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Abstract

Spectrum sharing between wireless networks improves fiaegicy of spectrum usage, and thereby
alleviates spectrum scarcity due to growing demands foeless broadband access. To improve the
usual underutilization of the cellular uplink spectrumistipaper studies spectrum sharing between a
cellular uplink and a mobile ad hoc networks. These netwadaess either all frequency sub-channels
or their disjoint sub-sets, callegpectrum underlayand spectrum overlayrespectively. Given these
spectrum sharing methods, the capacity trade-off betwkencobexisting networks is analyzed based
on thetransmission capacitgf a network with Poisson distributed transmitters. Thidnioés defined as
the maximum density of transmitters subject to an outagstcaint for a given signal-to-interference ratio
(SIR). Using tools from stochastic geometry, the transimissapacity trade-off between the coexisting
networks is analyzed, where both spectrum overlay and laydas well as successive interference
cancelation (SIC) are considered. In particular, for sntatjet outage probability, the transmission
capacities of the coexisting networks are proved to satidigear equation, whose coefficients depend on
the spectrum sharing method and whether SIC is applied liflkeigr equation shows that spectrum overlay
is more efficient than spectrum underlay. Furthermore, tb$silt also provides insight into the effects
of different network parameters on transmission capagifiecluding link diversity gains, transmission
distances, and the base station density. In particular,iSI€hown to increase transmission capacities
of both coexisting networks by a linear factor, which depend the interference-power threshold for

qualifying canceled interferers.

Index Terms

Spatial reuse; wireless networks; Poisson processesfrspesharing; interference cancellation

I. INTRODUCTION

Despite spectrum scarcity, most licensed spectrum arerutideed according to Federal Communi-
cations Commission [1]. In particular, in existing cellukystems based on frequency division duplex
(FDD) such as FDD UMTS [2], equal bandwidths are allocatadufdink and downlink transmissions,
even though the data traffic for downlink is much heavier tttat for uplink [3], [4]. Spectrum sharing
between wireless networks improves spectrum utilizatio will be a key solution for broadband access

in next-generation wireless networks [5]. This motivates study in this paper on sharing uplink spectrum
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between a cellular network and a mobile ad hoc network (MANE/hich are referred to as tleexisting
networks A basic question is then how is the trade-off between theciéips of these networks.

We provide answers to this question in terms of tifamsmission capacitie®f the coexisting networks
consisting of Poisson distributed transmitters. By exitegpdhe definition in [6], this metric is defined
as the maximum weighted sum of the transmitter densitieh@fcbexisting networks so that all links
will satisfy an outage probability constraint for a targégnal-to-interference ratio (SIR), where the
weights depend on the spectrum-sharing method. We dere&vérdnsmission-capacity trade-off between
the networks for different spectrum-sharing methods. Seshlts are useful for controlling the sizes of

the coexisting networks for optimizing uplink spectrum gsa

A. Related Work and Motivation

A spectrum band can be eithizensedor unlicensedwhere a license gives a network the exclusive
right of spectrum usage. Depending on whether holding adiega wireless network is referred to as the
primary (e.g. cellular networks) osecondarynetwork (e.g. MANETS). Accessing a licensed band, the
transmitters in a secondary network, calfstondary transmittersnust not cause significant interference
to the receivers in the primary network, calledmary receiversOne simple method of sharing a licensed
band is to spread the signal energy radiated by each segotrdasmitter over the whole band using
spread spectrum techniques [7], suppressing the powetrgpedensity of the resultant interference to
the primary receivers. This method is callggectrum underlayl], [5], [8], [9]-

Another method for sharing licensed spectrum is cadieelctrum overlaywhere secondary transmitters
access frequency sub-channels unused by nearby primasiyeex Recent research on spectrum overlay
has been focusing on designinggnitive-radioalgorithms for secondary transmitters to opportunistcal
access the spectrum by exploiting the spatial and tempi@fiiict dynamic of the primary network [5],
[8], [10]. Such algorithms require secondary transmittergontinuously detect and track transmission
opportunities by spectrum sensing, and decide on tranemisssed on sensing results [11]-[13]. Such
algorithms are vulnerable to sensing errors, and most itapbrequire complicated computation at the
secondary transmitters, which usually have limited compamal power. For this reason, we consider
the case where base stations in the cellular (primary) n&teoordinates spectrum overlay. Thereby ad
hoc (secondary) transmitters use a simple random accetsxproather than complicated cognitive-radio
algorithms.

In unlicensed spectrum such as theustrial, scientific and medicdlSM) bands, all networks have
equal priorities for spectrum access. The networks usidgamsed bands include wireless local area
networks (WLANS) [14] and wireless personal area netwoW®ANS) [15]. Due to mutual interference,
the coexistence of networks in the unlicensed bands degridgenetworks’ performance as shown by
analysis [16], [17], simulation [18], [19], and measurem§D], [21]. Sharing of unlicensed bands
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between competing networks is also studied using gamewt2at, [23].

