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ABSTRACT

For large queueing network analysis the general computa-
tional approach is to utilize decomposition to facilitate
computational tractability. To accomplish this individual
analysis the input and output streams must be characte-
rized. This usually is done via two-parameter characteriza-
tions: the process mean and a variance measure (most
commonly the squared coefficient of variation SCV). In
most approaches independent and identically distributed
(i.i.d.) approximations are used. For multiple input streams
and/or multiple (identical) servers, the assumptions of i.i.d.
times between arrivals and, similarly, i.i.d. times between
departures are particularly theoretically and computational-
ly inaccurate. In this paper we develop a generator for the
background multidimensional continuous time Markov
chain associated with the inter-departure times for the as-
sociated multi-stream and multi-server Markovian queues
(where inter-arrival times and service times are Coxian).
This generator allows for the computation of the moments
of the departure process and the lag-k correlations between
successive k-separated departures.

1 INTRODUCTION

The semiconductor industry consists of extremely long and
complex manufacturing processes. Typically several hun-
dred processing steps are involved in developing the prod-
ucts. These products are manufactured via multiple
layered production processes where they make many
passes through a sequence of similar processing steps.
With the high cost high value of the resulting products it is
important to continue analyzing these production systems.
Simulation is a very useful and accurate analysis tool.
However, it is often fruitful to develop analytical models of
these systems and sub-processes. The most widely utilized
analytical tool in semiconductor fab systems analysis is
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queueing network modeling. While analytical models are
usually less accurate then simulation models they have a
significant advantage in speed. The improvement of the
accuracy of the queueing network analytical techniques is
an important aspect to their utility. To effectively develop
an analytical model of a complex network of production
processes such as those encountered in the semiconductor
industry, it is necessary to utilize a modeling approach of
decomposing the complex interconnected system of
processing workstations. The decomposition approach
treats each workstation individually by characterization of
the inflow and outflow streams. Therefore, it is paramount
that we have accurate characterizations of these product
flow streams. In this paper we are addressing the characte-
rization of the output flow stream for multiple server
workstations. We develop a non-renewal (non i.i.d.) cha-
racterization of the output process which will contribute to
more accurate analytical systems models.

The main goal of this paper is to develop a characteri-
zation of the departure process for Markovian queueing
systems with two distinct arrival processes and two iden-
tical servers. The system being modeled is assumed to
have two independent arrival streams each modeled as a
two-phase exponential process with a given probability of
using the second phase (sometimes called a Coxian 2 dis-
tribution). Even though the arrival processes are indepen-
dent, the time between arrivals are correlated. In a similar
fashion the service processes are independent (but identic-
al) Coxian 2 processes. The inter-departure times of jobs
leaving the system are also correlated.

In the standard network node approximation approach,
the departure process from a workstation system is normal-
ly approximated by assuming that these inter-departure
times are independent and identically distributed (i.i.d.).
The mean time between arrivals and departures are the
same. However, this i.i.d. assumption allows for a simple
approximation (Whitt 1983) of the SCV of the departure

process (Cj) as a function of the systems utilization (u)
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and the arrival and service processes SCV’s (Cj, C f) for

a G/G/m queue as
Cy=-u’)(C2-1)+u?(C2~1)/m

Bitran and Dasu (1994) developed a phase distribution
representation of the departure process from a single server
system and provided moments of the inter-departure time
of a Y Phy/Ph/1 queue We extend those results in two ways.
First we consider the multi-server case and second we ob-
tain not only the moments of the inter-departure time but
also correlations between successive departures. One of the
motivations to use lag coefficients is to combine with
matching moments (which arguably is not an effective
technique if used in isolation) to characterize the arrivals to
a downstream node in the network setting. We do not ex-
plicitly address that issue in this paper but it will be in-
cluded in a forthcoming journal article.

2 MODEL

We consider a single station of a queueing network and
model the system as a Y Ph;/Ph/C queue. For ease of expla-
nation we present the case of two independent arrival
streams and two identical servers. The arrival processes are
assumed to be independent Coxian 2’s with parame-

ters: (4, a, 4,), (7, B,7,) (note that these are non-
identical processes). The phases corresponding to the first
arrival stream is depicted in Figure 1. The time spent in the
first phase is exp(A;). Then either an arrival occurs with
probability (1-a) or with probability o the process jumps to
the second phase where it stays for exp(A,) time and then
an arrival occurs.

