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Networks: Transmission-Capacity Trade-Off
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Abstract

Spectrum sharing between wireless networks improves the efficiency of spectrum usage, and thereby

alleviates spectrum scarcity due to growing demands for wireless broadband access. To improve the

usual underutilization of the cellular uplink spectrum, this paper studies spectrum sharing between a

cellular uplink and a mobile ad hoc networks. These networksaccess either all frequency sub-channels

or their disjoint sub-sets, calledspectrum underlayand spectrum overlay, respectively. Given these

spectrum sharing methods, the capacity trade-off between the coexisting networks is analyzed based

on thetransmission capacityof a network with Poisson distributed transmitters. This metric is defined as

the maximum density of transmitters subject to an outage constraint for a given signal-to-interference ratio

(SIR). Using tools from stochastic geometry, the transmission-capacity trade-off between the coexisting

networks is analyzed, where both spectrum overlay and underlay as well as successive interference

cancelation (SIC) are considered. In particular, for smalltarget outage probability, the transmission

capacities of the coexisting networks are proved to satisfya linear equation, whose coefficients depend on

the spectrum sharing method and whether SIC is applied. Thislinear equation shows that spectrum overlay

is more efficient than spectrum underlay. Furthermore, thisresult also provides insight into the effects

of different network parameters on transmission capacities, including link diversity gains, transmission

distances, and the base station density. In particular, SICis shown to increase transmission capacities

of both coexisting networks by a linear factor, which depends on the interference-power threshold for

qualifying canceled interferers.

Index Terms

Spatial reuse; wireless networks; Poisson processes; spectrum sharing; interference cancellation

I. INTRODUCTION

Despite spectrum scarcity, most licensed spectrum are underutilized according to Federal Communi-

cations Commission [1]. In particular, in existing cellular systems based on frequency division duplex

(FDD) such as FDD UMTS [2], equal bandwidths are allocated for uplink and downlink transmissions,

even though the data traffic for downlink is much heavier thanthat for uplink [3], [4]. Spectrum sharing

between wireless networks improves spectrum utilization,and will be a key solution for broadband access

in next-generation wireless networks [5]. This motivates the study in this paper on sharing uplink spectrum
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between a cellular network and a mobile ad hoc network (MANET), which are referred to as thecoexisting

networks. A basic question is then how is the trade-off between the capacities of these networks.

We provide answers to this question in terms of thetransmission capacitiesof the coexisting networks

consisting of Poisson distributed transmitters. By extending the definition in [6], this metric is defined

as the maximum weighted sum of the transmitter densities of the coexisting networks so that all links

will satisfy an outage probability constraint for a target signal-to-interference ratio (SIR), where the

weights depend on the spectrum-sharing method. We derive the transmission-capacity trade-off between

the networks for different spectrum-sharing methods. Suchresults are useful for controlling the sizes of

the coexisting networks for optimizing uplink spectrum usage.

A. Related Work and Motivation

A spectrum band can be eitherlicensedor unlicensed, where a license gives a network the exclusive

right of spectrum usage. Depending on whether holding a licence, a wireless network is referred to as the

primary (e.g. cellular networks) orsecondarynetwork (e.g. MANETs). Accessing a licensed band, the

transmitters in a secondary network, calledsecondary transmitters, must not cause significant interference

to the receivers in the primary network, calledprimary receivers. One simple method of sharing a licensed

band is to spread the signal energy radiated by each secondary transmitter over the whole band using

spread spectrum techniques [7], suppressing the power spectrum density of the resultant interference to

the primary receivers. This method is calledspectrum underlay[1], [5], [8], [9].

Another method for sharing licensed spectrum is calledspectrum overlay, where secondary transmitters

access frequency sub-channels unused by nearby primary receivers. Recent research on spectrum overlay

has been focusing on designingcognitive-radioalgorithms for secondary transmitters to opportunistically

access the spectrum by exploiting the spatial and temporal traffic dynamic of the primary network [5],

[8], [10]. Such algorithms require secondary transmittersto continuously detect and track transmission

opportunities by spectrum sensing, and decide on transmission based on sensing results [11]–[13]. Such

algorithms are vulnerable to sensing errors, and most important require complicated computation at the

secondary transmitters, which usually have limited computational power. For this reason, we consider

the case where base stations in the cellular (primary) network coordinates spectrum overlay. Thereby ad

hoc (secondary) transmitters use a simple random access protocol rather than complicated cognitive-radio

algorithms.

In unlicensed spectrum such as theindustrial, scientific and medical(ISM) bands, all networks have

equal priorities for spectrum access. The networks using unlicensed bands include wireless local area

networks (WLANs) [14] and wireless personal area networks (WPANs) [15]. Due to mutual interference,

the coexistence of networks in the unlicensed bands degrades the networks’ performance as shown by

analysis [16], [17], simulation [18], [19], and measurement [20], [21]. Sharing of unlicensed bands
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between competing networks is also studied using game theory [22], [23].

There exist few theoretical results on the network capacitytrade-off between networks sharing spectrum

despite this being a basic question. In [24], the transmission capacities of a two-tier network are analyzed,

which consists of a cellular network and a network of femtocell hot-spots. In [25], the transport capacities1

of two coexisting multi-hop ad hoc networks are shown to follow the optimum scaling laws for an

asymptotically large number of network nodes. In [24], [25], the network-capacity trade-off between

coexisting networks is not analyzed.

The transmission capacity is used as the performance metricin this paper [6]. Recently, this metric has

been employed for analyzing different types of MANETs with Poisson distributed transmitters and an

ALOHA-like medium-access-control layer, including spatial diversity [27], opportunistic transmissions

[27], distributed scheduling [28], bandwidth partitioning [29], successive interference cancellation (SIC)

[30], and spatial interference cancelation [31] in MANETs.

