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Inexact-Proximal Accelerated Gradient Method for Stochastic
Nonconvex Constrained Optimization Problems
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Abstract

Stochastic nonconvex optimization problems with nonlinear constraints have a broad range
of applications in intelligent transportation, cyber-security, and smart grids. In this paper, first,
we propose an inexact-proximal accelerated gradient method to solve a nonconvex stochastic
composite optimization problem where the objective is the sum of smooth and nonsmooth
functions, the constraint functions are assumed to be deterministic and the solution to the
proximal map of the nonsmooth part is calculated inexactly at each iteration. We demonstrate
an asymptotic sublinear rate of convergence for stochastic settings using increasing sample-size
considering the error in the proximal operator diminishes at an appropriate rate. Then we
customize the proposed method for solving stochastic nonconvex optimization problems with
nonlinear constraints and demonstrate a convergence rate guarantee. Numerical results show
the effectiveness of the proposed algorithm.

1 INTRODUCTION

There is a rapid growth in the global urban population and the concept of smart cities is proposed
to manage the impact of this surge in urbanization. Intelligent transportation, cyber-security,
and smart grids are playing vital roles in smart city projects which are highly influenced by big
data analytic and effective use of machine learning techniques [19]. As data gets more complex
and applications of machine learning algorithms for decision-making broaden and diversify, recent
research has been shifted to constrained optimization problems with nonconvex objectives [14] to
improve efficiency and scalability in smart city projects.
Consider the following constrained optimization problem with a stochastic and nonconvex ob-

jective:

min  f(z) = E[F(z,((w))]

st. ¢i(z) <0, i=1,...,m, (1)

where ( : Q@ — R F : R" x R —» R, and (2, F,P) denotes the associated probability space.
We consider function f(z) : R — R is smooth and possibly nonconvex, ¢;(xz) : R — R are
deterministic, convex, and smooth for all 7, and set X is convex and compact. To solve this
problem, first we propose an algorithm for solving the following composite optimization problem

min g(z) = f(z) + h(@), (2)
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where h(z) : R® — R is a convex function and possibly nonsmooth. Using the indicator function
Io(+), where Ig(z) =0 if x € © and [g(x) = +o0 if x ¢ O, one can write problem () in the form of
problem (@) by choosing h(z) = Ig(z) and © = {z |z € X, ¢;(z) <0, Vi =1,...,m}. Moreover,
we show that how to customize the proposed method to solve problem (Il). Indeed, proximal-
gradient methods are an appealing approach for solving (2)) due to their computational efficiency and
fast theoretical convergence guarantee. In deterministic and convex regime, subgradient methods
have been shown to have a convergence rate of O(1/v/T), however, proximal-gradient methods can
achieve a faster rate of O(1/T), where T is the total number of iterations. Each iteration of a
proximal-gradient method requires solving the following;:

prox, 4 (y) = argmin{h(u) + 5 lu — v’} 3)
ueR” Y

In many scenarios, computing the exact solution of the proximal operator may be expensive or
may not have an analytic solution. In this work, we propose a gradient-based scheme to solve
the nonconvex optimization problem (2] by computing the proximal operator inexactly at each
iteration.

Next, we introduce important notations that we use throughout the paper and then briefly
summarize the related research.

1.1 Notations

We denote the optimal objective value (or solution) of ([2]) by ¢* (or z*) and the set of the optimal
solutions by X*, which is assumed to be nonempty. For any a € R, we define [a]+ = max{0,a}. E[e]
denotes the expectation with respect to the probability measure P and B(s) = {x € R" | ||z|| < s}.
IIg(-) denotes the projection onto convex set © and relint(X) denotes the relative interior of the
set X. Throughout the paper, O is used to suppress all the logarithmic terms.