There exist few theoretical results on the network capaiye-off between networks sharing spectrum
despite this being a basic question. In [24], the transmissapacities of a two-tier network are analyzed,
which consists of a cellular network and a network of femlidoat-spots. In [25], the transport capaciﬁes
of two coexisting multi-hop ad hoc networks are shown todiwlithe optimum scaling laws for an
asymptotically large number of network nodes. In [24], [28le network-capacity trade-off between
coexisting networks is not analyzed.

The transmission capacity is used as the performance niretitiés paper [6]. Recently, this metric has
been employed for analyzing different types of MANETSs withig3on distributed transmitters and an
ALOHA-like medium-access-control layer, including spatdiversity [27], opportunistic transmissions
[27], distributed scheduling [28], bandwidth partitiogifi29], successive interference cancellation (SIC)

[30], and spatial interference cancelation [31] in MANETS.

B. Contributions and Organization

Our main contributions are summarized as follows. The pameets a cellular uplink network and
a MANET sharing the uplink spectrum using either spectrurariay or underlay, where uplink users,
base stations, and ad hoc transmitters all follow Poissstmilolitions but with different densities. Each
transmitter modulates signals using frequency-hoppimgagpspectrum over the frequency sub-channels
assigned to the corresponding network [7]. First, congidean interference-limited environment, bounds
on the SIR outage probabilities are derived for spectrunrlayeand underlay with and without using
SIC at receivers [30], [32]. Second, for small target outpgebability, the transmission-capacities of the
coexisting networks are showed to satisfy a linear equatidrose coefficients depend on the overlay
method and whether SIC is used. Define tapacity region as the set of feasible combinations of
transmission capacities. Third, for small target outagebability, the capacity region for spectrum
underlay is shown to be no larger than that for spectrum ayeflhe former can be enlarged to be identical
to the latter by choosing the transmission-power ratio betwthe two networks as derived. Finally, we
characterize the effects of different parameters on tréssam capacities of the coexisting networks. In
particular, depending on whether using spectrum overlaynderlay, the transmission capacity of one or
both networks grows linearly with the increasing base atatiensity, linearly with the increasing spatial
diversity gains raised to a fractional power, inverselyhwtihe decreasing distance between an ad hoc
transmitter and its intended receiver. Moreover, SIC iases both transmission capacities by a linear
factor that is a function of the interference-power thrédtior qualifying canceled interferers.

Simulation results are also presented. As observed frosethesults, the derived bounds on outage

probabilities are tight for different spectrum sharing hwets with and without SIC. In particular, the

1This metric introduced in [26] refers to end-to-end thrgughper unit distance of a multi-hope wireless network.
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outage probabilities converge to their lower bounds as thesmitter density decreases. Furthermore,
the transmission capacity trade-off curves derived fongsptically small target outage probabilities are
observed to match simulation results in the non-asymptetiame.

The remainder of this paper is organized as follows. The odtvand wireless channel models are
described in Sectidnlll. In Sectiénllll, the bounds on outagdabilities are derived for different spectrum
sharing methods. For small target outage probability, thasmission-capacity trade-off is analyzed in
Sectior M. Numerical and simulation results are presemte®ectiorV, followed by concluding remarks
in Section V].

II. NETWORK MODEL
A. Network Architecture

The spectrum-sharing cellular and ad hoc networks, rafetwesimply ascoexisting networksare
illustrated in Fig[lL. Following [6], [27], [33], the transtters in the MANET are modeled as a Poisson
point process (PPP) on the two-dimensional plane, denatdd with the density\. Each transmitter
in the MANET is associated with a receiver located at a fixesfagice denoted aﬁ% The transmission
power of transmitters is assumed fixed and denotegl as

For the cellular network, the base stations and uplink uaeramodeled as two independent homoge-
neous PPPs denoted @sandIl, respectively. Their corresponding densities are reptesieby \, and \.
Let B, Up,, Dy denote the two-dimensional coordinates of tiike base station, the:th uplink user,
and their distance, respectively. Thus,, ,, = |B,, — Um\H To enhance the long-term link reliability,
each uplink user transmits to the nearest base station.egoastly, the cellular network formsRoisson
tessellationof the two-dimensional plane and each cell is known &s@noicell [34]. The uplink users

in the cell served by theath base station, denoted ¥s,, is given as [34]
Vo ={U € I||U — B,| <|U—-B|Y BeQ\{Bn}}. (1)

Based on their distances from the serving base station, s in each cell are separated iimtoer-cell
and cell-edgeusers as follows. Consider the largest disk centereB,atand contained inside the:th

Voronoi cell, and represent this disk usifi},. Specifically [35]

Dm:{ZeR2

rz—ersérB—erVBeﬂ\{Bm}}. @)

2Consideration of the randomnessdrtoes not provide little insight. It is straightforward totemd the results in this paper
to include the randomness ih

3The operatot X | gives the Euclidean distance betwe¥rand the origin ifX is two-dimensional coordinates, or the cardinality
of X if X is a set.
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Using the above definition, the inner-cell and cell-edgesisethemth cell are separated depending on
whether they lie inside or outside the disk. In other wortls, $ets of inner-cell and cell-edge users are
{U|U€V,,NnDy} and{U | U € V,, N DS}, respectively, whered¢, = R?/D,,. Typically, direct
links between cell-edge users and their serving base statice severely attenuated by pass loss. As a
result, direct transmissions from these users to basessatire potentially difficult due to the required
large transmission power. Furthermore, such direct tréssgams cause strong interference to nearby users
and ad hoc receivers. For these reasons, the uplink trasismssof cell-edge users are assumed to be
assisted by relay stations near cell edges [36]. For sitplitis assumed that by relay transmission the
SIR outage probabilities of the cell-edge users are no Hatga those of inner-cell users. Thereby it is
sufficient to consider only inner-cell users in the analysis

