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Bias Adjusted Sign Covariance Matrix
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Abstract—The spatial sign covariance matrix (SSCM), also
known as the normalized sample covariance matrix (NSCM), has
been widely used in signal processing as a robust alternative to the
sample covariance matrix (SCM). It is well-known that the SSCM
does not provide consistent estimates of the eigenvalues of the shape
matrix (normalized scatter matrix). To alleviate this problem, we
propose BASIC (Bias Adjusted SIgn Covariance), which performs
an approximate bias correction to the eigenvalues of the SSCM
under the assumption that the samples are generated from zero
mean unspecified complex elliptically symmetric distributions (the
real-valued case is also addressed). We then use the bias correction
in order to develop a robust regularized SSCM based estimator,
BASIC Shrinkage estimator (BASICS), which is suitable for high
dimensional problems, where the dimension can be larger than
the sample size. We assess the proposed estimator with several
numerical examples as well as in a linear discriminant analysis
(LDA) classification problem with real data sets. The simulations
show that the proposed estimator compares well to competing
robust covariance matrix estimators but has the advantage of being
significantly faster to compute.

Index Terms—Covariance matrix, elliptical distribution, spatial
sign covariance matrix, robust estimation, shrinkage.

I. INTRODUCTION

CONSIDER independent and identically distributed (i.i.d.)
random samples x1, . . . ,xn ⊂ Cp from a p-dimensional

elliptically symmetric (ES) distribution x ∼ F with zero mean
and positive definite scatter matrix parameter Σ. We are inter-
ested in estimating Σ up to a scaling constant. Hence, we define
the shape matrix, Λ, and the scale parameter, η, as

Λ = η−1Σ, η = p−1tr(Σ).

Then Λ satisfies tr(Λ) = p. A conventional estimator for
the covariance (scatter) matrix is the (unbiased) sample co-
variance matrix (SCM), S = 1

n

∑n
i=1 xix

H
i , which is also the

maximum likelihood estimator (MLE) ofΣwhen sampling from
a zero mean multivariate normal (MVN) distribution. However,
it is well-known that the SCM is not robust against heavier-
tailed distributions or outliers. Hence, robust alternatives such
as M-estimators [1] are commonly used. Another commonly
used robust estimator is the spatial sign covariance matrix
(SSCM) [2], [3]

Ssgn =
1

n

n∑
i=1

xix
H
i

‖xi‖2 . (1)
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Its corresponding shape estimator given by Λ̂sgn = pSsgn

(Since tr(Ssgn) = 1). We note that Λ̂sgn is often referred to as
the normalized sample covariance matrix [4]–[6], and it has
become a popular proxy for the unknown clutter covariance
matrix in adaptive radar detection problems, especially due
to its good robustness properties. The SSCM has the highest
possible breakdown point of 1 with fixed location [7] and
breakdown point of 1/2 when using the spatial median [8] to
estimate the location [9]. The best possible breakdown point of
M-estimators is 1/p and obtained by Tyler’s M-estimator [10].
The SSCM also has the advantage of being faster to compute
than complex-valued M-estimators of scatter [11], which are
computed using an iterative fixed point (FP) algorithm. However,
unlike M-estimators, which are affine equivariant, the SSCM is
only unitary equivariant (orthogonally equivariant in the real-
valued case) [7], [12]. That is, the transformationxi �→ Qxi, for
i = 1, . . . , n, induces Ssgn �→ QSsgnQ

H for any unitary matrix
Q (affine equivariance instead means that the same holds for
any non-singular matrix).

Assuming ES distributions, define the expectations:

Σsgn = E[Ssgn] and Λsgn = E[Λ̂sgn].

