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Abstract

Thin plate splinesare a well knownentity of geometriadesign.They are definedasthe minimizerof a variational
problemwhosedifferential operatorsapproximatea simplenotionof bendingenegy. Therefore, thin platesplines
approximatesurfacesvith minimalbendingenegyandthey arewidely consideed asthe standad “fair” surface
model.Sudt surfacesare desiredfor manymodelingand designapplications.

Traditionally, thewayto constructsuc surfacess to solvetheassociatedariational problemusingfinite elements
or by usinganalytic solutionsbasedon radial basisfunctions.This paperpresents novelapproac for defining
and computingthin plate splinesusingsubdivisionrmethodsWe presentwo methoddor the constructionof thin
plate splinesbasedon subdivision:A globally supportedsubdivisionschemewhich exactly minimizeghe enegy
functionalas well as a family of strictly local subdivisionschemeswhich only utilize a small, finite numberof
distinct subdivisionrules and approximatelysolvethe variational problem.A tradeof betweerthe accuracy of
theapproximationandthe locality of the subdivisionschemes usedto pick a particular membeiof this family of
subdivisiorschemes.

Later, we showapplicationsof theseapproximatingsubdivisionschemego scatteeddata interpolationand the
designof fair surfacesln particular we suggestn efficient methodologyor finding control pointsfor the local
subdivisionschemethat will leadto aninterpolatinglimit surfaceand demonstatehowthe schemesanbeused
for theeffectiveandefiicientdesignof fair surfaces.

Keywords: surfacemodeling variationaldesign subdiision, thin platesplines optimization scatteredlatainter-
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polation,fair surfaces.

1. Introduction and Motivation

The classicalproblemof geometricdesignis the definition
andmanipulationof curved shapesFor almostall modeling
problemstherepresentedhapesave to bevisually appeal-
ing or mechanicallystable.This in turnimpliesthatcertain
conditionson the derivatives of the surfaceof the modeled
object are satisfied.One very traditional approachto con-
structsuchsurfaceds variationaldesignwherethe surface
model hasto minimize a certainquadraticfunctional built

from a setof differential operatorsThe quality of the sur

faceis thenmeasuredn one scalarnumberby integrating
this functionalover the surface.

Thin plate splinesare sucha surfacemodel where one
wantsthe bendingenengy of the surfaceto be minimal. The
minimality of the bendingenegy implies that the surface
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tangentsvary aslittle as possiblewhich explains the term
variationaldesign.

Thefirst sectionf this papempresentmethodto model
thin platesplineson boundedectilineargridsthrougha sub-
division processWhile theresultingsubdvisionschemesx-
actly reproduceshis particularfamily of splinesit is glob-
ally supportedThesecondhalf of this paperfocusesonthe
derivation of a family of local subdvision schemeswhich
behare almostlike thin plate splines. Theseschemeause
only asmallnumberof distinctsubdvisionrulesthatcanbe
precomputeeéntirely Theresultingsubdvisionsurfacegan
bemanipulatedxtremelyefficiently. Locality will bethepa-
rameterfor choosinga particularmemberof this family of
subdvisionschemesndtheexactnes®f theapproximation
of thin platesplineswill dependbnthesupport.
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1.1. Thin Plate Splines

Thin plate splineswere introducedto geometricdesignby
Duchoné in 1976asthe minimizerof thefunctional

E(f) = /IR2 (13+28+ 1% ) dudv @

with respectto some additional interpolation constraints.
Thus, a thin plate spline can be definedas the function F
suchthat

e E(F)isminimal 2
o F(To)=co (©)

for agiven setof valuescy at a given setof knotsTp. E( f)
approximatelymeasureshe bendingenegy of a thin, in-
finitely extendingelasticplatewhichis fixedin theinterpo-
lation pointscg.

TheEulerLagrangesquationimpliesthatsolutionsto the
variationalproblem(2) will satisfythe biharmonicequation

Fuuuu+ 2Fuuw+ Fwvw=0 (4)

everywherein the domainexceptat the locationof original
knotsTj 10.

Thin plate splineshave global support,i.e. at ary point
in theresultingsurfaceall of the datapointscy have anon-
zeroinfluence Furthermorehey havelinearprecisiornwhich
statesthatif the given setof interpolationpointscg lies in
a planethenthe resultingspline will reproducethis plane.
Moreover they areinvariantundertranslation rotationand
uniform scaling.