B. Channel and Modulation

The uplink spectrum is divided intd/ frequency-flat sub-channels by usingthogonal frequency
division multiplexing(OFDM) [37]. Each of the coexisting networks uses a subsetherfull set of
sub-channels, depending on the spectrum sharing methedssdied in Sectidn I11C. In each network,
a transmitter modulates signals using frequency-hoppimgasl spectrum, where signals hope randomly
over all sub-channels assigned to the network [6], [7].

Consider the link between a typical user and the serving ftasen, denoted d$, and By, respectively.

A typical sub-channel accessed by consists of path loss and a fading factor denotediibguch that the
signal power received big, is pWW D~%, wherep is the transmission power ardd = |Uy — By|. Similarly,
the interference power from an interfer&rto By is PxGx R", wherePx € {p,p}, Rx = |X — By,
and G x is the fading factor.

Similar channel models are used for the ad hoc network. Spalty, the received signal power for a
typical receiver, denoted &5, is Wd— whereW is the fading factor; the interference power from an

interferer X to Tj is PxGx R whereRx = |X — Tp| andGx is the fading factor mentioned earlier.

C. Spectrum Sharing Methods

For spectrum overlay, tha/ sub-channels are divided into two disjoint subsets andyaedito two
coexisting networkd.Let K and K denote the numbers of sub-channels used by the cellularchd@
networks respectively, wher& + K = M. Spectrum overlay requires initialization, where the walf
network communicates to the MANET the indices of the avédaub-channels and the allowable node

density. One initialization method is to use base stationbrbadcast control signals to ad hoc nodes.

“We assume that different cells use the identical sets ofckabnels. Without this assumption, the users and the ad hoc
nodes accessing one particular sub-channeharehomogeneouBPPs. The analysis of this case is complicated and delegated
to future work.
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The constraint on the node density can be satisfied by distabadjustments of nodes’ transmission
probability, thinning the PPP of ad hoc transmitters [38]. MoreovAt,and K can be adapted to the
time-varying uplink traffic load, increasing spectrum-gs&fficiency at the cost of additional initialization
overhead. Next, for spectrum underlay, both coexistingvaeks use alld/ sub-channels. Compared with
spectrum overlay, spectrum underlay has less initiabrattverhead as the cellular network need not
inform the ad hoc network the indices of available sub-cledn

The transmission capacities of the coexisting networks lmarincreased by employing SIC at each
base station and ad hoc receiver for reducing interfereflce.SIC model is modified from that in [30]
for making tractable analysis of fading and network coexise not considered in [30]. For effective
SIC, the SIC model in [30] requires the interference powemfleach targeted interferer to be larger than
the signal power, and furthermore the average number ofet@shénterferers is upper bounded. In this
paper, by combining these two SIC constraints, the interfee power of each targeted interferer must
exceed a threshold equal to the received signal power ettipy a factor larger than one, denoted as
k. Increasing< decreases the average number of canceled interferers emdesisa. Finally, perfect SIC

is assumed.

D. Transmission Capacity

Network transmission capacities of the coexisting netwanle defined in terms of outage probabilities
[6]. As in [27], the networks are assumed to be interferenicitdd and thus noise is neglected for
simplicity. Consequently, the reliability of received dgtackets is measured by the SIR. ISR and
SIR represent the SIRs at the typical uggrand ad hoc receivéry, respectively. The correct decoding
of received data packets requires the SIRs to exceed a thdegh> 1, identical for all receivers in
the networks. In other words, the rate of information septrfra transmitter to a receiver is no less
thanlog,(1+ #) assuming Gaussian signaling. To support this informatide with high probability, the
outage probability tha$IR andSIR are belowd must be no larger than a given threshole ¢ < 1, i.e.

Pout(A) :=Pr(SIR < ) <€, Pou(N) :=Pr(SIR<0) <e ®3)

where P,; and P,,; denote the SIR outage probabilities for the cellular and adehoc networks,
respectively. The transmission capacities of the cellatad the ad hoc networks, denoted@sand C

respectively, are defined as [6]
Cle)=(1—eA, Cle)=(1—¢€)A 4)
where )\, and ). satisfy P,i(\) = € and Pou(Ae) = .

[1l. OUTAGE PROBABILITIES

In this section, the outage probabilities for the coexgstiretworks are derived for spectrum overlay

and underlay with and without SIC.
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A. Existing Analytical Approach

The analysis in the subsequent sections adopts an exigprgach for analyzing the outage probability
given a Poisson filed of interferers [6], [27], [30], [31],1]8 Based on the network model in Section 1I-B,
the aggregate interference power at a receiver in the nesa®known as power-law shot noisprocess
[39]. Analyzing outage probabilities require deriving themplementary cumulative density function
(CCDF) of such a process, which, unfortunately, has no dideem expression [27], [39]. For this
reason, the existing approach resolves to deriving boundthe CCDF as summarized below in the
context of the coexisting networks using spectrum overlay.