It is well-known that the eigenvalues ofΛsgn andΛ are not equal
(except when Σ ∝ I). However, their ordering is preserved, and
their corresponding eigenvectors are the same [2], [3], [7]. In [13,
Theorem 2] it was shown that for a sequence of covariance
matrices of increasing dimension, the bias of the SSCM is of
the order of the sphericity, γ = tr(Λ2)/p, and becomes negli-
gible as the dimension increases provided γ/p → 0 as p → ∞.
Since γ measures how close the shape matrix is to the identity
matrix, the implication is that the bias of the SSCM is smaller
for approximately spherical covariance matrices (γ small) and
larger for spiked covariance matrices, where there are only a
few large eigenvalues (γ large). Letting λ = (λi) denote the
eigenvalues of Λ and δ = (δi) the eigenvalues of Σsgn, there
exists a one-to-one continuously differentiable function hi such
that δi = hi(λ) [7]. In [14] a formula for hi was derived for
complex ES distributions in the case that all eigenvalues are
distinct. In [15] a one-dimensional integral formula for hi was
derived for real-valued ES distributions, which does not assume
distinct eigenvalues.

The main contributions of this letter are as follows. We derive
the expectation of a more general weighted SCM (2) (of which
the SSCM is a special case) under the assumption that the data
is generated from a complex ES distribution, and without any
restrictions on the multiplicities of the eigenvalues. The result
is easily generalized to real ES distributions. We then use the
result to propose BASIC (Bias Adjusted SIgn Covariance): a
bias correction that shifts the eigenvalues (pδi) of Λsgn closer
to the eigenvalues (λi) of Λ. Furthermore, for high-dimensional
problems, we develop a SSCM based shrinkage estimator, called
BASIC Shrinkage estimator (BASICS).
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We note that in [7] it was shown that the SSCM is asymptoti-
cally inadmissible, which means that the asymptotic covariance
matrix of the consistency corrected SSCM is uniformly larger
than that of Tyler’s [16] M-estimator. However, the computa-
tional simplicity of the bias corrected SSCM makes it an ap-
pealing alternative to M-estimators that are commonly computed
using an iterative FP algorithm.

The paper is organized as follows. In Section II, we derive
the expectation of the weighted SCM (Theorem 1). Section III
discusses the bias correction scheme and develops the regu-
larized SSCM based estimator. Section IV provides simulation
studies and an application in linear discriminant analysis (LDA)
classification. Section V concludes. All proofs are kept in the
appendix.

Notations: For a matrix A, A 	 0 means that A is positive
definite. The notations (·)∗, (·)�, and (·)H denote the complex
conjugate, transpose, and Hermitian (conjugate transpose). The
notation λ(A) denotes the eigenvalues ofA. The identity matrix
is denoted by I and |A| is the determinant of A. The notation
Eµ,Σ[·] denotes the expectation taken over a distribution with
mean μ and scatter parameter Σ. The uniform distribution on
the complex unit sphere is denoted by U(CSp), where CSp =
{u ∈ Cp : ‖u‖ = 1}.

II. EXPECTATION OF A WEIGHTED SCM

A (non-degenerate) centered (zero mean) random vector x ∈
Cp is said to have a circular complex elliptically symmetric
(CES) distribution if it admits the stochastic representation [17],
[18]: x = rΣ1/2u, where r > 0 is a random variable called
the modular variate that is independent of u ∼ U(CSp), and
Σ1/2 is the unique positive definite square-root of Σ 	 0. The
distribution of r determines the particular ES distribution. If the
cumulative distribution function of r is absolutely continuous,
the density ofx is up to a constant of the form |Σ|−1g(xHΣ−1x),
where g : R≥0 → R>0 is called the density generator. We then
write x ∼ CEp(0,Σ, g).

Define a weighted SCM by

Σ̂Z =
1

n

n∑
i=1

xix
H
i

xH
i Zxi

=
1

n

n∑
i=1

viv
H
i

vH
i Zvi

, (2)

where vi = xi/‖xi‖, and Z = ZH 	 0 is a fixed (non-random)
p× p matrix, yielding the SSCM for Z = I. Since Σ̂Z does not
depend on the modular variate r, it is distribution-free within the
class of ES distributions. The expectation of Σ̂Z is given next.