B. Contributions and Organization

Our main contributions are summarized as follows. The papertargets a cellular uplink network and

a MANET sharing the uplink spectrum using either spectrum overlay or underlay, where uplink users,

base stations, and ad hoc transmitters all follow Poisson distributions but with different densities. Each

transmitter modulates signals using frequency-hopping spread spectrum over the frequency sub-channels

assigned to the corresponding network [7]. First, considering an interference-limited environment, bounds

on the SIR outage probabilities are derived for spectrum overlay and underlay with and without using

SIC at receivers [30], [32]. Second, for small target outageprobability, the transmission-capacities of the

coexisting networks are showed to satisfy a linear equation, whose coefficients depend on the overlay

method and whether SIC is used. Define thecapacity region as the set of feasible combinations of

transmission capacities. Third, for small target outage probability, the capacity region for spectrum

underlay is shown to be no larger than that for spectrum overlay. The former can be enlarged to be identical

to the latter by choosing the transmission-power ratio between the two networks as derived. Finally, we

characterize the effects of different parameters on transmission capacities of the coexisting networks. In

particular, depending on whether using spectrum overlay orunderlay, the transmission capacity of one or

both networks grows linearly with the increasing base station density, linearly with the increasing spatial

diversity gains raised to a fractional power, inversely with the decreasing distance between an ad hoc

transmitter and its intended receiver. Moreover, SIC increases both transmission capacities by a linear

factor that is a function of the interference-power threshold for qualifying canceled interferers.

Simulation results are also presented. As observed from these results, the derived bounds on outage

probabilities are tight for different spectrum sharing methods with and without SIC. In particular, the

1This metric introduced in [26] refers to end-to-end throughput per unit distance of a multi-hope wireless network.
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outage probabilities converge to their lower bounds as the transmitter density decreases. Furthermore,

the transmission capacity trade-off curves derived for asymptotically small target outage probabilities are

observed to match simulation results in the non-asymptoticregime.

The remainder of this paper is organized as follows. The network and wireless channel models are

described in Section II. In Section III, the bounds on outageprobabilities are derived for different spectrum

sharing methods. For small target outage probability, the transmission-capacity trade-off is analyzed in

Section IV. Numerical and simulation results are presentedin Section V, followed by concluding remarks

in Section VI.

II. N ETWORK MODEL

A. Network Architecture

The spectrum-sharing cellular and ad hoc networks, referred to simply ascoexisting networks, are

illustrated in Fig. 1. Following [6], [27], [33], the transmitters in the MANET are modeled as a Poisson

point process (PPP) on the two-dimensional plane, denoted as Π̃ with the densityλ̃. Each transmitter

in the MANET is associated with a receiver located at a fixed distance denoted as̃d.2 The transmission

power of transmitters is assumed fixed and denoted asρ̃.

For the cellular network, the base stations and uplink usersare modeled as two independent homoge-

neous PPPs denoted asΩ andΠ, respectively. Their corresponding densities are represented byλb andλ.

Let Bn, Um, Dn,m denote the two-dimensional coordinates of thenth base station, themth uplink user,

and their distance, respectively. Thus,Dn,m = |Bn − Um|.3 To enhance the long-term link reliability,

each uplink user transmits to the nearest base station. Consequently, the cellular network forms aPoisson

tessellationof the two-dimensional plane and each cell is known as aVoronoicell [34]. The uplink users

in the cell served by themth base station, denoted asVm, is given as [34]

Vm = {U ∈ Π ||U −Bm| < |U −B| ∀ B ∈ Ω\{Bm}} . (1)

Based on their distances from the serving base station, the users in each cell are separated intoinner-cell

and cell-edgeusers as follows. Consider the largest disk centered atBm and contained inside themth

Voronoi cell, and represent this disk usingDm. Specifically [35]

Dm =

{
Z ∈ R2

∣∣∣∣|Z −Bm| ≤
1

2
|B −Bm| ∀ B ∈ Ω\{Bm}

}
. (2)

2Consideration of the randomness iñd does not provide little insight. It is straightforward to extend the results in this paper

to include the randomness iñd.

3The operator|X| gives the Euclidean distance betweenX and the origin ifX is two-dimensional coordinates, or the cardinality

of X if X is a set.
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Using the above definition, the inner-cell and cell-edge users in themth cell are separated depending on

whether they lie inside or outside the disk. In other words, the sets of inner-cell and cell-edge users are

{U | U ∈ Vm ∩ Dm} and {U | U ∈ Vm ∩ Dc
m}, respectively, whereDc

m = R
2/Dm. Typically, direct

links between cell-edge users and their serving base stations are severely attenuated by pass loss. As a

result, direct transmissions from these users to base stations are potentially difficult due to the required

large transmission power. Furthermore, such direct transmissions cause strong interference to nearby users

and ad hoc receivers. For these reasons, the uplink transmissions of cell-edge users are assumed to be

assisted by relay stations near cell edges [36]. For simplicity, it is assumed that by relay transmission the

SIR outage probabilities of the cell-edge users are no larger than those of inner-cell users. Thereby it is

sufficient to consider only inner-cell users in the analysis.

B. Channel and Modulation

The uplink spectrum is divided intoM frequency-flat sub-channels by usingorthogonal frequency

division multiplexing(OFDM) [37]. Each of the coexisting networks uses a subset orthe full set of

sub-channels, depending on the spectrum sharing methods discussed in Section II-C. In each network,

a transmitter modulates signals using frequency-hopping spread spectrum, where signals hope randomly

over all sub-channels assigned to the network [6], [7].

Consider the link between a typical user and the serving basestation, denoted asU0 andB0, respectively.

A typical sub-channel accessed byU0 consists of path loss and a fading factor denoted byW such that the

signal power received byB0 is ρWD−α, whereρ is the transmission power andD = |U0−B0|. Similarly,

the interference power from an interfererX to B0 is PXGXR−α
X , wherePX ∈ {ρ, ρ̃}, RX = |X −B0|,

andGX is the fading factor.