1.2 Related Works

There has been a lot of studies on first-order methods for convex optimization with convex con-
straints, see [I8], 20] for deterministic constraints and [I} [I0] for stochastic constraints. Nonconvex
optimization problems without constraints or with easy-to-compute projection on the constraint
set have been studied by [3, 21, 9]. When the function f in problem (2) is convex and h is a
nonsmooth function, [I7] showed that even with errors in the computation of the gradient and the
proximal operator, the inexact proximal-gradient method achieves the same convergence rates as
the exact counterpart, if the magnitude of the errors is controlled in an appropriate rate. In non-
convex setting, assuming the proximal operator has an exact solution, [4] obtained a convergence
rate of O(1/T), using accelerated gradient scheme for deterministic problems and in stochastic
regime using increasing sample-size they obtained the same convergence rate. Inspired by these
two works, we present accelerated inexact proximal-gradient framework that can solve problems
(@) and (). In deterministic regime, [8] analyzed the iteration-complexity of a quadratic penalty
accelerated inexact proximal point method for solving linearly constrained nonconvex composite
programs with iteration complexity of @(6_3). Inexact proximal-point penalty method introduced
by [13] and [II] can solve nonlinear constraints with complexity of O(e=2%) and O(e~?) for affine
equality constraints and nonconvex constraints, respectively. Recently, [12] showed complexity re-
sult of O(e=29) for deterministic problems with nonconvex objective and convex constraints with



nonlinear functions to achieve e-KKT point. In stochastic regime, [2] has studied functional con-
strained optimization problems and obtained a non-asymptotic convergence rate of O(e=2) for
stochastic problems with convex constraints to achieve e2-KKT point. In this paper, we obtain the
same convergence rate under weaker assumptions. In particular, in contrast to [2], our analysis
does not require the objective function to be Lipschitz and we prove an asymptotic convergence
rate result. Next, we outline the contributions of our paper.

1.3 Contributions

In this paper, we consider a stochastic nonconvex optimization problem with convex nonlinear
constraints. We propose an inexact proximal accelerated gradient (IPAG) method where at each
iteration the projection onto the nonlinear constraints is solved inexactly. By improving the accu-
racy of the approximate solution of the proximal subproblem (projection step) at an appropriate
rate and ensuring feasibility at each iteration combined with a variance reduction technique, we
demonstrate a convergence rate of O(1/T), where T is the total number of iterations, and the
oracle complexity (number of sample gradients) of O(1/€%) to achieve an e-first-order optimality
of problem (Il). To accomplish this task, first we analyze the proposed method for the composite
optimization problem () which can be specialized to () using an indicator function. Moreover,
our proposed method requires weaker assumptions compare to [2].

Next, we state the main definitions and assumptions that we need for the convergence analysis.
In Section [, we introduce the IPAG algorithm to solve the composite optimization problem and
then in Section 2.1l we show that IPAG method can be customized to solve a nonconvex stochastic
optimization problem with nonlinear constraints (Il). Finally, in section 3] we present some empirical
experiments to show the benefit of our proposed scheme in comparison with a competitive scheme.

1.4 Assumptions and Definitions

Let p be the error in the calculation of the proximal objective function achieved by Z, i.e.,
“ &yl + (@) < p+ min { o=z~ y] +h(x) ()
—||z — T min ¢ — ||z — x) e,
2y 4 =r zeRn | 2 4

and we call Z a p-approximate solution to the proximal problem. Next, we define p-subdifferential

and then we state a lemma to characterize the elements of the p-subdifferential of h at z.

Definition 1 (p-subdifferential). Given a convex function h(x) : R™ — R and a positive scalar p,
the p-approzimate subdifferential of h(x) at a point x € R™, denoted as Oph(x), is

ph(z) ={d € R" : h(y) = h(z) + {d,y — z) — p}.
Therefore, when d € 0,h(x), we say that d is a p-subgradient of h(x) at point x.

Lemma 1. If & is a p-approximate solution to the proximal problem (Bl in the sense of (@), then
there exists v such that ||v|| < \/2vp and

2y — & —v) € Oh(E).

Proof of Lemma [I] can be found in [I7]. Throughout the paper, we exploit the following basic
lemma.



Lemma 2. Given a symmetric positive definite matriz ), we have the following for any vi,vo,v3:

1
(v2 —v1) Q3 — 1) = 5 lve — villg + lvs = villg — llve — vsllg), where [[v]lg £ Vv Qu.

In our analysis we use the following lemma [4].

Lemma 3. Given a positive sequence ay, define I'y = 1 for k =1 and I'y, = (1 — ag)'x—1 for
k > 1. Suppose a sequence {xy}r satisfies xx < (1 — ag)xr—1 + Ak, where Ay > 0. Then for any
k > 1, we have that x, < I' Z?:l v;/T;.

The following assumptions are made throughout the paper.
Assumption 1. The following statements hold:

(i) A slater point of problem () is available, i.e., there exists x° € R™ such that ¢;(z°) < 0 for
alli=1,...,m and z° € relint(X).