Theorem 1: Let x ∼ CEp(0,Σ, g) with Σ = ηΛ. For any
fixed Z = ZH 	 0,

E

[
xxH

xHZx

]
=

∫ ∞

0

Λ(I+ tZΛ)−1

|I+ tZΛ| dt (3)

=

∫ 1

0

Λ((1− t)I+ tZΛ)−1

|(1− t)I+ tZΛ| (1− t)p−1dt. (4)

The expectation of the SSCM (1) is obtained when Z = I
while for Z = Λ−1 the expectation is equal to Λ/p. Previously,
the expected value of the SSCM (for p > 2) was derived in [15]
for real ES distributions in the form

δi =
λi

2

∫ ∞

0

1

(1 + tλi)
∏p

j=1(1 + tλj)1/2
dt, (5)

where δi denotes the ith eigenvalue of Σsgn and λi the ith eigen-
value ofΛ. The corresponding expression in the complex-valued
case can easily be derived from (3) to be

δi = λi

∫ ∞

0

1

(1 + tλi)
∏p

j=1(1 + tλj)
dt (6)

= λi

∫ 1

0

(1− t)p−1

(1− t+ tλi)
∏p

j=1(1− t+ tλj)
dt (7)

= (λi/p)F
(p)
D (1, . . . , 1, p+ 1; 1− λ1, . . . , 1− λp),

where F
(p)
D denotes Lauricella’s hypergeometric series defined

via analytic continuation if |1− λi| ≥ 1. The integrals above
can be computed efficiently using numerical integration such as
with the adaptive quadratic method [19].

III. ESTIMATING THE SHAPE MATRIX

For real-valued ES distributions, in [20], a heuristic FP algo-
rithm involving numerical integration was proposed for estimat-
ing the eigenvalues of the shape matrix using the eigenvalues
of the SSCM. We propose an alternative approach, where we
approximate the integral (7) and then invert it. This enables
simple computation of the bias correction.

First, we show that the integrand in (7) decreases close to zero
well before t reaches the upper limit 1. We can find an upper
limit u of the integral corresponding to δmax so that the error is
at most εUB. From (7), we have that

∫ 1

u

λmax(1− t)p−1

(1− t+ tλmax)
∏p

j=1(1− t+ tλj)
dt

≤
∫ 1

u

λmax(1− t)p−1

(1− t+ tλmax)2(1− t+ tλmin)p−1
dt

=
λmin(1− u)p

pλmax(1− (1− λmin)u)p

· 2F1

(
2, p; p+ 1;

(λmax − λmin)(1− u)

λmax(1− (1− λmin)u)

)
= εUB,

where 2F1 is the Gaussian hypergeometric function. With u =
0.15 an error level εUB ≤ 0.05 · λmax

p is attained both for DoA 1
and DoA 2 setups of Section IV corresponding to a 4–6 % relative
error (εUB/δmax). Using u = 0.3, the relative error decreases to
0.2–0.5 %.

The integral (7) simplifies a great deal when the determinant
in the denominator is replaced by the approximation

p∏
i=1

(1− t+ tλi) = elog(
∏p

i=1(1−t+tλi))

= e
∑p

i=1 log(1+(λi−1)t) ≤ e
∑p

i=1(λi−1)t = 1, (8)

where we used log(1 + x) ≈ x with x = (λi − 1)t. The ap-
proximation error is small for eigenvalues close to the mean
eigenvalue, tr(Λ)/p = 1, and larger for eigenvalues that de-
viate more from the mean. The approximation also has the
interpretation of replacing the geometric mean with the arith-
metic mean using the inequality

∏p
i=1(1 + (λi − 1)t)1/p ≤
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1
p

∑p
i=1(1 + (λi − 1)t) = 1. Hence, using (8) in (7), we obtain

δi ≥
∫ 1

0

λi(1− t)p−1

1− t+ tλi
dt

= (λi/p) · 2F1(1, 1; p+ 1; 1− λi) ≡ δ̃(λi), (9)

where analytic continuation is used if |1− λi| ≥ 1. The
approximation1 only depends on the dimension p and the eigen-
value λi. Therefore, it is possible to form a precalculated table
with a one-to-one mapping between λi and δ̃i(λi).