Similar channel models are used for the ad hoc network. Specifically, the received signal power for a

typical receiver, denoted asT0, is W̃ d̃−α whereW̃ is the fading factor; the interference power from an

interfererX to T0 is PXGXR−α
X whereR̃X = |X − T0| andGX is the fading factor mentioned earlier.

C. Spectrum Sharing Methods

For spectrum overlay, theM sub-channels are divided into two disjoint subsets and assigned to two

coexisting networks.4 Let K andK̃ denote the numbers of sub-channels used by the cellular and ad hoc

networks respectively, whereK + K̃ = M . Spectrum overlay requires initialization, where the cellular

network communicates to the MANET the indices of the available sub-channels and the allowable node

density. One initialization method is to use base stations to broadcast control signals to ad hoc nodes.

4We assume that different cells use the identical sets of sub-channels. Without this assumption, the users and the ad hoc

nodes accessing one particular sub-channel arenon-homogeneousPPPs. The analysis of this case is complicated and delegated

to future work.
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The constraint on the node density can be satisfied by distributed adjustments of nodes’ transmission

probability, thinning the PPP of ad hoc transmitters [38]. Moreover,K and K̃ can be adapted to the

time-varying uplink traffic load, increasing spectrum-usage efficiency at the cost of additional initialization

overhead. Next, for spectrum underlay, both coexisting networks use allM sub-channels. Compared with

spectrum overlay, spectrum underlay has less initialization overhead as the cellular network need not

inform the ad hoc network the indices of available sub-channels.

The transmission capacities of the coexisting networks canbe increased by employing SIC at each

base station and ad hoc receiver for reducing interference.The SIC model is modified from that in [30]

for making tractable analysis of fading and network coexistence not considered in [30]. For effective

SIC, the SIC model in [30] requires the interference power from each targeted interferer to be larger than

the signal power, and furthermore the average number of canceled interferers is upper bounded. In this

paper, by combining these two SIC constraints, the interference power of each targeted interferer must

exceed a threshold equal to the received signal power multiplied by a factor larger than one, denoted as

κ. Increasingκ decreases the average number of canceled interferers and vice versa. Finally, perfect SIC

is assumed.

D. Transmission Capacity

Network transmission capacities of the coexisting networks are defined in terms of outage probabilities

[6]. As in [27], the networks are assumed to be interference limited and thus noise is neglected for

simplicity. Consequently, the reliability of received data packets is measured by the SIR. LetSIR and

S̃IR represent the SIRs at the typical userU0 and ad hoc receiverT0, respectively. The correct decoding

of received data packets requires the SIRs to exceed a threshold θ ≥ 1, identical for all receivers in

the networks. In other words, the rate of information sent from a transmitter to a receiver is no less

than log2(1+ θ) assuming Gaussian signaling. To support this information rate with high probability, the

outage probability thatSIR andS̃IR are belowθ must be no larger than a given threshold0 < ǫ ≪ 1, i.e.

Pout(λ) := Pr(SIR < θ) ≤ ǫ, P̃out(λ̃) := Pr(S̃IR < θ) ≤ ǫ (3)

where Pout and P̃out denote the SIR outage probabilities for the cellular and thead hoc networks,

respectively. The transmission capacities of the cellularand the ad hoc networks, denoted asC and C̃

respectively, are defined as [6]

C(ǫ) = (1− ǫ)λǫ, C̃(ǫ) = (1− ǫ)λ̃ǫ (4)

whereλǫ and λ̃ǫ satisfyPout(λǫ) = ǫ and P̃out(λ̃ǫ) = ǫ.

III. O UTAGE PROBABILITIES

In this section, the outage probabilities for the coexisting networks are derived for spectrum overlay

and underlay with and without SIC.
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A. Existing Analytical Approach

The analysis in the subsequent sections adopts an existing approach for analyzing the outage probability

given a Poisson filed of interferers [6], [27], [30], [31], [31]. Based on the network model in Section II-B,

the aggregate interference power at a receiver in the networks is known as apower-law shot noiseprocess

[39]. Analyzing outage probabilities require deriving thecomplementary cumulative density function

(CCDF) of such a process, which, unfortunately, has no closed-form expression [27], [39]. For this

reason, the existing approach resolves to deriving bounds on the CCDF as summarized below in the

context of the coexisting networks using spectrum overlay.

Without loss of generality, assume that the typical userU0 accesses themth sub-channel. LetΠm

represent the process of users using this sub-channel. By the Marking Theorem [40],Πm can be shown

to be a homogeneous PPP with the densityλ/K. Furthermore, the interferer processΠm\{U0} is also a

homogeneous PPP with the same densityλ/K according to Slivnyak’s Theorem [38]. Define the process

of strong interferers forU0 conditioned on the link realization{W = w,D = d} asΣS(w, d) = {X ∈

Πm\{U0} | R−α
X GX > wd−αθ−1}, where each interferer alone guaranteers the outage forU0. Moreover,

the process of weaker interferers is defined asΣc
S(w, d) = (Πm\{U0})/Σ

c
S(w, d).

5 Define the interference

power of the weak interferers asIcS(w, d) :=
∑

X∈Σc

S
(w,d) ρGXR−α

X . Thus,Pout can be written as

Pout =E
[
Pr (ΣS(W,D) = ∅ | W,D) Pr

(
IcS(W,D) > WD−αθ−1 | W,D

)]
+

Pr (ΣS(W,D) 6= ∅) .
(5)

Considering only the strong interferers leads to a lower bound onPout, denoted asP l
out

P l
out

:= E [Pr (ΣS(W,D) 6= ∅)] = 1− E

[
e−E[|ΣS(W,D)|]

]
.

