than ajt éime t+t ;nil will not become smaller than this level
before time ¢ + T, since all nodes in A; are neighbours of node 1 and z;(u) > KP for
all t < u < t+T. Note also that minje 4, z; will become greater than C;K{~2 not
later than at time ¢ + ¢; + t2 since it cannot become smaller than C7/K; before time
t+t1, and after this time it is either greater than C’le_2 or grows with a speed of at
least K (this follows from Lemma [Bland the fact that any node in As has a neighbour
in A;). We can continue these arguments to prove that min;c 4, z; will become greater

d d
than C; not later than at time t 4+ > ¢; if T > > t;.
i=1 i=1
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Note that
iF,: CuKi =)+ Ky .+ KfY) G - )(f 1)
= KoK KoK H(K — 1)
d_ D

Kg(Kl - 1) - KQ(Kl — 1) '
If we take K3 = A\./2 and K; = 2/\, — 1 then (1 — A\,)/K2 = K; — 1. Note also
d

that in this case Ky > 2. It now follows from ([I3) and (Id) that T > >_ ¢,.
i=1

One can see from the proof of Lemma [0 that the following (stronger) result holds.

Lemma 7. For any hy > 0 there exists E; > 0 such that for any hy < E there exists
0 < h3 < hy such that if |z(0)] > hy and min; z;(0) > hy then min; z;(t) > hs for all

t<Th,.

— h
Remark 1. Lemma [7]is valid with ho = %.
KKt
Proof of Theorem[§] The proof of Theorem [4lis similar to that of Lemmal6l Recall
Ko(K;—1
that D is the maximum graph distance of G. Take ¢ such that H <
D_

1-— Ko(K;—1 1-—
7;1 for all e < ¢eg and let a = %. Then ae < 7;1, and, in view of
KK+t (K —-1) KKt

Lemma [[land Remark[I] it is enough to prove that min; z;(ce) > ae.
Note that max; z;(0) > 1/K. Assume that z1(0) = max; 2;(0). Let T' be such that
z1(u) > aeKP for all 0 < u < T. Then z; (t) > A« — 1 implies that

1/K —aeKP 11— KaeKP

T> .
=T 1o, K(I—\)

(15)

Again let d be the maximum distance in G from node 1. For j = 1,...,d, denote

by A; the set of nodes at distance j from node 1. For every j = 1,...,d, denote by

t; the time needed to achieve the level ac K f -
acK1™I D

with speed K5. Clearly, t; = Tl Denote 77 = Y t;. Note that
2 j=1

starting from the level 0 and moving

_ae(KP-1) € B
=R -y " RKi-n) “ (16)

Following the same arguments as in the proof of Lemma [6] we can show that
min; z;(ce) = min; z;(Ty) > ac if Ty < T.
It remains to prove that 73 < T. This follows from (&), (I8) and the inequality
1-¢

ac < ————.
KK1D+1
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Remark 2. Denote by v(s,h,b) = inf{t > s : |z(¢t)] < h or min;z(¢) < b} the
time (after moment s) of the first exit from the set {|z| > h} N{min; z; > b} after time
s. Theorem Ml implies that there exist b > 0 and s > 0 such that 71— = v(se, 1 — ¢, be)

for any initial condition z(0).

4. Proof of Theorem

In this Section we first present a proof of our main stability result and then formulate
its generalisation. Recall that Theorem 1 follows from Theorem [2] and Lemma [2
Recall also that here we deal with the symmetric case. We need to prove that there

exists a deterministic time to such that for all fluid limits, z(¢) = 0 for t > ¢ a.s.

Lemma 8. If z;(t) >0 for alli=1,..., K, then

(20 < (-5 ) S0

and hence, if A < %,
/
(Z zf(t)) < —¢ Z i (%)
for some € > 0.

