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maximum likelihood estimator (MLE) is unable to attain the R ., region - %
Cramer-Rao lower bound at low and medium signal-to-noise [ S © e
ratios (SNR) due the threshold and ambiguity phenomena. In ’je';’iic?: f

order to evaluate the achieved mean-squared-error (MSE) at
those SNR levels, we propose new MSE approximations (MSEA) 4
and an approximate upper bound by using the method of intervh =
estimation (MIE). The mean and the distribution of the MLE are
approximated as well. The MIE consists in splitting thea priori
domain of the unknown parameter into intervals and computing Apriori - Threshold
the statistics of the estimator in each interval. Also, we dg&ve region region
an approximate lower bound (ALB) based on the Taylor series
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expansion of noise and an ALB family by employing the binary Por  SNR Py Por Pami SNR Py Py
detection principle. The accurateness of the proposed MSEfand b
the tightness of the derived approximate bounds are validated (@) (b)

by considering the example of time-of-arrival estimation. Figure 1. SNR regions (& priori, threshold and asymptotic regions for non-
Index Terms—Nonlinear estimation, threshold and ambiguity oscillating ACRs (b)A priori, ambiguity and asymptotic regions for oscillating

phenomena, maximum likelihood estimator, mean-squaredreor, ACR? € (i:)iRLB' ev: MSE of uniform distribution iri') thea pri‘i’)ri domai”d
’ N ! ' e: achievable MSEppr, pam1, pam2, pas: @ priori, begin-ambiguity, end-
upper and lowers bounds, time-of-arrival. ambiguity and asymptotic thresholds).

|. INTRODUCTION

ONLINEAR estimation of deterministic parameters suf-
N fers from the threshold effedt/[2411]. This effect means
that for a signal-to-noise ratio (SNR) above a given thré&sho
estimation can achieve the Cramer-Rao lower bound (CRL
whereas for SNRs lower than that threshold, estimation

teriorates Qrastlcally_ u.ntll the_ estimate becomes umfy;rmCan be split, as shown Figl 1(b), into five regions:
distributed in thea priori domain of the unknown parameter. L .
1) A priori region.

As depicted in Fig.11(a), the SNR axis can be split into threez) A priori-ambiguity transition region.
regions according to the achieved mean-squared-error IMSE3) Ambiguity region.
1) Apriori region: Region in which the estimate is uniformly 4) Ambiguity-asymptotic transition region.
distributed in thea priori domain of the unknown param- 5) Asymptotic region.
eter (region of low SNRs). The MSE achieved in the ambiguity region is determined by
2) Threshold region: Region of transition between #e ine envelope of the ACR. In Figsl 1(a) dAd 1(b), we denote by
priori and asymptotic regions (region of medium SNRS)OPT, Pami, Pame and pas the a priori, begin-ambiguity, end-
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3) Asymptotic region: Region in which the CRLB is
achieved (region of high SNRs).

ddition, if the autocorrelation (ACR) of the signal gang

e information about the unknown parameter is oscillating

'en estimation will be affected by the ambiguity phenonreno
, pp. 119] and a new region will appear so the SNR axis
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1The derived magnitudes are referred as “bounds” becaugeatieeeither sidered as a prohibitive task. Many lower bounds (LB) have

lower or greater than the MSE, and as “approximate” becansgpproxima- . L .

tion is performed to obtain them; the terminology “approaten bound” was been derived for both deterministic and Bayesian (when the

previously used by McAulay ir [1]. unknown parameter follows a givea priori distribution)
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parameters in order to be used as benchmarks and to ded the AUBs using McAulay’s approach are very tight in
scribe the behavior of the MSE in the threshold reg@ [16fhe asymptotic and threshold regions. Both approachesean b
Some upper bounds (UB) have also been derived like theed to determine accurately the asymptotic region. Variou
Seidman UB |l_1|7]. It will suffice to mention herEﬂlE 18Jestimators are considered in the aforecited referencese Mo
the Cramer-Rao, Bhattacharyya, Chapman-Robbins, Barantdéchnical details about the MIE are given in Jed. IV.
and Abel deterministic LBs, the Cramer-Rao, Bhattacharyya \we consider the estimation of a scalar deterministic parame
Bobrovsky-MayerWolf-Zakai, Bobrovsky-Zakai, and Weisster, We employ the MIE to propose new approximations (rather
Weinstein Bayesian LBs, the Ziv-Zakai Bayesian LB (ZZLB}han AUBs) of the MSE achieved by the MLE, which are
[2] with its improved versions: Bellini-Tartaral[4], Chaka highly accurate, and a very tight AUB. The MLE mean and
Ziv-Zakai [19], Weinstein [20] (approximation of Bellini- propability density function (PDF) are approximated aslwel
Tartara), and Bell-Steinberg-Ephraim-VanTreks [21] @en More details about our contributions with regards to the MIE
alization of Ziv-Zakai and Bellini-Tartara), and the Reove are given in Sec§_IV and]V. We derive an approximate LB
Messer LB [22] for problems of simultaneously determimisti(ALB) tighter than the CRLB based on the second order Taylor
and Bayesian parameters. series expansion of noise. Also, we utilize the binary deiac
The CRLB ] gives the minimum MSE achievable byrinciple to derive some ALBs; the obtained bounds are very
an unbiased estimator. However, it is very optimistic faw lo tight. The theoretical results presented in this paper ppdi-a
and moderate SNRs and does not indicate the presence@ile to any estimation problem satisfying the system model
the threshold and ambiguity regions. The Barankin LB (BLBptroduced in Sed.lll. In order to illustrate the accurassnef
[24] gives the greatest LB of an unbiased estimator. Howevéte proposed MSEAs and the tightness of the derived bounds,
its general form is not easy to compute for most interestingg consider the example of TOA estimation with baseband
problems. A useful form of this bound, which is much tighteand passband pulses.
than the CRLB, is derived il [25] and generalized to vector The materials presented in this paper compose the first part
cases in[[26]. The bound ih_[25] detects the asymptotic regiof our work divided in two partd [45, 46].
much below the true one. Some applications of the BLB canTpe rest of the paper is organized as follows. In $&c. I

be found in [3/5[8l19, 27, 28]. we introduce our system model. In SEC] Il we describe the
The Bayesian ZZLB family[[2[14, 19-21] is based on théhreshold and ambiguity phenomena. In $€g. IV we deal with
minimum probability of error of a binary detection problemthe MIE. In Sec 'V we propose an AUB and an MSEA. In Sec.
The ZZLBs are very tight; they detect the ambiguity regidillwe derive some ALBs. In SeC. VIl we consider the example
roughly and the asymptotic region accurately. Some apptif TOA estimation and discuss the obtained numerical result

cations of the ZZLBs, discussions and comparison to other
bounds can be found in [10-12,]29-35]. Il. SYSTEM MODEL

In [@ pp. 627-637], Wozencraft considered time-of-ativ N this section we consider the general estimation problem
(TOA) estimation with cardinal sine waveforms and employe®f a deterministic scalar parameter (Sec.1I-A) and theipart
the method of interval estimation (MIE) to approximate thelar case of TOA estimation (Sec. 1I-B).