Without loss of generality, assume that the typical uSgraccesses theith sub-channel. Leil,,
represent the process of users using this sub-channel.eByl#iking Theorem [40]]1,,, can be shown
to be a homogeneous PPP with the densijtyX. Furthermore, the interferer procelds,\{Us} is also a
homogeneous PPP with the same densjtik’ according to Slivnyak’s Theorem [38]. Define the process
of strong interferers fot/; conditioned on the link realizatiof/' = w, D = d} as¥g(w,d) = {X €
I, \{Uo} | Rx"Gx > wd~*0~'}, where each interferer alone guaranteers the outagéfokoreover,
the process of weaker interferers is define®@asw, d) = (11, \{Up }) /2% (w, d) 3 Define the interference
power of the weak interferers d§(w, d) := 3~ yexe (w,q) PGx Ry”- Thus, Foue can be written as

Poww =E [Pr(2g(W,D)=0|W,D)Pr(I$(W,D) > WD *0~" | W,D)] +

()
Pr (Sg(W, D) # 0).

Considering only the strong interferers leads to a lowemldoon P,,;, denoted as’!

out
Pl =E[Pr(Sg(W,D)£0)]=1-E [E—E[Izs(WD)H] ‘

Let P!, (w,d) representP.,, conditioned on{WW = w, D = d}. The upper bound o, denoted as
P, is obtained by bounding the terRr (I&(W, D) > WD~*9~') in (G) using Chebyshev's inequality
var(Ig(W, D)) WD=e9~!

Pr(I5(W. D) > WD™#07) < (WD-e0-1 — & [I¢(W, D)])*  E[I§(W,D)]

(6)

Using [27, Theorem 2] obtained following the above approable bounds onP,,; and P, for
spectrum overlay are given in the following lemma.
Lemma 1 (Spectrum OverlaylFor the coexisting networks based on spectrum overlay, deds on

SIR outage probabilities are given as follows.

1) Cellular network:

E[ ot (WD 2)} < Poue (K, ) < E[ ot <WD 2)] (7)

®Note that the processeéss (w,d) and % (w, d) are independent as a property of the PPP.
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where
Ply(w,d,A) = 1—exp (—Qawd?) ©
Phawd,3) = 1= &(w,d, Nyexp (~Ow ) ©
+
5 12, -8
1= et i (Pw N <1
— 2 9 1_5
) = g [ (1= seans) "
0, otherwise

and(¢ := m0°E[G’].
2) MANET:

|

E Spout(f{yj\)gE

Y .
Pclmt <W7d7 E) Pc?ut <W>d7 ~>] (11)

whereP..(-,-,-) and P%.(-,-,-) are given in[(B) and{9), respectively.

=

B. Outage Probabilities: Spectrum Underlay

For spectrum underlay, the SIRs for the coexisting netwedss be written as

(Cellular) SIR = WD T — (12)
P ZXeHm\{UU} GXxRY" + P Y xen, Gx Ry

(MANET) SIR = _Wd_ —. (13)
p ZXeHm GxRx"+p ZXGﬁm\{To} Gx Ry

Using (12), the bounds o, for the cellular network are derived as follows. The patallerivation

for the MANET is similar and thus omitted for brevity. For tleellular network, all interferers fot/,
(including ad hoc transmitters and other users) can be gaumto a homogeneousarked PPP[40]

defined below, where a matRy € {p, p} is transmission power

Y= {(X, Py) (X € I, U TLo\{Up}, Px € {p,ﬁ}} . (14)

The distribution ofY is given in the following lemma.
Lemma 2: The point proces& is a homogeneous marked PPP with the den@ity- X)/M, where
the marks are i.i.d and have the following distribution ftioic

P, w.p. )\—)\5\
Pr={ N (15)
P, wp. ——
, A+ A
Proof: See AppendiX’A. O

Using this lemma, the bounds dn,,; are derived and given in the following proposition.
Proposition 1: [Spectrum Underlay] For the coexisting networks based ogctspm underlay, the
outage probabilities are bounded as follows.
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1) Cellular network:

E | Pl (W D, Ljﬁ) < Pax(\ ) <E | P2, (W D, Lﬂ’?)] (16)
2) MANET: _ )
E |PL, (W g, At X) < Pox(\A) <E | P2, (W g, At X) (17)
wheren := p/p, and P, (-, -, ) andPgut(-,-,-) are defined in Lr—:\mm 1.
Proof: See AppendixB. O

Propositior L shows that the outage probability for eacivoit depends on the transmitter densities of
both networks. This coupling is due to spectrum underlay thedresultant mutual interference between
the coexisting networks. As shown in Sectionl 1V, such couplimay result in smaller transmission

capacities for spectrum underlay than those for spectruenlax Moreover, Propositionl 1 also shows
that the outage probabilities for spectrum underlay dementhe transmission power ratip The effect

of n is also characterized in Sectibn]IV.