Proof of Lemmal8.. Clearly, it is sufficient to prove the inequality

Ezz*soiexp{ Es@;} .
i JEV: e

> -
Ezk -V
k

where we slightly abuse the notation from (@) by writing z; instead of z;(t) and ¢;

(17)

instead of ¢;(t). We can write the LHS of the previous inequality in the form
Zpif (vi)

1
i, yi=— Y, ¢;—In— and f(z) = e*. Function f is convex
> 2k JEV; Pi

k
and }_p; =1, hence 3 p;f(yi) = f(3_piyi) and

where p; =

Zzwiexp{— > %}
B JjeV; Zi
> exp { —
S zn zi:zzkz% ZZZk
k k

JEV:

’L
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Now consider > —— p; and In — separately:
Xi: > 2k ]g‘:/ ! 21: Y i

Ezi Z 2 ZS"J Z Zq Ezj

% JEV; J i€Vj J
: 2k S
1€V % % %

(we use the identity ¢; Y 2; = z; and the symmetry of the neighbourhood relation:
i€V
jeViiffieV;)
Note that the logarithmic function is concave. Hence
= I
21-: v e

Zi
E —<ln E =In =In| ————-
p e sz% POES POES
k k

k

=InV. (20)

Inequality (1) follows now from (), (I9) and 20).

Proof of Theorem[d.. Corollary [ implies that z;(t) > 0 for all i = 1,..., K and all
0 <t < inf{u: z(u) = 0}. Then we can use Lemma[8l Note also that > z; > /> z?

for any positive values of {x;}. Hence, Lemma [§ implies that

<sz(t)> < —¢ /sz(t).

Z Z?(t) < _5/27

i

Then

and the result follows.

Remark 3. By applying methods of [18], we can get a similar (but less explicit)
stability result in a more general situation. Assume now that the system may be
asymmetric, i.e. that values of A\; may differ for different 7 and the graph G may be
irregular.

Let

Mz{u:uizpiefzfevipj,iz1,...,K, for some P = (p1,...,px) with p; > 0}.

One can show that the vector (¢1,...,¢x) with ¢, = — " maximises the
ZjeVi Zj
K
function Y z;In y; over all vectors € M. Based on that, one can obtain the following.
i=1
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Theorem 5. Assume that there exists a vector p € M such that A < u component-

wise. Then the Markov chain W, s positive recurrent.

A proof of Theorem [ follows the lines of the proof of Theorem 4 in [18].

5. Rate of convergence

In this section, we again consider the symmetric case. We will obtain power rates
of convergence of W, to its stationary distribution in the total variation norm. We
expect that one can similarly prove the geometric ergodicity of the underlying Markov
chain given the light-tailedness of the distribution of the increments {A(n)}.

Define the total variation distance between distributions m; and 7o by

[otwm - | g(ym(dw\.

1 () = ma ()] = sup

Theorem 6. Assume that A\ < e™'/V and EA;(n)P™! < oo for some p > 1 and for
alli=1,...,K and n. Assume also that P(A;(1) =0, A2(1) =0, ..., Ax(1) = 0) > 0.
Then

lim nP||P"(z,-)—7(-)|| =0, x€ N&,

n—oo

where P™(x,-) is the distribution of W*(n) and w(-) is the stationary distribution of

w.

Proof of Theorem[d. The proof of Theorem[@lis based on the following lemma which

is an analogue of Proposition 5.3 of Dai and Meyn [4].

Lemma 9. Assume that the conditions of Theorem [@ are satisfied. Then, for some

constants ¢ < 00, § > 0 and a finite set C,
7c(9)
B> (WimP| <t
n=0

for any x € NX where 7¢(§) = min(n > 6 : W(n) € O).