Varioustechniquedor solving this particularvariational
problemhave beenused.Traditionally, finite elementmeth-
odst 19 canbeappliedto approximatehesolutionin aniter-
ative solutionprocessAlternatively logarithmicradialbasis
functionscanbeusedto expressthe solutionanalytically?s.

1.2. Subdivision

Subdvision is a way of representingurved shapesasthe

limit of iteratedlinear transformationswvhich map coarse
setsof control pointsto finer ones.A subdvision scheme
is describedy a sequencef subdvisionmatricesS, which

map control points py of level k to control points py 1 at

levelk+ 1 by

Prs1 = ScPx - 6]
Theactualsubdvisionobject(curve, surfaceyolumeandso
on)is now definedasthelimit of this process,

lim py . (6)

k— oo

A subdvision schemeis calledlocal if the computationof

anew control point at level k+ 1 only involvesold control

pointsof level k which lie in the topologicalneighborhood
of thenew point.

A very classicakexampleof sucha local subdvision pro-
cessis the Lane-Riesenfeldlgorithmfor repeatednot in-
sertionfor B-splinests whichis shavn in figure 1 for a uni-
form cubicspline.Depictedarethe controlpointsfor level O,
1 and2 from topto bottom.Thesubdvisionmatrix S which
mapghefive controlpointsof level Ointo ninecontrolpoints
of level 1 hastheform

™
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and the subdvision matricesS; for k > 0 have a similar

structure.In particular mostof the columnsof ary S are
shifts of the centercolumn of . Specialcolumnsappear
only at bothendsof the knot vector For uniform univariate
cubic B-splinesthe subdiision matricescontainonly three
differentkinds of columnsandthreedifferentkinds of rows

which areentirelypredetermined.

Figure 1: Approximatingsubdivisionfor uniform cubic B-
splines: Theoriginal control polygonis shownon the top.
Themiddleandbottomdepictthe control polygonafter one
and two roundsof subdivision.Thefinal splineis depicted
asadashecturve

Notethatin figure 1 the limit curve doesnot interpolate
the original control points pg andthatthe sequencef con-
trol polygonscorvemgesto thelimit curve very quickly. Sub-
division schemesvith the propertythatthelimit objectdoes
notinterpolatethe control pointsarecalledapproximating.
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WeimerandWarren/ SubdivisiorSchemefor Thin Plate Splines

The benefitsof subdvision lie in the simplicity andgen-
erality of the approach.Implementationof a subdvision
schemads very simplebecause@nly polyhedralmodelsare
neededFurthermorethe subdiision schemeamplicitly de-
finesseveral level of detail representationsf the limit ob-
ject, dependingon the numberof stepsthe subdiision pro-
cesshasbeenapplied.Subdvision schemesreavery pow-
erful way of representing functionbecauseo explicit ba-
sis for the solution spaceis neededlIn particularit is not
necessaryo know whetherthe solutionspaces polynomial,
rational,logarithmic,hyperbolicandsoon.

Highly desirableare subdvision schemeghat are local
andfor whichtheactualsubdvisionrulescanbeconstructed
easily In this casethe resultingsurfacescan be computed
and manipulatedextremely efficiently andthe relation be-
tweenthe original control points and the limit surfaceis
fairly intuitive. The mostsuccessfusubdivision schemesn
practicalusetodayarelocal andrely on precomputedubdi-
visionrules,e.q.15.7.16 9,23 24,

This paperwill makeuseof the methodologyintroduced
by Warrenin 22 andwe will shov how it canbeusedto con-
structschemes$or oneof themostinterestingvariationalde-
sign problems- thin platesplines.Using this approachthe
solutionto this particularvariationalproblemcan be recast
in the framavork of subdvision andall the nice properties
andalgorithmsfor subdvisionareapplicable.

Unfortunatelyfor theexactsubdvision schemeheactual
subdvision rulesareneitherlocal nor cheapto compute.n
particular the subdvision rules have to be recomputedat
everylevel in thescheme.

Many applicationdn geometriadesigndo not requireex-
act minimization of the thin plate spline enegy functional
(1). Oneratherdesiressmoothsurfacewhich arefair, well-
behased and can be computedefficiently. Minimizing the
bendingenepgy functionalonly guidesthe surfacein thatdi-
rection. Thereforethe main point of this paperwill be the
derivation of a family of subdvision schemedor surfaces
which mimic thebehavior of thin platesplines Thesesubdi-
vision schemesrelocal andrely only on a smallnumberof
precomputedsubdvision rules. They producesmoothlimit
functionswhich almostsolve the original variationalprob-
lem andcanbe evaluatedextremelyefficiently.