MSE of the MLE. The MIElﬁB, pp. 58-62] consists in splitting
the a priori domain of the unknown parameter into intervalé. Deterministic scalar parameter estimation

and computing the probability that the estimate falls in@gi | et © be a deterministic unknown parameter with, =

interval, and the estimator mean and variance in each &iteryg, ©,] denoting itsa priori domain. We can write theth,
According to [18[ 37], the MIE was first used [n [38] 39] befor¢; — 1.... ) observation as:

Wozencraft [36] and others introduced some modifications

later. The approach in [B6] is imitated in_[18,! 37] 40} 41] for ri(t) = asi(t;©) + (1) (1)
frequency estimation and in_[42] for angle-of-arrival (ADA wheres; (¢; ©) is theith useful signal carrying the information
estimation. The ACRs in [1 E3E| 401-42] have then ©, o is a known positive gain, and;(¢) is an additive

special shape of a cardinal sine (oscillating baseband Wiflhite Gaussian noise (AWGN) with two-sided power spectral
the mainlobe twice wider than the sidelobes); this limitati density (PSD) ofXe; @ (¢), - - - ,w;(t) are independent.

makes their approach inapplicable on other shapesl]ln [1],Denote by E,(0) = ZI eroo +2(t:0)dt the sum of the
r - i=1J—0o0 Vi \"

McAulay considered TOA estimation with carrier-modulategner ies ofry (£:0),- - 21(£:0), by & and i the first and
pulses (oscillating passband ACRs) and used the MIE toeeriv 9 21830), 00, T1\i30), DY & r

. ) econd derivatives of w.rt. 8, and by E, ® and P the
an approximate UB (AUB); the approach of McAulay can b§ ectation, real part and probability operators respelgti
applied to any oscillating ACR. Indeed, it is followed (inde xP 'on, P b tity op ot

pendently apparently) i @544] for AOA estimation angrom [3) we can write the log-likelihood function éf as:
in [|_4L_1|] (for frequency estimation as mentioned above) wliere A9) = S [Er +a2E, () — 20X, r(9)} )
is compared to Wozencraft's approach. The ACR considered 0 '

in [43, [44] has an arbitrary oscillating baseband shape (dwiered € Do denotes a variable associated with and

to the use of non-regular arrays), meaning that it looks dike

I 00
cardinal sine but with some strong sidelobes arbitraritpted.  x_ (0) = Z /+ ot O (6t = (6, 0) +w(6) (3)
The MSEAs based on Wozencraft's approach are very accurate - -



is the crosscorrelation (CCR) with respect to (w.ié.with  where

I 400 2 o R {éRs (9’ 9)}
R.(60,6)) = / si(t;0)s;(t; 0')dt 4 pe®) = - o (16)
_ =1 denotes the normalized curvaturecgf (0, ©) atf = ©. From
denoting the ACR w.r.t(4,6’) and (@0), (13) and[(T6), we have:
I 400 2 _ Q2 2 £2
w(e) — Z/ Sl(t, 6‘)17)1(t)dt (5) ﬁs (9) - ﬁe (9) + 47T fc (9) (17)
i=17 7 2) BLB: The BLB can be written asL_[_iZS]:
being a colored zero-mean Gaussian noise of covariance . @ @)TD‘l(G 0) (18)
B =9 — O -
I
Cu(6,0) = Y B fuwn(B)wi(#)) = SCR.(6,6). (6) where
=1

_ 0 = (lp,-0_,1+0 91...9nN)T
1) MLE, CRLB and envelope CRLB: By assumingt;(6) = D o— (d

E, in @), that is, E,(0) is independent of,, we can respec- = (dig)lig=ni,

tively write the MLE and the CRLB ob as Eﬁ pp. 39]: with 0,,,, -+ 0,y (n1 <0, ny >0, 6§ = O) denotingN

o — argmax X, (0) @) testpoints in thea priori domain of©®, an
0cDeo d _ o’E:(®) _ 1
©) -1 —No/2 1 ®) 0.0= TNo/2 T «(O)
C = = = m = a? . .
E{A(0)|=e} o?Rs(©,0) pBZ(O) doizo = dio = 7o75[Rs(0,0:) — Rs(0,0)]
where , diz0,j40 = —Nao/Q [Rs(0:,0;) — Rs(0:,0) — Rs(0,0) + Es].
a“Fy
p = NoJ2 ) 3) Maximum MSE: The maximum MSE

R,(0,6 ev =0+ (0 — )’ (19)

) = [H00) (10 vrte )

s with py = 21392 ando? = (©2-910 s achieved when the

denote the SNR and the normalized curvatureof, ©) at  estimator becomes uniformly distributed v [30, [34].

fa: © re:gictlvily. l;nllll(ﬁEE%S(@%,hRsc(:@RLGB).mag d_epend or: The system model considered in this subsection is satisfied
(e.g,t. Iteihlma |0nt ]).fthe ACR&itI:IEGK )SIS ln\tlgrse Yfor various estimation problems such as TOA, AOA, phase,

proportionalto the curvature of the - SOmMelmes frequency and velocity estimation. Therefore, the thecaét

f_s(h@,@) Is OSIC“.latiani w.r.t.g. Then_, if the ?T}Rggsfﬁgdznw”results presented in this paper are valid for the different
igh (resp. relatively low) the maximum of the (3) wi entioned parameters. TOA is just considered as an example

fall around the global m_aximum_(resp. the _Iocal maxima) Qb validate the accurateness and the tightness of our MSEAs
R;(6,0) and the MLE in [7) will (resp. will not) achieve nd upper and lowers bounds
the CRLB. We will see in Sed_MIl that the MSE achieved '

at medium SNRs is inversely proportional to the curvature of o

the envelope of the ACR instead of the curvature of the ACR Example: TOA estimation

itself. To characterize this phenomenon known as “ambjguit With TOA estimation based on one observatidn=( 1),

[48] we will define below the envelope CRLB (ECRLB).  s1(t:©) in (1) becomess;(t;0) = s(t — ©) where s(t)
Denote by f the frequendy relative to @ and define the plenotes the transmitted signal al(ﬁj_ represents the (;lelay

Fourier transform (FT), the mean frequency and the complé}froduced by the channel. Accordingly, we can write the

| rtf.(0) of Ry(6,0 ivelv b ACR in (@) as Rs(0,0') = Rs(0 — 0') where R;(0) =
envelope Wrtf(6) o @2( ) respectively by ff;f s(t + 0)s(t)dt, and the CCR in[{3) as:
Fr(f) = [ Ra(6.0)e OO ) X, (0) = aRy(0 — ©) + w(®). (20)
T IR Fr. ()} The CRLB¢(0) in (), ECRLBc.(©) in (15), mean frequency
[e(©) Jo SR Fn(7))d] (12)  1.(©) in @2), normalized curvaturez () in (I0) ands?(O)