Finally, the probability density function (PDF) dD for an inner-cell user is given in the following
lemma, which is required for computing the bounds Ry, for different overlay methods. Recall the
assumption that the outage probabilities of relay-assistdl-edge users are no smaller than those of
inner-cell users (cf. Section_1HA). Thus, the PDF of for cell-edge users are unnecessary for our
analysis.

Lemma 3:The probability density function (PDF) db for an inner cell user is given as

fp(t) = —8TN\ptEi(—4m\pt?) (18)
where the exponential integréi(z) = [*_ ¢~ 'e'dt.
Proof: See Appendix . O
It can be observed froni_(IL8) that the key parameter of the PDP & the density of base statiox,.

Intuitively, increasing the density of base stations reduthe cell sizes and thu3 and vice versa.

C. Outage Probabilities: Spectrum Sharing with SIC

The SIRs for the coexisting networks employing SIC are ofedias follows. With SIC, the conditional

interferer processes for the typical ugérand ad hoc receiver;, denoted respectively as(w,d) and

S (W), are defined as

{X € I,,\{Uo} |GxRY" < kwd™* }, spectrum overlay
Y(w,d) = .
{X € I, UIL,\{Up} | Px Gx RY® < kpwd~}, spectrum underlay
o {X e, \{Tv} | GxRY* < KWd Y, spectrum overlay
W) =

{X €L, UTL,\{To} | PxGx R < kpWd ®}, spectrum underlay
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where the factor determines the power threshold for qualifying interferiens SIC (cf. Sectior I[-C).
Using the above definitions, the SIRs for the cellular andatiehoc networks, denoted respectively as
SIR andSIR, can be written as

wd™® wd

(Spectrum overlay) SIR(w, d) = —, ﬁ(ﬁ) = — (29)
ZXezm GXRX ZXeim GXRX
pwd ™ — ﬁWcZ_O‘
Spectrum underlay) SIR(w, d) = —, SIR(W) = — 20
(Sp NSRw.d) = = SRV == (@0)

where the distribution of’x is given in LemmadR.
The outage probabilities of the SIRs [n{19) ahd] (20) arergivethe following proposition.
Proposition 2: For spectrum sharing with SIC, the bounds on outage prabesiP,,; and P, can
be modified from their counterparts for the case of no SIC asrgin Lemmd 1l and Propositidn 1 by

replacing the function$.,, and P%, with P! . and P, correspondingly, which are given as

Dl
Pout

(w,d,)) = 1—exp (—XgAd2w—5> (1)
Piin(w,d,\) = 1= ¢(w,d, 3 exp (—xChw™d?) (22)

wherey := (1 —0°x7%) and the functior¢(w,d, \) is given in Lemmdll.

Proof: See AppendixD. O

Note that [[21l) and[(22) differ from respectivelM (8) andl (9)yoby the factory. The factory < 1
represents the SIC advantage of reducing outage prolebiliith respect to the case of no SIC£ 1).
Moreover, decreasing the SIC facterreducesy and thus outage probabilities. Neverthelesdyeing
too small may invalidate the assumption of perfect SIC. 8igadly, small » implies small SIR for the
process of decoding interference prior to its cancelatiod potentially results in significant residual

interference after SIC [32].

IV. NETWORK CAPACITY TRADE-OFF. ASYMPTOTIC ANALYSIS

Using the results obtained in the preceding section, thidetadf between the transmission capacities
of the coexisting networks, namety andC' as defined in[{4), is characterized in the following theorem
for small target outage probability— 0.

Theorem 1:For e — 0, transmission capacities of the coexisting networks fyatis

iC + puC = %e +0 (&) (23)

where the weightg: and i are given %

{ fio = CEWd?, o= CE[W™](87\,)~!, spectrum overlay >
24

P = flo V (77_6/%)7 Hu = (776/]0) V o, spectrum underlay

®The subscript® and v identify spectrum overlay and underlay, respectively
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and p depends on if SIC is used

p=1, no SIC
(25)
1-07%<p< % -0, SIC
Proof: See AppendixD. O
Theoren{ll shows that the trade-off betwe@rand C' follows a linear equation. Specifically, the slope
at which C' increases with decreasing is —./fi, which depends on different network parameters as
observed from[(24). The results in TheorEm 1 are interprasidg several corollaries in the sequel.

To facilitate discussion, define autage limitechetwork as one whose transmission capacity is achieved
with the outage constraint being active. For instance, ¢fialar network is outage limited i = (1—¢) A,
with P, (Ae) = €. For spectrum overlay, both the coexisting networks arageilimited. Nevertheless,
for spectrum underlay, it is likely that only one of the twawerks is outage limited as explained shortly.
As implied by the proof for Theoreml 1, for spectrum underlagth networks are outage limited only
if 4, = fiu, Wherep, andf, are given in[(24). Otherwisey, > ji, correspond to only the cellular
network being outage limited;,, < i, indicates that only the MANET is outage limited.

Spectrum overlay is shown to be more efficient than spectnudelay as follows. Define theapacity
region of the coexisting networks as the region enclosed by the aigparade-off curve in[(23) and
the positive axes of th€'-C' coordinates. This region contains all feasible combimatiof transmission
capacities of coexisting networks. Thus, the size of theactyp region measures the efficiency of the
overlaid network. The capacity regions for spectrum owedlad underlay are compared in the following
corollary.