(i) Function f is smooth and weakly-convex with Lipschitz continuous gradient, i.e. there exists
L6 >0 such that —§lly —z|* < f(x) = f(y) = (V[ (2).y — @) < §lly —2|*.

(i4i) There ezists C > 0 such that ||proz., ,(y)|| < C for any v >0 and y € R".

(iv) E[& | Fir] = 0 holds a.s., where & £ Vf(z1) — VF (21, wy). Also, there exists T > 0 such

that E[||€x]1? | Fi] < X,—i holds a.s. for all k and F, & o ({zo,éo, 21,60 ... ,zk_l,gk_l}), where

- Dok V) -VF(s.058)
gk - Ny .

Note that Assumption 1 is a common assumption in nonconvex and stochastic optimization
problems and it holds for many real-world problems such as problem of non-negative principal
component analysis and classification problem with nonconvex loss functions [16].

2 CONVERGENCE ANALYSIS

In this section, we propose an inexact-proximal accelerated gradient scheme for solving problem
@) assuming that an inexact solution to the proximal subproblem exists through an inner al-
gorithm M. Later in section 2. we show that how the inexact solution can be calculated at
each iteration for problem (dJ). Since problem (2)) is nonconvex, we demonstrate the rate result
in terms of ||z — proxy,(z — AV f(2))|| which is a standard termination criterion for solving con-
strained or composite nonconvex problems [I5] [5 [4]. For problem (), the first-order optimality
condition is equivalent to find z* such that z* = Ilg(z* — AV f(z*)) for some A\ > 0. Hence,
we show the convergence result in terms of e-first-order optimality condition for a vector z, i.e.,
Iz = Te(z = AV (2)|I* < e

Assumption 2. For a given ¢ € R and v > 0, consider the problem @ £ DProTy, (¢). An algorithm
M with an initial point ug, output u and convergence rate of O(1/t?) within t steps exists, such
that ||lu — a|* < (a1]|uo — @||* + a2)/t* for some ay,as > 0.



Algorithm 1 Inexact-proximal Accelerated Gradient Algorithm (IPAG)

input: zg,yp € R", positive sequences {ag, Vi, Akt and Algorithm M satisfying Assumption 2}

for k=1...7T do

(1) z=(1—ap)yp—1 + gTp_1;

(2) ap, ~ prox,,, (-1 — yk(Vf(zk) + &k)) (solved inexactly by algorithm M with gy, iterations);

(3) Yk =~ proxy,y, (zk — Me(V£(zr) + & ) solved inexactly by algorithm M with py, iterations);

end for

Output: 2zy where N is randomly selected from {7/2,...,T} with Prob{N = £k} =
— L (4.

2ok=17/2) TOX, Ty

Suppose the solutions of proximal operators Zj, = prox., (a;k_l — % (Vf(zk) + ék)) and 7, =
proxy, 2k B
— M(Vf(2x) + &)) are not available exactly, instead an eg-subdifferential solution xp and p-
subdifferential solution vy, are available, respectively. In particular, given &, for the proximal
subproblem in step (2) and (3) of Algorithm [ at iteration k, Assumption [2 immediately im-
plies that after ¢ and pg steps of Algorithm M with initial point zp_; and yi_1, we have
er = ve(cllzr—1 — Tkl + c2)/qi and pyp = Ne(b1llyk—1 — Gill* + b2)/p3, for some c1,ca,b1,b2 > 0
where 7, \; represents strong convexity of the subproblems, respectively. Later, in Section 21 we
show the existence of Algorithm M such that it satisfies Assumption 21

Remark 1. Note that from Assumption [D(iii) and[3, we can show the following for all k > 0:

8C"2 +co2

lx = 2l < 2 [2e1 (loxy = T l® + 11— 24l1*) + 2] < llwpr — T |* + 55

= |lzx — Zl® < llwo — Zol* + ZBC 72 = ||z <C+\/Hl’o—xo|!2+0 By, (5)
7=1

where C & Zle 80;# and we used the fact that ||Z|| < C. Similarly for step (3) of Algorithm
J
[, there exist By, Bs > 0 such that the followings hold for all k > 0,

lyell < B2, |lzxll < Bs. (6)
Next, we state our main lemma that provides a bridge towards driving rate statements.

Lemma 4. Consider Algorithm [0 and suppose Assumption [l and [2 hold and choose stepsizes
o, Y and N such that apye < Ap. Let g = prozy,p (2 — MV f(21)) in the sense of @) and
= prozy p, (2 — AV f(2)) for any k > 1, then the following holds for all T' > 0.