In

» Out

Figure 1: Coxian arrival process (number 1)

Both arrival processes are Coxian distributed inter-arrival

times denoted by ( e, T, T) and characterized by

{—/1[ al]i| {(1 - a)/lljl
T . T,=
0 -4 2,
— 1—
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Notice that 7; matrices correspond to phase transitions and
sojourn times that do not result in arrivals. Similarly T}, en-
tries correspond to the rate at which arrivals occur in the
different phases. The service distributions are also assumed

to be Coxian 2 with parameters: ( U, 0, ,uz) (note identic-

al servers) (g]T,Sl,Sla) each with characteristics
ou

- 1-6
Sl{ #, ,} Sw:{( )ﬂ,}
0 —H, H,

which are analogous to 7; and T, for the arrival process.

Now that we have described what is given in the
problem, our next objective is to describe the main aim of
this paper. Given the description of the queueing system
scenario, our objective is to obtain the marginal distribu-
tion of the inter-departure time and its moments as well as
the lag correlations between successive departures in the
system. For this, we next model the system as a continuous
time Markov chain (or Markov process) where the multi-
dimensional states correspond to the number of jobs in the
system, the phase of the first arrival stream, the phase of
the second arrival stream and the phase of each server (if
they are busy). The generator for the Markov process has
the structure:

o 1 2 4

018, ¢, 0 0 0

Q _ l A]O Bl] C]z Q 2
210 4, B C 0
3]0 0 4 B C

where the sub-matrices are defined in terms of Kronecker
sum and product matrix operations as described in the next
subsection. The states vary according to the number of
customers in the system. For a system with two distinct
arrival streams and two identical servers and assuming all
processes are described by Coxian-2 distributions, there are

four states describing the arrival system and thus the 0

states have dimension 2. The states for one customer in
the system, denoted by 1 above, have dimension 2’ and
the states for two, three, etc., customers in the system have

dimensions 2" . The question is what are the values of By,
Cos, A1g, Bi1, Ciz, A21, B, C and A? That is precisely what
we will address next.

2.1 Kronecker Matrix Operations
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Since the submatrices Bo(), C()], A](), B]], C]g, AZ]: B, C and
A, described in the generator matrix Q are obtained as
Kronecker sums and products, it may be worthwhile to ex-
plain them briefly. The Kronecker product of any two ma-
trices L and M results in matrix K given by:

K=L®M=[IM]

Likewise the Kronecker sum of two matrices L and M
yield matrix K given as:

K=L®OM=L®I, +1,®M

where the identity matrices /; and /), correspond to the siz-
es of matrices L and M, respectively.

2.2 Model Matrix Elements

Having defined the Kronecker product and sum, the next
step is to use them to describe the matrices By, Cy;, Ao,
By, Cis, A1, B, C and A. For that we begin by defining

I as an identity matrix of dimensions equal to the sum of
the dimensions of the two arrival processes (here there are
two arrival streams each with dimension 2). Hence,
I T I 4x4 °
sions equal to the sum of the dimensions of the two service
processes (here there are two identical servers each with

Likewise, I, is an identity matrix of dimen-

dimension 2). Hence, I =1 @1 =1, ,.

Next we obtain submatrices Byg, Co;, A19, Bi1, Cia, A2y,
B, C and 4, using the arrival and service process parame-
ters in terms of the Kronecker product and sum. Specifical-

ly,

Al() = IT ® Sla
and
AZ] = [T ® (S]U (-B Slo)

The remaining submatrices can be obtained as follows. We
use the notation ¢;” to denote a unit (row) vector with a 1 in
the i" position. Let S, =S, ®e, , then

A=1 ®(5 ®5)

T ®

lo

e)o(r,@c))oe

c)e(r,ed))er e
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B =T®T, ®S, and
B=T®T,®S5 @S,