Proof of Lemmald. The proof of Lemma [9 follows the lines of the proof of Proposi-
tion 5.3 of [4].
It follows from Theorem [2] that there exists ¢y such that

fn W lalto)

=0 a.=s.
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W (Jfto) "

Note also that the family of random variables
|;[;|P+1

} is uniformly inte-

grable, since

W) (St S Aitm))” Sl (S0 Aim)
< p+1
|zfptt T [P+ -0 |[to
p+1
Sl (8 Am)
and the family | |; is uniformly integrable. This is guaran-
Z|to

teed by the existence of EA;(m)?P*! for all i = 1,..., K and for all m. Hence,

E [[W*(|z[to) "]

li = 0.
2l 00 |z[PF1 0
Choose L such that
1
E [[W*(|zlto)[P*] < EIIIZ"+1 (21)

for |z| > L. Define, as in the proof of Proposition 5.3 of [4], the sequence of stopping
times o9 = 0,01 = t(z), and k41 = o + 05,01,k > 1, where t(x) = tomax(L, |z|)
and 0 is shift operator on the sample space. We assume that ¢y is an integer. The

stochastic process Wy = W (o) is a Markov chain with the transition kernel
P(z,A) = P(W?(t(z)) € A).
Now (21)) implies that
B Wl — ol i = 2} < — ! + bl (e),

for the set C = {z : |z| < L} and for some constant b. The Comparison Theorem

(Meyn and Tweedie [13], p. 337) yields that

ke—1 ke—1
E|> W) | = Z W (k |P+1] <2 {[z["™" +bIc(z)} (22)
n=0

where k., = min(k > 1: W(k) € C}. To prove Lemma [, we first show that for some

constant ¢y
Ok41

Z |Wx(”)|p|]'—ak] < coW*(op)P " (23)

N=og

E

which by the strong Markov property amounts to

B3 7 < ot
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This follows from the fact that

t(x) t(x) Pt [t@) K b
SUSOLED 9P 3D WPHEYIED of b op SXT2
n=0 =0 \m=0 i=1 n=0 \m=0i=1

a.s., and from our assumption that EA;(m) < oo for all ¢ = 1,..., K and for all m.

Substituting ([23)) into (22Z), we have

[e%e] Ok+1
Z > >|P|fgk] Ik < k] < claf*.
k= n=oy

By Fubini theorem and the smoothing property of the conditional expectation, the
LHS is precisely E [}, (1 + [W*(n)[?)]. The proposition now follows from the fact
that o, > Tc(toL).

We now apply Proposition 5.4 of [4] with ¢ = 1. In our case, it gives the following
bound:
E{V(W(Q1)) - V(W)W (0) =2} < —f(z)+r (24)

with V(z) = E (zg;ﬁ;” |Ww(n)|p) and f(z) = |z]P.
Further, Lemma [ implies that V(z) < c|z|P*!. Now (24) yields that

E{V(W(1)) = V(W(0)|W(0) = 2} < V(x) 7 + blc

for the set C = {z : |z| < L} and for some constant b. The result now follows from

Theorem 2.5 of Douc et al. [5].

6. Local stability of fluid limits on the positive orthant

In this Section we investigate the behaviour of the solution to the differential equa-
tion (). In particular, we show that if the input rate A is sufficiently small, then the

diagonal is locally unstable.

6.1. Orbits of the fluid limits

Recall that H = {x € RX : 2; >0 forall i=1,...,K} is the interior of the
positive orthant and 1 = (1,...,1). For z(¢) in H, the differential equation (@) may be

restated in a closed form as

Z(t) = F(6(2(1)), (25)
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with Fj(z) = X — a:l-e_zfe‘/i ", Let A={x € H:x = z3... = i} be the main
diagonal and C,, = {z € H : |z/|z| — 1/K| < u}, u > 0, C,, a cone with direction A.
We note that the main diagonal is an orbit of the equation F(¢(cl)) = (A —e™1/V)1.

Let A be the adjacency matrix of G and {v1, ..., vk} its eigenvalues with v; < ;4.

The spectral gap ~v is defined by:

V= ?<111r(1(7/K - Vi) =VK —VK-1-
Note that since G is (V — 1)-regular, vx = V. The main result of this section is the

following.