Ellgn — znl* + 19k — 2n11%]
-1

T T
1-LA *
<| > [—zgh lzo — ™[> + § > £ [2B5 + C* + ar(1 — ;) (2B + BY)]
k=|T/2] k=1

T

A\, 72 Qek B2+C*? pk(l-i-k’) B2+B2 | 5M\m2(1—LX\;) | pu(1—L\g)

+Z(Fka(1 L:) RS TS e + et 8T 4w Ny + ATy, ’ (7)
k=1



Proof. First of all from the fact that V f(z) is Lipschitz, for any k£ > 1, the following holds:

Flur) < k) + (VF(z0) v — 2) + Sllue — 2. (8)

Using Assumption [I(ii), for any aj € (0,1) one can obtain the following:

flzr) = [(1 = an) f(yr—1) + . f(2)]

= Oék[f(zk) J(@)] + (1 —ap)[f(z) — fyr-1)]
k(Y f (1), 2 — @) + Ellzk — 2] + (1 — ) (VS (), 2% — Y1) + Ll — g [?]
<Vf<zk>,zk — o — (1 — ag)y1) + G|z, — o] + L5282 — gy |
< (V1 (2h)s 2 — e — (1= ap)yp) + 28 |z — ) + LR a2, (9)

where in the last inequality we used the fact that zp — yp—1 = ax(xx—1 — yg—1). From Lemma
[, if e, be the error in the proximal map of update zj in Algorithm [ there exists v, such that
lok]l < v279kexr and Vik (zr—1— 2 — (VY f(2) + &) — vi) € Oe h(xy). Therefore, from Definition
[, the following holds:

h(w) > h(ak) + (5 (@r-1 — 1) = Vf(2) = & — 570k, — @) — e
= (Vf(z1) + &,z — x) + h(zk) < h(z) — %(vk,xk —x)+er+ %(xk_l — T, T — T).

From Lemma[2] we have that ,Yik(a:k_l — X, T — T) = ﬁ[”x;ﬂ_l —z||? — ||lzr — ze_1l|® = ||lzr — 2|,
therefore,

(Vf(zk) + &y xp — ) + h(zy)
< h(x) = g,z — @) + e+ g [lana — ] = oy — zpal® = flow —2?). (10)

Similarly if pg be the error of computing the proximal map of update y; in Algorithm [I then there
exists wy, such that ||wg| < /2Agpr and one can obtain the following;:

(V (k) + &, yk — ) + h(yk)
< (@) = 3wy yk — x) + pr 4 ol — 2l = Ny — zl® = Ny — =] (11)
Letting x = agxg + (1 — ag)ygp—1 in () for any ay > 0, the following holds:
(Vf(z1) + &y — arae — (1 — ar)yr—1) + h(yk)
< h(agay + (1= ap)ye—1) — 3= (g, yp — @y — (1 — ax)yr—1) + pi
+ o2k — arer — (1= an)ye—1l* = llyr — 2]
From convexity of h and step (1) of algorithm [I] we obtain:
(Vf(zk) + & ur — arar — (1= ag)ye—1) + h(yr)
< agh(zy) + (1 — o) h(yr—1) — i(’wk,yk —apxy — (1 — on)yp—1) + p
+ o laillen — zral? = e — 2] (12)

Multiplying ([I{) by oy and then sum it up with ([I2]) gives us the following

(Vf(2) + &y yk — oz — (1 — ag)yp—1) + h(yr)



< (1= ap)h(yr-1) + aph(z) = g (o — @l* = |ox — @l*) = - (o, 21 — @)

(on—
e+ 2 g — gy 12— Sk — 2l = 5wy — axwk — (1= ak)yk1) + i
———
term (a)
(13)

By choosing 7y, such that agyi < Ak, one can easily confirm that term (a)< 0. Now combining (g]),
@) and ([I3)) and using the facts that g(z) = f(z) + h(z) and zx = yr—1 + ax(Tr—1 — Yrp—1), we get
the following:

term (b)

9(yr) < (1= aw)gyr—1) + arg(@) — 5(3- — Dllye — 211> + (&, anlz — 1) + 21 — yi)

SUH2 Zak(l ag)

+ g [zt — 2l = lar — 2% + G- lema — lype—1 — zr—a|?

2y
— o (v, — ) ek — - (Why Yk — gy — (1= ar)yk—1) + pi- (14)

Moreover one can bound term (b) as follows using the Young’s inequality.