Once we have our Q matrix the next step is to obtain
some steady state results. The steady-state probabilities for

this queue satisfy QTQ =0, grl =1,and z > 0, where we
have partitioned z into blocks corresponding to the states
for 0 jobs, 1 job, 2, jobs, etc., in the system. Hence,
gT = ( £:, £:v, BZ’ ) . Using the block probabilities and
the elements of the O matrix, we need to find the p ’s that

satisfy:

Py B+ Pl 4y =0 0
EOTCOI * £1TB11 * £2TA21 =0 2)
Bchlz +£§B + £3TA =0 3)
PLCHpL B A=0 (=012 (4)

Using (4), the matrix geometric procedure gives the vector
. T T - .
solution P, :szl 2, for i =3,4,5,---, where R is the

matrix solution of the equation C + RB+ R’A=0. Nuets
(1981) showed that the iteration

R =-(C+R 4)B"

converges to the solution R starting withR =0. What
remains are equations (1), (2) and (3) in dim( EZ, EIT’ B:)

unknowns and the norming equation grl: 1. Solving
these equations yields the steady state probability vector
z . Having obtain the steady state probabilities of various
states of the queueing system, the next step is to use that
describing the departure process from the queue. This is
explained next.

3 INTER-DEPARTURE TIMES

When analyzing a network of queues, the output from
some of the queues becomes inputs to others. So it is fre-
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quently necessary to characterize the departure process
from a queue. The standard procedure for this analysis is
to develop a renewal approximation for the output stream
characterized by its mean and squared coefficient of varia-
tion (SCV) (Whitt 1983). Thus each departing job is as-
sumed to have the same inter-departure time characteris-
tics. The departure stream from queues with multiple input
streams and/or multiple servers are intuitively not renewal
processes. So we develop a generator for the steady-state
departure process. From this analysis, the process mo-
ments as well as lag correlations can be obtained (see Bi-
tran and Dasu 1994 for the single server queue analysis).
Characterizing the departure process involves develop-
ing a generator for the inter-departure times. The elements
needed in this development are the departure-point state-

state probabilities, 8" = (d;.d]. d’. ). These are re-
lated to the continuous time steady-state probabilities
QTZ(p:,plr,p:,m) by the following relationships

(here we denote the total arrival rate by A due to super-
positioning of the two Coxian arrival streams):

T T -
d, :£1Alo//1
T T -
dy =p, Ay I 7
dy,=p AIZ, n=34

The departure process consists of three distinct parti-
tions: when there are no customers in the system, when
there is one customer in the system and when there are two
or more customers in the system. These three situations
correspond to distinct characteristics for the departure
process. When there are no customers in the system, a de-
parture must wait until at least one arrival has occurred fol-
lowed by a service. If a departing customer leaves the sys-
tem with one customer in it, then the inter-departure time
can be a function of the single processing customer’s re-
maining service or it could evolve from an arrival and its
completion of service. The third situation is when a de-
parting customer leaves the system with at least 2 remain-
ing customers and then the minimum of the remaining ser-
vice time of one of these customers and the complete
service time of another customer becomes the inter-
departure time. Note that when there remain at least two
customers in the system, the inter-departure time characte-
ristics are the same for all these cases (n >2). The gene-
rator matrix for the departure process G has three distinct
segmentations given by:
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o 1 2

G _ —_ Bﬂl) Cﬂl ~2
l 9 Bn C12
210 0 s,

where only two of these sub-matrices are new and are giv-
en by

SS =S @8
CN‘]Z = CIZ .(l®IT)

The probabilities of the departure-process system start-
ing in the various states § = (g Z, d IT ,d ZT ) are made up of

the departure point probabilities, with

n=3

d. =(i£:A/Zj-(l®IT)

This series can be written in closed form as

(5w fuen

n=3

=(p lr-r)" ~1]as7)-(1e1,)

Using the above generator and truncated departure point
probabilities, next we obtain the two main results of this
paper, namely, the moments of the inter-departure times,
and the lag correlations.