Thedistinguishingparametefor themembersn thisfam-
ily of subdiision schemewwill be the supportof the sub-
division matrix. The larger the supportthe more exact the
approximationof the original thin plate splinewill be, but
alsothelessefficient canthe surfacede manipulatedThus
choosingaparticulaiTmembeiof this family involvesatrade-
off betweeraccurag andefficiency of thesolution.

(© TheEurographic#ssociatiorandBlackwell Publishers1998.

1.3. Related Work

Variationaldesign,thin plate splinesand subdvision have
all beenstudiedvery intensvely over the pastdecadeswWe
seeourwork mainly influencedby thefollowing sources:

As mentionedearlie; Duchon & introducedthin plate
splinesto geometriddesign Meinguet!8 suggestedheiruse
for scattereddatainterpolation.Finally Franke® extended
thin plate splinesby addingtensionparametergo the en-
ey functional.More corventionallyandin thegenerakase

variationalproblemsaresolvedby finite elementpproaches
1,19,

Modelingthroughsubdviision becamea hot topicin geo-
metricdesignafterthetwo landmarkpaperdy Catmulland
Clark2 andDoo andSabins® in thelate1970s.Theschemes
introducedby Dyn, Levin andGregory 7, its subsequetim-
provementfor irregular meshesy Zorin et al. 2324 andin
particularLoop’s subdvision schemés ° found mary prac-
tical applicationsA comprehensie textbookon subdvision
will becomeavailablesoon?!.

Smoothdiscreteinterpolationbasedon the minimization
of aroughnessriterionwaspresentedy Mallet 7. Morere-
centlytheideaof variationalsubdvisionhasbeendiscussed
by Kobbelt and Schréderfor interpolatingcurves 1214 as
well as for the fairing of interpolatingtriangular meshes
using the thin plate spline enegy functional 13. A gen-
eral methodologywhich can be usedto solve elliptic vari-
ational problemsusingapproximatingsubdiision schemes
hasbeenpresentedhn 22.

The work presentechereis distinguishedrom previous
work on variationalsubdvisionfor surfacedy theuseof an
approximatingsubdvision basis.The useof approximating
basisfunctionsleadsjustasfor B-splinesin the onedimen-
sionalcase o basisfunctionswhich arehighly local. In the
endthis enablesus to find truly local subdiision schemes
which almostsolwe the variationalproblemwhile utilizing
only asmallnumberof precomputedules.Thus,thesdocal
schemesaremuchmoreefficientin practicaluse

2. Variational Subdivision

The ideaof variationalsubdvision is to representhe solu-
tion to a variationalproblemthatis describedn termsof its
differentialoperatorghrougha subdvision processWarren
22 presentec paradignfor deriving approximatingsubdisi-
sionschemesvhich exactly solve variationalproblemsThis
framevork will sene asthe basisfor our derivationsin this
paperandit will beaugmentedby a methodologyfor deriv-
ing purely local subdiision schemeavhich almostsatisfy
the variationaldescriptionof thin platesplines.Theselocal
subdvisionschemesitilize only asmallnumberof different
subdvisionruleswhich canbeentirely precomputed.

The goal is to representhe solution of the variational
thin plateproblem(1) asthe limit of a subdvision process.
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Later, the behavior of this subdivision schemdor thin plate
splinesis approximatedy a small setof local subdiision
ruleswhich canbe precompute@nce.Theremaindeof this
sectionwill briefly outline the methodpresentedn 22. For
amoredetailedandtheoreticallyjustified expositionseethe
original reference.

2.1. Energy and Subdivision

As pointedout earlierin the introductionthin plate splines
aredefinedasthe minimizersof the enegy functional(1)

E(f) = /IR2 (13+213+ 13 ) duav.
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Figure 2: Structue of the enegy matrix E for thin plate
splines.Thetop row depictsa rectilineargrid with the knots
numbeed.Theremainingrowsdepicttherulesusedto com-
putea discreteenegy valuefor the differentkindsof knots
in thegrid.