The approximate bias correction for the eigenvalues
of the SSCM is computed as follows. Given the data
(xi) ∼ CEp(0, ηΛ, g), compute the eigendecompositionSsgn =

Udiag((δ̂i))UH and then compute λ̃i = δ̃−1(δ̂i) (the inverse
of (9)) using a precomputed table and interpolation between
points. As a final step, normalize the estimated eigenvalues
via λ̂i = pλ̃i/

∑p
j=1 λ̃j . We then obtain the BASIC estimator

Λ̂BASIC = Udiag((λ̂i))U
H.

When n < p, the SSCM is rank deficient. In this case, we pro-
pose to use regularization (shrinkage). The regularized SSCM
(RSSCM), Λ̂RSSCM, is defined by

minimizeα∈[0,1] E[‖Λ̂RSSCM(α)−Λsgn‖2F], (10)

subject to Λ̂RSSCM(α) = αΛ̂sgn + (1− α)I. (11)

By applying bias correction to Λ̂RSSCM(α), we then obtain the
BASICS estimator Λ̂BASICS(α). Thus, the idea is to first obtain a
good estimate of Λsgn with Λ̂RSSCM and then apply BASIC bias
correction to its eigenvalues to obtain an estimate of Λ.

Proposition 1: Let x1, . . . ,xn ∼ CEp(0, ηΛ, g). The α,
which minimizes (10) is given by

α� =
n

n−1

(
a− p

n

)− 1

a− 1
, where a = p−1 E[tr(Λ̂

2

sgn)].

For an estimate α̂� of α�, we only need to estimate a, which

can be obtained by its sample counterpart tr(Λ̂
2

sgn)/p. Lastly,
we project the estimate α̂� to the interval [0,1].

IV. NUMERICAL EXPERIMENTS

We consider a setting where a uniform linear array (ULA) of
p sensors with a half wavelength spacing receives K zero mean
independent complex source signals of power σ2

s,i. The array
covariance matrix is then Σ = A(θ)ΣsA(θ)H + σ2

nI, where
A(θ) = (a(θ1) · · · a(θK)) is the steering matrix with steering
vectors a(θk) = (1, e−jπ sin(θk), . . . , e−jπ(p−1) sin(θk))�, Σs =
diag(σ2

s,1, . . . , σ
2
s,K) contains the source powers, andσ2

n denotes
the noise power. We consider two setups: DoA 1 has p = 20
sensors, K = 1 sources with power σ2

s,1 = 2 and direction θ1 =

15o, and noise power σ2
n = 1 while DoA 2 has p = 40 sensors,

K = 3 sources with powersΣs = diag (2, 1, 0.5) and directions
θ = (−5o, 0o, 5o)�, and noise power σ2

n = 1. Fig. 1 displays
the first five eigenvalues (λi) of Λ, (pδi) of Λsgn (computed
using (7)), and (δ̃−1(δi)) of ΛBASIC (computed from the inverse
function of (9)). Using BASIC, the bias of λ(Λsgn) is alleviated
in both models.

1The corresponding approximation of (9) in the real-valued case is obtained

by δi ≥
∫ 1

0

λi(1−t)p/2−1

2(1−t+tλi)
dt = (λi/p) · 2F1(1, 1; p/2 + 1; 1− λi).

Fig. 1. First five eigenvalues of DoA 1 (left panel) and DoA 2 (right panel).
� λ(Λ) = (λi), • λ(Λsgn) = (pδi), and • λ(ΛBASIC) = (δ̃−1(δi)).