Theorem 7. If A > %(1 - {}—22), then there exists u > 0 such that, for all solutions

t — z(t) of equation (23) with the initial condition in C,,

lim ¢(z(t)) = 1/V.

t—+oo

If A< %(1 — ";—22), then the diagonal is locally unstable.
Theorem [ will be proved in the next Subsection.

Corollary 4. Assume that A > %(1 - &—22) and that z(t) is a solution of (24). There

exists u > 0 such that if z(0) € C,, then
(i) if N\ < e 1)V, then z(c) = 0 for some ¢ > 0.
(ii) if X > e 1/V, then z(t) ~ (A —e 1 /V)t.

Proof of Corollary[4] Let z(t) be the maximal solution with given initial value 2(0) €
H. From Theorem [7, lim ¢(z(t)) = 1/V. Since F is continuous in a neighbourhood of
1/V, limy s 4o 2'(t) = (A — e 1 /V)1. If XA # e !/V, then the latter implies that, as t
tends to infinity,

2(t) ~ (A —e V)t (26)

Then the second statement of the corollary follows. Suppose now that A—e~1/V < 0.
Then, from (28], z(t) leaves H in finite time. Lemma [@limplies in turn that there exists

¢ > 0 such that z(c) = 0. So, the first assertion of Corollary @ is also proved.

6.2. Proof of Theorem [7]

The proof of Theorem [1 is an application of the stability theory of differential

equations. It will be given in the series of technical lemmas.
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6.2.1. Spectral analysis. We need to consider the eigenvalues of D(F o ¢)(z) for x € A,
where D f(x) is the differential of f at . Here F o ¢ is homogeneous of order 0: for all
¢ >0, F(¢(cx)) = F(¢(x)). Hence,

D(F 0 ¢)(cl) = ¢ 'D(F o ¢)(1).
Since A is an orbit of equation ([25)), 1 is an eigenvector of D(F o ¢)(1) associated with
the eigenvalue 0.

Lemma 10. The eigenvalues of D(Fo@)(1) are (0,11, -+ ,nKx—1) withn; = —ev;gl(V—

vi_i)? . In particular, n; <0 for all i > 1.

Proof of Lemmallll. A direct computation leads to:

— D e =
(D(Fo¢)(1)y =14 S<[V;uV;| if jeVi\{i},

~GrlVinVil i ¢ Vi
Then D(F o ¢)(1).1 = 0. To show this, let M = —eV3D(F o ¢)(1). Using the
equality |V; UV;| =2V — |V; NV}|, we deduce that:

K
(M1); =V(V-1)=2V(V=1)+ > _[V;nV;| =) [VinV;| - V> =0.
i =1
Let E denote the identity matrix and A the adjacency matrix of G. Since (42%);; =

i NVl we have the following decomposition:
viny; h he following d iti
M=V?E-2VA+ A*> = (A-VE).

The matrix A is irreducible since G is connected. Thus (A — VE) is an ML-Matrix
(refer to Seneta [16]). In the graph theory, this matrix is called the Laplacian matrix
of G. From Corollary 1 of Theorem 1 in Seneta [16], the spectral radius of A is V.
Theorem 2.6 (d) of [16] implies that dim Ker(A — VE) = 1 and that all non-zero

eigenvalues of (A — E)? are positive reals (recall that the spectrum of A is real).

6.2.2. Orbit of ¥ o z. We define:

K
S—feeH:Y o =1} =Hn (L) ({1}) = o(H),

=1
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where (x) = z/|z|. ¥ is clearly a C'*°-convex manifold of codimension 1. Introduce

the following differential equation on X:

y' = Dv(y)F((y)) = aly) (27)

with an initial condition y(0) in X. Here a is a C°°(X) function and a(y) € T,,(X) the
tangent space of ¥ at y. The next step is to compare the orbits of equations (27 and
[5). The next lemma asserts that the orbits of the solution of equation ¢y = a(y) and

1 o x are indeed equal (here t — z(t) is a solution of equation (28])).