Solvingthis problemin the discreteframevork of subdi-
visionrequiregecastingf thisintegralenegy measurer to
adiscretesetting.Givena setof controlpoints py for level k

of the subdvision processa continuousversionof this sub-
division representatioan be definedby choosinga setof
basisfunctionsBy andwriting thelevel k solutionas

Fk(U,V) = Bk(U,V) Px - 8

Thentheenegy of thecontrolpointspy canbedefinedasthe
enepgy of K, with respectto the original enegy functional
(1),i.e.as‘E(F), whichyieldsthe quadraticorm

E(F) = Py ExPx - )

Ey is asquarematrix, calledtheenegy matrix. Givenanar
bitrary setof control points py for level k the enegy of the
control grid cannow be assessedsingthis enegy matrix.
The entriesin Ey areinner productsof appropriatederiva-
tivesof finite elemenbasisfunctionscenteredvertheknots
of thelevel k grid.

This methodfor computingthe enegy of the thin plate
spline R, with control points py is theoreticallysoundand
generaland is applicablein the caseof irregular grids as
well. Becausats implementatioris fairly involved we will
beusingthewell known differencemaskdor thebiharmonic
equation(4) insteadwhich canbe found in ary text book
on finite differencese.g.19. Thesedifferencemasksarede-
pictedin figure 2. The readerfamiliar with finite element
methodgnayrecognizeéheseenegy masksasthedifference
schemegor thebiharmonicequation.

2.2. Variational Subdivision for Thin Plate Splines

The idea of approximatingvariational subdvision as pre-
sentedn 22 is to computethe control pointsfor thefinergrid
in suchawaythatthe enegy of the controlgrid is presered
atold control pointsandenegy zerois achieved at all new
controlpoints.

To formalize this constraintwe makeuseof an upsam-
pling matrix U, which carriescoeficients associatedvith
controlpointsatlevel k overto level k + 1 by insertingcoef-
ficientzerofor all controlpointswhicharenew atlevel k+ 1.
Figure3illustratesthe actionof the upsamplingmatrix: De-
picted arethreesuccessie levels of subdvisionof a 3 x 3
grid. Theenegy valueassociateavith theoriginal, leftmost
control pointsare paintedasblack dots. The enegy values
insertedthroughupsamplingare shavn aslight gray dots.
Note thatthe subdivided grids will maintainthe old enegy
values(blackdots)atthelocationof original, level O control
points,while a discreteenegy of zero(graydots)is inserted
for all new knots. Intuitively the limit of this processwill
producecoeficientsthatsatisfythebiharmonicequation(4)
everywhereexceptattheoriginal knots.

This idealeadsto a constrainton the subdvision matrix
for level k which canbe expresseds

By 15 = UkEx (10)

whereEy denotegheenegy matrix definedin (9), & is the
subdvisionmatrix for level k andUy representsipsampling

(© TheEurographic#ssociatiorandBlackwell Publishers1998.
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Figure 3: Theactionof theupsamplingnatrixU. Zero enegyvaluesare depictedoy light gray dots,non-zeo enegyis shown
asblack dots.In thelimit this processwill producediscreteenegy zeio everywheeexceptat the original knots.
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problemastheir limit surface Figure4 depictsthreediffer-
entstencilsof aparticularS. Shavn arerows from theinte-
rior of the grid roundedto five digits. The exact stencilsare
globally supportecandhave beentruncatedo a reasonable
size.Shawvn arethe rulesto computea new coeficient for
avertex, an edgeanda facein theinterior of the grid. The
locationof thenew controlpointis depictedby abox.

Figure 4: Exact subdivisionmasksfor thin plate splines
roundedo fivedigitsandtruncated.

rulesfor neighboringverticesin theinterior of thegrid are

Inspectionof the resultingsubdvision matricessuggests almostidentical,soarethosefor two neighboringedgesor

thefollowing statements:

faces.
e The subdvision rulesdo not dependsignificantlyon the e Therulesdonotdependsignificantlyonthelevel k of the
locationin the grid. Rulescloserto the boundaryaredif- subdvision. Rulesfor vertices,edgesandfacesat level k
ferentfrom the onesin the interior, but the subdiision arealmostidenticalto therespectie rulesfor level j # k.
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Figure 5: Structue of the subdivisionmatrix shownfor a 5 x 5 grid. Grid lines of the coarsegrid are solid, grid lines of the

finegrid are gray.

o The rulesare almostlocal, i.e. for a new control coefi-
cienttheold coeficientsin its neighborhoodave a very
large influence while control coeficients further away
have very smallweights.