Let P l
out

(w, d) representP l
out

conditioned on{W = w,D = d}. The upper bound onPout, denoted as

P u
out

, is obtained by bounding the termPr
(
IcS(W,D) > WD−αθ−1

)
in (5) using Chebyshev’s inequality

Pr
(
IcS(W,D) > WD−αθ−1

)
≤

var(IcS(W,D))
(
WD−αθ−1 − E

[
IcS(W,D)

])2 ,
WD−αθ−1

E
[
IcS(W,D)

] > 1. (6)

Using [27, Theorem 2] obtained following the above approach, the bounds onPout and P̃out for

spectrum overlay are given in the following lemma.

Lemma 1 (Spectrum Overlay):For the coexisting networks based on spectrum overlay, the bounds on

SIR outage probabilities are given as follows.

1) Cellular network:

E

[
P l
out

(
W,D,

λ

K

)]
≤ Pout(K,λ) ≤ E

[
P u
out

(
W,D,

λ

K

)]
(7)

5Note that the processesΣS(w, d) andΣc

S(w, d) are independent as a property of the PPP.
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where

P l
out

(w, d, λ) = 1− exp
(
−ζλw−δd2

)
(8)

P u
out

(w, d, λ) = 1− ξ(w, d, λ) exp
(
−ζλw−δd2

)
(9)

ξ(w, d, λ) =






1−

δ
2−δ

ζd2w−δλ
(
1− δ

1−δ
ζd2w−δλ

)2




+

,
δ

1− δ
ζd2w−δλ < 1

0, otherwise

(10)

andζ := πθδE[Gδ].

2) MANET:

E

[
P l
out

(
W̃ , d̃,

λ̃

K̃

)]
≤ P̃out(K̃, λ̃) ≤ E

[
P u
out

(
W̃ , d̃,

λ̃

K̃

)]
(11)

whereP l
out

(·, ·, ·) andP u
out

(·, ·, ·) are given in (8) and (9), respectively.

B. Outage Probabilities: Spectrum Underlay

For spectrum underlay, the SIRs for the coexisting networkscan be written as

(Cellular) SIR =
ρWD−α

ρ
∑

X∈Πm\{U0}
GXR−α

X + ρ̃
∑

X∈Π̃m
GXR−α

X

(12)

(MANET) S̃IR =
ρ̃W̃ d̃−α

ρ
∑

X∈Πm
GXR−α

X + ρ̃
∑

X∈Π̃m\{T0}
GXR−α

X

. (13)

Using (12), the bounds onPout for the cellular network are derived as follows. The parallel derivation

for the MANET is similar and thus omitted for brevity. For thecellular network, all interferers forU0

(including ad hoc transmitters and other users) can be grouped into a homogeneousmarked PPP[40]

defined below, where a markPX ∈ {ρ, ρ̃} is transmission power

Υ =
{
(X,PX )

∣∣∣X ∈ Πm ∪ Π̃m\{U0}, PX ∈ {ρ, ρ̃}
}
. (14)

The distribution ofΥ is given in the following lemma.

Lemma 2:The point processΥ is a homogeneous marked PPP with the density(λ + λ̃)/M , where

the marks are i.i.d and have the following distribution function

PT =





P, w.p.
λ

λ+ λ̃

P̃ , w.p.
λ

λ+ λ̃
.

(15)

Proof: See Appendix A. �

Using this lemma, the bounds onPout are derived and given in the following proposition.

Proposition 1: [Spectrum Underlay] For the coexisting networks based on spectrum underlay, the

outage probabilities are bounded as follows.
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1) Cellular network:

E

[
P l
out

(
W,D,

λ+ η−δλ̃

M

)]
≤ Pout(λ, λ̃) ≤ E

[
P u
out

(
W,D,

λ+ η−δλ̃

M

)]
(16)

2) MANET:

E

[
P l
out

(
W̃ , d̃,

ηδλ+ λ̃

M

)]
≤ P̃out(λ, λ̃) ≤ E

[
P u
out

(
W̃ , d̃,

ηδλ+ λ̃

M

)]
(17)

whereη := ρ/ρ̃, andP l
out

(·, ·, ·) andP u
out

(·, ·, ·) are defined in Lemma 1.

Proof: See Appendix B. �

Proposition 1 shows that the outage probability for each network depends on the transmitter densities of

both networks. This coupling is due to spectrum underlay andthe resultant mutual interference between

the coexisting networks. As shown in Section IV, such coupling may result in smaller transmission

capacities for spectrum underlay than those for spectrum overlay. Moreover, Proposition 1 also shows

that the outage probabilities for spectrum underlay dependon the transmission power ratioη. The effect

of η is also characterized in Section IV.

Finally, the probability density function (PDF) ofD for an inner-cell user is given in the following

lemma, which is required for computing the bounds onPout for different overlay methods. Recall the

assumption that the outage probabilities of relay-assisted cell-edge users are no smaller than those of

inner-cell users (cf. Section II-A). Thus, the PDF ofD for cell-edge users are unnecessary for our

analysis.

Lemma 3:The probability density function (PDF) ofD for an inner cell user is given as

fD(t) = −8πλbtEi(−4πλbt
2) (18)

where the exponential integralEi(x) =
∫ x

−∞ t−1etdt.

Proof: See Appendix C. �

It can be observed from (18) that the key parameter of the PDF of D is the density of base stationλb.

Intuitively, increasing the density of base stations reduces the cell sizes and thusD and vice versa.