Corollary 1: Fore — 0, the capacity region for spectrum underlay is no larger tinan for spectrum

overlay. They are identical if and only if the transmissjgower ratio is chosen as

1

where ., and i, are given in[(24).
Proof: See AppendixF. O
Corollary[1 shows that spectrum overlay is potentially meffecient than spectrum underlay due to net-
work coupling for the latter. Specifically, the possibilittyat a network is not outage limited compromises
the efficiency of spectrum underlay, which, however, can dmpensated by setting as given in[(Z25).
This optimal value of; ensures both networks are outage limited for the case otrsjpeainderlay.

The next corollary specifies the effects of several pararsete transmission capacities of the coexisting
networks.

Corollary 2: For e — 0, transmission capacities vary with network parameteroboas.

1) Spectrum overlay: C increasedinearly with the base station density,; C' increasesnversely

with the ad hoc transmitter-receiver distante
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2) Spectrum underlay: If the cellular network is outage limited, boifi and C' increaselinearly
with the base station density,. Otherwise, bothC' and C' increaseinverselywith the ad hoc
transmitter-receiver distance

3) For both spectrum sharing methods,and C increaselinearly with ¢ and the number of sub-
channelsM, andinverselywith ¢ related to SIC.

Finally, we analyze the transmission-capacity gains duspadialdiversity gainscontributed by multi-
antennas [37]. To obtain concrete results, the fading fadto and W are assumed to follow the chi-
squared distributions with the degrees of freedbrand L respectively, which are thdiversity gains
These fading distributions can result from using spatigéudity techniques such as beamforming over
multi-antenna i.i.d. Rayleigh fading channels [37], [4Thus

g = N0 g = T2,
I'(L)
The following corollary is obtained by combining TheorEm({Z{) and the following Kershaw’s Inequal-
ities [42]

(27)

171-s
s\1=s T(z+s) 1 1\ 2
- = I — — > .
<x+2) <F(m+1)<[w 2+<s+4>] , >1,0<s<1 (28)

Corollary 3 (Spatial Diversity Gain):Consider the diversity gains per link @f and L for the coex-

isting cellular and ad hoc networks, respectively.

1) Spectrum overlay: The spatial diversity gains multiplg’ by a factor betweeri — 1)° and L?,
andC by a factor betweetiL — 1)° and L°.
2) Spectrum underlay: The spatial diversity gains multiply bothi andC' by a factor betweefiL —1)°
and L if the cellular network is outage limited, or otherwise beam(L — 1)° and L°.
Note that similar results are obtained in [43] for a staneitmpne MANET by using a more complicated

method than the current one based on Kershaw's Inequalities

V. SIMULATION AND NUMERICAL RESULTS

In this section, the tightness of the bounds on outage piliibderived in Sectiof Il is evaluated
using simulation. Moreover, the asymptotic transmissiapacity trade-off curves obtained in Theorem 1
are compared with the non-asymptotic ones generated bylaionu The simulation procedure summa-
rized below is similar to that in [44]. The typical base siatior the ad hoc receiver) of the coexisting
network lies at the centers of two overlapping disks, whicdmtain interfering transmitters (either ad
hoc nodes, users or both) and base stations respectivelly. tBe transmitters and the base stations
follow the Poisson distribution with the mean equabti). The disk radiuses are adjusted to provide the

desired densities of transmitters or base stations. Farlations, the distance between the typical ad hoc
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transmitter and receiver i5= 5 m, the required SIR) = 3 or 4.8 dB, the path-loss exponent= 4, the
base station density, = 1073, the SIC factors = 2 dB, and the transmission-power ratjo= 5 dB.

Fig.[2 compares the bounds on outage probabilities in Selfiand the simulated values. As observed
from Fig.[2, for all cases, the outage probabilities coneetg their lower bounds as the transmitter
densities decrease; the upper and lower bounds differ byogippately constant multiplicative factors.
Fig.[2 also shows that SIC reduces outage probabilities lagtaif of abou.54 approximately equal tg
in Propositiori 2. Moreover, SIC loosens the bounds on oupagleabilities for relatively large transmitter
densities since SIC reduces the number of strong integféoeeach receiver. Finally, outage probabilities
become proportional to transmitter densities as they dsere

Fig.[3 compares the asymptotic transmission-capacitgttdficurves in Theorein 1 and those generated
by simulations for the target outage probabikity= 10~2. In Fig.[3(b) for the case of SIC, the bounds on
the asymptotic trade-off curves correspond to thoseraas given Theorernl 1. By comparing Fid. 3(a)
and Fig[B(b), the capacity regions for spectrum overlaylanger than those for spectrum underlay. For
the case of no SIC, the asymptotic results closely match #iriulated counterparts. When SIC is used,
the capacity trade-off curves generated by simulation &ysecto the corresponding asymptotic upper
bounds. In particular, for spectrum overlay with SIC, theugdiation results are practically identical to
their asymptotic upper bounds. In summary, the asymptesalts derived in Sectidn |V are useful for

characterizing the transmission capacities of the cdaegistetworks in the non-asymptotic regime.