—+oo
o W Fr. (f)}f in (I8) become now all independent®f Furthermorej3? and
R.(0,0) = %{6-72”(9‘9”“(@)635 (0,@)}. (13) 2 denote now the mean quadratic bandwidth (MQBW) and
the envelope MQBW (EMQBW) 0f(¢) respectively.
R ) . The CRLB in [8) is much smaller than the ECRLB [n](15)
— Rs(0,0) = —R{éRr,(0,0)} + 477 fZ(O)Es.  (14) pecause the MQBW ifi{17) is much larger than the EMQBW
Now, we define the ECRLB as: in (I8). In fact, for a signal occupying the v_vhole band from
3.1 to 10.6 GH3 (f. = 6.85 GHz, bandwidthB = 7.5
No/2 1
?R{ér.(0,0)}  pp2(O) 3We can show thafZs(0) = —Rs(0, ©) if Es(0) is independent frond.
4 The ultra wideband (UWB) spectrum authorized for unlicensse by
2E.g, f is in seconds (resp. Hz) for frequency (resp. TOA) estimatio  the US federal commission of communications in May 2002 .[49]

In Appendix[A we show that:

ce(©) = (15)
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Figure 2. Normalized ACRR(0 — ©) and 1000 realizations oM[éLX(é)] per SNR p = 10, 15 and 20 dB); Gaussian pulse modulatedfby® = 0
ns,Tw = 0.6 ns, Dg = [—1.5,1.5|T (a) fe = 0 GHz (b) fc =4 GHz (c) f. = 8 GHz.

. 22 e
GH2), we obtaing? = ZZ° ~ 185 GHZ, 4n*f2 ~ 1052, || » [ ve [ ves | & [ Mo | M |
2 ~ 11532 andc ~ $=. Therefore, the estimation performance 10 76 123 .61 1000 0
seriously deteriorates at relatively low SNRs when the EBRL 0| 15 43 46 1.10 1000 0
i hieved instead of the CRLB due to ambiguit 20 2 24 L0L 1000 0
IS achieved Ins guity. 10 12 106 | 15.81 773 59
4| 15 7 31 4.47 985 8
20 4 4 1.01 1000 0
I1l. THRESHOLD AND AMBIGUITY PHENOMENA 10 63 108 3156 3 199
In this section we explain the physical origin of the thresh- | 8 | 15 3.5 50 14.35 838 75
S L L 20 2 14 7.14 987 7
old and ambiguity phenomena by considering TOA estimation
with UWB pulsef] as an example. The transmitted signal Table |
E o t2 CRLB SQRTy/c (PS), SIMULATED RMSE,/es (PS), RMSETO CRLB
S(t) = 23q7at_se_ TTZ cos(27cht) (22) SQRTRATIO ,/675, AND NUMBER (Np, N1) OF THEM SAMPLES
T FALLING AROUND THE MAXIMA NUMBER O AND 1,FOR f. = 0, 4 AND 8

is a Gaussian pulse of widf, modulated by a carrief.. We GHz, AND p = 10, 15AND 20DB.

consider three values of. (f. = 0, 4 and 8 GHz) and three
values of the SNR4 = 10, 15 and 20 dB) per considergd.

We take® =0, T, = 0.6 ns, andDe = [-1.5, L5[T,,. high SNRs (resp. relatively low SNRs), the maximum of the
In Figs.!ZEDF_Z'@) we show the normalized ACRY — CCR falls in the vicinity of the maximum of the ACR (resp.
0) = %:e) for f. = 0 (baseband pulse), 4 and 8spreads along the ACR) so the CRLB is (resp. is not) achieved.

GHz (passband pulses) respectively, and 1000 realizatiens Consider now the pulse witlf, = 4 GHz. Fig.[2{B) and
SNR of ;{he(g;ammum]\/[[@,X(@)] of the normalizéd CCR 1ap1611 show that fory = 20 dB all the samples of/ fall
X(0) = =35~ Denote byN,,, (n = ny,--- ,ny), (N isthe  ground the global maximum aR(0 — ©) and the CRLB is
number of local maxima iDe), (n1 < 0, ny > 0), (» =0 achjeved, whereas fgr = 15 and 10 dB they spread along
corresponds to the global maximum) the number of samplgs, |ocal maxima of2( — ©) and the achieved MSE is much
of M falling around thenth local maximum (i.e. between the|yger than the CRLB. Based on this observation, we can de-
two local minima adjacent to that maximum) &f(6 — ©).  g¢ribe the ambiguity phenomenon as follows. For sufficient|
In Table[l, we show w.r.tf. and p the number of samples pjgh SNRs (resp. relatively low SNRS) the noise component
falling around the maxima number 0 and 1, the CRLB SQUAJE 1) in the CCRX,..(A) in (20) is not (resp. is) sufficiently
root (SQRT)/c of ©, the root MSE (RMSE), /e obtained pjgh 1o fill the gap between the global maximum and the local
by simulation and the RMSE to CRLB SQRT ratjg=:. maxima of the ACR. Consequently, for sufficiently high SNRs

Consider first the baseband pulse. We can see in[Fig. 2(adsp. relatively low SNRs) the maximum of the CCR always
that the samples of\/ are very close to the maximum offalls around the global maximum (resp. spreads along tha loc
R(6-0) for p = 20 dB, and they start to spread progressivelynaxima) of the ACR so the CRLB is (resp. is not) achieved.
along R(6 — ©) for p = 15 and 10 dB. Tablé]l shows thatObviously, the ambiguity phenomenon affects the threshold
the CRLB is approximately achieved fpr= 20 and 15 dB, phenomenon because the SNR required to achieve the CRLB
but not for p = 10 dB. Based on this observation, we camlepends on the gap between the global and the local maxima.
describe the threshold phenomenon as follows. For sufflgien | ot ys now examine the RMSE achieved @at= 20 dB

5 ) ) for f. = 4 and8 GHz; it is 3.5 times smaller witty, = 4

We chose UWB pulses because they can achieve the CRLB aveblat GHz than with f. — 8 GHz whereas the CRLB SQRT is 2

low SNRs thanks to their relatively high fractional bandinigbandwidth to C
central frequency ratio). times smaller with the latter. In fact, the samples\df do




not fall all around the global maximum fgf. = 8 GHz. This A. Computation of the interval probability
amazing result (observed in_[50] from experimental rejults \e consider here the computation of the approximate inter-
exhibits the significant loss in terms of accuracy if the CRLE, probability 2, in @5).

is not achieved due to ambiguity. It also shows the necessity . L
to design our system such that the CRLB be attained. 1) Numencal approximation: To t_he best of our knowledge
there is no closed form expression for the integral[inl (25)