C. Outage Probabilities: Spectrum Sharing with SIC

The SIRs for the coexisting networks employing SIC are obtained as follows. With SIC, the conditional

interferer processes for the typical userU and ad hoc receiverT0, denoted respectively asΣ(w, d) and

Σ̃(W̃ ), are defined as

Σ(w, d) :=





{
X ∈ Πm\{U0}

∣∣GXR−α
X ≤ κwd−α

}
, spectrum overlay

{X ∈ Πm ∪ Π̃m\{U0}
∣∣PXGXR−α

X ≤ κρwd−α }, spectrum underlay

Σ̃(W̃ ) :=





{X ∈ Π̃m\{T0} | GXR−α
X ≤ κW̃ d̃−α}, spectrum overlay

{X ∈ Πm ∪ Π̃m\{T0} | PXGXR−α
X ≤ κρ̃W̃ d̃−α}, spectrum underlay
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where the factorκ determines the power threshold for qualifying interferersfor SIC (cf. Section II-C).

Using the above definitions, the SIRs for the cellular and thead hoc networks, denoted respectively as

SIR and S̃IR, can be written as

(Spectrum overlay) SIR(w, d) =
wd−α

∑
X∈Σ(3) GXR−α

X

, S̃IR(W̃ ) =
W̃ d̃−α

∑
X∈eΣ(3) GXR−α

X

(19)

(Spectrum underlay) SIR(w, d) =
ρwd−α

∑
X∈Σ PXGXR−α

X

, S̃IR(W̃ ) =
ρ̃W̃ d̃−α

∑
X∈eΣ PXGXR−α

X

(20)

where the distribution ofPX is given in Lemma 2.

The outage probabilities of the SIRs in (19) and (20) are given in the following proposition.

Proposition 2: For spectrum sharing with SIC, the bounds on outage probabilities Pout and P̃out can

be modified from their counterparts for the case of no SIC as given in Lemma 1 and Proposition 1 by

replacing the functions̃P l
out

and P̃ u
out

with P̂ l
out

and P̂ u
out

correspondingly, which are given as

P̂ l
out

(w, d, λ) = 1− exp
(
−χζλd2w−δ

)
(21)

P̂ u
out

(w, d, λ) = 1− ξ(w, d, λ) exp
(
−χζλw−δd2

)
(22)

whereχ :=
(
1− θ−δκ−δ

)
and the functionξ(w, d, λ) is given in Lemma 1.

Proof: See Appendix D. �

Note that (21) and (22) differ from respectively (8) and (9) only by the factorχ. The factorχ < 1

represents the SIC advantage of reducing outage probabilities with respect to the case of no SIC (χ = 1).

Moreover, decreasing the SIC factorκ reducesχ and thus outage probabilities. Nevertheless,κ being

too small may invalidate the assumption of perfect SIC. Specifically, small κ implies small SIR for the

process of decoding interference prior to its cancelation and potentially results in significant residual

interference after SIC [32].

IV. N ETWORK CAPACITY TRADE-OFF: ASYMPTOTIC ANALYSIS

Using the results obtained in the preceding section, the trade-off between the transmission capacities

of the coexisting networks, namelyC andC̃ as defined in (4), is characterized in the following theorem

for small target outage probabilityǫ → 0.

Theorem 1:For ǫ → 0, transmission capacities of the coexisting networks satisfy

µ̃C̃ + µC =
M

ϕ
ǫ+O

(
ǫ2
)

(23)

where the weightsµ and µ̃ are given as6




µ̃o = ζE[W̃−δ]d̃2, µo = ζE[W−δ](8πλb)
−1, spectrum overlay

µ̃u = µ̃o ∨ (η−δµo), µu = (ηδµ̃o) ∨ µo, spectrum underlay
(24)

6The subscriptso andu identify spectrum overlay and underlay, respectively
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andϕ depends on if SIC is used




ϕ = 1, no SIC

1− θ−δκ−δ ≤ ϕ ≤ 2
2−δ

− θ−δκ−δ, SIC.
(25)

Proof: See Appendix D. �

Theorem 1 shows that the trade-off betweenC and C̃ follows a linear equation. Specifically, the slope

at which C̃ increases with decreasingC is −µ/µ̃, which depends on different network parameters as

observed from (24). The results in Theorem 1 are interpretedusing several corollaries in the sequel.

To facilitate discussion, define anoutage limitednetwork as one whose transmission capacity is achieved

with the outage constraint being active. For instance, the cellular network is outage limited ifC = (1−ǫ)λǫ

with Pout(λǫ) = ǫ. For spectrum overlay, both the coexisting networks are outage limited. Nevertheless,

for spectrum underlay, it is likely that only one of the two networks is outage limited as explained shortly.

As implied by the proof for Theorem 1, for spectrum underlay,both networks are outage limited only

if µu = µ̃u, whereµu and µ̃u are given in (24). Otherwise,µu > µ̃u correspond to only the cellular

network being outage limited;µu < µ̃u indicates that only the MANET is outage limited.

Spectrum overlay is shown to be more efficient than spectrum underlay as follows. Define thecapacity

region of the coexisting networks as the region enclosed by the capacity trade-off curve in (23) and

the positive axes of theC-C̃ coordinates. This region contains all feasible combinations of transmission

capacities of coexisting networks. Thus, the size of the capacity region measures the efficiency of the

overlaid network. The capacity regions for spectrum overlay and underlay are compared in the following

corollary.

Corollary 1: For ǫ → 0, the capacity region for spectrum underlay is no larger thanthat for spectrum

overlay. They are identical if and only if the transmission-power ratio is chosen as

η =

(
µo

µ̃o

) 1

δ

(26)

whereµo and µ̃o are given in (24).

Proof: See Appendix F. �

Corollary 1 shows that spectrum overlay is potentially moreefficient than spectrum underlay due to net-

work coupling for the latter. Specifically, the possibilitythat a network is not outage limited compromises

the efficiency of spectrum underlay, which, however, can be compensated by settingη as given in (26).

This optimal value ofη ensures both networks are outage limited for the case of spectrum underlay.

The next corollary specifies the effects of several parameters on transmission capacities of the coexisting

networks.

Corollary 2: For ǫ → 0, transmission capacities vary with network parameters as follows.