3.1 Moments of inter-departure times

Define G’ as a single column matrix with each row ele-
ment being equal to the negative of the sum of the corres-
ponding row elements of G, then the stationary inter-
departure time is a phase type distribution characterized by
[0, G,G']. Thus, from Neuts (1981) we know that the

moments of inter-departure time random variable X are
given by

E[X"]=n(-1)"0"(G)"l, n=12,-

3.2 Lag correlations between successive departures

To obtain the lag-k correlations of the output inter-
departure times, it is necessary to develop the generator
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matrix of the background continuous time Markov chain

G segmented into two matrices: the internal transitions
(without departures) G (described above) and the matrix

G, that
G =G +G, . Notice that G' = G, -1 which is described in

containing the departure transitions such

Section 3.1. The matrix G, is approximately characterized

as
0 1 2
010 0 0
G = = = N
1|4, 0 0
2| 0 (-p4, pss,

where p is the probability that a departure leaves the sys-
tem with at least two customers remaining and (1-— p) is

the probability that only one customer remains. The matrix
A,, contains the expansion necessary to re-establish the
arrival phase distribution associated with a single customer

in service (that is, expanding the condensed states of 2+

into the full state space of 1). The development of A,
proceeds are follows. The steady-state probabilities of the
states of the arrival process, @, are obtained from its Mar-
kov arrival process representation

9'1=1

I—

where the state changes associated with arrivals matrix B,
is

B

in

(,®

L©c)o(r,®c)

and then
221 = QT ® (Slo @ Slo)
Given the G and G, matrices, from Telek and Horvath

(2007) and Bodrog, Horvath and Telek (2008), we have
that the lag-k correlation is computed by

(X2) 0-6)"(-6)'G,) (-G)'1-1
P, = 2 »
2(24) 0-6)"1-1
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Having obtained the moments of the marginal distributions
of the inter-departure times from a queue as well as the
lag-k correlations, in the next section we provide a numeri-
cal example to illustrate the methodology and the results.
However before that it may be worthwhile to make a con-
nection between the output process and the parameters of
the arrival process of a downstream node.

3.3 Output as input to a downstream node

We next briefly describe how this characterization of the
output process in terms of the moments of inter-departure
time as well as lag-k correlations will be useful in model-
ing the input to a downstream node.

Since we use a phase-type or Coxian distribution for
the inter-arrival time, it is crucial to determine the parame-
ters of that distribution for a downstream node’s arrival
which directly corresponds to the output of the queue we
have analyzed. Traditionally one matches moments which
assumes that the departures are i.i.d. and ignores the corre-
lations. Therefore to obtain a more robust set of parameters
the idea is to match both the moments as well as the lag
correlations. It is relatively straightforward to obtain the
moments and lag correlations for a phase-type or Coxian
arrival process. Then one has to select parameters so that
the sum of squared deviation from the true value is mini-
mized.

4 EXAMPLE

In this section we present a numerical example to illustrate
the methodology and describe the results. Refer to section
2 for detailed notation. We begin by describing the two ar-

rival processes (/1], a, A, ), ( 7 B }/2) along with the

mean and SCV of the two streams as:

Cc’ =2

aq

Arr1:(20,025,5) E[T, |=0.1,
Arr2:(9.091,09,10) E[T ]=02, C =055

The composite mean time between arrivals E[T,]

is 0.0666 which is also equal to 1/ A4 defined earlier. And
the phase representations of these two processes are:
5

-20 15
]-; ) { }’ 7-;0 ) { }
0 -5 5

. ~9.091 8.182 . 0.909
? 0 10| % 10
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and the internal (non-arrival) phase changes for the compo-
site arrival process are

29.091 8182 5 0

B 0 30 0 5
Bw=hoL= 0 —14.091 8182
0 0 0 15

The phase changes associated with arrivals are:

B, :(Tlo ®§1T)@(Tzo ®§1T)

mn

15909 0 0 0

10 15 0 0

B 5 0 0909 0
0 5 10 0

The identical service processes (x,, 8, u, ) are:

(10,1/3,20), E[T } = 0.116, € = 0.837
N S

along with the mean and SCV of the service times. In addi-
tion, similar to the arrival processes, we have

-10 10/3 20/3
Sl = > Slo =
0 -20 20
and thereby the internal phase changes are generated using
the following matrix:

-20 10/3 10/3 0
0 =30 0 10/3
0 0 -30 10/3
0 0 0 =20

The associated departure phase matrix is

40/3 0 0 0
20 20/3 0 0

SSout =
20 0 20/3 0

0 20 20 0

The corresponding service output matrix when the system
transitions from two to one active servers is

40/3 0
20 20/3
S @5 = 20 20/3
0 40

Now, using the definitions of By, Co1, 410, Bi1, Cia,
Ay, B, C and A given in Section 2 for which all the input
matrices are available numerically, we can obtain the infi-
nitesimal generator matrix for the queue as

o 1 2 3 4

Q BOO COI 2 2 2

Q _ l A]O Bl] C]z Q 2
210 4, B C 0
3]0 0 4 B C

The utilization factor for the system is 0.875 with a mean
number of customers of 8.558 in the system in steady-state.

The steady-state probabilities PP P, (n>2) areof

lengths 4, 8, and 16, respectively. The R and sub-matrices
of 4, B, C of Q are all of dimensions 16 x 16, so they won’t
be detailed here.

Next we describe numerical values and results for the
terms defined in Section 3. The internal phase transition
matrix component of the output generator process G has no
approximations involved and is straightforward to develop.
To obtain the G matrix, all the sub-matrices have either all
been defined in Q above or can be derived from the arrival
and departure matrices using the expressions given in sec-
tion 3. However, the departure phase matrix requires the
expansion from the condensed two server active states de-

noted here-in by g+ to the full arrival and serve states de-

noted by 1. We approximate this expansion via the sub-

matrix 1:121 . Let @ be the solution to

0'1=1,

with@' =(0.275,0.225,0.275,0.225). Then Ay is ob-

tained from QT ® (Slo ®5S, ) yielding
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11/3 0 3 0 11/3 0 3 0
11/2 1833 9/2 3/2 11/2 18333 9/2 3/2
11/2 1833 9/2 3/2 11/2 18333 9/2 3/2

0 11 0 9 0 11 0 9

The probability of a departure leaving the system with
one job in service is obtained from the departure point
probabilities. As these vectors has large dimensions and
we need their sums rather than the individual vectors, we
list these sum values only

d1=0.0606,d 1=0.0978, >.d"1 =0.9394

n=1

hence, p=d 1/(1-d.1)=0.10407. The resulting de-
parture process characteristics are

E[T,]=0.0666, and C; = 0.9628
and the lag-k correlations 1-4 are:
(0.00643, 0.00497, 0.00174, 0.00023)

Another method of estimating the probability breakout
we can utilize the departure probability information and

compute the ratio § from the departure vector &,. This
approach yields

6" =(0.2647,0.2335,0.2956, 0.2061)

which in turn yields a slightly different estimate of the lag-
k correlations 1-4 of

(0.00660, 0.00592, 0.00279, 0.00133)

These two results are clearly close to one another, but nei-
ther one is exact. More work is needed to improve this ap-
proximation.

5 CONCLUDING REMARKS AND FUTURE
WORK

In summary, in this paper we have considered a single
node of a large queueing network. The main objective of
our research is to characterize the departures from this
multi-server queue (where service times according to
phase-type distribution) with multiple phase-type streams
superposed as arrival process. To illustrate our methodolo-
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gy we consider two independent Coxian-2 arrival streams
that are fed into an infinite size queue with two identical
servers. The service times for the servers are also accord-
ing to Coxian-2 distribution. For this first come first served
queueing system we describe the output process from the
queue. Notice that the successive inter-departure times are
correlated. Although most commonly the output is charac-
terized by just the mean and SCV of the departure process,
this study has shown that it is also possible to describe oth-
er output characteristics for fairly general settings such as
the phase-type distribution. In particular, we obtain depar-
ture process characteristics such as by its distribution and
moments as well as value of lag correlations. In a forth-
coming journal paper we will describe the more generic
case of phase type arrivals and service for the N server
queue. In addition, since the output from a queue would
result in an input to a downstream node, we will provide an
algorithm to use the moments and the lag correlations of
the output process to fit the arrival process of a down-
stream node.
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