IV. MIE-BASED MLE STATISTICS APPROXIMATION for correlatedX,,. However, it can be computed numerically

We have seen in SeEJlll that the threshold phenomenEﬁing for example the MATLAB function QSCMVNV (wr?tter}
is due to the spreading of the estimates along the ACR. ¥ Genz base_d_ O'EBESA'D that computes th? multivariate
characterize this phenomenon we split #heriori domain normal pr_Obab'“t.Y W'th integration region specified by & se
Do into N intervals Dy, = [dy,dns1), (1 = n1,--- ,nn), of .Ilnear inequalities in the fornd, < B(X — px) < ba.
(n1 <0, ny > 0) and write the PDF, mean and MSE ©fas Using QSCMVNV, P, can be approximated by:

ny P = QSCMVNV(N,,, Cx, b1, B, bs) (26)
p(@) = Z Pnpn(e)

where N,, is the number of points used by the algorithm

n=niy
O, nN (e.g,Np = 3000), by = (—OO - OO)T and b, = ux, —
o= Op(0)do = > Pupin (X, HXo X fix,,, )T WO (N — 1)-column vec-
©1 n=ni B By .
na tors, andB = By Bs B: an(N —1)x N matrix

(CD}
e :/ (0 — ©)*p(6)df = Z P, [(@ - Mn)Q + Uﬂ with By = I(n — ny), By = zero§N +n; —n—1,n —ny),

o n=n B; = —onesN —1,1), By = zerogN —ny+n—1,ny —n)
(22)  and Bs =1I(ny — nﬁ
where 2) Analytic approximation: Denote by Q(y) =
P, =P{6 € D,} (23) # fy"o 5 d¢ the Q function. AsP{A; N A3} < P{A;},
=P{3 € Dy, : Xs,(&) > Xs,+(0),¥0 € Uz Dy} we can upper bound, in (28) by:
denotes the interval probability (i.e. probability thatfalls in P _ { P(6p,01) n=0 27)
D), andp,(0), p, = E{©,} ando? = E{(O, — un)?} n P(6,,00) n#0

represent, respectively, the PDF, mean and variance of twhﬁere
interval MLE (© given© € D,,)

~ A A AN /
0, = @‘@ e D,,. (24) P(9,9 ) - ]P){XS-,T(H) > Xs.,r(o )}
Denote by#, a testpoint selected D, and let X,, = =Q \/ER(G/’@)_R(Q’@) (28)
Xor(6) = @Ry + w, With R, = R(6,,0) andw, = 2 1-R(0,0)
0,). Usin , P, in can be approximated b . 5 . )
w(tn) 9B ©3 pr . Y with R(0,0) = :%9) denoting the normalized ACR.
Py =P{X, > X,,Vn' #n} :/ dxn/ " i, - P(6,0') is obtained [(ZB) from[{3) and(6) by noticing that
—00 —00 X (0) = X0 (0") ~ N(a[Rs(0,0) — Rs(0",0)], No[Es —
o o [ R4 (6,0))N1. If N approaches infinity, then both ™, P
/_OO dn—1 /_OO dni1 /_OO px (2)den,y (25) and the MSEA in[(2R2) will approach infinity.
where Using [2T), we propose the following approximation:
1 _@opx)Cx @-nx)T (2)
(271')% |CX|§ Pr(l )= ZnN (2)° (29)

represents the PDF ok = (X,,, -+ X,,,)7 with ux =

(ux, px, )T = a(Ry, -+ Ryy)T being its mean and ' _ : :

Cx = No [RSEVHH ) 1 Nits covariance matrix. ~ L» in (&3 can be apprOX|m(a2t)ed by in 28) or P¥ in
yIn' Ninm'=ny, ny . .

The accuracy of the approximation {0 {25) depends on tf@)’ and upg()er. bounded w" in @2). _ _
choice of the intervals and the testpoints. For an osciati The UB P,™ is adopted Inlﬂlﬂﬂﬂ@ﬂ with minor
ACR we consider an interval around each local maximumOd'flcatlon(%i)lhfaCtPo is approximated by one in/[1] and by
and choose the abscissa of the local maximum as a testpoint, >_,, .o Fn~ in [@] In the special case \_Nhere
whereas for a non-oscillating ACR we splite into equal Xn,,---, X1, X1, -, X,,, are independent and identically
intervals and choose the centgr = % of each interval distributed such as uﬁhEb@ﬁ.l @—42]jhanks to the oatdi
as a testpoint. For both oscillating and non-oscillatingRsC  sine ACR, thenP, = AL, Vn #0,and Py = 1 — Py (Pa
D, contains the global maximum arg is equal to©. is the approximate probability of ambiguity); consequgntl

The testpoints are chosen as the roots of the ACR (except foerWe denote byl (k) the identity matrix of rankt, and zerok: k2) and

0o = ©) in [IE.,Z], as the local extrema absCis$fegr: , k») the zero and one matrices of dimensien x k.
in [El], and as the local maxima abscissalinl [IE, 141,[48, 44]. "N (m,v) stands for the normal distribution of meam and variancev.

In this subsection we have seen that the interval probgbilit




For intervals with local minima (nhot considered here), the
ACR decreases then increasessgois upper bounded by the

> 08 variance of a Bernoulli distribution of two equiprobablerats:

= @

is] —=—P 2

s 0 2 _ (dnt1 — dy) 2

§_ 0.6 s « PE)3) 1 On,max = 4 > OnU- (32)
(EEeeEa==

§ oo, o P In [], it is assumed that? is upper bounded by?,; in @I)

§ 04y o 4 p® | even for intervals with local minima. Sele {85, 56] for funthe

= P(lz) information on the maximum variance.

n

I
[N

The CCRX, .(6) in @) can be approximated inside,, by
its Taylor series expansion abaoijt limited to second order:

X, (0) = aRy(0,0) + w(0)
P (dB) ~ (aRy + wp) + (R + 10)(6 — 0,)
Figure 3. Simulated interval probabilius?,gs), the approximationsﬂ(ll) and = . (9 - 9n)2
Pff’), and the AUBP7(L2) for n = 0,1 w.r.t. the SNR. + (aR" + w") 2 (33)

whered, = 1w (0,), b, = 6(0), Rn = Rs(0,,0) andR, =
the MSEA "] m) an be written as the sum of two termﬁs(on,@). Let Un be the correlation coefficient ('Zﬁn andlbn.
e ~ Pyey+ Pye(©); Py can be calculated by performing oneThen, from [(5), we can show that
dimensional integration. X, ~ AN (aFs, MEs) and X,, ~ W~ N(0.02 34
N (0, X% E,), ¥n # 0, like in ﬂE,,IZﬁ] ther?4 can be " ©,03,) (34)

upper bounded using the union bouhd [36]. W~ N, Ufﬂn) (35)
As an example, to evaluate the accuratenesBof in @) with

and P¥ in @9) and to compare them t8.% in @7), we ) No [T, No

consider the pulse if(21) witlf, = 6.85 GHz, T, = 2 ns, Ty = o /_OO §°(t; 0 )dt = TES‘(H") (36)