1) Spectrum overlay: C increaseslinearly with the base station densityλb; C̃ increasesinversely

with the ad hoc transmitter-receiver distanced̃.
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2) Spectrum underlay: If the cellular network is outage limited, bothC and C̃ increaselinearly

with the base station densityλb. Otherwise, bothC and C̃ increaseinverselywith the ad hoc

transmitter-receiver distancẽd.

3) For both spectrum sharing methods,C and C̃ increaselinearly with ǫ and the number of sub-

channelsM , and inverselywith ϕ related to SIC.

Finally, we analyze the transmission-capacity gains due tospatialdiversity gainscontributed by multi-

antennas [37]. To obtain concrete results, the fading factors W and W̃ are assumed to follow the chi-

squared distributions with the degrees of freedomL and L̃ respectively, which are thediversity gains.

These fading distributions can result from using spatial diversity techniques such as beamforming over

multi-antenna i.i.d. Rayleigh fading channels [37], [41].Thus

E[W−δ] =
Γ(L− δ)

Γ(L)
, E[W̃−δ] =

Γ(L̃− δ)

Γ(L̃)
. (27)

The following corollary is obtained by combining Theorem 1,(27) and the following Kershaw’s Inequal-

ities [42]

(
x+

s

2

)1−s

<
Γ(x+ s)

Γ(x+ 1)
<

[
x−

1

2
+

(
s+

1

4

) 1

2

]1−s

, x ≥ 1, 0 < s < 1. (28)

Corollary 3 (Spatial Diversity Gain):Consider the diversity gains per link ofL and L̃ for the coex-

isting cellular and ad hoc networks, respectively.

1) Spectrum overlay: The spatial diversity gains multiplyC by a factor between(L − 1)δ andLδ,

and C̃ by a factor between(L̃− 1)δ and L̃δ.

2) Spectrum underlay: The spatial diversity gains multiply bothC andC̃ by a factor between(L−1)δ

andLδ if the cellular network is outage limited, or otherwise between(L̃− 1)δ and L̃δ.

Note that similar results are obtained in [43] for a standing-alone MANET by using a more complicated

method than the current one based on Kershaw’s Inequalities.

V. SIMULATION AND NUMERICAL RESULTS

In this section, the tightness of the bounds on outage probabilities derived in Section III is evaluated

using simulation. Moreover, the asymptotic transmission capacity trade-off curves obtained in Theorem 1

are compared with the non-asymptotic ones generated by simulation. The simulation procedure summa-

rized below is similar to that in [44]. The typical base station (or the ad hoc receiver) of the coexisting

network lies at the centers of two overlapping disks, which contain interfering transmitters (either ad

hoc nodes, users or both) and base stations respectively. Both the transmitters and the base stations

follow the Poisson distribution with the mean equal to200. The disk radiuses are adjusted to provide the

desired densities of transmitters or base stations. For simulations, the distance between the typical ad hoc
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transmitter and receiver isd = 5 m, the required SIRθ = 3 or 4.8 dB, the path-loss exponentα = 4, the

base station densityλb = 10−3, the SIC factorκ = 2 dB, and the transmission-power ratioη = 5 dB.

Fig. 2 compares the bounds on outage probabilities in Section III and the simulated values. As observed

from Fig. 2, for all cases, the outage probabilities converge to their lower bounds as the transmitter

densities decrease; the upper and lower bounds differ by approximately constant multiplicative factors.

Fig. 2 also shows that SIC reduces outage probabilities by a factor of about0.54 approximately equal toχ

in Proposition 2. Moreover, SIC loosens the bounds on outageprobabilities for relatively large transmitter

densities since SIC reduces the number of strong interferers to each receiver. Finally, outage probabilities

become proportional to transmitter densities as they decrease.

Fig. 3 compares the asymptotic transmission-capacity trade-off curves in Theorem 1 and those generated

by simulations for the target outage probabilityǫ = 10−2. In Fig. 3(b) for the case of SIC, the bounds on

the asymptotic trade-off curves correspond to those onϕ as given Theorem 1. By comparing Fig. 3(a)

and Fig. 3(b), the capacity regions for spectrum overlay arelarger than those for spectrum underlay. For

the case of no SIC, the asymptotic results closely match their simulated counterparts. When SIC is used,

the capacity trade-off curves generated by simulation are close to the corresponding asymptotic upper

bounds. In particular, for spectrum overlay with SIC, the simulation results are practically identical to

their asymptotic upper bounds. In summary, the asymptotic results derived in Section IV are useful for

characterizing the transmission capacities of the coexisting networks in the non-asymptotic regime.

VI. CONCLUSION

In this paper, the transmission-capacity trade-off between the coexisting cellular and ad hoc networks

is analyzed for different spectrum sharing methods. To thisend, bounds on outage probabilities for both

networks are derived for spectrum overlay and underlay withand without SIC. For small target outage

probability, the transmission capacities of the coexisting networks are shown to satisfy a linear equations,

whose coefficients are derived for the cases considered above. These results provide a theoretical basis

for adapting the node density of the ad hoc network to the dynamic of the traffic in cellular uplink under

the outage constraint for both networks. The trade-off relationship suggests that transmission capacities

of coexisting networks can be increased by adjusting various parameters such as decreasing the distances

between intended ad hoc transmitters and receivers, increasing the base station density and link diversity

gains, or by employing SIC. In particular, SIC increases thetransmission capacities by a linear factor

that depends on the interference power threshold for qualifying canceled interferers. Simulation results

show that the derived bounds on outage probabilities are tight and the asymptotic liner capacity trade-off

is valid even in the non-asymptotic regime.

This paper opens several issues for future work on spectrum sharing between networks including the

impact of cognitive radio, the capacity trade-off between competing networks, and the extension to more
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realistic non-homogeneous network architectures.