Fig. 2. Theoretical NMSE of Λ̂RSSCM(α) as a function of α ∈ [0, 1] in black
and the average estimated α̂� and the corresponding NMSE of Λ̂RSSCM(α̂�)
shown in red (error bars denote the standard deviation) for the CS model (left
panel) and the AR(1) model (right panel); n = 50, p = 100, and � = 0.5.

Fig. 3. NMSE of BASICS (red), RSSCM (blue), RFP (green), and CWH
(black) for CS (left panel) and AR(1) (right panel); p = 100 and � = 0.5.

The next two simulations assess the regularized estimators
using two different models: the compound symmetry (CS)
model, where (Σ)ii = 1 and (Σ)ij = 	, i �= j, and the first-
order autoregressive model (AR(1)), where (Σ)ij = 	|i−j|. In
both models 	 = 0.5 and the dimension is p = 100.

Fig. 2 depicts the theoretical NMSE in (10) for α ∈ [0, 1] as
well as the mean and standard deviation of α̂� and the NMSE of
Λ̂RSSCM(α̂�) averaged over 21 · 2000 independent Monte Carlo
(MC) trials. For each MC, n = 50 samples were drawn from
the complex MVN distribution CNp(0,Σ). The estimate α̂�

coincides well with the minimum NMSE.
Next, we compare BASICS, RSSCM, RFP (RSSCM with

bias correction using the FP algorithm [20]) and the regularized
Tyler’s M-estimator (CWH) [21] (implemented as in [22]) in
the estimation of the shape matrix. Fig. 3 displays the NMSE,
Ave ‖Λ̂−Λ‖2F/‖Λ‖2F, as a function of n averaged over 2000
independent MC trials for each n, when sampling from the mul-
tivariate t-distribution Ctν,p(0,Σ) with ν = 2 degrees of free-
dom. In the CS case, the bias correction significantly improved
the performance, whereas in the AR(1) case, the performance
was unchanged.

Lastly, we apply the methods in linear discriminant analysis
(LDA) where x is classified to one of K classes by the rule

k̂ = arg min
k∈{1,...,K}

−2x�Σ−1μk + μ�
kΣ

−1μk, (12)
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Fig. 4. LDA misclassification rates (top panel) and the median computation
times relative to the median computation time of RSSCM (bottom panel).

where it is assumed that class distributions are Np(μk,Σ) [23].
LDA using regularized estimators of covariance is an active
area of research, where recent improvements especially focus on
utilization of random matrix theory [24]–[26]. Here, we illustrate
the benefits of the proposed BASICS for LDA in a heavy-
contamination setting. We consider the following data sets:
Wine [27] (n1 = 59, n2 = 71, n3 = 48, p = 13), Phoneme [23]
(n1 = 695, n2 = 1022, n3 = 757, n4 = 1163, n5 = 872, p =
256), and Ionosphere2 [27] (n1 = 225, n2 = 126, p = 32). We
used 25% of randomly selected samples from each class as the
training set for the estimation of μk and Λ. The training data
set was contaminated by replacing 10 % of the samples from
each class by a random sample from a Cauchy distribution,
Cp((μ̂i), diag((10σ̂2

i ))), where μ̂i is the sample mean and σ̂2
i

is the sample variance of the ith variable of the whole data
set, respectively. The shape matrix Λ was estimated from the
pooled centered training data by first centering each data class k
with respect to its spatial median. The misclassification rate was
computed using the uncontaminated remaining samples (test
set).

Fig. 4 depicts the misclassification rates and median compu-
tation times for BASICS, RSSCM, RFP of [20], CWH of [21]
and (regularized SCM based non-robust) LW of [28] averaged
over 10000 independent MC trials.3 The reported computation
times are relative to the median computation time of the RSSCM
and exclude the computation time for centering the data.4 As can
be noted, for the Wine data set, BASICS and RFP had the best
performance while for the other data sets, the differences be-
tween the performances of the robust methods were minor. RFP
and CWH were, however, computationally significantly more
demanding and their computation times varied a lot between
the data sets. RSSCM, BASICS, and LW were computationally
most efficient.