(& (@ — 2p—1) + 28 — Yk) = (Eks (@ — 25-1)) + (Ekr 20 — Yi)
< (o on(r — 2 ) + 2l — el + SRR (1)
Using (I5)) in ([I4), we get the following.

9(uk) < (1= aw)g(yr—1) + arg(@) — 1= = Dllye — 261 + G e — z1)) + =255 1)

ta3 (1
+ g f|lzg — @l = [lox — 2)*] + Gt | — 2| + et
— (o, g — ) + ep — 5 (wg, yp — gk — (1= ar)yk-1) + pi-

Subtract g(x) from both sides, using lemma [3, assuming /\(:l&k is a non-decreasing sequence and
summing over k from k =1 to T, the following can be obtained.

T
— 1—
— Z By ka Ellyr — Zk”2

k=1
T
< g8 llzo — 2l - gt ler — 2P+ 5 ) [z — 2l® + ar(l — an)llyk—1 — zx|)?]
. k=1
+ a_2<gk,$—$k—1>+2ﬁ”gk“2
k=1

M%EMH

[ (ks 2 — @) + F — o (wi, g — gy, — (1 — a)y—1) + £5].

=
Il
—

Letting 2 = z* and using Assumption[I(iii), inequalities (Bl and (Bl and the fact that ||vg| < /2ykex
and ||wk|| < V2 gpk, we can simplify the above inequality as follows:

T T
— * 1—L\
gerg o) | NI gy — 2|2 < g2 flag — 272+ £ 8 [2BF + O + ar(1 — o) (283 + BY)]
= k=1



T
_ N _
10“‘_:@16753* — Tp-1) + E Fk(l—kL)\k) H£/<3H2
k=1

_|_

(2ek+B%+C _|_Pk(1+k) BQ+BQ)

+ YLk + kAR

MHEMH

=
Il
—

Using the fact that g(z7) — g(x*) > 0, taking conditional expectation from both sides and applying
Assumption [l(iv) on the conditional first and second moments, we get the following.

T T
1—L)\ *
SRRk — 2wl | Fil < g2 llwo — 2P+ 5 £E[2B5 + C% + (1 — on)(2B3 + BY)]
k=1 k=1
T
2 B2+c2 (1+k) B2+ B2
+ Z Fka 1 L>\k + Z ek ’;krk + & + kAka ) (16)
k=1

To bound the left-hand side we use the following inequality by defining y7 = Prox,, (zk — Me(Vf(zk) + gk))
and g, £ proxy,p, (2 — MV f(z)).-

1 1
I = 24l = 5l = 21l + 5l — 24
N L.
> 2l — =l = gk — sl + 705 — 2l — 1% — ol
1 o . 5
> Lk — =l + gk — 2l — Sl — G50 — 215k — kI — 2ok — vl

where we used the fact that for any a,b € R, we have that (a — b)? > %(12 — b2 and for any a; € R,
>na)? < mZ?ll a?. From Assumption [{iv), we know that |5 — y5||> < A272/Ny, also we
know that ngk —gr)? < pk/)\k and similarly lye — y5lI* < pr/Ak. Therefore, one can conclude that
lye — 2l1? = 119k — 26| + 2195 — 26l|? — 32272 /Nj, — 4py / Ak Hence, by taking another expectation

from (6 and then using this bound, the following can be obtained.

T
=L |15 N
Tt Ellge — 26ll® + 1195 — 2]

k=1

T
< e —atP + 5 ) fE[2B5 + C° + (1 — ay,) (2B3 + BY))]
k=1

ApT?2 2ek B2+C? pk(l-i-k) B3+B2 | 5M\2(1—LA\g) | pr(1—LAg)
+Z(Fkal IBYS) +T Tt + +mkr + =5 + NoTy :

Yelk

Using the fact that ZZ:LT/% Ay < SOF | A; where 4; = 116>ii\“kE[Hgk — 2 |1* + |95 — 2x]/?], dividing

both side by Z;‘:: \7/2) % and using definition of N in Algorithm [I the desired result can be
obtained. O

We are now ready to prove our main rate results.



Theorem 1. Let {yi,x, 21} generated by Algorithm [ such that at each iteration k > 1, eg-
approximate solution of step (2) and py-approzimate solution of step (3) are available through an
inner algorithm M. Suppose Assumption [ and [ hold and we select the parameters in Algorithm
@ as ar = 125, Yk = 15+ M = 375 Tk = k(,fﬂ) and Ny = k+1. Then for B = B? + B3 + B +(C?,
the following holds for oll T > 0.