VI. CONCLUSION

In this paper, the transmission-capacity trade-off betwibe coexisting cellular and ad hoc networks
is analyzed for different spectrum sharing methods. To ¢hid, bounds on outage probabilities for both
networks are derived for spectrum overlay and underlay wait without SIC. For small target outage
probability, the transmission capacities of the coexistietworks are shown to satisfy a linear equations,
whose coefficients are derived for the cases consideredealidzvese results provide a theoretical basis
for adapting the node density of the ad hoc network to the ayoaf the traffic in cellular uplink under
the outage constraint for both networks. The trade-offti@lahip suggests that transmission capacities
of coexisting networks can be increased by adjusting varmarameters such as decreasing the distances
between intended ad hoc transmitters and receivers, siogthe base station density and link diversity
gains, or by employing SIC. In particular, SIC increases tth@asmission capacities by a linear factor
that depends on the interference power threshold for quadifcanceled interferers. Simulation results
show that the derived bounds on outage probabilities ahe &igd the asymptotic liner capacity trade-off
is valid even in the non-asymptotic regime.

This paper opens several issues for future work on spectharing between networks including the

impact of cognitive radio, the capacity trade-off betweempeting networks, and the extension to more
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realistic non-homogeneous network architectures.

APPENDIX
A. Proof for Lemma&l2

By using the superposition property of Poisson processescombined PPRI,, U II,, is also a
homogeneous PPP with the dens@}. Consider a typical poink ¢ II,,, UII,,. Let B(A,r) denote a
disk centered at a point € R? and with a radius, thusB(4,r) = {X € R?||X — A| < r}. Moreover,
the area ofB(A,r) is denoted asA(B(A,r)). Thus the probability for the event that belongs toll,,,,

or equivalentlyPy = p, is

Pr(X ell,,) = lim

lim Nexp(Arr? /M) A
r=0 (A 4+ AN exp((A+ Nar2/M) A+ X\

Similarly, Pr(X € II,,,) = ﬁ This completes the proof.

>

B. Proof for Proposition {1

The marked point process ih_(14) is modified to include thenfadactor Gx as an additional mark
as follows
T.= {(X, Py, Gx) ‘X € 1L, UTL,\{Uo}, Px € {p, 3}, Gx € ]R+} . (29)

Following the approach discussed in Section 1I-&, is divided into a strong-interferer sub-process

conditioned on(WW = w, D = d), denoted a&s(w, d) and given as
Ys(w,d) = {(X,Px,Gx) |(X,Px,Gx) € Y, Px|X|*Gx > pwd 0"} (30)

and the weak-interferer process defined‘i@s(w,d) — Y/Ys(w,d). Thus, the sum interference power
from weak interferers can be written &$(w, d) = E(X,PX,GX)ETg(w,d
lytical procedure in Sectioln II[-A, it is sufficient to obtaE[|Y s(w,d)|], E[I§(w,d)] andvar [I§(w, d)].
Using the Marking Theorem [40] and Lemrh 2,

)PX|X|—O‘GX. To apply the ana-

21(A 4 \)
M

N (n~twtd~0g)
Pr(Px = p)/ / rfa(g)drdg
o Jo

Cw 82N +n79N)
M

00 (wild"‘eg)é
E[Ts(w,d)] = Pr(Px = p) /0 /0 rfa(g)drdg+

(1)
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where ¢ is defined in Lemmall. Nex@[I$(w,d)] and var [I[¢(w,d)] are derived using Campbell’s
Theorem [40] and Lemmid 2 as follows

21(A + \)

E[I5(w, ) y

Pr(Px = p) / / (pr~%g)rfa(g)drdg+
0 (w=1d>fg) =

Pr(Px = ) / / ] (ﬁr_ag)rfc(g)d?“dgl
0 (n~'w—1ld*fg) =

6 [ A+n0N I
~ 1”_5< - ><<w L) e (32)
. 2m(A + A o[> o
var[I§(w,d)] = % Pr(PX:p)/ / (pr 9)*r fa(g)drdg+
0 (w=1d>0g) =

=) [ [ 1 <ﬁr-ag>2rfa<g>drdg]
0 (n~'w—1td*fg)=

_ P25 <)‘ + 77_6:\> C(w_lda)5_29_2. (33)

2—6 M
Combining [(31), [(3R),[(33) and the analytical approach inti®a[lll-Algives the desired results.

C. Proof for Lemma&l3

Let Z denote the largest disk centered at a typical base stBfj@nd contained inside the corresponding

Voronoi cell. Conditioned or¥ = z, the CDF of D of a typical inner-cell user is

1, t>=z
PrD<t|Z=2)=1 p (34)
ol otherwise.

As a property of the random tessellation, the eeh z) has the same probability as that where there
is at least one other base station lying with in the distaricgzdrom B, [35]. Mathematically

Pr(Z < z)=1— e ™% (35)
From (34) and[(35)
Pr(D<t) = / Pr(D<t|Z)fz(z)dz
0

00 12 )

= Pr(Z <t) +/ ol SmApze ™
t

= 8mpte ™Y L amyt? / 2 e ?dz. (36)

47T>\bt2

Differentiating the above equation gives the desired tesul

D. Proof for Propositior 1L

Only the bounds orP,,; are proved. The proof for those d,; is similar and thus omitted.