© =0 and Dg = [-2,1.5]T,,. In Fig.[3 we show fom = 0 N, [t N

and 1, the interval probabilityP!*) obtained by simulation oy = —0/ §2(t;:0,)dt = =2 Es(0,,) (37)

based on 10000 trialsP", P{* and ¥, all versus the 2 Jooo 2

SNR. We can see th&®'") converges tof at low SNRs for all  E{wntin} f_Jr:Oo 5(t;00)3(t; 0,,)dt
intervals; however, it converges toat high SNRs 5 = 0.99 Yoo = O, Ois, E(0,)F:(6,)
for p ~ 30 dB) for n = 0 (probability of non-ambiguity) and
to O for n # 0. Both PV and P are very accurate and
closely follow P The UB P/? is not tight at low SNRs;

it converges to0.5 Vn instead of% due to [28). However, R

it converges to 1 (resp. 0) fae = 0 (resp.n # 0) at high 0, = argmax {X, -(0)}

(38)

Let us first consider an interval with monotone ACR. By
neglectingi,, and 2, in B3) (linear approximation), we can
approximate the interval MLE by:

SNRs simultaneously witf{*) so it can be used to determine (’EDnd . .
accurately the asymptotic region. n alt, + Wn <0
~ dnt1 aR, +w, >0 (39)
dn,1+dn, : .
B. Statistics of the interval MLE s R, + by, = 0.

~We approximate here the statistics of the interval MLR&s P{aR, + w, = 0} = 0, the latter approximation follows
©, in (24). We have already mentioned in S&cl IV thai two atoms Bernoulli distribution with probability, meanca
for an oscillating (resp. a non-oscillating) ACR we considevariance given from[{9)[(34) anf {136) by:
an interval around each local maximum (resp. split the ) )
priori domain into equal intervals); the global maximum is Pldn} = 1-Pldps1} =P{—n > aRy}
always contained iDg. Accordingly, the ACR inside a given aR, pR2
interval is either increasing then decreasing or monotaee ( = Q( ) =Q m (40)
increasing, decreasing or constant). e

As the distribution of©, should follow the shape of M;”B = dulP{dn} + dnaP{dnia} )
the ACR in the considered interval, the interval variance n.B P{d }P{dnt1}(dnt1 = dn)

is upper bounded by the variance of uniform distributiowhereai 5 is upper bounded by2 _ in (32) and reaches
in D, = [dy,d,+1]. Therefore, the interval mean,, and it for P{;ln} — 0.5; P{d,)} = 0'5’ just means tha®,, is

H 2 H A
varianceo;, can be approximated by uniformly distributed inD,, (becaused,, can fall anywhere

dp + dpt inside D,,); therefore,u,, ando? can be approximated by:
Pnu = —Ff—— (30)
(41)

2
InU = 12 ' (31) o min{oy, ;7,07 g} (42)

O,

2 ,1, = ,B
9 (dn-i-l _ dn) Hn,1.c Hn
n,l,c
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Figure 4. Simulated interval STB,, s and approximations,, ;7 andoy,, 1,0
w.r.t. the interval numben = —6,--- ,6 for p = 10 dB.

By neglectingu,, in (33) and[(3D) (because’ << (0 — pu,)?

MSEA in (22) to the CRLB,yu, and o3
approximated usind (#9) and_{50) by:

should always be

H0,0 S} (53)
03,0 = min{c, 0§7U}. (54)
For TOA estimation, we can writ¢_(#0) arld [48) B§&d,, } =

2
2 _ R
andO’n_’N = Cﬁ

Q (vrds)
We have seen in this subsection that the interval mean and
variance can be approximated by
e o, in (B3) andsj , in (B4) for n = 0.
o tnou in @0) ando;, ;; in @A), pin,1.c in @) ando? |,

in @2), or jin 2, in @3) ando?’ , . in @) for intervals
with monotone ACR.
in @)1 Or,LLn,Q,o

o UnU andcrfw, fn1,0 iN (@9) ando?
in &) ando? , , in (B2) for intervals with local maxima.

n,l,0
In [1€, [36,[37,[ 40/ 42] (respl [18. la1, 148|442 is

approximated byo? ;; (resp.o} , ). They all approximate

n,2,0

for n # 0, see[[2R)) we obtain the following approximation: 11, by 6,, ando? by the asymptotic MSE (equal to the CRLB

dy, R, <0
Hn,2,c = dn+1 Rn >0 (43)
dn+dn 5
onoe = 0. (44)

if the considered estimator is asymptotically efficient).

To evaluate the accuratenessagf;; in @) andoy, ; , in
(50), we consider the pulse in(21) with = 8 GHz, T}, = 0.6
ns, De = [—1.5,1.5]T,, andp = 10 dB. In Fig.[4 we show

the approximate interval standard deviations (SBR), and

Consider now an interval with a local maximum. By nedn.1,, and the STDo, s obtained by simulation based on

glecting @, in (33), and taking into account that, = 0
(local maximum),©,, can be approximated by:

0, = argmax {X, .(0)} ~ 6, — Lo

0eD,, aRR,

(45)

50000 trials, w.r.t. the interval number = —6,--- ,6. We
can see thav, g is upper bounded by, ; as expected
and thato, ; , follows o, s closely. The smallest variance
corresponds ton = 0 because the curvature d®,(¢,0)
reaches its maximum &= ©.

variance can be obtained frofd (). {34).1(36) and (45):

1 (0= )3
an(l) = ———e TN 46
Pn,N (0) Vo (46)
o = On (47)
o2 = T B0 —RoEi(On) 0
mNCT 2R T a2R2 R2

Forn = 0, 0721,N is equal to the CRLB in[{8) since Ry =
E;(0y). To take into account thab,, is finite, we propose
from (48), [4T) and[(48) the following approximation:

dn41
Pnilo = / 0pn1,0(0)dl =~ 0, (49)
d"l
dn41
0121.,1,0 = / (0 — Mn,170)2pn,170(9)d9
d"l
=] min{ai,N, Ji,U} (50)

pn,N(e) i i
Tt o By neglectingw () in (33)

and [4%), we obtaint the following approximation:

wherep,, 1,,(0) =

Hn,2,0 = en (51)
0121.,270 = (52)

For both oscillating and non-oscillating ACRB,, contains

contributions regarding the MIE. We have proposed two ap-
proximations for the interval probability whel,,,,--- , X,

are correlated. We have shown in Hig. 3 how our approxima-
tions are accurate. To the best of our knowledge all previous
authors adopt the McAulay probability UB (except for theecas
where X,,,, -, X,, are independent thanks to the cardinal
sine ACR). We have proposed two new approximations for the
interval mean and variance, one for intervals with monotone
ACRs and one for intervals with local maxima. We have seen
in Fig.[4 how our approximations are accurate. To the best
of our knowledge all previous authors either upper bound
the interval variance or neglect it. Thanks to the proposed
probability approximations our MSEAs (e.gs 1. in Fig.[B)

are highly accurate and outperform the MSE UB of McAulay
(e2,v in Fig.[d) and thanks to the proposed interval variance
approximations the MSEA is improved;(;; ande; 5 . out-
performe; ; . in Fig.[d). We have applied the MIE to non-
oscillating ACRs. To the best of our knowledge this case is
not considered before.