Elllgn — 2n |12 + 175 — 2v %] < 225

T
k=1
(17)

where gy, = proxy, j, (2 — MV f(21)) in the sense of @), and §;, = proxy, j (2 — MV f(21)) for any
k>1.

Proof. Using the definition of A\ and I'y, we get the following.

T T

— LEk(k+1 3
> = 3 Mo [Rer gz "
k=|T/2] k=|T/2]

Next, using the definition of parameters specified in the statement of the theorem we have that

T T T
B _ T(T+1) _ 2k T2T(14T)
Z%_:_ k= 2 ’ ZFka_ZT_T 4 ’
k=1 k=1 k=1
T T T T
YA = ToL(k+1) =20LT(T+3), Y p :Z (k+1)=LT(T+3).  (19)
k=1 k=1 k=1 k=1

Using (I8]) and ([3) in (7)) and the fact that ap(1 —ag) <1, ;—ﬁ’ < 2 and defining B = B? + B3 +
B2 + C? we get the desired result. O

Corollary 1. Let {yg,x, 2z} be generated by Algorithm [1 such that at each iteration k > 1, e-
approzimate solution of step (2) and py-approximate solution of step (3) are calculated by an inner
algorithm M where e, = yi(c1||xk—1 — Zx||> + c2) /a2 and pr = Me(b1||yk—1 — Til|* + b2) /pi. Suppose
Assumptions [l and [2 hold and p, = k + 1 and qi = k. If we choose the stepsize parameters as in
Theorem [, then the following holds for all T > 1.

Elllgn — 2n|” + 9% — 2n[IP] < 2 + 23, (20)
A 128 l 1372 c1(2B2+C?)+c b1 (2B2+C?)+b
Dy =7 [4B(Z+64LB+4L)+<1 L 2>+(1 “IL 2)}7

Dy 2128 (b1(2B2 + C?) + by)

where gy, = prozy,p, (21 — AV f(21)) in the sense of @) and g, = proxy, p, (zx — MV f(2x)) for any
k > 1. The oracle complexity (number of gradient samples) to achieve E[||gn —zn||>+]9% —2n|?] <
€ is O(1/€?).

Proof. Using the definition of the stepsizes, pg, er, and p, one can obtain the following:

T
Z 2 < 01(2B2+C )+02 Z(k,’ + 1) _ 61(2B%+C’2)+C2 T(T + 3)
4L :
> ( )



pr(1+k)
Ik

| /\

232+C2 +bg Zk _ <b1 2B2+C2)+b2> T(T +1).

M- 714
MH

Ty iL (k+1)2
1 k=1 k=1

IN

T
o <b1(2Bg+02)+b2) k(k+1) (b1(2B2+02 +b2) <b1 282+02)+b2) T

B
Il

Using the above inequalities in (IT), we get the desired convergence result. Additionally, the
total number of sample gradients of the objective is Zgzl Ni, = Ezzl(k: +1) = T(T + 3) and
the total number of gradients of the constraint is S\, pr + g = oy 2k + 1 = T(T + 2).
From (20), we have that E[||jn — zn|?] < O(1/T) = ¢, hence, S.1_, N = O(1/€?) and similarly
Skt i g = O(1/€%). O

In the next corollary, we justify our choice of measure. We show that if E[[|§7 — zn||%] < ¢, then
the first order optimality condition for problem (2] holds within a ball with radius /e.

Corollary 2. Under the premises of Corollary[dl, after running Algorithm[d for T > D /e iterations,
where D = Dy + Dy, the following holds.

0 € B[V (§)] + E[Dh(3})] + B (3LVE)

Proof. Suppose §J is a solution of prox, ., (2x — ANV f(2n)). Then 0 € Oh(gy) +V f(zn) + (I —
zn)/A. Adding and subtracting V f(7}) form the right-hand side of the above inequality, gives the
following:

0 € 0h(gn) + V() + /AN — 2n) £ V(). (21)

Moreover, using the fact that 7 > D/e and E[||g — zn|/*] < & = € one can show the following
result.

E[IVf(2n) = V(Gn) +1/MIn — 2l S E[Lgy — 2nll + /A9 — 2nll] < 3LV,

where we use the fact that A = 1/(2L). Using the above inequality and taking expectation from
([2I) the desired result can be obtained. O

In the next section, we show how Algorithm [I] can be customized to solve problem ().