APPENDIX

A. Proof for Lemma 2

By using the superposition property of Poisson processes, the combined PPPΠm ∪ Π̃m is also a

homogeneous PPP with the densityλ+λ̃
M

. Consider a typical pointX ∈ Πm ∪ Π̃m. Let B(A, r) denote a

disk centered at a pointA ∈ R2 and with a radiusr, thusB(A, r) = {X ∈ R2 ||X −A| ≤ r}. Moreover,

the area ofB(A, r) is denoted asA(B(A, r)). Thus the probability for the event thatX belongs toΠm,

or equivalentlyPX = ρ, is

Pr(X ∈ Πm) = lim
r→0

1− exp
(

λ
M
A(B(X, r))

)

1− exp
(
λ+λ̃
M

A(B(X, r))
)

= lim
r→0

λ exp(λπr2/M)

(λ+ λ̃) exp((λ+ λ̃)πr2/M)
=

λ

λ+ λ̃
.

Similarly, Pr(X ∈ Π̃m) = λ̃

λ+λ̃
. This completes the proof.

B. Proof for Proposition 1

The marked point process in (14) is modified to include the fading factorGX as an additional mark

as follows

Υ̂ :=
{
(X,PX , GX)

∣∣∣X ∈ Πm ∪ Π̃m\{U0}, PX ∈ {ρ, ρ̃}, GX ∈ R+
}
. (29)

Following the approach discussed in Section III-A,Υ̂ is divided into a strong-interferer sub-process

conditioned on(W = w,D = d), denoted aŝΥS(w, d) and given as

ΥS(w, d) =
{
(X,PX , GX )

∣∣(X,PX , GX ) ∈ Υ′, PX |X|−αGX > ρwd−αθ−1
}

(30)

and the weak-interferer process defined asΥ̂c
S(w, d) = Υ̂/ΥS(w, d). Thus, the sum interference power

from weak interferers can be written asIcS(w, d) =
∑

(X,PX ,GX)∈Υ̂c

S
(w,d) PX |X|−αGX . To apply the ana-

lytical procedure in Section III-A, it is sufficient to obtain E[|Υ̂S(w, d)|], E[IcS(w, d)] andvar [IcS(w, d)].

Using the Marking Theorem [40] and Lemma 2,

E [|ΥS(w, d)|] =
2π(λ + λ̃)

M

[
Pr (PX = ρ)

∫ ∞

0

∫ (w−1dαθg)
1
α

0
rfG(g)drdg+

Pr (PX = ρ̃)

∫ ∞

0

∫ (η−1w−1dαθg)
1
α

0
rfG(g)drdg

]

=
ζw−δd2(λ+ η−δλ̃)

M
(31)
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where ζ is defined in Lemma 1. Next,E[IcS(w, d)] and var [IcS(w, d)] are derived using Campbell’s

Theorem [40] and Lemma 2 as follows

E[IcS(w, d)] =
2π(λ+ λ̃)

M

[
Pr (PX = ρ)

∫ ∞

0

∫ ∞

(w−1dαθg)
1
α

(ρr−αg)rfG(g)drdg+

Pr (PX = ρ̃)

∫ ∞

0

∫ ∞

(η−1w−1dαθg)
1
α

(ρ̃r−αg)rfG(g)drdg

]

=
ρδ

1− δ

(
λ+ η−δλ̃

M

)
ζ(w−1dα)δ−1θ−1, (32)

var[IcS(w, d)] =
2π(λ+ λ̃)

M

[
Pr (PX = ρ)

∫ ∞

0

∫ ∞

(w−1dαθg)
1
α

(ρr−αg)2rfG(g)drdg+

Pr (PX = ρ̃)

∫ ∞

0

∫ ∞

(η−1w−1dαθg)
1
α

(ρ̃r−αg)2rfG(g)drdg

]

=
ρ2δ

2− δ

(
λ+ η−δλ̃

M

)
ζ(w−1dα)δ−2θ−2. (33)

Combining (31), (32), (33) and the analytical approach in Section III-A gives the desired results.

C. Proof for Lemma 3

LetZ denote the largest disk centered at a typical base stationB0 and contained inside the corresponding

Voronoi cell. Conditioned onZ = z, the CDF ofD of a typical inner-cell user is

Pr(D ≤ t | Z = z) =





1, t ≥ z

t2

z2
, otherwise.

(34)

As a property of the random tessellation, the event(Z ≤ z) has the same probability as that where there

is at least one other base station lying with in the distance of 2z from B0 [35]. Mathematically

Pr(Z ≤ z) = 1− e−4πλbz
2

. (35)

From (34) and (35)

Pr(D ≤ t) =

∫ ∞

0
Pr(D ≤ t | Z)fZ(z)dz

= Pr(Z ≤ t) +

∫ ∞

t

t2

z2
× 8πλbze

−4πλbz
2

dz

= 8πλbte
−4πλbt

2

+ 4πλbt
2

∫ ∞

4πλbt2
z−1e−zdz. (36)

Differentiating the above equation gives the desired result.

D. Proof for Proposition 1

Only the bounds onPout are proved. The proof for those oñPout is similar and thus omitted.
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1) Spectrum Overlay:The interferers that are canceled atB0 using SIC form a process defined as

ΣC(w, d) := {X ∈ Πm\{U0} | GXD−α
X ≥ κwd−αθ−1}. Define the process of strong interferers

after SIC asΣS(w, d) := {X ∈ Πm\{U0} | θ−1wd−α ≤ GTD
−α
T ≤ κwd−α}. Note thatκwd−α >

θ−1wd−α sinceκ > 1 andθ > 1. Thus, the process of weak interferers can be defined asΣc
S(w, d) :=

(Πm\{U0})/[ΣS(w, d) ∪ ΣC(w, d)], which is observed to be identical to the counterpart for thecase

of no SIC. SinceΣc
S(w, d) ∩ ΣS(w, d) = ∅, Σc

S(w, d) andΣS(w, d) are independent processes. From

the discussion in Section III-A, the exponential terms in (8) and (9) depends only onΣS(w, d), and the

functionξ(w, d, λ/K) only onΣc
S(w, d). SinceΣc

S(w, d) is invariant to SIC, andΣc
S(w, d) andΣS(w, d)

are independent, the bounds onPout in Lemma 1 can be extended to the case of SIC by replacing

the exponential term in (8) and (9) withexp(−E [|ΣS(w, d)|]), whereE [|ΣS(w, d)|] is obtained using

Campbell’s Theorem

E [|ΣS(w, d)|] = 2πλ

∫ ∞

0

∫ (θw−1dαg)
1
α

(κ−1w−1dαg)
1
α

rfG(g)drdg = χζw−δd2
λ

K
(37)

andχ is defined in the statement of the proposition.