V. AN AUB AND AN MSEA BASED ON THE INTERVAL
PROBABILITY

In this section we propose an AUB (Sdc. V-A) and an
MSEA (Sec.[\\-B), both based on the interval probability

the global maximum. To guarantee the convergence of thpproximationP,E?’) in 29).



P&, (0) % % I,g : \\ P@|90+£(9) VI. ALBs
/ 1 AY
Fec—ginore > : >: \ P In this section we derive an ALB based on the Taylor series
P <o, AN . >5100 expansion of the noise limited to second order ($ec.VI-A)
‘2 e S ‘ and a family of ALBs by employing the principle of binary
6, O Oo+¢ O, detection which is first used by Ziv and Zakai [2] to derive

LBs for Bayesian parameters (SEc. VI-B).

Figure 5. Decision problem with two equiprobable hypotlsegf : © = 6,

andHs : © = 0y + €.
A. An ALB based on the second order Taylor series expansion
of noise

A An AUB From [33), the MLE of© can be approximated by:

As P approximates the probability th& falls in D,,, .
the PDF of ® can be approximated by the limit aP\ 6 = argmax {X,,(0)} ~ Oc = O — _ W (61)
as N (number of intervals) approaches infinity (so that the 0 aRg + o

width of D,, approaches zero). Accordingly we can write th

- fhere R s a ratio of two normal variables.
approximate PDF, mean and MSE ©fas o/(aFio + o) | ! . =

Statistics of normal variable ratios are studiedin [57-59]

pu() = lim PP = @P(é’,@) (55) Letsign(¢) = 1 (resp.—1) for £ > 0 (resp.£ < 0), §4(0) =
N—roo f@12 P(6,0)do E5(0)/Es, h = sign(v0)ouw, /1 =15, a1 = 1004, /0iy,
(S} as = Uﬁ,o/h, as = aRoal/h, ay = —OéRo/O’wo =
IDVERES Opai (0)do (56) pB*(©)/5%(©), 4(§) = (asé +as)/\/1+ &2 We can show
. from [58] that©c in 1) is distributed as:
2
ew = [ (000 (57) b0~ 0t s X )

We will see in Sec[Vll thate,; acts as an UB and also

converges to a multiple of the CRLB. In fagiy,(0) over- where the PDF of is given by:

estimates the true PDF éf in the vicinity of © because it is _a2+a4 1
obtained frompP,*) wh|ch is in turn obtained from the interval p, (§) = 1+ {1 + V2mq(§ ) : (5 — Q[q(g)])}.
probability UB PP in (22). 63)
From @) we can approximate the PDF, mean, variance and
B. An MSEA MSE of ©¢ by
To guarantee the convergence of the MSEA to the CRLB, 0) = sion(v)aonlas(d — O — a 64
we approximate the PDF & inside Dy ~ [0 — 252 0 + pc(6) g@2( )azpxla ol 64)
%29 by po. v (0) in @8) © is the mean and(0©) is the MSE) e / Opc(0)do (65)
and outsideDy by py,(0) = P(0,0)/ [}, p, P(0.©)d0 (the 9(1)
correspondlng mean and MEE/ W&, = [po\p, 0P (0)d0 0% — / (0 — pe)2pe(6)do (66)
and ¢y, = fD DO — 0)%p),(0)dd), and propose the o,
following apprOX|mat|0n ec = (uc—0)>+ot. (67)
pun(0) = (1= Pa)pon(0)+ Paphr(6)  (58) Note that the moment§”"_&ip, (€)d¢, i = 1,2, - -+ (infinite
M N (1 — P4)O + Payiy, (59) domain) are infinite like with Cauchy dlstrlbutldﬂ58] Wellw
evy = (1—Py)e(© )+PA6M (60) See in Sed_VII thatc behave_s as an LB; this result can b_e
B expected from the approximation in {33) where the expansion
where P4 = 2P(0;,0) approximates the probability th& of the noise is limited to second order.

falls outside Dy. With oscillating ACRs,f; is the abscissa
of the first local maximum after the global one; thds, ~ ) )
© + 7{gy- With non-oscillating ACRs, the vicinity of the B. Binary detection based ALBs
maximum |s not clearly marked off; so, we empirically take Let © be an estimator 08, €lo = © — O the estimation
01 =0+ 7y error given® = 6, pj¢(§) the PDF of|e|, and Pj~¢ o the

The first contribution in this section is the AUB,; which probability that|e| > £. For © = 6, the MSE of© can be
is very tight (as will be seen in Figg] 7 ahH 9) and also veMritten as [60]:
easy to compute. The second one is the highly accurate MSEA Emax €max
enmn (as will be seen in Figdl6 arld 8); to the best of our €|6p :/ D £ / &P ¢
knowledge, this is the first approximation expressed as the 0 | |’0 0 |>£’90

g pp p 1 [26mas
ce. 2 €max

sum of two terms whenX,, ,---,X,, are correlated (see —{ep . ‘>£‘00}| — /0 gp‘ >3]0 d¢  (68)

[0, [15,[41 [4B[ 44).



where e, = max{0; — 0y, 0y — ©1}. By assumingP.

>516
and PE<7§|9 constantvd € Dg, we can writeﬁ:
2

1 1
P)‘E‘>%‘90:2 |:§P€>%90+§P€<_%90 (69)
1 1
~9 Pél - ?Pe>§\90—£ T §P€<—%\90
Pe, = §Pe>§\90 + §Pe<—§\9o+§
Pmin(o() - 5 90)
> 2 ’ 70
2 { Painf, 00 + €) (70)

where P, and P.,

nearest decision rule
. H . - -
H={} 16— {6lm)|s]6—{om)| (1)

of the two-hypothesis decision problems (the decision ljgrab
in (Z3) is illustrated in Fig[b):

o H12@:90—€ PH1:O5

"= { H229290 PH2 =0.5 (72)
o H1 2@:90 PH1 =0.5

"= { Hy:©=00+¢ PH2 =0.5 (73)

and Ppin(6o — &,00) and Puin(fo, 00 + &) the minimum

denote the probabilities of error of the

O - %
N c

5

= —o—8y
-% 10-9 | S el,l,c
g B—€o¢
uﬂj *—€31¢
g +— €N
k]

7]

l_

04

3

10—10
0 5 10 15 20
p (dB)

Figure 6. Baseband: SQRTs of the max. MGE, the CRLBc, the MSEAs
€1,U, €1,1,c, €1,2,¢, €3,1,c andepsn, and the simulated MSEg, w.r.t. the
SNR.