Thesubdvisionschem@resentedh this sectionis notlo-
calbut it producesheexactthin platesplineasthelimit sur
face.The subdvision matrix hasto berecomputedor every
levelin the subdvision processandit is globally supported.

3. A Local Subdivision Schemefor Thin Plate Splines

The obsenationsthatthe subdvision ruleshave fastdecay
look very similar at different levels, and are mostly inde-
pendentof the actuallocationin the meshsuggesthat the
schemecouldbe approximatedo a high degreeof accurag
by a local subdvision schemewhich utilizes only a small
numberof distinctsubdvisionrules.This sectionfocuseson
the definition of a family of suchsubdvision schemesAn
actualmemberof thisfamily is pickedby specifyingthesup-
port of the subdvision basisfunctionsandwe demonstrate
herehow to computethe schemewith the samesupportas
bicubicB-splines,j.e.5 x 5in arectilineargrid.

Theselocal subdvision schemeso longerexactly solve
equation(10). Thus,they no longerproducethe exact mini-
mizerof thevariationalproblem(1). For mary geometricde-
signapplicationghis exactenegy minimizationis not criti-
cal. Oneis ratherinterestedn having an efficientalgorithm
for constructingfair andsmoothsurfacesWe consequently
believe that thereare mary real world applicationswhich
canmakeuseof suchsubdvisionschemesvhich almostre-
producethin platesplines.

To allow for stability andlocal supportin the subdvision
processthe exact equality constraintin (10) hasto be re-
laxed.Theoriginal equation(10) reducego

By 15 ~ UkEx

where§, denoteshelocalsubdiisionmatrix. Oneveryrea-
sonablanethodof solvingfor theentriesof § isto setupthe
system(12) symbolicallyandthento minimizetheL,-norm
of theexpression

(12)

[|Er1Sc— UkEx]|.,

whichwill leadto alinearprogrammingroblem Minimiza-
tion of the L,-normof this problemis preferredovere.g.the
L,-normbecauseorvergenceof asubdvisionschemeés de-
terminedin the L,,-norm.

(13)

Equation(13) definesawholefamily of local subdiision
schemeswhich approximatethin plate splines.The actual
subdvision schemds determinedoy the particularsupport
and structureof the subdiision matrix § andthe level k
of subdvision. In the following sectionit will becomeclear
why the actualsolutionis invariantunderthe level k. The
locality and structureof the subdvision matrix remainas
the only parameterdor picking an actualmemberof this
family of subdvision schemesWe will shov how to find
the schemewith supportequivalentto bicubic B-splineson
arectilineargrid.

3.1. Buildingthe Local Subdivision Matrix from a
Small Set of Rules

Given a particulargrid of level k a local subdvision ma-
trix §; canbe constructedvhich usesonly a smallnumber

(© TheEurographic#ssociatiorandBlackwell Publishers1998.



WeimerandWarren/ SubdivisiorSchemefor Thin Plate Splines

of distinct subdvision rules. The remainderof this section
will focus on the processof building this symbolic repre-
sentatiorof the subdvision matrix andsolvingtheresulting
linearprogram.

Therows of the§, arepickeddependingnthelocationof
thenew controlpointin thegrid. For thesubdvisionscheme
with the supportof bicubic B-splineswe suggesusingdif-
ferentrulesin the subdvision schemeasshown in figure 5.
Eachentryin thetablein figure5 correspondso a different
type of row in the subdiision matrix. All rows of a given
type are equivalent. Symmetriesand simple shifts can be
usedto computethe actual stencil for a particularcontrol
point.

The secondpoint of concernis the actualsupportof the
rows of the symbolic subdiision matrix. We electto clas-
sify the locality of the subdvision schemedy the support
of the columnsof the subdiision matrix. A column of the
subdvision matrix describesiow an old control coeficient
is split over new coeficients.In general,a columnsupport
of (2n+1) x (2n+ 1) canbe chosenfor ary n > 0. Only
odd supportsmakesensebecausehe rulesshouldbe sym-
metricandthe columnsarecenteredvertheold coeficient.
A columnsupportof (2n+ 1) x (2n+ 1) implies that the
subdvision stencil to computea new face will have sup-
port 2(n— 1) x 2(n— 1). The stencilfor a vertex hassup-
port (2| 5] +1) x (2] 5] + 1) anda control coeficient for
anedgehassupport(2| 5| + 1) x 2(n— 1). Along the grid
boundarieghe columnsof the subdiision matrix certainly
only contributeto theinterior of thegrid.