2) Spectrum Underlay:With SIC, the strong and weak interferer process forU0 are defined as

Σ̂S(w, d) := {X ∈ Πm\{U0} | θ−1wd−α < PXGXD−α
X ≤ κwd−α} and Σ̂c

S(w, d) := {X ∈ Πm\{U0} |

PXGXD−α
X ≤ θ−1wd−α}, respectively, where the distribution ofPX is given in Lemma 2. Based on

the same arguments in the preceding section, the bounds onPout in 16 can be extended to the case of

SIC by replacing their exponential terms withexp
(
−E

[
|Σ̂S(w, d)|

])
, whereE

[
|Σ̂S(w, d)|

]
is obtained

using Campbell’s Theorem as follows

E

[
|Σ̂S(w, d)|

]
=

2π(λ+ λ̃)

M

[
Pr (PX = ρ)

∫ ∞

0

∫ (w−1dαθg)
1
α

(κ−1w−1dαg)
1
α

rfG(g)drdg+

Pr (PX = ρ̃)

∫ ∞

0

∫ (η−1w−1dαθg)
1
α

(κ−1w−1dαg)
1
α

rfG(g)drdg

]

=
χζw−δd2(λ+ η−δλ̃)

M
.

E. Proof for Theorem 1

1) Spectrum Overlay:The convergenceǫ → 0 implies λ → 0 and λ̃ → 0. Using the series represen-

tation of the PDF of a power shot-noise process [39], the asymptotes of the outage probabilities follow

from [27, Theorem 2]

Pout = λζE
[
W−δ

]
E
[
D2
]
+O

(
λ2
)
, P̃out = λ̃ζE

[
W̃−δ

]
d̃2 +O

(
λ̃2
)
. (38)

By using (34) and (35), the termE
[
D2
]

in (38) is obtained as follows

E
[
D2
]
= E

[∫ z

0
t2fD(t | Z)dt

]
= E

[
Z2

2

]
=

∫ ∞

0

z2

2
× 8πλbze

−4πλbz
2

dz =
1

8πλb

. (39)
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Combining (4), (38), and (39) gives the desired asymptotic capacity trade-off function for spectrum

overlay.

2) Spectrum Underlay:By using the series expression of the PDF of the power shot noise [39] as

well as Proposition 1,

Pout(λ, λ̃) =
λ+ η−δλ̃

M
ζE[W−δ]E[D2] +O(max(λ2, λ̃2)) (40)

P̃out(λ, λ̃) =
ηδλ+ λ̃

M
ζE[W̃−δ]d̃2 ++O(max(λ2, λ̃2)). (41)

For ǫ → 0, the transmission capacitiesC and C̃ satisfy the constraintsPout(C/M, C̃/M) ≤ ǫ and

P̃out(C/M, C̃/M) ≤ ǫ. By combining these constraints, (40) and (41)

C + η−δC̃

M
ζmax

(
E[W−δ]E[D2], ηδE[W̃−δ]d̃2

)
= ǫ+O(ǫ2). (42)

The desired result follows from the above equation.

3) Spectrum Sharing with SIC:Consider spectrum overlay with SIC. By canceling the strongest

interferers using SIC, the PDF “upper-tail” of the power shot noise process is trimmed and its series

expansion is difficult to find [39]. Nevertheless, the asymptotic transmission capacities can be characterized

by expanding the bounds onPout in Proposition 2. Specifically

P l
out

(λ/K) =
λ

K
ζ̂E[W−δ]E[D2] +O(λ2)

P u
out

(λ/K) = 1− E

[(
1−

δ

2− δ
ζW−δD2 λ

K
+O(λ2)

)(
λ

K
ζ̂W−δD2 +O(λ2)

)]

=

(
2

2− δ
− θ−δκ−δ

)
ζE[W−δ]E[D2]

λ

K
+O(λ2). (43)

Thus

Pout(λ/K) = χζE[W−δ]E[D2]
λ

K
(44)

where
(
1− θ−δκ−δ

)
≤ χ ≤

(
2

2−δ
− θ−δκ−δ

)
. Similarly

P̃out(λ̃/K̃) = χζE[W̃−δ]d̃2
λ̃

K̃
. (45)

The desired results for spectrum overlay with SIC are obtained by combining (4), (44), and (45). The

results for spectrum underlay with SIC are derived following a similar procedure.

F. Proof for Corollary 1

First, the capacity region for spectrum underlay is proved to be no larger than for spectrum overlay.

It is sufficient to prove thatµu ≥ µo and µ̃u ≥ µ̃o, which follow from (24). Next, substituting (26) into

(24) results inµu = µo and µ̃u = µ̃o. This proves the second claim in the theorem statement.
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Fig. 2. Comparison between the theoretical bounds on outageprobabilities and the simulated values. For spectrum underlay,

the densities of users and ad hoc transmitters are set equal,corresponding to one operational point on their trade-off curve. The
sum density is referred to in the figures as the transmitter density.
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using (a) spectrum overlay or (b) spectrum underlay
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