If g —©O1 > O5 — 0y, thene; > e9; hence,z; andb; become

probabilities of error obtained by the optimum decisiorerutighter thanz, andb,, respectively. Froml{2)[(28)[_(V4) and

based on the likelihood ratio test [36, pp. 30]:

~ H, . Py
— _ > 2
H = { . if A(®|H1) A(("‘)lHQ) z In

H,

(74)

with A(#) denoting the log-likelihood function inJ(2). The

probability of error of an arbitrary detectdf is given by

Pe:PHlpr:Hg\Hl+PH2PfI:H1\H2' (75)
From [68) and[{7I0) we obtain the following ALBSs:
a = [ €Punlt - .00 (76)
0
= [ €Pun(Oo b0+ (77)
0

Whereel = min{90 — @1, 2(@2 — 6‘0)} and €o = min{@z —
6o, 2(0p — ©1)}. The integration limits are set tq ande, to
make the two hypotheses ifi {72) anid](73) fall insibg.
As P <o,

be obtained by filling the valleys of,i, (60 — &, 6p) and

Puin(60, 60 + &) (as proposed by Bellini and Tartara A [4]):

b = /ElsV{Pminwo—g,eo)}ds (78)
0

by = / fV{Pmin(eo, O + f)}df (79)
0

whereV{f(£)} = max{f(¢ > &)} denotes the valley-filling

function. WhenP,,;, (0, 6") is a function of¢’ — 0 (e.g, TOA

estimation) we can write the bounds In}76)3(79)as (L, 2):

- /0 | € Poun (€)de (80)

b = / €V { Poan (€) <. (81)
0

8The obtained bounds are “approximate” due to this assumptibe
assumption is valid whefi is not very close to the extremities &g .

(Z5) we can write the minimum probability of error as

Pain(0,0) = 0.5[Paory>n(0)|0=6 + Pr(o)>a(6n)10=0']
=0.5 [P(G’, 0)|e=o + P(6, 9’)|@:9/}

—Q < gu - R(@,@’)]) .

There are two main differences between our bounds (de-
terministic) and the Bayesian ones: i) with the former we
integrate along the error only whereas with the latter we
integrate along the error and tleepriori distribution of ©
(e.g, see (14) inL[21]); ii) all hypotheses (e®, = 6, and
O = Hp+¢ in ([Z3)) are possible in the Bayesian case thanks to
thea priori distribution whereas only one hypothests £ 6,)
is possible in the deterministic case. So in order to utiliee
minimum probability of error we have approximaté’gl<_%|90

in (69) byP6<_%|90+5 (see Fig.[(b)) .

(82)

is a decreasing function, tighter bounds can Inthis section we have two main contributions. The first one

is the ALB e~ whereas the second one is the deterministic
ZZLB family. These bounds can from now on be used as
benchmarks in deterministic parameter estimation (like th
CRLB) where it is not rigorous to use Bayesian bounds.
Even though the derivation @f. was a bit complex, the final
expression is now ready to be utilized.

VII. NUMERICAL RESULTS AND DISCUSSION

In this section we discuss some numerical results about
the derived MSEAs, AUB, and ALBs. We consider TOA
estimation using baseband and passband pulsesl’).et 2
ns, f. = 6.85 GHz, © = 0 and Dg = [—2, 1.5|T,. With the
baseband pulse we consideequal duration intervals. Let

ny
Cijo = (51)0(2),0 + Z P7$Z) {(@ - :“mj,w)z + U?l,j,m
n=n1,n#0
1 (83)
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Figure 7. Baseband: SQRTs of the max. M&f, the AUBse, iy andeys,  Figure 8. Passband: SQRTs of the max. ME the CRLBc¢, the ECRLB
the CRLBc¢, the BLB cp, the ALBsec andz, and the simulated MSEs,  ce, the MSEAse1 1,0, €3,1,0 and ejrn, and the simulated MSEs of the
w.r.t. the SNR. passabnds and basebands g pulses, w.r.t. the SNR.

be the MSEA ba}s)ed 0fL(P2) and using the interval probabiligased on the probability UB> in (Z7) that only considers
approximation?,” (i € {1,2,3}, see EZB):RZ7)'H29)2) and the 0th and thenth testpointsg; ; . is more accurate than
interval mean and variance approximatigns; . ando;, ; . which slightly overestimatess, and thare; » . which slightly

((j,z) = U in @0), (31), andj, z) € {1,2} x {c,0} in @I)- underestimates it, because; . uses the variance approxima-

@4), (49)-ED)). tion o2, , in (@2) obtained from the first order Taylor series
expansion of noise, whereas ;s usesﬁﬂU in (31) assuming
A. Baseband pulse the MLE uniformly distributed inD,, (overestimation of the

i L . ,
Consider first the baseband pulse. In Fily. 6 we show tRQIS) antki . Usesoy , . in (@4) neglecting the noise. The

SQRTSs of the maximum MSE in (I9), the CRLBc in (@), MSEA ean pro 3§)§ed in Se€_VAA based on our probability
five MSEAS: €11/, €1.1.c, €120 €31 IN B3) andeysy in approximationP,”’ is very accurate as well.
(€0), and the MSEes obtained by simulation based on 10000 The AUB e ;; proposed in|__[|1] is very tight and converges
trials, versus the SNR. In Fi§] 7 we show the SQRTs©@f to the asymptotic region simultaneously with. However, it
two AUBs: eo 7 in (B3) andeys in (B7), ¢, the BLB ¢ in s less tight in thea priori and threshold regions because it
(I8), two ALBs:ec in (€4) andz; in (80) (equal tob; in BT) uses the probability ur? which is not very tight in these
because a non-oscillating ACR), ang. regions (see Fid]3). Moreoves, ; — oo whenN — oc. The
We can see fromes that, as cleared up in SeB. I, theAUB enr (Sec.V-A) is very tight. However, it converges to
SNR axis can be divided into three regions: 1) theriori  2-68 times the CRLB at high SNRs. This fact was discussed
region whereey; is achieved, 2) the threshold region and 3j Sec.[V-A and also solved in Sdc. \-B by proposing v
the asymptotic region where is achieved. We define the (examined above). Nevertheless, can be used to compute
priori and asymptotic thresholds tﬂ [7]: the asymptotic threshold accurately because it conveogis t
own asymptotic regime simultaneously witl.