If the subdvision basisfunctionsshouldhave the same
supportas bicubic B-splinesthen columni of Swill have
a 5 x 5 supportcenteredover control point i. This implies
thatthe rows of S have the stencilsshavn in figure, e.g.a
new control point for aninterior faceis supportecbver the
cornerverticesof the face,a control point centeredover a
interiorvertex of thecoarsegrid is supportedverthe coefi-
cientscenteredvertheknotitself andtheeightneighboring
knotsandsoon. Theactualstructureof the particularsubdi-
vision rulesis alsodepictedin figure 6. Two control points
will recevethesameweightdueto symmetrywhenthecor
respondindnotshave the sameconsin thefigure.

Given the symbolicrepresentationf Salinear program
for (13) canbe constructedy choosinga sufficiently large
k, constructingy, andthencomputingthe normin (13).

Obsene thatthe L,,-normof a matrix neitherdependsn
the order of termsin a row of the matrix nor on the par
ticular orderof the rows. Therefore the termsin the rows
of matrix (13) aswell astherows themselescanbe sorted
into a canonicallexicographicorder without changingthe
Lo-normof the expressionUsing simple setoperationge-
dundancieganbe eliminatedby discardingduplicateterms
androws. Thenormof thematrixexpressior(13)is invariant
underthis reduction.

(© TheEurographic#ssociatiorandBlackwell Publishers1998.
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Figure 6: The supportand structure of the different kinds
of rowsin the subdivisionmatrix: Theinterior of thegrid is
shownas a gray shadedregion and the location of the new
control point is depictedby an emptybox. Indicesreferto
figure 5. Insideonerule all coeficientswith the sameicon
will havethe samevalue,e.g. in rule 1 the top right and
bottomleft coeficientsare forcedto be equalwhile the two
remainingentriesare unconstained.

Closerobsenationrevealsthatin fact expression(13) is
independenof thelevel k of thesubdiision. Becausé&uses
only afixed,smallnumberof distinctrules,two subdiision
matricesS, and§ have similarrowswhichareshiftsof each
other Furthermorehe enegy matricese, andE, have sim-
ilar rows. Multiplication of E andS thusalsoleadsonly to
a finite numberof different, similar rows. The redundang
eliminationdescribedbore determinesheunique minimal
setof distinctrows in this processndependenof k. Oncea
certainthresholdor k hasbeenpassedll thedifferentkinds
of non-zerocombinationsof rows of S andE shav up in
(13) andthe redundang eliminationreducesheserows to
a minimal setof expressionawvhich entirely determinethe
Leo-norm.

For the subdvision schemewith the supportof bicubic
B-splinesandthe structurepreviously describedn figures
5 and6 the systemreachests maximalsize after 5 rounds
of subdvision. Theredundang eliminationproducesn this
casea setof 21 distinctrows in 83 distincttermsfor expres-
sion(13).

A smalllinearprogramfor this reducedsetof constraints
canbeconstructedAfter addingthreeadditionallinearcon-
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straintsto assertconstantandlinear precisionof the subdi-
vision schemethe systencanbesolvedonceusingary rea-
sonabldinearprogrammingackagee.g.CPLEX4. There-
sultof thislinearoptimizationarecoeficientsfor the differ-
entkindsof subdiisionrulesin S Thesecanbeusedto con-
structsubdvisionmatricedor arbitrarysizerectilineargrids
at arbitrarylevels of subdvision. The differentrulesresult-
ing from solving this procesdor subdvision matriceswith
the5 x 5 columnsupportof bicubic B-splinesareshowvn in
figure?.

1.27399 0.30303  0.19697
[}

-0.27399 0.603 -0.103
A

0.07289  0.02376  0.06465
r—T]— A

0.85423  -0.04751 0.3707

0.04307  0.41387  0.04307 0.25 0.25

0.03099

0.01681

0.03099 0.0%307 0.4#387 0.0#307 025 025

8 9 10

Figure 7: Therulesof the local subdivisionschemefor the
approximationof thin platesplines.Indicesreferto figure5.

The subdvision processioesnot producethe exactmini-
mizerto thevariationalproblembut it is highly localandcan
be entirely precomputed- thusit canbe appliedextremely
efficiently.

4. Propertiesof the Subdivision Schemes

The exact solutionto the thin plate splinevariationalprob-
lem hasC®-continuity everywhereexceptat the location of

the original knots— thereit is just Cl. The global subdii-

sion schemepresentedn section2.2 solves equation(10).