2.1 Constrained Optimization

Recall that problem () can be written in a composite form using an indicator function, i.e. problem
(@) is equivalent to ming g(z) = f(z) + h(z), where h(z) = lg(z) and © = {x | z € X, ¢i(z) <
0, Vi=1,...,m}. Instep (2) and (3) of Algorithm [ one needs to compute the proximal operators
inexactly which are of the following form:

. 1 .
{LHGI)I% % Hu_yH2 s.t. ¢Z(U) < 07 L= 17"'7m7 (22)

for some y € R™. Problem (22)) has a strongly convex objective function with convex constraints, and

there has been variety of methods developed to solve such problems. One of the efficient methods
for solving large-scale convex constrained optimization problem with strongly convex objective
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that satisfies Assumption [2is first-order primal-dual scheme that guarantees a convergence rate of
O(1/4/¢€) in terms of suboptimality and infeasibility, e.g., [7, 6]. Next, we discuss some details of
implementing such schemes as an inner algorithm for solving the subproblems in step (2) and (3)
of Algorithm [

Based on Corollary [Il to obtain a convergence rate of O(1/T), one needs to find an eg- and
ex-approximated solution in the sense of (H]). Note that since the nonsmooth part of the objective
function, h(x), in the proximal subproblem is an indicator function, () implies that the approximate
solution of the subproblem has to be feasible, otherwise the indicator function on the left-hand side
of ) goes to infinity. However, the first-order primal-dual methods mentioned above find an
approximate solution which might be infeasible. To remedy this issue, let x° be a slater feasible
point of [22)) (i.e., ¢;(x°) < 0 for all i = 1,...,m) and let & be the output of the inner algorithm
M such that it is e-suboptimal and e-infeasible, then & = k2° + (1 — k)% is a feasible point of ([22])

N , [#i(2)]
for kK = max; B =

B~y Which is O(e)-suboptimal, see the next lemma for the proof.

Algorithm 2 TPAG for constrained optimization

input: z°,x9,yo € R™ and positive sequences {ag, Vi, Ak }x, and Algorithm M satisfying Assump-
tion 2

for k=1...T do

(1) 2= (1 — a)yp—1 + aprp_1;

(2) @ ~Tle (wp—1 —(Vf(2zk) + &)) (solved inexactly by algorithm M with g, iterations);

(3) y=~TIlg (zk — Me(Vf(zx) + Ek)) (solved inexactly by algorithm M with py iterations);

(4) = max; oy and & = max; gty

(5) xp=kKx®+ (1 —K)x;

(6) yp=Fa®+ (1—R)y;

Output: 2y where N is randomly selected from {7/2,...,T} with Prob{N = £k} =

1 1—L\,
g T=Ih: \ 60Ty )
2k=|T/2) T6ALTy

Lemma 5. Let x° be a strictly feasible point of 22) and & be the output of an inner algorithm M
such that it is e-suboptimal and e-infeasible solution of [22)). Then T = kx° 4 (1 — K)Z is a feasible

point of [22)) and an O(€)-approximate solution in the sense of () where k = max; %

Proof. Let x* be the optimal solution of (22]). Since & is e-suboptimal and e-infeasible solution,
Z € X and the following holds:
512 =yl = Ella* =yl <e, and [:(@)]4 < ¢ Vie{1,...,m}.

Since X is a convex set and z°, & € X, then clearly kz° + (1 —k)Z € X for any € [0,1]. Moreover,
(° ; — (@]

¢;(z°) < 0 for all i, hence kK = max; m €[0,1] and x <

®i(+), one can show the following for all i =1,...,m.

0i(2) < Kdi(2°) + (1 — K)i(2) <0,

where we used the definition of k. Hence, Z is a feasible point of ([22]). Next, we verify & satisfies

@.

m From convexity of

5717 = yl” +1e(@) — 552" — yl* — Te(z")
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& —y£a°|? = L 2" —yl?

2 o 1-k)2 || 4 1— o A *
e —yl? + 552 2 — y)? + 2 — g2 — y )P = Ll - y)?

IN

2 o 1— o A A *
= £ la® — gl + 2 2 — yl25 — )2 + (1 — 6) [ £ 15— yll - £ le” - yll]
1—(1=k2) | *
S LA

< Slla® =yl + =5 — ylPllE -yl + e < OCe),
where we used the fact that Z, 2" are feasible, 7 is e-suboptimal and & < Tr=—srayr O

In the following corollary, we show that the output of Algorithm []is feasible to problem ()
and satisfies e-first-order optimality condition.