V. CONCLUSION

We proposed a BASIC estimator of the shape matrix that
approximately corrects for the bias of the eigenvalues of the
SSCM. We also proposed the BASIC Shrinkage estimator (BA-
SICS), which applies bias correction for the regularized SSCM
and is useful for n < p settings. The usefulness of the proposed

2First two variables were removed as they were constant for the other class.
3Stopping criterions were ‖I− Λ̂

−1
k−1Λ̂k‖∞ < 10−5 for CWH, and

‖λ̂k−1 − λ̂k‖/‖λ̂k‖ < 10−5 for RFP, where k denotes the current iterate.
4The CPU model used for computation was Intel Core i5-8365 U.

estimators were demonstrated in simulations as well as in LDA
classification with contaminated data. BASICS compared well
to the regularized Tyler’s M-estimator, but had a significantly
lower computation time. Codes for the proposed methods are
available at github.com/EliasRaninen.

APPENDIX

Proof of Theorem 1: Since xxH/(xHZx) is distribution-free
within the class of ES distributions, we can without loss of
generality assume that x ∼ CNp(0,Λ). Define

F(t) =
xxH

xHZx
e−txHZx, t ≥ 0. (13)

The goal is then to solve for E[F(0)]. Since | ∂∂t (F(t))ij | = | −
xix

∗
je

−txHZx| ≤ |xix
∗
j | for t ≥ 0, and E[|xix

∗
j |] < ∞, we apply

the Dominated Convergence Theorem (see [29, pp. 26], [30,
Sec. 2.4]) to obtain

d

dt
E [F(t)] = E

[
∂

∂t
F(t)

]

= −
∫

xxHe−txHZx · |πΛ|−1e−xHΛ−1xdx

= −|πΛ|−1

∫
xxHe−xH(Λ−1+tZ)xdx

= −|πΛ|−1|πT|E0,T[xx
H] = −|Λ|−1|T|T,

where we let T−1 = Λ−1 + tZ. Since T = (Λ−1 + tZ)−1 =
Λ(I+ tZΛ)−1, we can further write

|T|
|Λ|T =

|Λ(I+ tZΛ)−1|
|Λ| Λ(I+ tZΛ)−1 =

Λ(I+ tZΛ)−1

|I+ tZΛ| .

Then solving for E[F(0)] by integration yields

E[F(0)] = − (E[F(∞)]− E[F(0)]) = −
∫ ∞

0

d

dt
E [F(t)] dt

= −
∫ ∞

0

E

[
∂

∂t
F(t)

]
dt =

∫ ∞

0

Λ(I+ tZΛ)−1

|I+ tZΛ| dt,

since F(∞) = 0. The indefinite integral can be rewritten as
an integral over [0,1] via the substitution t = x/(1− x), dt =
dx/(1− x)2, so that we obtain

E[F(0)] =

∫ 1

0

Λ((1− x)I+ xZΛ)−1

|(1− x)I+ xZΛ| (1− x)p−1dx.

This concludes the proof for the complex-valued case.
The real-valued case follows similarly by choosing F(t) =

xx�/(x�Zx)e−tx�Zx/2 in (13) and x ∼ Np(0,Λ). �
Proof of Proposition 1: Solving the zero derivative equation

of the convex function E[‖Λ̂(α)−Λsgn‖2F] = α2 E[‖Λ̂sgn −
I‖2F] + ‖Λsgn − I‖2F − 2αE[tr((Λ̂sgn − I)(Λsgn − I))] results

in α� =
tr(Λ2

sgn)/p−1

a−1 . Since tr(Λ2
sgn) = tr(E[Λ̂sgn]

2) and

from [13, eq. (38)], we have tr(E[Λ̂sgn]
2)/p = n/(n− 1)(a−

p/n), the proof is complete. �

https://github.com/EliasRaninen
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