October 25, 2018 16

1) Spectrum OverlayThe interferers that are canceled &§ using SIC form a process defined as
Yo(w,d) = {X € I,\{Up} | GxDx* > xwd=*0~'}. Define the process of strong interferers
after SIC asXg(w,d) = {X € IL,\{Uo} | 0 'wd™ < GrD;* < rkwd~“}. Note thatkwd ™ >
6~'wd=* sincex > 1 andf > 1. Thus, the process of weak interferers can be definedds, d) :=
(IL,\{Uo})/[Zs(w,d) U Xc(w,d)], which is observed to be identical to the counterpart for ¢hee
of no SIC. SinceX§(w,d) N Xg(w,d) = 0, X§(w,d) and Xs(w, d) are independent processes. From
the discussion in Sectidn 1l[{A, the exponential terms[ih #8d [9) depends only oBg(w, d), and the
function&(w, d, \/K) only onX%(w, d). SinceX¢(w, d) is invariant to SIC, and¢(w, d) andXg(w, d)
are independent, the bounds @%,; in Lemmall can be extended to the case of SIC by replacing
the exponential term i {8) and](9) witxp(—E [|Xs(w,d)|]), whereE [|[Xs(w,d)|] is obtained using

Campbell’'s Theorem

1

(Qw=td>g)«
E[|Xs(w,d)|] = 277)\/ / gy rfa(g)drdg = xCw™°d?

andy is defined in the statement of the proposmon.

= (37)
2) Spectrum Underlay:With SIC, the strong and weak interferer process @y are defined as
Ss(w,d) == {X € IL,\{Up} | 0 wd= < PxGxD3* < kwd=*} and ¥4 (w, d) := {X € IL,,\{Up} |
PXGXD;(Q < 9_1wd_°‘}, respectively, where the distribution @fy is given in LemmdR2. Based on
the same arguments in the preceding section, the bound,enn [18 can be extended to the case of
SIC by replacing their exponential terms witkp (—E [@S(w, d)\] ) whereE [@S(w, d)\] is obtained

using Campbell's Theorem as follows

1

(w=td>0g) =«
/ /( gyt rfa(g)drdg+

(n~'w='d*0g) >
r(Py = / % " rfalg)drdg
1da a

XSw 0 d* (A +n~0A)
= .

2n(\ + 5\)

E[[Ss(w,dl] = T4

E. Proof for Theoremll

1) Spectrum OverlayThe convergence — 0 implies A\ — 0 and A — 0. Using the series represen-
tation of the PDF of a power shot-noise process [39], the psytes of the outage probabilities follow
from [27, Theorem 2]

Powe = ME W E[D +0 (), Pous = ME W] & + 0 (3?) . (38)
By using [34) and[(35), the terfii [D?] in (38) is obtained as follows

z 22 2’2 2 1
E[D?] =E 2 A =E|Z | = il B PR 39
[D?] [/0 t“fp(t | )dt] [ 5 } /0 5 X 8w Apze dz ST (39)



October 25, 2018 17

Combining [(4), [(3B), and[(39) gives the desired asymptodéipacity trade-off function for spectrum
overlay.
2) Spectrum UnderlayBy using the series expression of the PDF of the power shaen@9] as

well as Propositionl1,

Pot(MA) = )\+TMCE[W_6]E[DZ]+O(max()\2,5\2)) (40)
Pot(\A) = %CE[W—‘W++O(max(A2,X2)). (41)

For ¢ — 0, the transmission capacities and C' satisfy the constraints,,.(C/M,C/M) < e and
P,u(C/M,C /M) < e. By combining these constraint§, [40) afd](41)
C+n9C
M
The desired result follows from the above equation.

¢ max (E[W—é]E[Dﬂ, 775E[W—5]J2) — ¢+ O(2). (42)

3) Spectrum Sharing with SICConsider spectrum overlay with SIC. By canceling the stestg
interferers using SIC, the PDF “upper-tail” of the power shoise process is trimmed and its series
expansion is difficult to find [39]. Nevertheless, the asywtipttransmission capacities can be characterized

by expanding the bounds af,,; in Propositior 2. Specifically

PhaME) = 2CBIW)ED? + O(V)
P (NK) = 1-E {(1 - %gw—%ﬁ% + O(A2)> (%fW‘5D2 + O(A2)>]
= <% - 9—%—5> CE[W‘5]E[D2]% +O0(\?). (43)
Thus
P/ K) = XCEIW R[D) (44
where (1 —07%x7%) < x < (% - 9‘%‘5>. Similarly
Pout(V/K) = xcE[W—ﬂcP% (45)

The desired results for spectrum overlay with SIC are obthiny combining[(4),[(44), and_(45). The

results for spectrum underlay with SIC are derived follogvan similar procedure.

F. Proof for Corollary[1

First, the capacity region for spectrum underlay is prowedbe no larger than for spectrum overlay.
It is sufficient to prove thati, > u, and i, > ji,, which follow from (24). Next, substituting (26) into

(24) results inu, = p, and i, = fi,. This proves the second claim in the theorem statement.
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