Lemma 11. Let z(0) belong to H and let z(t) be the mazimal solution of equation (23).
Let y(t) be the maximal solution of y' = G(y), with the initial condition y(0) = ¥(z(0)).
Then y(t) is defined on R, and there exists an increasing continuous bijective function

w: Ry — Ry such that
yop=tpoz

Proof of Lemma [l For any initial condition in H, we have F(¢(z(¢))) < Al. This
is clearly true if z(t) € H. If z(t) ¢ H, then z(t) € AN H® by Lemma [l Thus
F(z(t)) = (A\—=1/Ve hH1 < AL. It follows that |z(t)| = Efil zj(t) < Kz\H—Zf:l z;(0).

Suppose now that z(t) € H for all £. Then the integral [~ (Zfil zj(s))71 ds
diverges. By the intermediate value theorem, we deduce that there exists an increasing
continuous function v such that

v ds

— " ¢t forall t>0. (28)
0 Xy z(s)

In particular,

V(t) =)z (v(t).

Jj=1

Let w = v o z o v, with w(0) = ¥(w(0)) = y(0). We have

w'(t) = V() —-v(2(s))

I
b(\l
—~

<
—~
~+
~—
~
<
—~
W
—~
<
—~
o~
~—
~
~—
|
—~
S
—~
o~
~—
~
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The function ¢ is homogeneous of order 0 and thus Dv(cz) = ¢~ 1Dy(z), for all
¢ > 0. Then

w'(t) = Dip <m> F(w(t))

I
Q
£

The solution of the differential equation is unique, therefore w(t) = y(¢). The lemma

is proved with p = =1,

6.2.3. Local stability of ¥ o z. Clearly, yo = 1/K is an equilibrium point of equation

@7). In the next lemma we prove that this equilibrium is locally stable.

Lemma 12. If A > %(1— 3—22), there exists u > 0 such that, for all solutions t — y(t)
of equation (Z7) with |y(0) — yo| < u,

lim sup ly(t) — 1/V| =0.
£ 400 y(0) €|y (0) —yo| <u

Proof of Lemmal[I2. We denote by Da(y)|r,(s) the differential of a at y restricted
to the K — 1 dimensional subspace T,,(X). It is known that if all the eigenvalues of
Da(y0)|Ty(g) have a negative real part, the local stability follows (see, e.g., Coddington
and Levinson [2]). Let D?y(y)(-,-) denote the second differential of ¢ at y, seen as a

bilinear mapping. We have

Da(y) = D*(y)(F(¢(y)),") + D (y)D(F o §)(y). (29)

The first term in (29) is a matrix and its entry (i, 7) is equal to

3 *P(y)i
1; Y0y F(o(y))k-

Clearly, F(¢(yo)) = (A —e~1/V)1. Then a straightforward computation gives
D*¢(yo)(F(¢(yo)),-) = (A = e~ /V)(J = KE),

where F is the identity matrix and J is the matrix with all its entries equal to 1. We

also have D (yg) = F — J/K. Finally, equation (29)) can be rewritten as

Da(yo) = (E = J/K) ( D(F 0 6)(yo) = (A= ¢ /V)E ) .
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The matrix (F—J/K) commutes with all symmetric matrices and has two eigenvalues:
eigenvalue 1 (with multiplicity K — 1) and eigenvalue 0 (with multiplicity 1, associated
to the eigenvector 1). By Lemma [I0 the eigenvalues of D(F o ¢)(yo) — (A —e 1/V)E
are

pi=—e NV —vg_)?/V3—A+e )V for 0<i<K—1.

The eigenvector associated to g = A—e~1/V is 1. Thus we have proved that A—e=1/V
is an eigenvalue of multiplicity 1 for Da(yo) and that the other eigenvalues are (14;)i>1.
These eigenvalues have negative real parts if and only if u3 = —e '92/V3 — X\ +
e~1/V <0, which is equivalent to A > e~ (1 —~2/V?2)/V. The vector space generated
by the associated eigenvectors is precisely the tangent hyperplane T, (X) = 1+, the

hyperplane orthogonal to 1.