por = P elp) = aprey B4 Both the BLBcp and the ALBec (Sec[VI-A) outperform
Pas = p : e(p) = aausc. (85) the CRLB. Unlike the passband case considered belew,
We takea,, = 0.5 anda,, = 1.1. Fromes, we havep,, = 4 outperforms the BLB. The ALB:; (Sec[VI=B) is very tight

dB andp,, = 16 dB. Thresholds are defined in literature w.r.£2Nd converges to the CRLB simultaneously with

two magnitudes at least: i) the achieved MEE[[D 21] like in

our case (which is the most reliable because the main concgnPassband pulse

in estimation is to minimize the. MS_E_) and ii) the probability Consider now the passband pulse. In K. 8 we show the

of non-ambiguity [15 37] (for simplicity reasons). SQRTSs of the maximum MSEy, the CRLB ¢, the ECRLB
The MSEAse; u, €1,1,c, €12,c, €3,1,c Obtained from the ¢,  in (I8) (equal to CRLB of the baseband pulse), three

MIE (Sec[IV) are very accurate and followg closely;e; 1. MSEAs: €110 andes 1, in B83) andeyy in (0), and the

is more accurate thass ;. which slightly overestimatess MSEs obtained by simulation for both the passhagdand

because; 1, uses the probability approximatidhgl) in (28) the basebands zp pulses. In FiglP® we show the SQRTs of

that considers all testpoints during the computation of thg;, two AUBs: e> y in (83) andey, in (B7), ¢, c., the BLB

probability, whereas; 1 . uses the approximatioﬁ,g?’) in 29) cg, three ALBs:ec in (64), z; in (80) andb, in 1), andes.
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By observinges, we identify five regions: 1) the priori . _ . _ e
region, 2) thea priori-ambiguity transition region, 3) the ambi- % 7777777 eU
guity region where the ECRLB is achieved, 4) the ambiguity- 2 107° [ < 2V
asymptotic transition region and 5) the asymptotic region § TS —<— 8y
We define the begin-ambiguity and end-ambiguity threshold @ ¢
marking the ambiguity region byl[7] £ 1070} - G

3 X —5—Cg
Paml = P e(p) = Wam1Ce (86) g - e
© ~
Pam2 = P e(P) = Wgm2Ce- (87) P 10_11 L zl
We takeaq,,1 = 2 andagma = 0.5. Fromeg we havep,, =7 % —6—b,
dB, pam1 = 15 dB, pgm2 = 28 dB andp,s = 33 dB. § 5 eq

The MSEASse1 1,0, €310 (Sec.[I¥) andeyy (Sec[V-B) Q10
are highly accurate and follows closely. ‘ ‘ ‘ ‘

The AUB ez ¢y [E] is very tight beyond the priori region. 0 10 20 30 40 50
The AUB e,; (Sec[V-A8) is very tight. However, it converges p (dB)

to 1.75 times the CRLB in the asymptotic region.
. . . _Figure 9. Passband: SQRTSs of the max. M§E the AUBse; iy andey,
The BLB ¢p detects the ambiguity and asymptotic regionge g g.. the ECRLBc,, the BLB cy3, the ALBsec:, 21 andby, and the

much below the true ones; consequently, it does not determéimulated MSEeg, w.r.t. the SNR.

accurately the thresholdg,;1 = 5 dB, pum2 = 20 dB and

pas = 26 dB instead of 15, 28 and 33 dB). The ALB: (Sec.

[VI-A) outperforms the CRLB, but is outperformed by the BLBsecond order Taylor series expansion of noise. The priacipl

(unlike the baseband case). The ALB (Sec[VI-B) is very of binary detection is utilized to compute some ALBs which
tight, butb, (Sec[VI:B) is tighter thanks to the valley-filling are very tight.

function. They both can calculate accurately the asymptoti
threshold and to detect roughly the ambiguity region. APPENDIX A

Let us compare the MSESS,BB and eg achieved by CURVATURES OF THEACR AND OF ITS ENVELOPE
the baseband and passband pulses (Hig. 8). Both pulses ap this appendix we prové€{14). Frofa{11) afd](13) we can
proximately achieve the same MSE below the end-ambiguilitite the FT of the complex envelopg;, (¢, ©) as
threshold of the passband pulse,{> = 28 dB) and achieve
the ECRLB between the begin-ambiguity and end-ambiguity Fen, (f) = 2J:Es [f + fe(©)] (88)
thresholds. The MSE achieved with the baseband pU|SevJﬁere:c+(f) _ {z(f) £>0
slightly smaller than that achieved with the passband pulse 0 f=0
because with the former the estimates spread in continuous _ §2m(6—0)f(©) [ .
manner along the ACR whereas with the latter they spread R,(9,6) = %{e o )[347”00(9)6& 6,6)
around the local maxima. The asymptotic threshold of the +ér.(0,0) _4772fc2(@)€Rs (9,@)]} (89)
baseband pulse (16 dB) is approximately equal to the begin-
ambiguity threshold of the passband pulse (15 dB). Abows from (3)R {er, (©,0)} = Ry(6,0) = E;, (89) gives
the end-ambiguity threshold, the MSE of the passband pulse i,(0,0) = %{éR o, @)} 42 f2(0)E,
rapidly converges to the CRLB while that of the baseband one : . <
remains equal to the ECRLB. + 47ch(®)%{]€33 (©, @)}' (90)

To summarize we can say that for a given nonlinear estio prove [1#) from[(90) we must prove th&{jér. (0, 0)}
mation problem with an oscillating ACR, the MSE achievet$ null. Using [88) and the inverse FT, we can write
by the ACR below the end-ambiguity threshold is the same +00
as that achieved by its envelope. Between the begin-ampigui  ¢R. (0,0) = /
and end-ambiguity thresholds, the achieved MSE is equal to Yoo
the ECRLB. Above the latter threshold, the MSE achieved by — / j4”f}—§s If + fc(@)]epﬁf(ef@)df

Form [I3) we can write

§27 [ Fer, (D™ O=df

— 00

the ACR converges to the CRLB whereas that achieved by its —00
envelope remains equal to the ECRLB. _ / jarlf — fc(@)]}-gs(f)ejzﬁ[ffjc(@)](efe)df

VIII. CONCLUSION

We have considered nonlinear estimation of scalar determin
istic parameters and investigated the threshold and aritpigu . oo .
phenomena. The MIE is employed to approximate the staiistﬁogfiﬁ(el’@t) U janlf _efcé@)]g:Rs (f)df. Using [12)
of the MLE. The obtained MSEAs are highly accurate and'C "€ 'ast équa iof{j¢r. (©,0)} becomes

follow the true MSE closely. A very tight AUB is proposed._. | .. _ oo B
as well. An ALB tighter than the CRLB is derived using the' J¢#: (€ ©)} = _/0 Anlf = f(O)FA Tk, () }df = 0.

= /+oo jaw|f — fc(@)]}'Rs(f)ej%[fffc(@)](ef@)df
0



Hence, [(I#) is proved.
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