Corollary 3. Consider problem (). Suppose Assumption [1l and [2 hold and let {yi,xk, 21} be
generated by Algorithm [2 such that the stepsizes and parameters are chosen as in Corollary [
Then the iterates are feasible and E [||zy — He (2xy — ANV f(2n)) [|2] < O(e) holds with an oracle
complezity O(1/€%).

Proof. From Lemma [§l we know that the iterates are feasible and from Corollary [, we conclude
that E[||ly% — 2n||?] < € with an oracle complexity O(1/¢?). Considering problem (), definition of
Uy is equivalent to 93 = Ilg (25 — ANV f(2n)) which implies the desired result. O

3 NUMERICAL EXPERIMENTS

The goal of this section is to present some computational results to compare the performance of the
IPAG method with another competitive scheme. For Algorithm [2] we consider accelerated primal-
dual algorithm with backtracking (APDB) method introduced by [6] as the inner algorithm M. In
particular, APDB is a primal-dual scheme with a convergence guarantee of O(1/T?) in terms of
suboptimality and infeasibility when implemented for solving (22]) which satisfies the requirements
of Corollary [3], i.e., produces approximate solutions for the proximal subproblems.

Example. The IPAG method is benchmarked against the inexact constrained proximal point
algorithm (ICPP) introduced by [2]. Consider the following stochastic quadratic programming
problem:

_min () 2 | DBal? + §E[l Az - b))
s.t. %l’TQZ’:L' —I—dZT:L' —¢ <0, Vi=1...m,

where A € RPX" p = n/2, B € R™" D € R™" is a diagonal matrix, b(¢) = b+ w € RP*!
where the elements of w have an i.i.d. standard normal distribution. The entries of matrices A,
B, and vector b are generated by sampling from the uniform distribution U|0,1] and the diagonal
entries of matrix D are generated by sampling from the discrete uniform distribution U{1,1000}.
Moreover, (§,7) €R%, , Q; € R™", d; € R"*! and ¢; € R for all i € {1,...,m}. We chose scalers
§ and 7 such that A\, (V2f) < 0, i.e., minimum eigenvalue of the Hessian is negative. Note that
Assumption [I(i) holds for z° = 0, where 0 is the vector of zeros.

In Table [I (left), we compared the objective value, CPU time, and infeasibility (Infeas.) of
our proposed method with ICPP [2] and in Table [ (right) we compared the methods for different
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IPAG ICPP IPAG ICPP

n m flzr) Infeas. | CPU(s) flzr) Infeas. | CPU(s) n m | std. flzr) flzr)
100 | 25 | -6.78e+5 0 12.10 -4.85e+4 | 3.56e-1 32.99 100 | 25 1 -6.7866e+5 | -4.8563e+4
100 | 50 | -8.53e+5 31.76 -2.42e+4 | 3.23e-1 65.79 100 | 25 5 -6.5288e+5 | -4.8596e+4
100 | 75 | -4.18e+5 52.43 -2.16e+4 | 3.75e-1 110.53 100 | 25 10 -6.2336e+5 | -4.8528e+4
200 | 25 | -3.22e+6 65.56 -1.81e4+5 | 2.56e-1 132.18 200 | 50 1 -1.8552e+6 | -8.4550e+4
200 | 50 | -1.85e+6 90.49 -8.45e+4 | 4.54e-1 208.84 200 | 50 5 -1.8452e+6 | -8.5264e+4
200 | 75 | -1.33e+6 138.75 -7.78e+4 | 3.93e-1 287.20 200 | 50 10 -1.8383e+6 | -8.6096e+4

o|o|o|o|o

Table 1: Comparing IPAG and ICPP.

choices of standard deviation (std.) of w. To have a fair comparison, we fixed the oracle complexity
(i.e. the number of computed gradients is equal for both methods). As it can be seen in the table,
for different choices of m and n, IPAG scheme outperforms ICPP. For instance, when we have 25
constraints and n = 100, the objective value for our scheme reaches f(xr) = —6.78¢ + 5 which is
significantly smaller than —4.85¢+4 for ICPP method. Note that our scheme, in contrast to ICPP,
obtains a feasible solution at each iteration. Similar behavior can be observed for different choices
of the standard deviation in Table [II (right). standard deviation.
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