Now we can prove Theorem [1l Let |2(0)| € C, and y(0) = 2(0)/|z(0)|. Then, by
Lemmas [[1] and [12]

lim () = lim y(u(t) = 1/K.

t— oo t——+oo

In particular, ¢(z(t)) tends towards 1/V as t tends to infinity.

7. Absence of attraction to the diagonal in one particular case

It has already been pointed out in Section 1.3 and in the previous Section that if A
is too small, the main diagonal may not be locally stable. In this Section, we present
an example of a graph with locally stable sets of parameters which do not belong to
the main diagonal if A is sufficiently small.

Consider a graph G with 4 vertices placed on a circle. Number the vertices 1,2, 3,4
clockwise and assume that each vertex is linked with its 2 neighbours (so that, for
example, vertex 1 has links with 2 and 4). In this case, K =4 and V = 3.

For the fluid limits associated with this graph, consider equation 27). It can be

rewritten in the form
K
yi(t) = ()\ — pi(t)e” Ziev: W(t)) — Vi Z (/\ — pp(t)e” Zievi wj(t)) . i=1,...,K.
k=1
We are interested in the so-called stable points of the latter system of differential

equations, i.e. points for which the RHS’s of all the equations above are identically 0.
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So if y(0) is such a point, y(t) stays at this point for all ¢ > 0. Clearly, one stable point
is (1/K,...,1/K), which corresponds to the diagonal. However, if A < % (1 - ;—Z)
(=5/27e~! in our case), then there exist other stable points.

Take y1(0) = y2(0) and y3(0) = y4(0). Since y1(0) + y2(0) + y3(0) + y4(0) = 1, the
equality y3(0) = (1 — 2y1(0))/2 holds, and the system of differential equations at time
t = 0 reduces to just one (i.e. any) of them. One can show that, for any A < 5/27¢~1,
the RHS of this equation equals 0 at three different points: at y(1) = (1/4,1/4,1/4,1/4)
and at two others, say ﬁ and W One can find approximate values of these points

numerically. For instance, if A = 0.001, then y(® = (0.01,0.01,0.49,0.49) and y® ~
(0.49,0.49,0.01,0.01). Numerical results also show that these points are locally stable.

8. Extensions of the model

8.1. Random neighbourhood

In this Subsection we consider a possible extension of our model. Assume there
is a fixed number of points 1,..., K and a set of undirected graphs {gi }le each
having points 1,..., K as its vertices. Assume that at each time n the neighbourhood
relations are given by the graph G where 7, are independent identically distributed
random variables taking the value j with probability p;. The need to consider such a
variability of neigbourhood relations may be justified by, for instance, the fact that a
change of environment conditions may lead to a change of the radius and/or direction
of interactions.

Denote by Vij the neighbourhood of the point i in the graph G/ and by Vij its
cardinality. We assume again that the system is regular in the sense that EV,”" =V
for all 7.

Following the proof of Theorem B one can show that the fluid limits of the model
described above satisfy the following differential equation

L - o5 (1)
() = A=Y pepf(t)e
k=1

where ¥ (t) are defined in a natural way. Using the same methods as those used in

the proof of Theorem [2] it can be shown that the system with random neighbourhood
—1

e
is stable if A < —.
is stable i v
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8.2. Non-regular graphs with space-inhomogeneous input

Although Remark B provides sufficient conditions for stability in this case, the
conditions are not easy to verify. Here we give some other conditions that are also
sufficient for the stability of the system. Assume now that EV”* = V;, and V; are not
necessarily equal. Put V = max Vi. Assume also that E¢ = A;, so that the input
is “space-inhomogeneous”. Put \ = max Ai. Clearly, all the results concerning fluid

limits also hold in this case, and it is easy to see that one can prove the following result.

-1
Theorem 8. The system described above is stable provided \ < v
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