Thus,it exactly reproduceshe minimizer of the variational
problem(2) 22. Thereforethe exactsubdvisionschemepro-

duceslimit surfaceswhich are C*-continuouseverywhere
exceptat the locationof original knots— therethey arejust
ch.

Analyzing the smoothnes®f the local schemegroves
slightly moreinvolved. The eigen-structuref the schemes

can be analyzed.The eigen-spectrunof the particularlo-
cal schemepresentedn the previous sectioncontainslead-
ing eigen-waluesl,0.5,0.5,0.37,--- with all the remaining
valueshaving modulussmallerthan 0.37. Thusthe eigen-
spectrumis consistentwith the subdvision schemebeing
Cl-continuous? 20, Furthermorethe schemeappearsvisu-
ally smoothin all ourexamples.

Note that ary degree of continuity can be enforcedby
addingappropriatalifferenceconstraintgor the subdiision
schemeo thelinearprogramandatthesameimeincreasing
the column-supporof S

5. Applications

This sectionpresentapplicationf the approximatingsub-
division processWe will show how theschemecanbeused
to interpolatea given setof valuesandapplyit to definefair

surfacesNote thatto apply the subdvision schemewe do

not have to re-runthe optimizationprocessn (13). Instead,
thecoeficientsin figure 7 areused.

5.1. Control Pointsfor Interpolating Subdivision
Surfaces

The presentedubdvision schemesreapproximatingThis
meansthat the subdiision surfacedoesnot interpolatethe
verticesof the original control net. Like in the caseof B-
spline curves,the sequenc®f control netsdescribesloser
andcloserapproximation®f thelimit surfaceHencein or-
derto interpolatea particularsetof points,adequatenitial
controlcoeficientsfor thesubdvisionhaveto bedetermined
first.

Formally this problemcanbe describedsfollows: Given
a setof interpolationconditionscy centeredover the knots
of theoriginal controlgrid, find a setof initial controlpoints
po centeredverthe sameknotssuchthat

lopo = Co - (14)

Herelg denotegheinterpolationmatrix for level 0. Thein-

terpolationmatrix I, containsthe valuesof the basisfunc-
tionswhich areinducedby the subdvision schemesampled
attheknotsof level k. The (i, j)-th entry of Iy containsthe
value of the basisfunction centerecover knot i sampledat
knot j.

The interpolationmatrix g is characterizedby the equa-
tion

Ug e 1Sc= i - (15)

As mentioneckarlierl, containghevaluesof thebasisfunc-
tionsof level k sampledattheknots.Equation(15) stateghat
computingthe valuesof the basisfunctionsat level k (right
handside) is the sameas subdviding the basisfunctions,
thencomputingtheir valuesatthefiner grid andthendown-
samplingbackto the coarsegrid usingthe transposef the
upsamplingnatrix (left handside).

(© TheEurographic#ssociatiorandBlackwell Publishers1998.
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Thesubdvisionschemeresenteih section3islocaland
usesonly a small numberof precomputedules. Thus,the
rows of the interpolationmatricesl, arealsodravn from a
small setof commonrows. In fact, the supportof the in-
terpolationmatrix ly is the sameas the supportof UkTSk.
A symbolicrepresentationsf I, canbe constructeceasily
usingtherepresentatiofor S,. Togethemwith anadditional
constrainthattherows of I, haveto sumto onetheinterpo-
lation matricesarecompletelydeterminedy equation(15).
A linear programfor ||UkTIk+15‘< — x|l = 0 canbe usedto
solvefor theentriesin |.

Given a setof interpolationconstraintscy centeredover
the knots of level 0 a suitablesetof control points py can
thenbe determinedvery efficiently usingthe inverseof the
interpolationmatrix I:

po=l5tco. (16)

The following sectionextendsthis paradigmto the case
wherethe setof interpolationconstraintsy doesnot cover
thefull setof knotsof level 0.

5.2. Scattered Data I nterpolation

For this examplethe scatterediataproblemis, given a set
of functionalsampled (u;,vi,w;)|i = 1,---,n} find asurface
whichinterpolateghesepoints.

Given sucha setof samplesan interpolatingsubdiision
surfacebasedon the local subdiiision schemerom section
3 canbe constructedy picking a sufficiently denseinitial
grid of knotsandthenwarpingthe samplegu;, v;,w;) to the
closesknotwith respecto u andv asshowvnin figure8. The
valuew; is usedasthedesirednterpolatiorvalueassociated
with theknot.

Figure 8: Thesampleqsolid dots)are warpedto knotsof
a grid basedon u and v. This leadsonly to interpolation
conditionsfor a subsetf the knots. Theremainingcontrol
points, depictedby gray diamonds,can be determinedby
constainingthediscreteenegy at theknotto be zeio.

As the set of samplesusually doesnot cover all of the
knots, only a subsetof them have associatednterpolation
conditions.Thus,it is notpossibleto find the completecon-
trol netby simply applyingthe inverseof the interpolation

(© TheEurographic#ssociatiorandBlackwell Publishers1998.

matrixasdescribedn theprevioussectionInsteadthe con-
trol points have to be computedsuchthat interpolationis
achieved at thoseknotswhich have an associatedéhterpola-
tion constraintandenegy zerois achievedat all theremain-
ing knots. This constructionwill producea control coefi-
cientassociateavith every knotandthesubdvisionscheme
canbeapplied.We planto publisha paperfocusingon the
detailsof thismethodat a latertime.

An exampleis shavnin figure9. Theoriginal surfacevas
givenby

f(uv)= — 0.4~ ((U=D)*+(v+1)?)
+ 0.6e (U+12%(v+12)?%)
+ e (=D (v-1?)

5.3. Design of Fair Surfaces

A very commonproblemin geometricdesignis the mod-
eling of fair surfacesln this framevork a fair and smooth
hasto beconstructedvhich matchesip with existingcurves
alongpatchboundariesThis sectionwill demonstratdow
this problemcanbe solved efficiently usingour local subdi-
visionscheme.

The naive methodfor applyinga functional subdvision
schemeo athree-dimensiongiroblemis to applytherules
separatelyto the three parameteffunctions. The resulting
surfaceis smoothbut the variationalpropertiesof the ob-
jectcannot beguaranteedA morereasonableolutionis to
locally reparametrizénemeshby projectingthelocalneigh-
borhoodinto anestimatefor thetangentplaneandapplying
theschemen thereparametrizedpace.

An exampleapplicationfor the designof fair surfacesn
3D is shawn in figure 10. A polygonalmodelof the space
shuttle hasbeenmodified to replacethe part representing
the noseby a densemeshgeneratedhroughthe subdii-
sion schemedescribedn section3. The fair surfaceshavn
hereinterpolateghe verticesthatwere presenin the origi-
nalmodel.Thecontrolpointsfor the subdvisionweredeter
minedusingtheinverseof theinterpolationmatrix.

6. Conclusion and Future Work

We presentedwo subdiision schemesor thin platesplines
on arectilineargrid. The first schemereproduceshe exact
solutionto thevariationalproblem.It hasglobalsupportand
thesubdvisionmatrix hasto berecomputeteverylevel of

thesubdvisionprocessThesecondschemas localanduses
only asmallnumberof ruleswhich canbeprecomputedput

it only approximateshin platesplines.Thequality of theap-

proximationdepend®nthesupporiof thesubdvisionmask.
Arbitrarily smallresidualssanbeachievedby increasinghe

supportof thebasisfunctions.

In the future, we plan to extendthis approachto handle
irregular gridsof arbitrarytopologicaltype. We first planto
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work out a formulationof the exactsubdvision schemeor

thin platesplinesin this framavork by generalizinghe en-
ey matrix to irregular grids. The ultimate goal will be to

find againa simplesetof subdvisionrulesthatcanbeused
to approximatethe exact solutionto a high degreeof accu-
ragy. Becausehelocalgeometryof thegrid canbearbitrary
in the caseof irregular gridsit maybenecessaryo parame-
terizethe subdvisionrulesover thelocal geometry

Finally, we planto generalizethe methodfor construct-
ing interpolationmatricesto local, stationarysubdvision
schemessuchasLoop’s schemés.
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Weimer and Warren, Figure9: Scatteeddatainterpolationusingthin platesplinesubdivisionTheoriginal surfaceis shown
onthetop. Thirty randomsamplesvere usedto constructthe control meshon the bottomleft which resultsin theinterpolating
subdivisionsurfaceon the bottomright.

Weimer and Warren, Figure 10: Thenoseof the original spaceshuttlemodel(left) replacedby a fair subdivisionsurface

which interpolatesthe original vertices(right). The bottomleft figure also showsthe control polygonproducedby theinverse
of theinterpolationmatrix.
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